NUMERICAL COMPUTATIONS USING GABOR FRAMES FOR
PERIODIC SPACES.

PETER LEMPEL SONDERGAARD.

RESUME

This thesis presents Gabor frames for L2(T) and for the space of periodic sequences (C]’}, as

being analogue to Fourier series and the discrete Fourier transform. Results from the standard
theory of Gabor frames for L?(R) are transferred to the periodic setting. This includes results
about sampling Gabor systems and existence of Gabor frames. The interrelation of Gabor
frames for the continuous space L%(T) and the discrete space (Cﬁ is afterwards used to construct
a new method for numerical differentiation with properties close to the method of spectral
differentiation. Finally, the various results are illustrated by numerical examples.

RESUME

Rapporten prasenterer Gabor frames for L?(T) og for rummet af periodiske talfglger (Cz’}
som erstatning for fourierraekker og den diskrete fouriertransformation. Resultater fra Gabor
frame teori for L?(R) overfgres til L?(T). Dette inkluderer resultater omhandlende sampling
af Gabor systemer og eksistens af Gabor frames. Sammenhangen mellem Gabor frames for
det kontinuerte rum L?(T) og det diskrete rum Cﬁ bliver herefter brugt til at konstruere en
ny metode til numerisk differentiation, med egenskaber meget lig spectral differentiation. Til
slut i rapporten illustreres de forskellige resultater med numeriske eksempler.
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Symbol:

a.e.

Ry .Cp

T

L*(T)
CP(T)
R ’Cm,n
{fu}Agn}
f.g,h

LIST OF SYMBOLS!

Description:

“almost everywhere”. Statements holds true except on a set of measure zero.
The spaces of real and complex periodic sequences of length L.

The circle parameterized by [0;1[.

The space of square-integrable functions on the circle T.

The space of p times differentiable functions with continuous p’th derivative on T.
The spaces of real and complex matrices of size m X n.

Sequences.

Vectors.

Matrices.

The i’th column of a matrix.

Conjugate transpose of the matrix A.

Kronecker product.

The DFT or Fourier series for a vector f.

The discrete Fourier transform or the Fourier series operator.

Complex conjugation of f.

The p'th derivative of f.

The result of a divided by b rounded down.

Bounded from above, used only for computing-speed considerations.

27i

The first complex L-root of unity, wy = e .
The k’th mode of length L, 0} 1 = {ﬁe%i%} )

The Fourier-matrix of order L. "

The identity operator and the identity matrix of size L.
Kronecker’s delta sequence, 7 being an integer.

The analysis operator (with window 7).

The pre-frame operator (with window g).

The frame operator.

The translation operator.

1The notation used in this thesis differ somewhat from the typical notation used in Gabor analysis literature.
All operators are written using the \mathcal font: D, M, T, matrices are written using bold font: A, B, C and
Gabor systems are written with the \mathfrak font &, $), 8. All sequences are indexed by subscript g instead
of g(k). This make Fourier series look a little bit out of the ordinary.
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M, The modulation operator.

8.9,J3,8 Gabor systems.

g9,y Gabor windows.

D,,D, Gabor matrices with window sequences {gx} and {7y}
Gn The n’th correlation function.

g.G The operator and matrix defined in theorem 5.35.
Pow The periodized Gaussian of width W.

1. INTRODUCTION.

When solving partial differential equations, one of the best methods is based on Fourier
series. This works by approximating a function via a truncated Fourier series expansion,
and differentiating this series termwise. This gives a remarkably good approximation to the
derivative of the function, the so-called spectral derivative.

This only works well if the function is smooth. If the function is not smooth, or perhaps not
even differentiable, then the spectral derivative has oscillations. Furthermore these oscillations
affect the whole domain, because the complex exponentials in the Fourier series have global
support. The complex exponentials have perfect frequency resolution but no time resolution.

Gabor frames have a good trade-off of time- and frequency resolution, and also a great
flexibility in the choice of window function and parameters.

The idea behind this thesis is to use Gabor frames that resembles Fourier series and the
discrete Fourier transform to construct a new method for numerical differentiation. Hopefully
this new method will inherit some of the strengths of the spectral differentiation, while limiting
some of the weaknesses.

Section 2 presents the relevant function spaces needed. Section 3 contains some necessary
result from Fourier analysis. Section 4 presents some theory of Gabor frames for periodic
sequences. These are the type of Gabor frames that will be used for the actual computation
on a computer. The section therefore also contains some results to improve the computational
efficiency.

Section 5 presents the theory of Gabor frames for the square integrable function on the
circle, L?(T). These Gabor frames will be used for the error-analysis of the numerical dif-
ferentiation. The results presented in this section have all been adapted from similar results
for L?(R), sometimes with big simplifications in the complexity of the proofs. The results
concern sampling of a Gabor frame, decay properties of the Gabor coefficients and existence
results. The similar existence results for L2(R) are very complicated to check, but for L?(T)
they simplify to something that can be checked numerically.

Section 6 presents the various methods for numerical differentiation and derives some error
bounds, and section 7 presents numerical results for existence of Gabor frames and for the
accuracy of the numerical differentiation methods.

2. PERIODIC SPACES.

Numerical computations on a computer can only be done on finite dimensional spaces. This
could be a sequence of complex numbers, CF, enumerated by the numbers 0..L — 1. However,
when doing calculations values enumerated by —1 and L are frequently needed. The simplest
solution to this is to only consider periodic sequences. This means that the finite sequence of
complex numbers will be enumerated by the ring Z; = Z mod L. The value enumerated by



4 PETER LEMPEL SONDERGAARD.

—1 is the value enumerated by L — 1 and so on. This solves any problems associated with the
ends of the sequence, because there is no ends!
A complex, periodic sequence {f,} of length L will be denoted by CI’;J , p for periodic. The

space Cﬁ will be equipped with the inner product

L—-1
(2.1) <{fn}a{9n}> = ang_n
n=0

This definition is very close to the the definition of the inner product for C and the arguments
that show that C is a Hilbert space can also be used to show that (CIE is a Hilbert space with
inner product (2.1), and that (2.1) really is an inner product.

When there is no need to use the periodicity or the index of a sequence {f,}, it will be
referred to as a vector f.

The notation here presented, (CIE, is my own contribution.

The continuous space corresponding to (Cﬁ is the circle, T, T for torus. In this thesis it will
always be parameterized by the interval [0;1[. A function on the circle T can be associated
with a periodic function of period one on the real line R. This identification will be used
frequently.

The function space L?(T) is a Hilbert space with the inner product:

1
(fi9) = /0 f(z)g(x)dz.

The space will sometimes be written as L?([0;1]) if the mapping with periodic functions on R
is used. Other spaces of this kind will also be used, for example written as L%([0; &]). This
corresponds to the L? space of periodic functions with period % on R.
Note that the relations between common function spaces are somewhat simpler than for
the real line:
CP(T) c C(T) ¢ L*(T) c L*(T) c L*(T)

Perspectives. Working with periodic spaces is not always convenient - not all problems are
periodic of nature. In this thesis everything will be periodic for the sake of simplicity, and I
will not make any considerations about non-periodic spaces. If results from this thesis should
be applied to non-periodic problems, a way to do it would be to periodize the problems in
some way and adapt the problem to the periodic space.

3. FOURIER ANALYSIS.

3.1. The discrete Fourier transform. This section is mostly inspired by |Briggs95| with
the normalization of the DFT fitted to match [Stroh98], and the notation 6; 7 being my own
addition.

Fourier analysis on finite, periodic sequences is done through the discrete Fourier transform:

Definition 3.1. The discrete Fourier transform of {f,} € (Cﬁ is a sequence { fk} given by

A 1 L-1 .
j:{fn} = {fk} = {ﬁ ane—Qﬂ'z"L}
n=0

The discrete Fourier transform is abbreviated as the DFT.

kEZ
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Definition 3.1 only tells us that { fk} is a sequence. The following proposition will show
that it is also periodic.

Proposition 3.2. The DFT of a periodic sequence {f,} € (C;{;J 1S again a periodic sequence
{fk} S (CI];J.

Proof. Proving this amounts to proving that fk = fkmod 1 for any k. Since the complex

. - . - . . - 9 im k. _ o, (kmod L)
exponential function is periodic with period 27 then e~ 2™"L = ¢ 2™ ¢ O

The DFT can be also be formulated as a matrix-vector product. For convenience define

wr, = ¢’T". This is the first complex L-root of unity, i.e. (wL)L = 1. Furthermore, define the
modes:

Definition 3.3. The k’th mode 6);, € C} of period L is defined by

]. -kn
ok,L — {_e2mL}
\/Z nez

1 kn}
= wr )
{\/Z nez
for k€ Z and L € N.

The modes are periodic sequences of period L: Since the exponential function is periodic
with period 27, then the modes are periodic with at most period L.
Using wy, and the modes, the definition of the DFT can be written as

L-1
(3.1) {h} = {%E:Ofna@”’“}
n= kEZ
= {<f’0k,L>}]ceZ'

This can be reformulated as a matrix product:
f=FLf,
where the j, k’th entry of the matrix Fp, is given by

1
(Fr)jk = ﬁw]L :

This matrix is called the Fourier matriz®:

1 1 1 1
1 wi w% wf_l
1 2(L—1
(3.2) F, = —(—| 1 wh oo Wt
VL : : :
1 ng—1) wi(L—l) o ng—1)(L—1)

The modes appears as the columns of the matrix.
To gain more insight in the structure of the Fourier matrix, the following important lemma
about the modes is needed.

>The matrix defined this way is the transpose of the similar matrix defined in [Stroh98]. This makes the
matrix methods for the DFT and IDFT resemble those for the Gabor frame methods more closely.
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Lemma 3.4. Orthogonality relations. Let k,j € Z and L € N. Then

<0j,L,0k,L> = 5|]—k\ mod L>»
where 0; is Kronecker’s delta function, defined by
5 — 1 ifj=0
10 ifj#£0

Proof. All terms of the form w]’f are roots of the polynomial z — 1. This polynomial can be
factored as

(3.3) -1 = -1D)EF T 2 40)
L—1
= (-1 Z z".
n=0
Now the inner product can be expanded as:

—nk

L—-1
Ziwmiw
nzo\/z L \/E L
= b = .
_ n(j—k) _ Jj—k

If j = k modulo L then z = w%ﬁk =1 and so (0,1,0k1) = 1.

If § # k modulo L then z = w%_k # 1, and 2" — 1 = 0 because w%_k is a complex root of
unity. Inserting this into (3.3) it is seen that Zﬁ;& z" must be zero. This is the last term
occurring in (3.4) so the conclusion is that (6, r,60k,1) = 0.

These two cases prove the lemma. O

(05,,0k) =

If this lemma is applied to the Fourier matrix the following proposition comes as the result.
Proposition 3.5. The Fourier matriz Fr is a unitary matriz.

Proof. This amounts to proving that (F.;, F.x) = d;_|, where F. ; denotes the j’th column
of F. Since the columns are the modes:

(F.;,F.k) = (05L,0kL)
= 6\ j—k|mod L
the result follows from 3.4. The “mod L” can be discarded since the indices only run in the

range 0,...,L — 1. [l

The inverse matrix of a complex unitary matrix is the conjugate transpose of the matrix,
so this proves the existence of the inverse discrete Fourier transform, the IDFT, and provides
a matrix expression:

f=(F) " f=Fsf.

From this a summation expression for the IDFT can be obtained:
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Corollary 3.6. The inverse discrete Fourier transform {f,} of a sequence {fk} 1S @ mapping

rom CL — CL and is given by
P P

£ = 1) —{ kaeQ’”L}HEZ

Proof. The summation expression is read directly from the matrix expression, and the peri-
odicity is proven in the same manner as for the DFT. The only structural difference in the
definition of the DFT and the IDFT is a minus-sign in the exponential function. O

An important consideration for applications is how the DFT of a real signal {f,} € R£
behaves. In that case f, = frand so

) 1 )
fi = <ﬁ;fne2m)
1 = _opin(=R)
(3.5) = ﬁnﬁ_%fne L
(3.6) = f

This means that one does only need to compute and store half the complex DFT coefficients

for a real signal, as the other half can be found by complex conjugation.
The DFT (and the IDFT) can be computed numerically using the matrix methods

f = FLf
f = Fif.
This method requires O (LQ) floating point operations to compute either one of the transforms,
where O(L?) means that it is bounded from above by a constant times L?.
A more efficient way of computing the transforms is through the use of a fast Fourier
transform, an FFT or for the inverse transform, an IFFT. These methods require O(LlogL)
floating point operations.

Perspectives. So far I have chosen to enumerate finite periodic sequences with the integers

running from 0 to L — 1. One could just as well use the indices —% + 1 to £ This gives the

alternate definition of the DFT:
Definition 3.7. Using the indices k € —5 -l- 1,. % andn € —3 -|— 1,. % the DFT is defined

by
{#}=4- > et
k(= = n
\/Zn:fg—kl

kEZ

The coefficients obtained this way are exactly the same as for the original definition of the
DFT, because everything work modulo L. This definition only works when L is even, but this
is not a problem. It can easily be formulated for L being odd. Similarly, the IDFT

(3.7) {fu} = Z fe2iE

k=—%+1
i nez
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At first these definitions look more troublesome because of the need to divide by two. There
are however good reasons for using them, and these are the problems of aliasing.

The coefficient fL,l is calculated by the inner product of f and 6 1 1. The vector 6 1 f,
is formed from L samples of the complex function e~?"Z=12 in the interval z € [0;1]. If
these samples are plotted one might expect to see some points forming L — 1 waves on the
interval [0;1]. This is done on figure 3.1.
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FIGURE 3.1. Plot of the mode 611 12, with lines tracing out e and e

Only the real part is displayed.
2mi(—1)

The figure shows the 12 points of the mode 611,12 tracing out the wave e instead

of the wave e2™(11) This illustrates that the high-frequency mode 61 12 is aliased to the
low-frequency mode 6_1 12.

When using an already programmed DFT routine on a computer, one should check which
definition of the DFT it uses, definition 3.1, definition 3.7 or a third definition. The software
package MATLAB uses definition 3.1 and so does the software package OCTAVE, in which the
numerical examples for this thesis are written.

The fast Fourier transform (FFT) methods provide a fast way of computing the DFT. They
exist in many variants. Different algorithms for the computation of the FFT are presented in
[Briggs95, chapter 10].

3.2. Fourier series. The section contains statements necessary to develop the theory of Ga-
bor frames for L%(T) and to derive error estimates for the numerical differentiation methods
that will be presented later.

Theorem 3.8. Plancherel’s theorem for the circle. Let f € L*(T) and let

1 o
FDe= o= [ f@e s
be the k’th Fourier coefficient. Then f can be expanded as a Fourier series

flz)= Z fre?™*2dza.e.z € T.
k€EZ

and
12
le

1 2
| 1r@F e = 11y = 2|

k€eZ
Proof. This is [Groch01, theorem 1.3.1] or [Rud66, theorem 9.13]. O
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The next lemma, establishes a Fourier expansion for a periodized function on T. The lemma
will be used to replace Poisson’s summation formula for L?(R) when transferring proofs to
the periodic setting.

Lemma 3.9. Poisson summation for the circle. Let f € C(T) and N € N. Then

N-1
n A kN 1
Z fle+—=)= NkaNezmk , T € [0; =]
n=0 N kEZ N
Proof. Let
N-1 n 1
p(x) =) fla+ )z €0l
n=0
and

$(@) = (), o€ T.

Since 1) is periodic with period 1, because ¢ is periodic with period %, then % can be expressed
as a Fourier series with coefficients

1 .
o) = [ e
1

T\ _oriks
= p(=)e dx
7

1
_ N/N o(x)e= 2T kN g
0

= Nfin.
In line five it is used that since the complex exponential function is periodic, then e
e 2MkN(#+%) and then the order of summation and integration is interchanged. This works
well since both are finite. Now the summation and integration form a disjoint partition of
the interval [0; 1] (the overlap has measure zero) in line six, and so they are replaced by one
combined integration.
With this, 9 can be expressed by its Fourier series

P(x) = Y Ppe’™

kEZ

_ NZ Fone2mike

kEZ

—2mikNz _
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for £ € T and this gives a similar expansion of ¢:
p(z) = 9(Nz)
= NS fenetmity,
kEZ
for z € [0; +]. O
Remark 3.10. The lemma can be extended by density ([Groch01, A.1]) to cover all f € L?(T),

but then only with convergence almost everywhere z € [0; %]

Theorem 3.11. Let f € CP~'(T). Assume that f®) is bounded and piecewise monotone.
Then the Fourier series coefficients of f satisfy

C
ek < Wa Vk € Z,

where C is a constant independent of k.

Proof. This is [Briggs95, theorem 6.2]. O

The Fourier series coefficients {c } can be approximated by the DFT-coefficients {% fk } .The
error introduced by doing this is outlined in the following theorem.
Theorem 3.12. Let f € CP Y(T). Assume that f®) is bounded and piecewise monotone.

Then the error of the DFT coefficients f of order L as an approzimation to the Fourier series
coefficients ¢y satisfy

A 1 C L L
——c| < —, k=——+1,..., =
fk: \/ch = Tptl’ 2 +1,.., 97
where C is a constant independent of k and L.
Proof. |Briggs95, theorem 6.3]. O

Remark 3.13. In [Briggs95] the theorem is extended to also cover the situation where f is not
even continuous , but only bounded and piecewise monotone. In this case

A 1
fe —

—c
N
as could be expected from theorem 3.12.

(3.8) <7

4. GABOR FRAMES FOR Cﬁ

This section is a transfer of some of the results I showed in [Soen02] and the last part is
based upon [Stroh98] but with more details.

4.1. Frames. In the first part of this project [Soen02] I showed some general theory of frames
for Hilbert spaces. Since (CII; is a Hilbert space all these results are applicable. I will briefly
repeat some important results and definitions here.

Definition 4.1. A family of elements {e;} jes is a frame for a separable Hilbert space # if
constants 0 < A < B < oo exists such that

2
(41) Allf o < DK Fven)al” < BIFIG,, VF € #.
JjeJ
The constants A and B are denoted the lower and upper frame bound.
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A sequence that only satisfies the upper frame bound is called a Bessel sequence:

Definition 4.2. A family of elements {e;} ej € H is a Bessel sequence if

jeJ?
Sl freiul’ <BIfIG, VfeH
JjeJ

for some constant 0 < B < oco. The constant B is called the Bessel bound.

Definition 4.3. Let {e;},., be a frame for a Hilbert space H and let f € H. Then the
analysis operator is defined by

Cf = {<f’ ej)H}jeJ'
The analysis operator returns the inner products of the vector f with the frame elements
{ej}jeJ-
Proposition 4.4. Let {ej}jeJ be a frame for a Hilbert space H. Then the analysis operator
C : H — 1?(J) is a bounded operator C : H — 12(J).
Proof. [Soen02] or [Groch01, prop. 5.1.1]. O

Definition 4.5. Let {6j}jeJ be a frame for a Hilbert space H. Then the pre-frame operator
D : [2(J) — H is defined by

D{cj} = ZCjej.
JeJ
The pre-frame operator assembles a vector f from its decomposition {c;} in the frame
{e; }jeJ-

Proposition 4.6. Let {ej}jeJ be a frame for a Hilbert space H. Then the pre-frame operator
D is the adjoint operator of the analysis operator C.

Theorem 4.7. Let {e;}
as

jeJ be a frame for a Hilbert space H. Then the frame operator defined

S:MH—H,Sf=DCf = (fej)ye;
jeJ
is bounded, self-adjoint and invertible.

Proposition 4.8. Let {ej}jeJ be a frame for a Hilbert space H with frame operator S. The
family {S*Iej}jej is also a frame, the so-called dual frame.

Theorem 4.9. Let {e;}
as

be a frame for a Hilbert space H. Then any f € H can be writien

F=Y(f,5"e), e

jeJ

jeJ

The proofs of the preceding theorems and propositions can all be found in [Soen02, section
3.1] or in [Chr02, Groch01].
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4.2. Basic properties. The definition of a Gabor frame for (CIE requires the definition of the
translation and modulation operators.

Definition 4.10. The translation 7, and the modulation M,, operators working on a se-
quence {fx} € C are defined by

Tn {fk} {fk+n}keZ
M {fr} = {B_Q”imkak} —{wfmkfk}

kEZ

ke
for all m,n € Z.

The translation of a periodic sequence is again a periodic sequence, since all the values have
just been shifted by the same distance. Similarly for the modulation operator, the modulation
of a periodic sequence is again a periodic sequence, since the modulation consist of pointwise

multiplying the sequence with a periodic sequence, and all the periods are equal, namely L.
The operators are also periodic in their parameters:

To{fe} = Tamodr {fx}
Mm{fk} = MmmodL{flc}-

The periodicity in m of M,, follows from the periodicity of the exponential function.
The inverse operators are simply the opposite action of the operators:

(To) " {fe} = Ton{fi}
(M) {fi} = Mom{fi}-

Composing the operators is straightforward:

ToTidfy = Tovi{fe}
MpMi{fe} = Mmy{fe}

The two operators do not commute:

(42) MuTo{fiy = {2 frin}
(4.3) _ {em%e—m%.(ﬂn)f“n}
(4.4) = U TuMp {fi}

It is now possible to define a Gabor system for (Cﬁ.

Definition 4.11. A Gabor system in C;j is a family of sequences defined by:

b
& = G({gx},a, f) = {Mmbﬁwg}m:O,...,M—1,n:0,...,N—1’

with {gx} € C} and where a,b € N and Mb = Na = L. This means that L must be divisible
by a and b.
Each element in the system is called a Gabor atom:

{(Gmn),} = (MusTrag}y = {efmme.kana}

A Gabor system that is also a frame is called a Gabor frame.

keZ
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Definition 4.12. The density of a Gabor system for (C]% as defined in 4.11 is given by

(4.5) L _eb_a_ b
MN L M N
The density is the ratio of the length of the vectors, and the number of vectors in the Gabor
system. The density divides Gabor systems for (C]I,’ in three categories:

ﬁ > 1: The system cannot be a frame or a basis, as there is to few vectors to span the
space (CIE

ﬁ = 1: If the system is a frame, then it is also a basis, since L vectors spanning an L-
dimensional space constitutes a basis.

ﬁ < 1: The system cannot be a basis, but it can be a frame.

This categorization correspond to the similar case for Gabor frames for L2(R), [Soen02, corol-
lary 3.14 and 3.15].
The next proposition will present the main result for Gabor frames for Cﬁ.

Proposition 4.13. Let &({gx},a, %), {gr} € Cﬁ, a,b, L € N be a Gabor frame for (CIE. Then
there exists a sequence ¥ € (le such that 5’)({’)’2} ,a, %) is a dual frame of &.

Proof. The method is to show that both the translation and modulation operator commutes
with the frame operator.
The frame operator can be written
N-1M-1
(4.6) Sf=" D> s MusTuag) Mins Trag:
n=0 m=0
This is the definition of the frame operator from theorem 4.7 with the Gabor atoms inserted.
Consider the following expression

(4.7) (MrTsa) S (M Tsa) f
N—-1M-1

(4'8) = Z Z (Mrb%af; Mmb%aﬂ) (M'rb'rs’a)_l Mmb'];zag-
n=0 m=0

for r,s € Z. This was just a matter of inserting the definition of the frame operator (4.6) and
moving the inverted translation and modulation inside the summation. The is perfectly legal
since the summation is finite. The inner product can be rewritten as

<Mrb7;af> MmbﬁzaQ) = <fa T—SCLM(mfr)b’]TrLag>
= <fa eZWiab(m_T)sM(m—r)b’]:sa na9>
= ef2m‘ab(mfr)s <fa M(m—r)b7-(n—s)ag> ’

using the inverse operators of translation and modulation and using the commutation relation
(4.4). The phase factor changes sign when pulled outside the inner product, because the inner
product is conjugate linear in the second slot.

The last part of the expression can be rewritten in a similar manner

(MrsTsa) " MibTrag = T-saM(m-r)pTnag
627riab(m_T)SM(mfr)b’]:sa'ﬁmg
e27riab(mfr)sM(miw)btrnis)ag'
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Inserting these two expressions in (4.8) shows that the phase factor cancel
N—-1M-1

>N MasTeaf, Mt Trag) (MisTea) ™ My Trag
(49) = <f, M(m—r)b7—(n—s)ag> M(m—r)b’]—(n—s)ag

= <f7 MmbﬁzaQ) Mmb'];mg

= Sf.

The second line shows something that looks like the Gabor frame operator, except that all
the summation indices are shifted. However, since both the translation and the modulation
operator are L-periodic in their parameter, the second and the third line contain exactly the
same terms, just summed in a different order.

To sum up, it has been shown that

(MppTsa) 'S (MppTsa) = S.

This can be transferred to the inverse operator:
-1
$7 = (MuTo) ' S (MnTo))  f
= (MnTea) ' 8 (MTsa)

so the same relation holds true for the inverse operator. A simple application of this commu-
tation relation is
ST MnToag = MnTuS™'g
= Mrb7—sa’)’0>
where
7’ =87y
Applying the inverse frame operator to a Gabor atom is the same as applying the translation

and modulation directly to a new window function. This new window function 4° = S~!g is
called the canonical dual sequence of the Gabor frame. O

The pre-frame (or synthesis) operator for a Gabor frame for C. with window {g,} is given
by
N-1M-1
(4'10) Dg{cm,n} = Z Z Cm,anbtﬁwga

n=0 m=0

from definition 4.5. The pre-frame operator for a Gabor frame for (C;{;J will be called the inverse
discrete Gabor transform, the IDGT.
The operator can be formulated using a matrix

(4.11) Dy{emn} = Dyc

if an ordering of the double indices m and n is chosen.
The ordering used in this thesis is that ¢, , is placed in a vector ¢ such that cpinm = i,
that is cg o is the first element followed by c¢; o and the M + 1’th element is ¢ ; followed by
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c1,1 and so on. This forces an ordering such that the Gabor atom Mg7yg is the first column
in the matrix D¢ followed by M1,Tog as the second column and M71,9 as the (M + 1)’th
column.

This structure serves as the definition of a Gabor matrix:

Definition 4.14. A Gabor matriz with window g is a matrix D, € CLMN with elements
(Dg)m’n given by:

Dg)pn = (MbL%J Ta(n modM)g)m

)

(4.12) = 6727ribtﬁjfgm+a(nmodM)7

where L%J denotes the result of the division §; rounded towards zero.
The operator norm of the pre-frame operator can be easily calculated.

Proposition 4.15. Let {cpn} € CYN and let {gy} € (Cﬁ, M,N,a,b,L. € N with Ma =
Nb= L. Then then pre-frame operator has operator norm

||D{9} {cm,n}”Op < \/mm?xwﬂ

Proof. Define f € (C]g by

N—-1M-1
{fk} = Z Z Cm,anb'ﬁLa {gk} -
n=0 m=0
Then
—1|N—1 M- 2
k 3 = Cm,n€ 2mmbLgk—|—na
[{fe I
k=0 | n=0 m=0
L-1 /N—-1M-— 2
< Z Z Cm,n€ 2mmb1‘gk+na>

IA
h
~/~

macx g ) (NZ T |cmn|)

J n=0 m=0

2
= L(mjax|gj|> MN |[{cmn}l5 -

In line three the reference to {gx} is bounded by it maximum value. This can then be pulled
outside the summations and the summation over k can be removed. Then Cauchy-Schwartz
inequality can be used on the two sequences {1}, , and {¢p 5}, and this gives the result. [

Remark 4.16. The previous proposition does not require that {gx} generates a frame, so the
statement can be used even if the pre-frame operator is not associated to a frame.

The analysis operator for a Gabor frame for (C£ with window sequence {v,} is given by

(4.13) Cyf = {{fs MibTna") Yrm=o.,..00—1,n=0,..N 1>
from definition 4.3. This operator can be formulated using a matrix

(4.14) ¢,f = D3,
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where D,, is a Gabor matrix with window . The analysis operator for a Gabor frame for (Cﬁ
will be called the discrete Gabor transform, the DGT.

The next expression for S is the so-called Walnut’s representation [Groch(01, theorem 6.3.2]
in the discrete, periodic case.

Proposition 4.17. Walnut’s representation. The Gabor frame operator S can be expressed
as a matriz S € CHL with

(4.15) s { M (Tha9)m (Thag), if (n—m)mod M =0
mn 0 otherwise

When {gr} € RL then S € R™" and consequently the canonical dual is real: {(VO)k} eRL.

Proof. As the frame operator by definition (as defined in theorem 4.7) is the composition of
the pre-frame operator and the analysis operator, then it follows from (4.11) and (4.14) that

(4.16) Sf=DyCyf =DyD.f =SF.

Fully written out, the components of S are:

Smn =Y Y (MisTka9), (MisTra9).,-

—2mim PR —
Sm,n = € L Om+ka€ " L On+tka
k=0 [=0
N-1 M-1 » »
_— —2mim 2w n
= Im+ka9ntka E € L e L
k=0 =0
N-—1 M-1
_ 2l T
= Im+ka9n+ka E € Mo,

The final line contains the term E;\ia b2l

<V Menfm,Ma \Z MHO,M> = Mé‘n—mmodMa

. This is the inner product

because vV M0y rr = {1}, and VMO,_p vr = {627”1% }l' The result follows from lemma 3.4.
Using this, the expression for S becomes:

{ M ZkN;)l (ﬁcag)m (ﬂcag)n if (’n - m) HlOdM =0
0

Sm.n )
' otherwise

It shows, that since the matrix elements of S are composed only of translations of {g} and no
modulations are involved, then if {g} is real then S is real as well. This means that also S~*
is a real matrix and so the statement about the canonical dual follows. g

Theorem 4.18. Janssens representation. Let &({gx} ,a, %), {gr} € (CZI,’, be a Gabor frame
for (Cﬁ.
N-1N-1

S{fy =D {fr}r MosTra {9k}) MimbTrag

n=0 m=0
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can be written as
b—1 a—

(4.17) Ui = X303 tosh s MonTine {071) MowTir ()
0

=0 r=

[y

Proof. The matrix form of Walnut’s expression for the frame operator can be written by
summations:

L—1
(S{AY; = D_Suf
1=0

b—1 /N-1
(4.18) = MY (Z 9j+ka§j+m+ka> Fi+im.

=0 \k=0

This last expression comes from only including the contributing terms from (4.15).
The sequences Gy, 1 =0,...,b—1

N-1
{Gi}; = { Z 9j+ka§j+zM+ka}
J

k=0

are periodic with period a and so they can be written using a discrete Fourier transform of
length a:

1 .
(@) ey 1=0,..,a— 1,
,

a

{Gl}j = %

IS}
Il
)

T
with
1

(Gl)]‘ e—27rij§

7

—~
)
—
Il
S

=0
| emlN-1
= = —2mij ¥
= %E Gi+kaTjriM+kaC O T
j=0 k=0
L—1
_ = —2mij iy
= 9i9j+im€ L
=0

<{gj} s MenTine {9]'})((%

a

Sl- 5l

In line three the summations over £ and j are combined into one and j + ka is replaced by
j. Because the exponential function is periodic, then the term containing the exponential
function does not change.

This gives an expression for G:

a—1

(G = = 3 Hosh MonTon )y 7

r=0
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Inserting this into (4.18):

M b—1 fa—1 N
S{fi} = {7 ( {g;} s MenTine {g;}) €T ) fj—l—lM}
=0 \r=0 j
N b—1a—1
= 3 g5} MenTine {95 }) MenTins {5} -
=0 r=0
The last line follows from % =N O

b
Proposition 4.19. Let &(g, a, %), g€ (Cﬁ, a,b,L € N be a Gabor frame for Cﬁ Let v € (Cg
be a dual window of g. Then

(4.19) (MubTnag, MroTsaY) = {

1 ifr = mmodulo M and n = smodulo N
0 otherwise

for all m,n,r,s € Z.

Proof. When 1y is a dual window of g then f = DyC, f for all f € C,I;. Using the Gabor matrix
notation this is
f =DyD}f, Vf € Cf,
which by standard linear algebra gives
D,D} =1,

where Iy is the identity matrix of size L. Looking at the structure of the matrices shows the
result for m,r € 0,...,M —1 and n,s € 0,..., N — 1. The extension to m,n,r,s € Z follows
from the periodicity of the translation and modulation operators. O

Remark 4.20. A more careful statement of the previous result would yield the Wexler-Raz
bi-orthogonality relations for CI’;J (see [Groch01, theorem 7.1] for the L?(R%) relations). The
relations characterize all possible dual window functions by requiring them to satisfy (4.19).

Considerations. The requirements for the numbers a, b, M, N, L for a Gabor system for (C]’;J as
defined in definition 4.11, that Mb = Na = L and a,b, M, N, L € N put some restrictions on
the freedom to choose these numbers. A simple example: If one wishes to keep the density
ﬁ and the ratio between the number of time shifts and frequency shifts % fixed, then it is
not possible to double L.

Another example is the very common practice of choosing L to be a power of 2. This will
force M and N to also be powers of 2, and then the density can only be 2%, for some p € N,
so one could only find a Gabor basis with redundancy 1, or a rather redundant Gabor frame
with redundancy % or i. It would not be possible to find frames with an intermediate density.

Good choices of a,b, M, N tends to be numbers divisible by different small prime factors 2,

3 and 5. An example would be

L = 360
M=N = 20
a=b = 18,

giving a square system with a redundancy of % =0.9.
The proof of proposition 4.13 that shows how to find the canonical dual sequence resembles
the corresponding result for Gabor frames for L?(R) [Soen02, prop. 3.11] very much. Similarly
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in [Soen02] there is one definition of the translation- and modulation operators and of a Gabor
frame, and in this thesis there is another as well.

It would be tempting to search for a common theory covering both the continuous and the
discrete case of Gabor frames. Such a theory is described in [Groech98].

The combined theory for the discrete and the continuous theory abstracts the space ((CIE or
L?(R)) with a locally compact Abelian group. The group composition is then used to define
the translation operator. The modulation operator is defined by the use of the characters,
which for the two spaces considered are

Xy(z) = ™" yecR z€R
{(xm)p} = ™%, meZ, kel

The modulation operator is then defined by point wise multiplication by a character.

In this manner translation and modulation and Gabor frames can be defined in a generic
way.

I will not pursue the theory of locally compact Abelian groups in this thesis, instead I have
just repeated the proof of proposition 4.13 adapted to (Cg. I does however seem quite fruitful
to have one combined theory instead of two or more separate theories, but defining the theory
in all details would be more work than simply repeating the few proofs needed for this thesis.

4.3. Algorithms. This section is written solely from [Stroh98|, but the proofs for proposition
4.23, theorem 4.24 and theorem 4.25 are my own additions as there are only hinted at in the
article. Most notably is the use of L%J not used in the article.

This section will present some faster ways of calculating ¢ =Dy f, f =Dgc and v = S—1g.
To do so, some linear algebra tools and definitions are needed.

Definition 4.21. The Kronecker product A ® B where A is a j X k matrix and B al xm
matrix is a jl X km matrix defined block wise by

apoB -+ apx-1B
A®B= :
aj_10B -+ aj_1,1B

For Kronecker products it holds that
(4.20) (A®B)" = A* @ B,

see [vL92].
Another simple rule for Kronecker products that will be needed is

(4.21) In®A)(In®B) =Iy® AB,

where Iy denotes the identity matrix of size N, Iy € CVY and A € C>™ B € CM:b,

The matrix Iy ® A is block-diagonal with the matrix A along the diagonal. By a little
inspection of the matrix products it shows that multiplying matrices of this kind only multiplies
corresponding blocks on the diagonal, and so the result follows.
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Definition 4.22. The mod p perfect shuffle permutation matriz P, € C1F where p,q, L € N
and pg = L is defined by

1 ifkp+ l%J modL =j

0 otherwise

(Ppr)jp = {

(4'22) - 5‘kp+\_§l—j‘modL'

or equivalently

(Pp.r) { 1 ifjq+ L%J mod L =k
75,k

0 otherwise

(4'23) 6‘kp+l%J —k‘modL'
The definition (4.22) can be reformulated using k = rq + s, where r = 0,...,p — 1 and
s =0,...,— 1. Then

(Pp,L)j,rq—i—s = 6‘(rq+s)p+[%l‘ﬂ.‘m0dl’

5|sp+r—j|m0dL

= 5sp+r—j.

The last line follows from the fact that sp +r < L for all s,r. From this it follows that a
matrix element is one if and only if 5 = sp + r, so the ones are placed in the positions

(PPaL ) sp+r,rg+s”

If j is replaced by sp+r in (4.23) the result is the same, and so the two definitions are equal.
Since Py, 7, is a permutation matrix it follows from basic linear algebra that it is also a
unitary matrix, i.e. Pj = P;;IL-
The definition implies that P, ; has exactly one element per column with the value 1
instead of 0. For the first % columns this element is placed when kpmod L = j. For the next

% columns this pattern is repeated, except that all the columns are shifted by 1. The following
picture may illuminate this

10 --- 0 0 0
1
P TOWS
0
1
Py =
1
| 0 1]
N——

q columns
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Some definitions for diagonal matrices are also needed. The notion diag(Wo, W1, ..., Wys_1)
will mean a block-diagonal matrix of size Mm x Mn if each Wy, are of size m X n:

WO 0 . 0
. 0o W, 0
dwg(Wo,Wl,...,WM,l) = . . s
0 O W1

where 0 is the zero-matrix of size m x n.

Proposition 4.23. Let D, be a Gabor matriz with window g. Then

\/M9m+a|_%J if |/m —n| mod M =0

0 otherwise ’

(D, (Iy ® Far)),,, = {

where I denotes the identity matriz of size N.

Proof. The matrix Iy ® Fjs is a block-diagonal matrix with Fj; as each block. Multiplying
D, from the right with this matrix amounts to inner products between panels of the rows of
D, and the columns of Fjs, i.e. the modes of length M. The panels of the rows are those
elements of the rows that corresponds to the same translation of the window function g, which
are the elements 0,..,M — 1, M,..2M — 1 and so on.

The j'th panel of M elements of the m’th row of the Gabor matrix Dy consists of

|:73'agm7 (Mlb’];'ag)m ’ (M2b73'ag)m IRRR) (M(M—l)b’];'ag)m]

— 0 ,,—mb , —2mb —(M—1)mb
= 9m+ja [wLawL yWr, y ey W

(424) == gm+ja\/ft9_m,M.

Line three comes from ngmb L L w];[jm, since £ = M.
With (4.24) and knowledge of the columns of the Fourier matrix, the term (Dg (Inx ® Fas))

can be calculated:

m,n

M-1
(Dg (IN ® FM))m,n = Z \/Egm+al_ﬁj (efm,M)k (enmodM,M)k
k=0

= \/ng—l—al_ J <0*maM’ 07"’M>

S

= \/zgm+aLﬁJ5|m—n| mod M-

The panel index j in (4.24) has been replaced by | 2= |, as in (4.12). The last line follows from
the orthogonality relations, lemma 3.4. O

Rearranging the terms in Dy (Ixn ® Far) leads to the following proposition.
Theorem 4.24. Let D, € CLMN pe q Gabor matriz with window g. Then

Dyiag = Py, Dy (INn @ Fur) Py iy

CL,MN

where D giqq € s a block-diagonal matriz

Dyiog = diag(Wo, ..., War_1)
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with Wy, € CON :
(Wk)m,n =V Mgk+mM+na
form=0,..b—-1,n=0,...,.N—1and k=0,..,M — 1.

Proof. Proposition 4.23 proves the sparse structure of Dy (In @ Fy).
Definition 4.22 gives the structure of the permutation matrices

(Pisr)py = 0
ML)mm —  OlmM+|2|-n|modL

( *NMN) = 6| N+|z|— .
> m,n n +|_NJ m|m0dMN

The first line is derived from (4.22) and the second from (4.23).
Using this and proposition 4.23

(Dy (Iv ® Fa) P}kv,MN)m,n
MN-1
- Z ﬁgm—kat%J 5|m—lc| mod M5|nM+L%J —kl mod M N
k=0

= N/ngﬂrmmglmodwr\m(nMﬂ;JmodMN” mod M
= \/Egm—kan(s'm,t%“ mod M’

form=20,..,L—1and n=0,..,MN — 1. The summation in line two is removed because
Py v 1s @ permutation matrix, and so there is exactly one element per column that is non-

zero. Therefore k can be replaced by nM + [%J mod M N. The term a \‘nMjLI-%JJVImOdMNJ
reduces to an since n < M N and therefore {MJ = 0 always.

The full product can now explicitly be written out.
Diiag = (Pir,tDy(Iv ® Fir) P}kV,MN)m,n
L—1
= kZO5|mM+Lv;;J_k|modL\/Egk+an5|k_L;J\ mod M

= VIG(mars [ moa ) +an®|(mars| | moa L)~ [ ]| mod
= VEGats 3 rand| ]~ 3]] mod 1
= \/ngM+|_%J+‘m5||_%J*|_%J|’

form =0,..,L—1and n =0,..,MN — 1. This follows the same line of reasoning as the
previous formulas, k is replaced by mM + [%J mod L. Since g is periodic with period L , the
“mod L” in the first part of line three is unnecessary. The second “mod L” can be removed,
since % = b, so M always divides L. The final “mod M” can be removed since m < L = bM
and N < MN so H%J — [%“ is always less than M.

The last line shows that the result is only non-zero if |%| = |%|. This is only the
case for elements in the b x N blocks on the diagonal, so it proves the structure Dy;qy =

diag(Wy, ..., Wy_1) where W, € C>V.
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3 — m _ n
Setting k = [TJ = [NJ shows that

(Wk)m,n = \/Eg(m+kb)M+k+a(n+1cN)
= \/EgmM—f—k—f—a'm

for m =0,.,b—1and n = 0,..., N — 1. Going from indices m,n running over the whole
matrix to indices running in the sub-matrices, it is necessary to add the terms kb and kN,
but they can be removed because of the periodicity of g. O

The factorization from theorem 4.24 can be used to factor S into a block-diagonal matrix.

Theorem 4.25. Let S be the matriz of the frame operator S for a Gabor frame &(g,a,b) for
(C]I;. Then
Sdiag = PSP um,L
where Sgiag 15 a block-diagonal matriz
Sdiag = diag (Bo, ..., Bar—1)
with
B, = W; W}
form=0,..b—-1,n=0,....,.b—1and k=0,.... M — 1 and Wy, defined as in theorem 4.24.

Proof. A rearrangement of the result from theorem 4.24 shows that

D, = P, .DyiggPrn,vnv (In @ Far)*.
Inserting this into the matrix expression for the frame operator (4.16)
S = DD}

= Pu,1DyiagP NN In @ Far)* (Par,zDaiagPnun (In @ Fag)*)”

= Pm,cDyiagPn,mn (IN @ Fiyr) (I ® Far) Py v DiiagP L

= Pwm,.DgiagDgiagPhs,L-
In line three (4.20) is used to put the transposition inside the Kronecker product Iy @ F3},.
Then (4.21), as well as the fact that Fj; is a unitary matrix, are used to remove the Fourier
matrices. Similarly the permutation matrices are also unitary and the pair Py mnPly 5y can
be removed.

From this and (4.21) the result follows:
P*M,LSPM,L = DdiagDZiag = Sdiag
O

The factorization from theorem 4.24 provides a faster way of numerically computing the
IDGT than explicitly calculating

f =Dyc.
Using theorem 4.24 this can be expanded to

[ =Pur,rDaiagP v vnv (In @ Fy) c.
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This is more efficient to calculate as the matrices can be applied in turn to the vector c:

(4.25) g = (In®@Fy)c
(4.26) c2 = Pyuna
(4.27) c3 = DuyiagC2
(4.28) [ = Pures

Calculating ¢; amounts to N small FFTs of length M of panels of ¢, ¢y is just a reordering
of ¢y, c3 can be calculated by multiplying panels of co by the matrices Wy, and finally f is a
reordering of c¢3. The total amount of floating point operations needed is

O (NMlog(M)) + O (MbN) = O (NMlog(M)) + O (LN).

The reordering from the permutation matrices have not been included, as the operations
needed for this are memory moves and not floating point operations. They amount to a cost
of O(MN).

A completely similar thing can be done for the DGT:

c=Dgf.
Again using theorem 4.24, this expands to
c=(In @ Fu) Py vinD? diagP,nf-

This corresponds to everything done in the reverse order as it was done for the IDGT, and
the computational cost is exactly the same.

The computation of the canonical dual window can similar be done more efficiently than

7’ =871y

Using theorem 4.25 and inserting

= (PM,LSdiagP*M,L)_lg

= PM,L (Sdiag)_1 P?V[,LQ-

Again it was used that permutation matrices are unitary matrices. Inverting a block-diagonal
matrix is done by inverting the blocks, and so 7% can be calculated by

G = P?\/[,Lg
c; = diag(Bg',..., BX/[I)Cl
7 = Purco.

Inverting and applying the blocks can be done in various ways. The total cost is
O(Mb*) = O(Lb?).

Perspectives. The algorithms presented in this section speed up the computation of the DGT
and the IDGT from O(L?) to O (NMlog(M)) + O (LN). It depends on M, the number of
modulations, which of the terms O (N Mlog(M)) and O (LN) will dominate. If the Gabor
frame has many modulations then the first term O (N Mlog(M)) will dominate. If the density
is kept close to one, then this corresponds to a situation with many modulations and few
translations. For other choices of M and N the second term seems more likely to dominate.
Another aspect of these algorithms is that they require much less memory. The original
algorithms ¢ = DIT™f, f = Dgc and v = S~lg required that the matrices Dy, D, and S
were formed explicitly. This requires the storage of an L x L or L x M N complex matrix.
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In an easy-to-use programming language like MATLAB, setting up the matrices D, and S will
actually take far longer time than computing the matrix product, so one could be tempted to
claim, that one of the main reason for developing the improved algorithms was to avoid the
big matrices.

The improved algorithms only require the storage of an b X N or an N X N real matrix.
The matrices are real (if the window sequence is real) because the matrix Wy, only consists
of elements of g.

The article [Stroh98| presents some improvements of these algorithms, especially the algo-
rithm for finding the canonical dual window. I choose to stop here, the presented algorithms
are fast enough for my use. The purpose for which I will use the algorithms, solving partial
differential equations, only requires a fixed Gabor frame. This means that the canonical dual
window can be calculated once before the real computation starts, and then the DGT and
the IDGT are computed numerous times. This is the reason why I have not focused more on
developing algorithms for inverting S.

There exists other kind of algorithms for these problems than matrix factorization algo-
rithms. Most notable are iterative methods and methods using the Zak-transform. Since I
found the algorithms in [Stroh98| adequate for my needs, I have not pursued any of the other
kinds of algorithms.

The methods based on the Zak-transform avoids the use of the dual window altogether,
and calculates the DGT directly. However, they only work for Gabor frames with a density
of 1 (which is then a Gabor basis), and they can be extended to Gabor frames with integer
oversampling, that is a Gabor frame with density ;}, p € N. An example of the Zak-transform
method is in [Orr93]. An example of an conjugate-gradient and matrix factorization method
is in [Qiu98|.

5. GABOR FRAMES FOR L%(T).

5.1. Basic properties. To define a Gabor frame for L?(T), the translation and modulation
operators will have to be defined once again.

Definition 5.1. The translation 7, and the modulation M,, operators for L?(T) are defined
by
(Tyf)(z) = Fflz+y)
Mnf) (@) = "™ f(z)
for all m € Z and y € T.

The symbols for the translation and modulation operators are identical to those of definition
4.10, but it should always be clear from the context which operator a symbol refers to.

The translation and modulation operators for L?(T) obeys similar relations as those for (CIE.
The modulation operator is not periodic in its parameter, only the translation operator is:

(’Elf) (.’II) = (Emodlf) ('T) :
The inverse and adjoint operators are the opposite action of the operators:
(T)™'f = (T F=Tyf
(5.1) Mm)™ f = Mm)"f = M_nf.

This also means that the translation and modulation operators are unitary operators on L?(T).
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The commutation relation (similar to (4.4)) is slightly different:

(5.2) MmTyf) (@) = ™™ f(z+y)
(53) — e27rimye—27rim(z+y)f(x + y)
(5-4) = Y (TyMmf) (2).

The commutation relation can be used to commute pairs of the operators:
(MaTeMcTaf) (z) = 7> (MaMTyTaf) ()
= ¢ 2" (MaycToraf) (@)
= ¢ (MMGTaTef) (@)
(5.5) = M) (M TaMaTof) (2)
These operators are related to the corresponding operators for Cg as defined in definition
4.10 by the following relation:

(5.6 (MuTga) () = Mo Toa (91D

with {gk}r_o . -1 = g(£) and Na = L.
Gabor frames for L?(T) can now be defined.

Definition 5.2. A Gabor system in L?*(T) with window g € L?(T) is a family of functions
defined by:

1
= s s b) = { z } )
& =Glg N ) MmoT 39 mEZ,n=0,..,N—1
where b, N € N.
Each element in the system is called a Gabor atom:
Gmn(T) = (MmbT%g) (z) = 672m'mbwg(x + %), zeT.

For Gabor frames for L?(T) a canonical dual window function exists, just as the canonical,
dual sequence for a Gabor frame for C}:

Proposition 5.3. Let ®(g, %,b), g € L%(T), M,b € N be a Gabor frame for L*(T). Then
there exists a function v° € L?(T) such that $H(7°, %,b) s a dual frame of &.
Proof. The proof follows the exact same steps as the proof for proposition 4.13. The method is
to show that both the translation and modulation operator commute with the frame operator.
The notable differences are that M,,; is no longer periodic in m and that the sum over m in
the definition of the frame operator, corresponding to (4.6), is an infinite sum.

The step corresponding to (4.9) is

(MrbT%) o S (MrbT%) f

=y ¥ <f,M(m_T)bT%g> Mm-rypTnzs .9
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A substitution of variables m' = m — r and the fact that ’T% is periodic with period N are
used when going from line two to line three.
The rest of the proof follows exactly the proof for prop. 4.13. O

The following definitions and theorems are adaptations to L?(T) of similar statements in
[Groch01].

The first statements establish that the pre-frame, analysis and frame operators are bounded
when g € L>®(T). They have been transferred from similar statements for L?(T) presented in
[Groch01]|. For the L?(T) theory the Wiener space W is used. A function is in the Wigner
space if it is locally in L* and globally in L'. Since decay properties are not meaningful for
functions defined on T, the circle-equivalent of W is the space L>(T).

Proposition 5.4. Let g € L*(T) and let N,b € N. Then

N-1
(5.7) D {Cm,n} = Z Z Cm,anbT%g

n=0 meZ

is a bounded operator from 12(Z x {0, ..., N —1}) into L*(T) with operator norm
IPllop < VN lgll -

Proof. Consider {cmn} € 12(Z x {0,..., N — 1}) with finite support, i.e. only finitely many
Cm,n are non-zero. Then the trigonometric polynomials

my(z) = Z ck,ne_%ibm, zeT
nez

k=0,...,N —1 are well defined. Since the m;’s are periodic with period % and vbe2mibnz ig
an orthonormal basis for L?([0; ¢]) then

1
Imllzeqody = 5 2 lewal”-

nez

Define the matrix I' € CV:N by

o

-1 .
T k r
Dir(e) = Y gl + 5 + oo + 5 + 7).

Il
o

r

Since g € L*°(T) then |g(z)| < ||g||oo, a.e.7 € T and so
N-1
> ITjk(@) BN |lgl% , ae.z €T.
§=0

The same estimate holds with j replaced by k. Then it follows from Schur’s test that the
norm of I' is bounded by

ITllop < BN llgllZ, -
Then, for almost all z € T:

N-1N-1 N—-1
(5.8) 0< 3> my(z)m;(@)Te(z) <N |lgll2, Y Imu(z)].
=0 k=0 k=0
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Now define f as

N-1 N-1
F=222 cbaMmTpg =3 miTyg.
n=0 meZ k=0

Using a periodization then the norm of f can be calculated as

1 /N-1 n N-1 —
i = [ (me)g(wﬁ)) > i@l + 1) | do

k=0 §=0
1N-1N-1 b—1 P
= /0 Z mg(z)m;(z) » gz + ~t g)g(a: tyt E)da:
k=0 j=0 r=0
1N-1N-1
- [ mi(e)m; (@) (c)da
0 =0 k=0
Using (5.8)
1 N-1N-1
112 = [*Y Y mileim @ uo)ds
0 =0 k=0
-1 %
< ool Y [ lmeta)f ds
k=00
N-1
= NlglZ D> > lernl” dz = Nigll%, llcknll” da
k=0 ncZ
By the density principle [Groch01, A.1] the result extends to all {¢;,n} € I>(Z x{0,..., N — 1})
and the results is proven. O

Corollary 5.5. Let g € L*(T) and let N,b € N. Then
cf = {{f, MmTz9)}

is a bounded operator from L?(T) into I2(Z x {0,...,N — 1}) with operator norm

m,n

1Cllop < VN gl
and
N-1
(5.9) SF=3"3 (/M Tp0) MusN 3.9
n=0 meZ

is a bounded operator from L?(T) into L%(T) with operator norm
2
1Sllop < N gl -

Proof. The operators D, C and S are the pre-frame-, analysis- and frame- operators for a
Gabor system &(g, %, b). In [GrochO01, prop. 5.1.1] it is shown that C is the adjoint operator

of D and so ||D||,, = [ICll,, = 4/lIS]lop and from this the result follows. O
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Definition 5.6. Let ¢ € L?(T) and let b, N € N. Then the correlation functions of g are
defined as

=

1
_ n k k

Gn(z) = g(a:—i-g—l-ﬁ)g(x—l—ﬁ),xe'ﬁ‘.

0

B
Il

forn=0,...,b— 1.

Lemma 5.7. Let g € L?(T), b,N € N and let G, n =0, ...,b— 1 be the correlation functions
as defined in definition 5.6. Then G, has the Fourier series

. 1
Gnlz) =N <9,Mka7'gg> TN q.e.x € [0; v
kez

Proof. Let
— n _
ha(@) = 3o + )9(@) = (Tadg) (@), z € T.
The correlation function Gy, are a periodization of hy, with period + and h,, € L%([0; ]) since

g € L(T). Using lemma 3.9:

Cale) = YTt 2t m)gla+ o)

(5.10) = NZ (iLn) N TN ez € [0; —]
The kN’th Fourier coefficients of h,, are:
1
7 — n —27ik Nz
(hn)kN /0 g(z+ b)g(x)e dz

= <9,MkaT%g> -

Inserting this in (5.10):
; 1
Gn(z) = N> <95M7kNT%9> e*™kNT g.e.x € [0; N]'
kEZ
O
Theorem 5.8. Walnut’s representation. Let g € L*°(T) and let b N € N. Then the
operator S : L?(T) — L?(T)

B3> (£, M T29) M T2

n=0 meZ

can be written using definition 5.6:

o

(5.11) Sf = > (G,ﬂ'%f) .

0

SV =
bl
Il
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Proof. The fact that S is bounded on L?(T) follows from corollary 5.5.
First an important identity for frequency-time shifts is needed:

<fa MfmbT%g> _ /01 f(a;)g(x 4 %)6_2mmbmd{£

_ /0 1 ( F@)g(z + %)) e~ 2mimba g,
= (7(/129)),,,

Line two is recognized as a Fourier coefficient, and from this the result follows.
Consider C, f, where

Cof = {<f’M_mbT%g>}mEZ,n:0,...,N—l'
Then {<f,M_mb7-%g> }mEZ 0 N1 € 1%(Z x{0,..., N —1}) from corollary 5.5. Therefore,

the Fourier series my,(z)
(5.12)  my(x) = Z <f,./\/l,mb7'%g> emimbr — Z (.7-" (fT%§)> e?™mbz g ez € T.
MEZL MEZL mb

are in L?(T) by Plancherel’s theorem, theorem 3.8. Also my(z) is periodic with period $ since

e?™mbe g periodic with period .

The Fourier series m,(z) can now be rewritten using lemma 3.9:

mn(z) = % (b > (]—" (fT%E))mb e27rimbz>
) b—1mEZ L
> (£737) @+ 3)

— Z <f,M_mb7‘%g> e2mmbT ez € [0; %]

meZ
The last line is (5.12) again. Substituting this into the definition S

Sf(z) = ZZ(f, MuusTz9) M T, g

n=0 meZ

= IS (Z <f,Mmb7'%g> e_QWimbz) g(z + %)

n=0 \meZ

= Z( fo+ m+’Z+N))g(x+%),a.e.m€T.

n=0

TIMI

Since both sums are finite they can be interchanged

gyl k n n k
Sf(.’l?) = Z (g Z ﬁ(w + E + ﬁ)g(:c + ﬁ)> f(iL‘ + Z), a.e.xr € T,

k=0 n=0
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or in short notation using definition 5.6 with v = g:
1A k
Sf=) = 5 > Gr(x)f(z+ shaeseT
k=0
O

Corollary 5.9. Let &(g, +,b), b, N € N be a Gabor frame for L*(T) with a real window
function g € L®(T). Then the canonical dual window v° € L?(T) is also a real function.

Proof. This follows from Walnut’s representation. When g is real, the correlation functions
are also real, and so it follows from Walnut’s representation that S is a real operator. The
inverse operator of a real operator is also real, and because

=87y
then 'yO is real. O
Remark 5.10. Theorem 5.8 and corollary 5.9 are the L?(T) equivalent of proposition 4.17.

5.2. Sampling. The following subsection is a conversion of results in [Jans97] to a periodic
setting. It will present two main results: That a Gabor frame from (CIE can be obtained from
a Gabor frame for L?(T) by sampling, and that the canonical dual windows for these two
frames are closely related.

The following definitions will ensure that the process of sampling is well defined.

Definition 5.11. Let f be a measurable function on T. Then xg is a Lebesgue point of f if
1 [
lim — |f(z +z0) = f(z0)|dz = 0.

e=0¢€ J_1.

N[

With a little more care Lebesgue points can be defined for any measurable space.
Lemma 5.12. Let f € LY(T). If f is continuous at a point xq, then xq is a Lebesque point
of f.

Proof. Since f is continuous at zg then for all € > 0 there exist a § such that

F@+20) — flao)l <, Vo € [-58, 24].

Now

D=

§
5|f(w+wo)—f($o)ld€6 < sup  [f(z+20) — fzo)| <e.

1
2

5/
0J_
Here the integral is bounded by the maximum value. This shows that when ¢ — 0 then

1
: ffi& |f(z + z0) — f(zo)| dr — 0 and this is exactly the definition of a Lebesgue point. [
2

Lemma 5.13. Let f € LY(T). If zo is a Lebesgue point of f then

N[

Flo) = Tim = [* F(o+ mo)ds.

e—0 € 1
—1le
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Proof. Consider for ¢ > 0

£

‘f(wo) —é F( + z0)de

£

flz + zo)dz

=
o=
ol

1 € 1
- f(zo)dx — =
. €

& 1
2

1
2

N =

(S

2 [ 1560 - 1o+ w0)l d

9 1
3€

1
Since 1z is a Lebesgue point then %f_zis |f(zo) — f(z + zo)| dz — 0 as € — 0, and therefore
2

1
1 5€
lim |f(z0) — = [ f(z +w0)dz| =0,
e—0 3 _%g
and this proves the lemma. O

Proposition 5.14. Let f,g € L?(T) such that f = g in L?-sense. If z is a Lebesque point
of f and g then f(z0) = g(zo)

Proof. Since f = g in L2-sense, then f(z) = g(r) except on a set of measure zero, and so
[ f(z)dz = [, g(x)dz for any set E. Using lemma 5.13 then

3

g9(z + zo)dz = g(=zp).

N[

1 [ae 1
f(zp) = lim - f(x + z¢)dx = lim —/
e—=0¢ —%e e—=0 ¢ _%

O

Definition 5.15. Let f be a measurable function on T and let L € N. Then f satisfies
condition R if:

. 1
519 > L[

Remark 5.16. It shows that f satisfies condition R if and only if all the points x = %,

k=0,...,L —1 are Lebesgue points of f. From lemma 5.12 it then follows, that a continuous
function satisfies condition R, since all points of a continuous function are Lebesgue points.

With a condition to ensure that sampling is well defined, the first main theorem of this
section can be stated.

Theorem 5.17. Let M, N,a,b,L € N such that Mb= Na = L. Let
1
& —.b L>®(T
(6:37:0) g€ 2=(m)

be a Gabor frame for L?(T) as defined in definition 5.2 with frame bounds 0 < A < B < oo,
and let g satisfy condition R (definition 5.15). Let

o ((nhag) ) e

be a Gabor system in (C:g as defined in definition 4.11 such that {gx} = g(%)
Then $ is a frame for (Cﬁ with frame bounds AL and BL.
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Proof. Let 0 < € < % and let

. 1
o k

fFo= ) al;
Ko=) dyd

Then f¢ € L?(T) since the sum over r is finite and

2

1|L-1
108 = [ S| ds
0 r=0
L-1 1
— 2/ ¢, 65| dx
k=070
12! 1
(5.14) = EZICTIde=EIICII§-
k=0

Line two follows from the fact that the J; have disjoint support. Define
Tomnle) =€y <f5, MflL+mbT%g> <M71L+mb7'%g, h6> ;
leZ
with m = 0,....M — 1, n = 0,....N — 1 and ¢ € [_QLL’%L] Since & is a frame then
{< fe,M_lL+mbT% g>}l € 12(Z) by the frame inequality. Then the series defining T is in

I1(Z) from Cauchy-Schwartz inequality. Therefore Yy, ,(e) is well-defined.
It follows by rearranging the summations that

N—-1M-1 N-1
(5.15) S Trale) = 3 3 (£ M T3.9) (Ms T3, 9,1°)
n=0 m=0 n=0 mcZ

The function Y, , can be written as

L-1 L-1
Ymn(e) = € < CréfaM—lL+mbT%g> <M—lL+mbT%ga > ds5§>
0

l€Z \r= s=0
L—1L-1
(5.16) = Z Z crdse Z <5f, M_1L+mbT%g> <M_5L+mb7%g, (5g> .
r=0 s=0 leZ

The summations over r and s can be pulled outside the inner product as they are both finite.
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Consider the %—periodic functions

L—-1 . .
an(u) = 3 6 (u — %)MmbT%g(u - %), t=0,.L—1,n=0,.,N — 1.
j=0

Using lemma 3.9 then «; has the expansion

- LZ (}- (5tgm))m Tt ez € 1 i]

kEZ
with
- 1 - '
(.7: ((5t€MmbT%g)>kL = /0 5§($)MmbT%g($)€_2ﬂZkdem

_ <5§,Mka+mbT%g>L2(T).

Since the complex exponentials v Le?™ L%k € 7 form an orthonormal basis for L?([— 53 57])
then Parseval’s equation can be used on the expansion of qy:

£ Z <(5$, M—lL—l—mbT% g>L2(T) <M—lL+mbT% g, 6§>

lEZ LA(T)
1
1 2L _
= gz/Lar(x)as(x)dx
2L
2L s R R [
= g—/ 25 mbT gw—— 266 - mbT g( L) dz
7% kEZ leZ
1 1 r S
= 2 7 MmbT%g(:C + E)MmbT%g(I + f)dx

_1,
2
The summations over k£ and [ have been removed because

5f(u+%):{(% lf__+L€[_EvE]

otherwise.

and since 0 < € < % the terms in the sums are only non-zero when k = r and [ = s. Similarly,
the range over which to integrate is restricted to the support of the indicator functions, which

then can be removed.
T

Since ; and § are Lebesgue points of MmbT% g and because g € L*®(T) is essentially
bounded then

11
LT le”T”( L

Mo Ty 9(a + 7)da

l\?

1
= ZMmbT%g(z)MmbT%g(Z)'

This can be inserted into (5.16):
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L-1L-1

h_I}(l) Tm,n (5) = 11_1)1(1) Z Z C'I'ESE Z <51€a MflL+mbT%g> <MflL+mbT% 9, 5§>
¢ ¢ r=0 s=0 lEZ
1 L-1L-1 B r s
= I > Crds My T2 () M Tr 9(3)
r=0 s=0
From this

N-1
lime Z) Z:Z <f5’Mm”T%9>L2(1r) <MmbT%g’hE>L2(T)
n=0 meg
N—-1M-1

- 33 Tl

n=0 m=0
N—-1M-1

(5.17) = > > lImTua(e)

n=0 m=0
1 N—-1M-1L-1L-1 _ r s
= I NN ZcrdstbT%g(z)MmbT%g(f)
n=0 m=0 r=0 s=0
1

N-1M
1

(5.18) = LSS (erd M Toa (g (ManTra (1) (kD) -

S
Il
)
o

m=
Second line comes from (5.15). The translation and modulation operators in the last line are
the discrete versions. Since ||f¢||* = 1 ll¢/|? from (5.14) and

2

N—
eAlfII* = Allel® < X020 Xmez < eB|f*|* = Bc|*

from the frame condition (4.1), then

(F5, M T 9)

L2(T)

2
ADel? < SN YoM (o), MusToa {k bz | < BE el

from (5.18). Since {ci} was arbitrarily chosen, the proof is complete. O

Remark 5.18. In (5.17) the limit is pulled inside the two summations. This is not possible in
the similar proof for non-periodic frames, so the proof of [Jans97, prop. 2| deviates at this
point.

To prove the relationship between the canonical duals of the frames & and $) from the-
orem 5.17 another representation of the Gabor frame operator is needed. This is Janssens
representation. To make sure it is convergent an additional condition is needed.

Definition 5.19. Let g € L?(T) and N,b € N. The g satisfies condition A if:

(5.19) Nf 3 ‘<g,MmNT%g>‘ < oo.

n=0 meZ

The corresponding condition A for L?(R) is delicate to satisfy [Groch01, p. 132], but for
L*(T) the situation is simpler.
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Proposition 5.20. Let g € C*(T), N,b € N. Then g satisfies condition A.
Proof. Consider

5 [(o-sovris)] -

n=0 meZ

N—
27rz'mNm dx

)(:B+

b)

( (7% ))_mN\
The term in line two is bounded if
7 (T (99)) € 1'(@), ¥n € {0,.., N —1}.

From theorem 3.11 then this is satisfied if T% (99) is continuous with a bounded and piecewise

0 me

monotone derivative. This is easily satisfied if requiring g € C*(T). O

The previous proposition is by no means meant to be exhaustive, it is only meant to provide
a simple, easy to check condition to be used for the construction of Gabor frames.
With this condition then Janssens representation can be defined.

Theorem 5.21. Janssen’s representation. Let &(g, N,b) g € L*(T), N,b € N be a Gabor
frame for L?(T) and let g satisfy condition A. Then the Gabor frame operator

Sf = ZZ(f, MusT2g) M Ty g

n=0 meZ
can be written as
N b—1
(5.20) SI=y 2 (9: MinTig) MenTef
s=0re

with unconditional convergence.

Proof. Define the operator S by

& N =t
=5 §Z< M_nT: >M—7~N7%f-

The operator Sis equal to (5 20), except for a trivial change in the sign of r.
It must be shown that S equals S. Since ¢ satisfy condition A, the series defining S is
absolutely convergent and therefore independent of the order of summation.

(8F) @ = %bz (NZ (9. M nTs9) N) (7:4) @)
s=0 TEZL
= %E (Gs’]'%f) (), a.e.x € T.
s=0

The last line comes from the Fourier series expansion of the correlation functions, lemma 5.7.
The term in the last line is Walnut’s representation of the frame operator, theorem 5.8, and
from this the result follows. 0
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Remark 5.22. The proof of the preceding theorem is similar to, but conceptually more difficult
than the proof of theorem 4.17, because Janssens representation of the frame operator for a
Gabor frame for (CI’;J does not require a condition A to converge.

Before the second main theorem can be proven, an additional lemma and proposition is
needed.

Lemma 5.23. Let f € L2(T) satisfy condition R and assume that the Gabor system in
L2(T): &(g,+,b), g E L*(T), N,b € N is a Bessel sequence with Bessel bound B. Let
{eky} €1MZ % 0,...,N — 1.

Then

N-1
=> > ck MpnTig

=0 keZ
satisfies condition R and the Gabor system in L*(T): $(p, +,b) is a Bessel sequence with

N
Bessel bound
_ N-1
E-BY Yl
=0 k€eZ

Proof. The function ¢ is well-defined since {cx;} € I'(Z x 0, ..., N — 1).
For f € L?(T) there holds

N-1
> 3 [ M)
n=0 meZ
N-1 N—1 2
= Z > < My T (Z ZCk,leNTL9>>
=0 mez 1=0 keZ ’
~1 N-1 2
= Z >N <fa ki Mump T MinT1 >
n=0 meZ | I=0 kEeZ
N-1 o 2
_ Z Ck € —2mi(ml— nk) Zﬁzklfe <M—kNT_éf> MmbT%g>
n=0 mez | 1=0 keZ

2

VAN

N-1 N-1 9 %
SPOLTI (9P of [IXRREVSVRU Y

=0 k€Z n=0 meZ

IA

<Niz'ck’” (Bl s H2>%>2 =B’ <NfZ \ck,A)Q

1=0 k€Z 1=0 k€Z
In the third line the summation can be pulled outside the inner product since ¢ is well-defined
and the inner product is continuous. In the fourth line the commutation relations (5.5) and
(5.4) and the adjoint operators of the translation and modulation operators (5.1) are used. In
the fifth line the triangle inequality

Z Crir|| < Z |ckl 19k,
kol
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for 4y, € 1*(Z x 0,. — 1) is used. In the last line the frame condition (4.1) is used and
the fact that the translatlon and modulation operators are unitary operators on L?(T).

This calculation shows that $(¢p, N,b) has a finite upper frame bound B. To show that ©
satisfies condition R then consider:

Z / ol +2) — (j) 2 da
N‘1
N

2€

2

35 s (Mun Tl + )~ MinTyg(0) |

=0 kezZ

1\ 2
2

(5.21)

IA

2
9j +2) = MnTig(G)| da

> 5 ke z /

=0 ke€Z

The last line follows from the triangle inequality for L?(0,..., N —1 x [—%e; %e]) The part

inside the integral can be estimated

MinTig( + ) = MinTyg(i)|

omisN N
< e 2”’5”N9(3+w+,—))—9(y+5)‘

—omi . z . N
< (e2”N—1)g(y+w+5)‘+‘g(y+x+5)—g(y+5)‘-

In the second line the term e~ 2" is pulled outside the absolute signs and bounded by one.

From this
1
z / 2

‘2

MkNTl 9(j +z) — MkNT%g(j)

25 ‘ —2mix N 1|2 N-1 I 2
< LA j I d
< A: - ZQ(J+w+b) x
2 7=0
gl 7€ ! NE
(5.22) Z / g(j + =+ b) g(j + 5) dz.

—2mizN _q|?
Since G - — 0 as € = 0 and since Z;y;()l ‘g(j +z+ %)‘2 < N|gllo it shows that the
term in line two goes to zero as € — 0. The term in line three goes to zero because g satisfies
condition R. Both of the terms are bounded in k and [ since g is essentially bounded. Since
{cks} €I1M(Z % 0,...,N — 1 then it follows from (5.21) that ¢ satisfies condition R. O
Proposition 5.24. Let &(g, %, b) and H(h, Jb,b) g € L®(T), h € L*(T), N,b € N be Gabor
frames for L?(T). Assume that g satisfy condition R and condition A, definition 5.19. Let
L = Ma = Nb with L, M,a € N. Let S, be the frame operator correspondmg to Qﬁ and let

Sigy be the frame operator corresponding to the Gabor frame for Cg {g }k, a, L
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Then Sh satisfies condition R, and the Gabor system in L*(T): &(Syh,a, L) is a Bessel
sequence, and

(S,h) (%) = 250 {h(%)}k Yk €{0,. [ —1}.

Proof. The claim that J is a Gabor frame for (CI]; follows from theorem 5.17.
Since g satisfies condition A then

5 3 (o vTis)] <

n=0 meZ

which means that {¢mn} = {<g,MmNT%g>} € 1Y(Z x {0,...,N — 1}. Using lemma 5.23

m,

on h with the sequence {cp,n} shows that Sh satisfies condition R and that K is a Bessel
sequence.

Since g satisfies condition A, then § can be expressed using Janssens representation, and
since Sh satisfies condition R, then it can be sampled:

k N b—1 k
N b—1 a—1 k
= 3 Z Z Z <g,MmN+lLT%g> MmNHLT%h(Z)
n=0m=0 I€Z
N b—1 a—1 ) k
(5.23) = 52 2 > {0 MuvaunTyg) MunTeh(r).

n=0m=0 I€Z

Shy

In line two the summation over m is replaced by summations over m and [. The simplification
in the modulation operator in line three is possible because of the sampling.
Next consider the % periodic function 1 defined by

L-1
— k _k Ny —2rimN(E+z)
"/J(x)_kz_og(z +-’E)g(z -|'(E+Z)€ ! L .

form=0,...M —1and n=0,...,N —1 Then

1 1>
2 [ @) - w0 ds
€J-1c
L—1 1
1 |k k Ny o ko k
< Z b (v i mimNzT MyAr Nd
< 1 ;/ o7 + 235 +7+ e o)z + 7| do
L—1 1
1 2¢€ k k n o
< = _ (" o —2mimNz __ 1
< 62/_;5 g(L+:B)g(L+$+b) le | d
k=0 2
L—1 1
1 2& k _k n k. kE =n
+;k_o/_%g o5 +2)(5 +o+ )~ g( a5 + 7)) do.
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The last two lines go to zero as € — 0 because of the exact same reasoning as for (5.22). This
shows that
1
N Y
im= [ [p(z) - $(0)| dz = 0

e—=0¢€ J_1
7€

which means that 0 is a Lebesgue point of 9. A Fourier expansion for % can be found from
lemma 3.9:

— —2mimNz il Lz 1
P(z) = Lé (.7-" (g(a:)g(a:+ %)e ZmimN ))lL ™ g ez € [0; Z]’

where
1
= M\ —2mimNz _ _ N\ _9mimNz —2milLa
(-7:(9(35)9($+b)€ )>lL = /Og(:c)g(:c+b)e e dz
= <gaM—mN—lLT%g>,
S0
. 1
(5.24) (@) =LY (9. Mpn-wTog) % ae.m € [05 7).

lEZ

The right hand side of (5.24) is a continuous function, since {<9,Mme—lLT%g>l} € 1\(z),

[BuNe71, prop. 4.1.5]. Since the right hand side is continuous, it coincides with % at all
Lebesgue points. This follows from lemma 5.12 and proposition 5.14. Therefore it also coin-
cides for £ = 0. From this

-1
k - k Ny _omimNE
$(0) =L <95M—mN—sLT%g> = ZQ(E)Q(E +2)e 2mimN g
=7 k=0
(5.25) = ({ge}, Moo T {h})
This can be inserted in (5.23):
b—1 a—1
k N k
My = FLIEY (9 Mun+11Ty9) Mun T3 h(7)

b—1 a—1
= % (% SN Hords Mon Tonr {9k }) M Tana {hk})
k

n=0m=0

= % (5{9} {hk})k'

Line two comes from inserting (5.25), and using (5.6) to express the term using the translation
and modulation operators for (C]%. The second line is Janssens representation of the frame
operator for J (4.17), and so the result follows. O

Remark 5.25. The factor + between Sh and (Siqr {hk})k does not appear in the similar
statement for non-periodic spaces L?(R) and 1%(Z) presented in [Jans97, proposition 3]. It is
a result of the need to normalize the sampled functions. If a function f € L?(T) has ||f| =1
then it does not hold that [[{fx}|| = 1. The same normalization constant appears in the
definitions of the DFT and the IDFT, definition 3.1 and corollary 3.6 and in proposition 4.15.

To prove the main theorem and additional result is needed, which I will state as a conjecture.
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Conjecture 5.26. Let &(g, +,b), g € L*(T), N,b € N be a Gabor frame for L*(T) and assume
that g satisfies condition A. Then the canonical dual window v° also satisfies condition A.

For Gabor frames for &(g,a,) for L?>(R?) with rational oversampling, that is af € Q,
the corresponding result is proven in [Jans95a]. The proof utilizes the Zak-transform and the
so-called Zibulski-Zeevi representation of the Gabor frame operator. I have chosen not to
include this theory in the thesis, but based on my experience of translating the other results
in this thesis, I see no reason why it should not be possible. The Zak transform can be defined
for general locally compact Abelian groups, and therefore also for T. In the following theorem
it is made an assumption that the canonical dual window should satisfy condition A, but it is
most likely a superfluous assumption.

Theorem 5.27. Let &, $), g be as defined in theorem 5.17. Furthermore assume that g
satisfies condition A (definition 5.19). (Assume that canonical dual window for &: v° also
satisfies condition A).

Then ¥° satisfies condition R, and {L’y } = {L’y

quence for $).

E ) -
L }k 0l 1 is the canonical dual se

Proof. Let Sy be the frame operator of & and let Sy be the frame operator of §).

Since 4 is the canonical dual of g then 7° = S;lg. Since S = S,
for the dual frame J(7°, -, b) and since 7° satisfies condition A, then Sy ! can be written as
Janssen’s representation (theorem 5.23). This gives the expression

o is the frame operator

' N

_ N
P =819 =81 =233 (" MiNTyr") MonTg.
By lemma 5.23 then +° satisfies condition R. From g = S;7° and from proposition 5.24 then

{%gk} = Sty {1k}
which is the same as
{I} = (Sgg) ™ e}
This shows that {L’yg} is the canonical dual sequence of $). O

5.3. Bounds. This section is greatly inspired by the corresponding proofs for Fourier series
presented in [Briggs95].

Theorem 5.28. Let f € CP~Y(T), p > 1. Assume that @) s bounded and piecewise mono-
tone and let & (g, N,b) N,b € N be a Gabor frame for L>(T) with window function g € L?(T)
and canonical dual window function v € C*®(T). Then the Gabor coefficients of f,

{Cm,n } = C’yf
satisfy

C
lemn| < |p+1,Vm€Z,Vn€O,...,N—1

where C is a constant independent of m and n.
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Proof. The coefficient ¢, , can be integrated by parts
: n
o = (fe o (o 1Y)

) N
_ /0 f(x)ezmmbm,v (.’E + %) dr
TimbT 1 '
- [t )]~ [ (s (o ) e

= gm0 (e §)) 0o

The first term in the third line goes away because of the periodicity of f, v and the complex
exponential. Repeating this process a total of p times gives

onn = (gagag) [ e (1007 (e )

According to [Briggs95, theorem 6.2|, the integral can be bounded by
1
/ e2mimbz (f(:v)if (.’E + ﬁ))(p) dz < My,
0 N

mp

where M is a constant independent of m. This leads to the bound

I 2mimbPTY T |mb P
where C), is a constant independent of m but dependent on n. Choosing the constant C as
C = maxy—o,.. N—1 Cp gives the final result. O

Proposition 5.29. Let f € C(T) and assume that ) 4s piecewise monotone. Let &, §, g
and «° be as defined in theorem 5.27, and assume that v € C®(T). Let

{emmn} = { <fa MmbT%7> }mEZ,nEO,...,N—l
and

{mn} = {{fe}, MmsNna {LYk}) m=0,... M- 1,0=0,..,.N—1>
where fr, = f(%) and v = ’y(%) forallk=0,..,.L —1. Then

- 1
Crs = i3 E Cr+jM,s,
jez

forall r=0,....M —1and s=0,....,N — 1.
Note 5.30. This note has been appended after the project was handed in and evaluated. The
following proof is incorrect, but the result can be proved in a different way, using the Poisson
summation formula.
Proof. The expansion of f in & is

N-1

(5.26) @) =33 cmpe @ ig(e + ), 2 €T,

N
n=0 meZ
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with {emn} € IHZ x {0,...,N — 1}, by theorem 5.28. This means that the series (5.26) is
dominated by an absolutely convergent series

N-1
l9lloo D~ D lemnl

n=0 meZ

and is therefore uniformly and pointwise convergent to f(z). The expansion of f therefore
holds pointwise in the samples z, = +, k =0, . —1:

N-1
k —omimbE K n
fk:f(z) = Z Zcm,ne 2 ZmbLg(E'i_ﬁ)
n=0 meZ
N-1

—omimbk
(5‘27) = Z Z Cmn€ 2mmbLgk+na

n=0 meZ

for k =0,..,L — 1. Notice that g(% + %) = Gk+na since L = Na.
Since the requirements of theorem 5.27 are satisfied, then {L~;} is the canonical dual
window of §). Analyzing {fx} in § gives:

Crs = <{fk}a{ 2mrbLL7’€+sa}k>
L—-1

omirbE —
= L E fre mr LYk+sa
k=0

= LZ (Z Zcmne 2mmbLgk na.> mrbi’)’k +sa-

n=0 meZ

In the final line (5.27) was inserted. Since the sum over k is finite, then it can be moved inside
the sum over m:

~ 2mimb® mirb®
Crs = LZ Zcmnze i L Gk+n LY+ sa

n=0 meZ

- i Z Cm,n <Mmb7;m {gk} s MrpTsa {L')’k}> :

n=0 meZ

Together with the bi-orthogonality relations for Gabor frames for (Cﬁ, proposition 4.19, this
shows that the inner product in the final line is equal to one if r = m mod M and s = nmod N
and zero otherwise. Using this, the result follows:

Er,s = E Cri+jM,s
JEL
O

Remark 5.31. It should be possible to loosen the assumptions in the previous theorem. The
requirements of 4% € L®(T) and f € C(T) with f(V) being piecewise monotone, are only
needed to ensure that the Gabor expansion of f is pointwise convergent. Hopefully this can
be ensured in a more clever way.
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The Gabor coefficients {cy, 5} obtained from expanding f Gabor frame for L?(T) can be
approximated by expanding {fx} in a Gabor frame from (C£ . The error introduced by doing
this is outlined in the following theorem.

Theorem 5.32. Let f € CP~Y(T), p > 1. Assume that f®) is bounded and piecewise mono-
tone. Let &, ), g, v° be as defined in theorem 5.27, and assume that v° € L>®(T). Let
{Cm,n}mez,n:o,...,zv—1 =Cyf
and
{ém,n}m:—%ﬂ,...,%,n:O,...,N—l = C{L'yg} {Fk}-

Then the error of using {€mn} as an approzimation of {cyn} is

~ C L L
|Cm,n - Cm,n‘ S m, Vm = —5 + 1, ceey 5, Vn = O, ,N —1
where C is a constant independent of k and L.
Proof. Using proposition 5.29:
‘Cm,n - 5m,n| = Z Cm+jiMn| -
JEZ\{0}

The decay of the Gabor coefficients of f expanded in & are known from theorem 5.28, and so
the sum can be bounded as

Z Cm+jMmn| = Z Cm—jiM,m + Cm+jiMmn
jezZ\{0} jEN

IN

> T
Sllm = GM)BPT T |(m o+ M) bPT
C1 1 n 1
§73 p+1 L p+1
P & 15—l |5 + 4

Co
Lpt1l’

<

for all m = —% +1,..., % and n =0,...,N —1 and p > 1. The constant C] is the one occurring
in theorem 5.28 and C5 is independent of L. O

Lemma 5.33. Let g € C(T) and N,b € N. Assume that {c;n} € [(Z). Then the summation

N-1

Z Z cm,anbT%g

n=0 meZ

is uniformly convergent.

Proof. This is proven by dominated convergence of an absolute convergent series. For all x € T
it holds

: n
Cm,ne_Qmmbl‘g(CC + N)‘ < |cm,'fl|

sup g(z)
€T
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Since {cmn} € I1(Z) then it holds that

—1
Z Z |cmnl supg )| = Sng Z Z lemn| < oo.
n=0 meZ n=0 meZ
Now the result follows from [Jens92, p. 176]. O

5.4. Existence. All previous statements have characterized Gabor frames, but so far nothing
has been mentioned about the existence of Gabor frames. Theorem 5.17 specifies under which
conditions a Gabor frame for C£ can be obtained by sampling a Gabor frame for L?(T).

However, this still leaves the question about when a Gabor system in L?(T) is a frame.
This subsection will show some results of when a Gabor system is a frame.
For the following results let

= k ik
Gial =Z (@t 5+ Solat? 4,

for j,1 = 0,...,b — 1. These G,; are identical to the correlation functions (definition 5.6,
denoted by only one index on G: G, when j = 0: Gy (z) = Gon(x). Observe that

(5.28) Gn(e +2) = Gijiale).

The following corollary of Walnut’s representation, theorem 5.8, is needed to prove the next
theorem.

Corollary 5.34. Let g € L®(T) and let b,N € N. Then the operator S : L?(T) — L?(T)

Sf = ZZ(L MusT26) M Ty g

n=0 meZ
can be written as
b—1 b—1 1
(5:29) (S1.1) L[ (6T o)) T
1=0 k=0 b Jo ’

for all f,h € L*(T).

Proof. The fact that S is bounded on L%(T) follows from corollary 5.5. Substituting Walnut’s
representation (5.11) for Sf:

1 /b-1
i = L (z Gulw) (o + %)) W
0 \k=0
1 [EE ! l+k
= 5/0 (z:o kZOGk(wJFZ—))f(ﬁUJFT)) h(z + 3)do
b—1 b—1 1
- 5 | (Cun@Tis @) Tyh)ds
=0 k=0
b—1 b—1 1
- : /0 (Gup(@) T f(2)) Teh()de
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Line two comes from splitting the interval [0;1] in b pieces. In line three the summations are
rearranged, but this is fine since they are finite. The correlation function Gy, is replaced as in
(5.28). In line four k41 is replaced by k. This is valid since Gy 4 and 'Tz+k are both periodic

in [+ k with period b, and since the summation k£ runs over 0,..,b — 1. After the replacement,
the terms are just added in different order. d

Theorem 5.35. Let g € L%(T) and let N,b € N. Define for each x € T the operator
G(z) : C° = C by

7
L

(5.30) {9@) {e}izo,pm ) =Y Gjul@)a = Gla)e,

j=0,...,b—1

N
Il
)

where G(x) € C*° is the matriz defined by
(5.31) G(z)j1 = Gj(x).
Then S as defined in theorem 5.8 is invertible on L*(T) if and only if

1
(5.32) G(z) > aZw, a.e.z € [0; N]’
for some constant a > 0.

Note 5.36. Note by the author after the project was evaluated. The logic in the following
proof is incorrect, the proof does not show a bi-implication, only an implication. The logic is
also flawed in the similar proof presented in [Groch01].
Proof. Since all Gjj; are periodic with period %, then G(z) = G(z+ £), k = 0,...,N + 1. This
means that (5.32) is equivalent to G(z) > aZ, a.e.z € T, because of the periodicity of the
G(z).

Assume that
(5.33) G(z) > alw, a.e.z € T.
Then (G(z) {ck},{ck}) > a||{cx}|| holds for any sequence {c;} € C® and so it also holds for
the sequence {¢;} = {ﬂf(a:)} for every f € L*°(T). From this

b J

b—1 b—

=
Q"
;_A

Ga@) T f@)T, F@) > a3 | T, /(2)

b
§=0 1=0 j=0

‘2

Integrating this over the interval [0; §], the left hand side is recognized as part of (5.29). From

this it follows b
3

(Sf,f) =

a 2
3 F@)| dw= 21717,
This shows that S is a positive operator. From the spectral theorem it follows that S is
invertible.

To prove the “only if” part, assume (5.33) as before and furthermore assume that S is
not invertible. Then there exists a function f # 0 such that Sf = 0 and this function can
be approximated by a sequence of bounded functions. From this sequence a subsequence
fn € L*(T) can be chosen such that

1 2
<8fnafn> < g ||fn||2 .
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Using (5.29) then

0 <~ lfall = (S fo)

1 1 ) b—1 b—1 ll) -
3 — 1 b—1 b—1 -
= / Z fa( a:—l— ZZ(le ﬁfn(x)) T%fn(x) dz.
=0 1=0 k=0

The third line comes from writing the first integration in line two as an integration over [0; 3]
of a periodization of f,, and then collecting everything in one integration.
Therefore there exists a set E,, C [0; §] with positive measure such that

bl 2 b—1b-1

1
b

fula+1 (Gix@)Ti fal@)) Ti Ful@) > 0, Vz € B

=0 k=0

7=0

Writing 7; f(x) as ¢; then it follows that
b

Q“

—1
b
(Ge,c) < . \Cj|§ ,Vz € Ey,
j

I
o

or differently phrased
b
G(z) < EI’ Vo € Ey,.

This contradicts (5.33) because Ej,, has positive measure, and therefore S must be invertible.
O

Remark 5.37. If S, g, N,b are as defined in theorem 5.8 and S is a bounded and invertible
operator then &(g, +,b) is a frame for L%(T). This follows from standard frame theory, see
[Chr02].

The operator G(z) is a positive, semi-definite operator:

Proposition 5.38. The operator G(x) as defined in (5.30) is a positive semi-definite operator
in the sense that

(G(z)c,c) >0, Ve € C.
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Proof. By direct calculation

(G(z)e,c) = <

7=01=0
N-1 [b-1 k
= ¢ig(z +21 + (chg T4+ N))
k=0 \j=0
N—-1]b-1 j k 2
= E]g(a: + 5 + N) >0
k=0 |j=0

In line three the expression (5.30) is inserted and the summations are rearranged. Since the
summations over j and [ are independent, the expressions in the parenthesis in line three is a
number and its complex conjugate, and from this the result follows. O

Theorem 5.35 provides a way to test if a set g, b, N with g € L*°(T), b, N € N will generate
a Gabor frame. How to use the test in practice will be discussed in section 7.

6. INTERPOLATION AND NUMERICAL DIFFERENTIATION

This is my own collection of results from standard books on analysis, and for the second
part, also from [Briggs95, Tref].

On a computer it is impossible to represent a general, continuous function f, as it would
require infinite storage. A common practice is instead to store a finite number of samples of
f: {fn} at grid points {z,}, and use the samples to represent the function f. As there exist
infinitely many continuous functions interpolating a given set of discrete points, then one must
choose a method to interpolate the points, and then hope that this interpolating function f
through the samples {f,} closely match the original sampled function f.

The process of numerical differentiation consists of differentiating the interpolating function
f, and using this derivative f f! as an approximation to the derivative f’ of the original function
f-

All considered functions will belong to L?(T), and all grids will be equidistantly spaced on
T denoted by the interval [0;1]. For a grid {z,}, n=0,...,L — 1:

.Tk:kh:E,VkEO,...,L—l,
L
so h is
1
h_f'

The next section defines two ways of using polynomials to do numerical differentiation, and
derives an error bound for one of them.
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6.1. Polynomial differentiation. Polynomial differentiation could be done by interpolating
the samples {f,} of the function f at the points {z,} by a polynomial, differentiating this
polynomial, and sampling the derivative. However, the method described here is even simpler,
because no global interpolating function is constructed. Instead, for each fr = f(zx), a local
interpolating polynomial is found, and then this polynomial is differentiated and sampled at
the point zy.

Definition 6.1. Let f be a continuous function f € C(T) with AL =1 and let {fx} = f(xx)
with zp = % The second-order centered® finite difference is given by

{fk} {fk+12hfk—1 }k _

Similarly the fourth-order centered finite difference can be defined:

Definition 6.2. Let f be a continuous, periodic function f € C°(T) with period hL = 1 and
let {fx} = f(z) with zx = hk. The fourth-order centered finite difference is given by:

{fllc} _ {_fk+2 + 8fk+1 — 8fk—1+ fr—2 }k

12h
An error bound for the use of the second-order difference is:

Proposition 6.3. Let f € C3(T) with hL = 1. Then the relative , global error of using the
second-order centered finite difference as defined in definition 6.1 to approximate the sampled

derivative {f.} = f'(zi) of f is:

e - {7}l
TR

where C is a constant independent of h.

Proof. The Taylor expansion for fi,1 developed around the point zj is

d h? d? h® d3
o1 = fk+hdf( )+7d_mj2“($) Gd{;(ﬁl)

where &1 € [zg; Tg41]. Similarly for fi 1:
df h? d?f h3 d3f
fe—1=fe — —( k) + ?ﬁ( k) — FE(&Q%
where & € [zg—1;zk]. Constructing the second-order centered finite difference from these
gives

(6.1) 8T IR = (1) + —

— fr_ d hZ [ d° d3
fk+12hf1c 1 dj; i ( f(&) f(§2)>

The term %(51) + ‘fT{;(fz) can always be bounded from above by a constant

Ly )D ,

since f is assumed to be both continuous and periodic.

(6.2) C=2 ( sup
y€[0;1]

3«Centered” refers to the approzimation of the derivative being calculated in the same place as one of the
grid points.
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This shows, that the error |f'(z;) — fz’ decreases as h? if the function f is sampled on a
finer grid. )
The global, relative error W also decreases as h? since

AR T N T
T S Heon) T ot = o

where C is as in (6.2) and C1 = & infycpo;1 ‘%(y)‘ Both C and C) are independent of h. [

A similar analysis requiring f to be five times differentiable would show that the error of
fourth-order centered finite difference decreases as h*.

The assumption of proposition 6.3 is that f is differentiable. This assumption excludes
many interesting situations, where f might only be piece-wise continuous. I will not analyze
this situation just make the following remark:

Remark 6.4. The computation of the second order finite difference is very localized. To
compute an approximation to the derivative at xj it only uses the values fr11 and fr—1, so
if just f is differentiable in a region around zj_1, Ty and xgy1, then it does not influence
the computation that f might have discontinuities elsewhere. Same argument goes for the
fourth order finite difference, except that the region around z; where f must be differentiable
is larger.

6.2. Spectral differentiation. Spectral differentiation is done by interpolating the samples
{fr} of a function f with the interpolant

L
)
plr)=—= Y fue®™, ze(01].
1

This is the IDFT from (3.7) extended to a continuous function on T. It can easily be differ-
entiated and sampled

L

2m 2 ~ s kn
{p}=3"7%= Y ikfpe’™T
VL k=—L11 "

Here the different terms in the summation has been straightforward differentiated. This is not
quite the way do it - the problem is the modes with highest and lowest wavenumber: 6. ; and
2 bl

0_r ;. These modes are equal, and could both equally well be included in the summation.
2
Sampling 8. , = 6_L ; on the grid gives
27 22

oE2mi% _ 1 ifniseven
1 -1 ifnisodd,

a real sequence, as shown on figure 6.1. Therefore the derivative of the function represented
by this sequence should be real and zero at the grid points, and not a complex exponential.
This lead to the definition:
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FIGURE 6.1. The mode \/E96,12 and it’s interpolant cos(27i{%).

Definition 6.5. Let f € C(T). The spectral derivative of f is defined by

L
3—1

(63 {7} = % Y ikt
:_54_ n

The %—term has been removed, because it should not contribute.
To analyze the validity and accuracy of definition 6.5, f and f’ will be expanded in Fourier

series.
Now the accuracy of the spectral derivative can be stated.

Theorem 6.6. Let f € CP Y(T). Assume that f®) is bounded and piecewise monotone. Then
the global error of using the spectral derivative { f’k} as an approximation to the sampled

derivative { fi} is
[{74} - 12} < o

where L is the number of samples and C is a constant independent of L.

Proof. The Fourier expansions of f are:
f(iE) — chemrik:c’
kEZ
where .
Ck :/ f(z)e k2 dy, Yk € 7.
0

Similarly then f’ can be expanded as

(6.4) fl(z) = Z dpe’ ke,

kEZ
where .
d, = / f'(x)e @ dg, Vk € Z.
0

Using partial integration on dj:
o1 1 )
dp = [f(:v)e%’kg”]o-l—%rik/ f(z)e 2™k dy
0
(6.5) = 2mikcy,
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for all k € Z. This shows that the Fourier series for f’: {d;} can be found from the Fourier
series for f, {cx}. Theorem 3.12 and (6.5) shows that an approximation {Jk} to the Fourier
series {dy} for the derivative of f can by calculated from the DFT of f:

~ 1 -
dy = 2mik — fi.

Inserting this in (6.4) and truncating the summation and sampling at the grid point gives the
expression

L
L

_ 1 I
I = — omik fre? kL

{fn} \/E _EL: fk
k=—5t1 nez

This is the spectral derivative as defined in definition 6.5.
The error in using the spectral derivative as an approximation to the sampled derivative is

the residual sequence {r,} = { - f’n} This can be analyzed using (6.4) and sampled on
the grid:

L 4
2
~ n 1 oA o
{'rn} — {fTIL_fln} — {deGZWZkL} _ \/E Z 27mkfke2ka
kEZ n k=—%41 n
L
1 AN 2mik R 2mik 2
= Z (dk - —QWZkfk)e TEL + Z dpe ™" L
k=—L41 VL kezZ\{-L+1,.. L1
=—3+ n €Z\{~§+1...5 -1}
i
— {ZTICGQMICL}
k€L n
L—-1 L-1
2ni(k+jL) % 2mik 2
SR 3 ST I D5 St
JEL k=0 " JEZ k=0 o

where

G 1 F o . 1 Fy L L _
rk:{dk_QMkﬁf_%Hk(C \/Zf’“) ifke{-%+1,...,5 -1} VkezZ.

dy, otherwise

Since the exponential function is periodic, the last term can be simplified.
The terms |rg| can be estimated using theorem 3.11 and theorem 3.12:

|Tk|:{ |k|% ifke{-L+1,.,% -1}

‘k|p+1 OtherWise 9 Vk E Z,

where the constant C is the largest of the constants in the two theorems and the factor 27 is
included. Notice that theorem 5.28 is not directly applicable to d — 27ik ﬁ fr but instead to

2mik(cg — \%Lfk), and this makes the term |k| enter the bound.
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Since the modes form an orthonormal basis for (C;{;J then Parseval’s equation and the estimate
for |rg| can be used to calculate |[{rg}||5:

= P
{re}ls = L ZZTH].Lﬁezmkf
JEZ k=0 )
L—1
< LY ) Il
JEZ k=0
= L) In’
keZ
1 ]2 , .
- cr ‘—Lp+1 S kP4 3 ‘W
ke{-g+1.5-1} keZ\{-L+1,...,L-1}
1 3 1
< CiL <L2p+2L +L2p+2>
1
S CQW

The constants Ciand Cs are independent of L. This gives the result:

1
{re I < CQF'
O

From this it can be seen that the error of the spectral differentiation decays faster than any
polynomial when f is smooth. When f is not smooth the rate of convergence is limited by
how many continuous derivatives f have. Further work is done in [Tref, theorem 4], where the
result is improved for analytical and band-limited functions.

To compare with remark 6.4 it is clear that computing the spectral derivative at a point x
involves all samples of a function f. Therefore if f has a discontinuity, then this discontinuity
affects the computation of all f,’c, and not just those f,’c close to the discontinuity.

6.3. The Gabor derivative. Gabor differentiation is done in the same manner as the spectral
differentiation: By interpolating the samples {fi} of a function f with an interpolant

M
771

N-1
s ~ —2mimbx n
= —),z €T,
f(:l?) Z_:O z}\; Cm,n€ g(CC + N)
=Y m=—3+1
which is the IDGT from (4.10) extended to a continuous function on T and &y, are the
corresponding Gabor coefficients. Differentiating this yields:
M
n

N-1
~ . - _ . n - _ .
(6.6) fl(z) = E g —2imbéy, e 2T g (1 4 N) + G e 2T gl (1 N)
n=0 m:f%+1

Sampling this leads to the definition:
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Definition 6.7. Let f € C(T) and $({gx},a,b) be a Gabor system for C} with canonical
dual sequence {'yk} The Gabor derivative of f is defined by

M
My

. ~ — j m ~ _ ;g m
(AT % (orimbne B+ e " i) |

nO__Ml
m + k

where

Em,n = <{f]lc}k aMmb’ELa {7]2}>
are the coefficients of the expansion of {f;} in $ and f; = f(%), k=0,..,L—1.

Lemma 6.8. Let f € CY(T) and assume that f@ is piecewise monotone. let &(g, +,b),
g € CY(T). Assume that the canonical dual window of &: v° € L>®°(T). Then

(6.7) f’(x) = nz:% mze:z (_QWimme’ne_ZWimbmg(.’L' + %) + cm,ne_Qﬂimbxg'(:c + %)> :

where

n=(f, MmT27").

Proof. Since & is a Gabor frame then f has the expansion

N-1
(6.8) @)= 3 Y cnne Mg (0 4+ ).

n=0 meZ
A standard result from analysis [Jens92, prop. 23.3] is that if (6.8) is pointwise convergent and
if the right hand side of (6.7) is uniformly convergent, the right hand side of (6.7) converges
to f'(z) for all z € T. Since f € C(T) and f® is piecewise monotone then from theorem
5.28 the decay of ¢ i [empn| < #, and so {cmn} € IYZ x {0,...,N — 1}). Lemma 5.33

then shows that (6.8) is uniformly convergent, and therefore also pointwise convergent.
The right hand side of (6.7) can be written as

(6.9) Z Z —2mimbepy, pe 2TimbT :C+ )+ Z Z Cmpe 2T gl (4 4 N)

n=0 meZ n=0 meZ
The sequence {—2mimbcy,,} € IN(Z x {0,..., N — 1}) since |—2mimbepy, | < m b\2 and since
g € C(T), then lemma 5.33 is satisfied for both summations in (6.9) and so the right hand
side of (6.7) is uniformly convergent and converges to f'(x). O

Theorem 6.9. Let f € CP~Y(T), p > 2. Assume that f®) s piecewise monotone. Let &,
9, g, 7° be as defined in theorem 5.27. Assume that g € CY(T), and that v° € C°°(T).

Then the global error in using the Gabor derivative {f,’c} as defined in definition 6.7 as an
approzimation to {f} is

no_J g i MN
(6.10) H{fk} {fk}H < C\/pr’l’

where C is a constant independent of L, M and N.
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Proof. Consider the expansion of f in &:

N-1 n
— —2mimbx o
= E E Cmn€ g(z + N)’

n=0 mez
where
n= <f, MmbT%70>a
and

Cmpn = <{fk} My Tz { Ly} }>

Using lemma 6.8 then f’(z) can be written as:

= Z Z (_Qﬂimbcm’nef%'imbzg(x + %) _+_Cm,ne—27rimbwgl(x + _)) )

n=0 meZ

The residual sequence {rx} = {f'( % } - { ~,'c} where { ~,'c} is the Gabor derivative from

definition 6.7) can now be calculated

k ~
. ey gt
e = f (L) k
N-1 r k n ko, k n
_ Z Z ( 27rzmbcmne 2mmbfg(f+ N)+cmne—2ﬁzmb gI(L_I_ N))
n=0 meZ
N-1 3-1
(—27rimbém,ne 2mmbLgk+na + Cm ne 27rzmbLg +na)
n=0 m:—%—kl
N—1 M-1
_ Z OMimbS M —2mi(miMbg g Z Z Z S M€ —2mi(m+jM)bE Ghina
n=0 jeZ m=0 n=0 j€Z m=0
= Z Dygy {—2mi(m + jM)bsm'f'jMa”}m:O,...,Mfl,n + Z Dygy {3m+jM,n}m:0,...,M71,n )
jez JEZ
where
_ = : _M M _
Smn:{ Cmn — Cmyn 1fm€{ 5 + 1.5 1} , meZ,n=0,..,N -1,

Crmn otherwise

and {smn} € I*(Z x {0,..., N — 1}) because {cmn} € I*(Z x {0,..., N — 1}). In line four the

summations are rearranged, and because the exponential functions are periodic, then line five

follows. The operator Dy, is the pre-frame operator of the frame §) and D4y is an
as defined in proposition 4.15.

operator

From proposition 4.15, the operator norm of the two pre-frame operators are bounded by

Ci = VLM N maxy, |g;| and Co = v LM N maxy, |g; | respectively. Using this
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. . 2
I{retly < Y || Digy {=2mi(m + iM)bsimyjnrn |5 + D 1Py {smrsnan} |
JEL JEL
N—-1M-1 N—-1M-1
< An’CTLMN DY > " N " |(m+ jM)bsmijunl” + CELMN > > " " |smyjnanl’
J€Z n=0 m=0 J€Z n=0 m=0
N-1
= LMN > Y (4x’Bm’b* + C?) |smnl”
n=0 meZ
< LMN? = A2 Bm2b? + 2 Ch Co(4m? Bm?b? + C?)
= Z (4m"Bmb” + )L2p+2 + Z |mb\2p+2
m=—%+1 meZ\{-2+1,..,2 -1}
C C
2 2 3 2 4
< LMN (471' L2P+2ML +ﬁ>
M?2N? 1
S O 1

In line three the summations over m and j are collapsed to one summation. In line five
Sm,n is expanded and replaced by the bounds from theorem 5.32 and theorem 5.28, and the
summation over n is removed because the bounds are independent of n. The first term in line
five comes from b? >om m? < CM3b? = ¢cML?. All constants are independent of M,N and
L. O

Perspectives. In the discussion so far it has been assumed that a known function f is sampled,
and that the samples then are used to construct an approximation to the derivative of f. There
is little point in doing this if f is already known analytically. Then it would probably be much
easier and more accurate to just differentiate f analytically.

On the other hand, if f is unknown, and only samples of f are known, there exists infinitely
many functions interpolating the samples, so asking for the accuracy of the method make
little sense: It might just as well be a cubic spline interpolating the samples as it might be
a superposition of sine and cosine functions. In the first case, a fourth order finite difference
would give the exact result, and in the second case a spectral method would give the exact
result.

When solving partial differential equations the situation is a mixture: The function f might
be an analytically known initial condition to a partial differential equation

Lu=g

where
’U,(.’I,',O) = f(x),

but as time evolves then u(z,t) for ¢ fixed is no longer known analytically. In this case the
error bounds make perfect sense. They allow for an estimate of the error

[{u(zr, )}y, — {uk (@) 34

where i (t) is the numerical approximation to u(zg,t).
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7. NUMERICAL EXPERIMENTS.

7.1. Dual windows. This section will show graphs and results for Gabor frames for L?(T).
All these results have been numerically computed by sampling a Gabor frame for L?(T) to
obtain a Gabor frame for (C{; . This process works because of theorem 5.17 and theorem 5.27
are satisfied, so the assumptions of these theorems must also be satisfied.

To construct Gabor frames for L?(T) the following class of window functions will be used

Pow (z) = Z ow(z +n) = 21 Z e Wrl@tn)’ g e
neEZ nEZ

These are the periodized Gaussian functions. Since the Gaussians are in the Schwartz class
of smooth, faster than polynomial decaying functions, the Gaussians are also in L!(R), and
therefore their periodizations are well defined.

Lemma 7.1. The periodized Gaussians are smooth, Pow € C*(T).

Proof. The summation defining the periodized Gaussian can be bounded by

Z(pw(x+n) = Z <pW($+n)+Z<pW(x—n)

n€Z neNU{0} neN
< D ewn) + Y ew(-n+1).
neN neN

In line two the summation is split in two, and each interval is bounded by its largest element.

This shows that the summation can be bounded by an absolutely convergent series, and
the series is therefore uniformly convergent. Differentiating each term in the summation will
multiply each term by a factor —2Wm(x + n), but this is just a polynomial, so the new series
can be bounded by an absolutely convergent series as well:

Z —27W(z + n)ew(z +n) < Z 2rWnow(n) + Z 2rWnew (—n +1).
neL neN neN
This shows that the series is also absolutely convergent, and therefore converges to the deriv-
ative of Py .
This argument was enough to prove that Py is differentiable. Repeating it on the deriva-
tives of Pyw shows that Py is smooth. O

Since the periodized Gaussians are continuous, they satisfy condition R (remark 5.16) and
condition A (proposition 5.20). This means that the periodized Gaussians satisfies all the
requirements of theorem 5.27, except from the requirement that the canonical dual window
have to satisfy condition A. I choose to believe in conjecture 5.26, since I cannot verify the
condition.*

The parameter W controls the “width” of the function. If W is close to zero the function is
almost constant, and if W is large the function has one large spike. Examples of periodized
Gaussians of different width can be seen on figure 7.1.

To compute the function numerically, it is only necessary to do enough iterations to make
sure that e="W7(@+7) hag decayed to the machine precision.

Some examples of periodized Gaussians and their dual window can be seen on figure 7.1.

4Looking at the calculated canonical dual windows many of them look differentiable, so by proposition 5.20
they would satisfy condition A. The problem is that they cannot be calculated without using theorem 5.27, so
this is not the way to solve the problem.
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FIGURE 7.1. Comparison of canonical dual windows for three different window
functions. The windows are on the right hand side and their corresponding
canonical dual windows are on the left hand side. The Gabor frames has the

parameters N = 12 and b = 10. The three windows are Py with values of
W of 4, 10 and 30.

The figure shows three sets of windows and dual windows. The parameters N and b have fixed
values, and the windows and dual windows are shown for three different values of W.

The first row shows a very wide window with its dual, which has big, regular oscillations
spread out across the whole interval. The dual window in the middle is smooth, quite narrow
and oscillates a little bit, but the oscillations die out quickly. The last row shows a narrow
window. The dual window is narrow as well, and have no oscillations, but instead it has two
sharp spikes. From the graph it can not be seen if the window is at all differentiable.

It has not yet be verified that the windows and parameters shown on figure 7.1 actually
generate Gabor frames. Since the periodized Gaussians are bounded, the operator S from (5.9)
is bounded by corollary 5.5. To show that S is also invertible and prove that G(Pew, %, b)
is a Gabor frame for L?(T), the test from theorem 5.35 can be done with the parameters for
each plot.

The test from theorem 5.35 requires that the minimum eigenvalue of G(z) is found over all
z € [0; %] As a start this can be done by doing a fine grained sampling of the interval [0; %],
and plotting the result. This is done on figure 7.2. Three of the four plot corresponds to the
windows and dual windows on figure 7.1. The figure shows that the minimum eigenvalue is
non-zero for all four plots.
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FIGURE 7.2. The figure shows all the eigenvalues of the matrices G(z) over the
range = € [0; +]. The window functions used to generate G(z) are periodized
Gaussians of width W.

Since the eigenvalues have only been calculated for certain samples of z € [0; %], then it
could be possible that G(z) for some z not among the samples had a zero eigenvalue. Judging
from the shapes of the curves of the eigenvalues it seems highly unlikely. The curves are flat
(to within the margin of the machine accuracy) or have regular oscillations. When W is small,
corresponding to a wide window, the eigenvalues are constant over all z, and as the width of
the pulse decreases the eigenvalues start to oscillate.

Looking at figure 7.2 it seems like the eigenvalues have a periodic behavior over z € [0; %]
I have not tried to prove this mathematically, but all the plots I have looked at show the same
structure. By counting the periods over a range of parameters N,b and window functions g,
I have found that there are always W%,N) periods on one interval [0; &, where ged(b, N)
denotes the greatest common divisor of b and N. Another way of saying this is that there is
lem(b, N') periods on the interval [0;1], where lem(b, N) is the least common multiple of N
and b.

The “sampling” approach for finding the minimum eigenvalue is not adequate, because there
is no guarantee that the minimum eigenvalue has actually been found. Two possible solutions
are the following:

e Use a numerical method to find the minimum eigenvalue. Since a matrix G(z) can be
constructed for any z, it is a simple matter of using a numerical method to find a local
minimum. If the behavior of the eigenvalues are indeed periodic, then considering an
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interval z € [0; %]Z’b)] would suffice, and a local minimum on this interval would
most likely be a global minimum.

e Assume that g must satisfy certain nice properties: g should be continuous, symmetric
around z = 0 and monotone on the interval [0; 3]. Combined with the hypothesis that
the eigenvalues are periodic, it would probably be enough to show, that the minimum
eigenvalue for all G(z), z € [0; +] is found for G(z) withz =0 or z = %%@l’b}. This
is illustrated on figure 7.2 by the cg)]sbs)es on the lines. They are all placed in points

ged (N,

corresponding to z =0 or z = %Tb

In this thesis I have just calculated the minimum eigenvalue of G(z) over a fine grained sam-
pling of the interval [0; %], and made sure that the points include the points just mentioned.
This should produce the correct result.

Figure 7.2 show that the minimum eigenvalue is highest for the plots with W = 10 and
W = 11 and considerably lower for the other two. To study this effect figure 7.3 shows the
minimum eigenvalue of a range of W.

Minimum eigenvalue.

0.0001 |-
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FI1GURE 7.3. Plot of the minimum eigenvalue of the matrix G for different sets
of parameters NV and b over a range of window functions. The window functions
are all periodized Gaussians Py and so the eigenvalues are plotted against
the value W. Note that the graphs have been calculated over all displayed
values of W, but only the non-zero, non-negative results have been displayed.

Figure 7.3 shows results from five tests. The parameters N and b are kept fixed, and the
width of the window W is varied. For each set N,b, W the minimum eigenvalue of G(z) is
computed and plotted. The two first curves represent frames with little redundancy % =0.83
and the next two represent frames with the double redundancy % = 0.42.

All five curves have been calculated for values of W in the interval [0.3;120], but some of
the results turn out negative and close to the machine precision, so the graphs do not extend
over the whole axis. However, from proposition 5.38 G cannot have negative eigenvalues, so
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the negative results indicates numerical errors, in this case an eigenvalue that is zero within
the machine precision.

I cannot tell whether the matrix G(z) really has a zero eigenvalue, or whether the curves
would continue toward zero without hitting it if the computations could be done in infinite
precision. Numerically however, it does not make a difference. If G(z) has an eigenvalue that
is numerically zero, then S cannot be numerically inverted and the dual window cannot be
calculated.

The regions where the graphs are not displayed correspond to intervals of W where the
periodized Gaussian does not generate a frame for that particular set N,b. The regions are
very unstable. The slightest deviation from the shape of the periodized Gaussian, like failing
to compute the periodization to a sufficiently high precision, will result in the minimum
eigenvalue growing several orders of magnitude. Since I am not acquainted with perturbation
theory for Gabor frames, I will not pursue the interesting question about what happens in
these regions.

All five graphs on figure 7.3 rise and fall in the same manner. The three windows on figure
7.1 correspond to points on the rise, straight in the middle and on the fall of the graphs. The
three dual windows are quite representative for the different varieties of dual windows for the
periodized Gaussians. Compare with the two top dual windows in the right column of figure
7.4. The top one represents a point on the fall of a graph, and the middle one represent a

Window function.
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FI1GURE 7.4. The figure shows a window function and the corresponding canon-
ical dual window function for different values of N and b. The window function
is the periodized Gaussian Py with W = 10.
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point on the rise of a graph. The have different width and decay properties, but the overall
shape is the same.

The rise seems to be dictated by the parameter b and the fall by the parameter N. I have
no explanation why the rise seems to be related to b, but the fall of the graphs are quite easy

to explain: When W is big compared to N, the translations of g do not seem to cover the
whole axis, see figure 7.5.
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FiGure 7.5. The figure shows three translations of the windows and dual
windows on figure 7.1.

The figure shows how the translations cover the axis. When the window is wide, there is
much overlap as seen in the first row. When the window is small, as seen in the last row, there
seems to be almost no overlap, and the high peaks of the dual window occurs exactly in the
area where the translations of the window functions do not seem to overlap.

Since the Gaussians decay exponentially, they never decay fully to zero. Therefore the
window functions are supported on all of T. Therefore the translations overlap no matter
how small the width of the function is, and the dual window grows as the size of the overlap
shrinks.

Two of the graphs on figure 7.3 correspond to highly redundant frames with densities
% = 0.43. Two dual windows corresponding to points on these graphs can be seen in the
last row on figure 7.4. They seem much softer than the other dual windows: They have no
oscillations or no sharp peaks. This could be a benefit for applications.

The graphs on figure 7.3 seem identical for identical densities % of the frames, just shifted.
This also holds true when looking at the dual windows. This effect is displayed on figure 7.6 .
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FIGURE 7.6. The figure shows the window and canonical dual window for two
Gabor frames, where N, b and the width of the window are scaled in the same
manner. Notice that the second dual window seems identical to the first except
that it is half as narrow and twice as high. The window function are periodized
Gaussians Py with W = 10 and W = 20.

The figure shows that if W and b, N are scaled the same way, the dual windows look like
dilated versions of each other. Since the functions live on the circle, v € L?(T), then true
dilations are not possible, but the effect seems real because the region where the functions
differ consist of values close to zero.

This effect shows that when working with two Gabor frames & and § as defined in theorem
5.27, there is two main ways of increasing the sampling rate L:

e Keeping b, N and the window width W fixed while increasing L. This will retain the
window g and dual window ~y of &, and these windows will be better resolved as they
become sampled more finely. Since L = bM this corresponds to increasing the number
of modulations in the system $).

e Letting b, N and the window width W scale with L. This will narrow the window
g and the dual window <, but the number of samples across the main part of the
windows remains constant. Because L = bM this corresponds to keeping the number
of modulations in the system §) constant and increasing the number of translations.

Since theorem 6.9 shows that the precision of the Gabor derivative increases with the number
of modulations, the first method of scaling a Gabor system will be used for testing. The
second method of scaling is well suited for very long signals, like musical signals, where all
oscillations have a relatively short duration compared to the length of the signal.

The figure 7.7 shows some completely different windows and their corresponding dual win-
dows. The windows have been constructed from indicator functions of different width. None
of the widths divides any of the numbers a,b, M, N or L. The graphs have been computed
with very many points (14400 points along the x-axis), so the structures of the dual windows
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FiGURE 7.7. The figure shows three windows constructed from the indicator
function, and their corresponding canonical dual windows. The windows have
width 0.88, 0.42 and 0.11, and N = 12 and b = 10.

are well resolved, and not a result of insufficient computations. The figure just serves an illus-
trative purpose. I will not use these windows for any computations, or make any statements
of whether they really do generate Gabor frames.

7.2. Differentiation. Theorem 6.9 provides an order of accuracy for the Gabor derivative
as a function of the smoothness of f, if f € C'(T) and f® is piecewise monotone and if
the canonical dual window is smooth. From looking at the dual windows on figure 7.1 and
figure7.4 some of them look smooth. Though I have not found a mathematical proof to justify
that this holds true. Some results of smoothness of the canonical dual window for Gabor
frames for L?(IR?) are presented in [Groch01, chapter 13.] and in [Jans95b], but I have chosen
not to transfer these results to the L?(T) setting.

A comparison of the accuracy of various numerical methods for differentiation can be seen
on figure 7.8. It compares second order polynomial differentiation, fourth order polynomial
differentiation, spectral differentiation and differentiation using Gabor frames. The smooth
test function is f(z) = e5(7®), It is shown on figure 7.9 along with its analytical derivative.
The accuracy of the second and fourth order methods are clearly visible. The spectral method
using a DFT converges very quickly in the beginning, and then grows slowly. The reason for
the slow growth of the spectral method is an accumulation of numerical round-off errors. The
Gabor derivative starts out terrible but still converges with faster than polynomial growth,
until it is stopped by numerical round-off errors at the same level as the spectral method. The
faster than polynomial growth is predicted by theorem 6.9, so this serves as an illustration of
that.

Figure 7.10 shows how the accuracy of the Gabor derivative change when the width of
the periodized Gaussian is varied. For small values of W the method is very accurate in the
beginning, but fails to reach the full precision, and starts to diverge. For larger values the
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FiGure 7.8. Comparison of the accuracy of numerically differentiating the
function f(z) = e*(7%) z € [0;1]. The Gabor frames used has the parameters
N = 8, b = 6 and the window is a periodized Gaussian with W = 4. The
sampling rate L is placed on the z-axis.

exp(sin) analytical derivative
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FIGURE 7.9. The figure shows the function f(z) = ¢(272) 2 ¢ [0;1] and its
analytical derivative.

method starts out much worse, but reaches the full precision at some point. The canonical
dual windows corresponding to the first four lines can be seen on figure 7.11. Perhaps a
little surprising the parameters N, b, W of the best working method does not correspond to a
maximum point on the graph of figure 7.3, but instead to a point a little to the left. This is also
shown on figure 7.11: The dual window corresponding to the best working method (number
three on the plot) has oscillations. This certainly makes the dual Gabor atoms resemble the
complex exponentials as much as possible, and since the spectral method is always the most
accurate for smooth functions, it probably explains why this particular dual window seems to
work best.
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FIGURE 7.10. The figure shows the accuracy of the Gabor derivative for differ-
ent choices of window functions. The window functions are periodized Gaus-
sians of width W, as shown in the plot. The testing function is f(z) =
esin(27m')’ T [0; 1]‘
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FiGurE 7.11. The figure shows the canonical dual windows corresponding to
the first four lines on figure 7.10. The Gabor frames have parameters N = §,
b=6 and W equal to 2,3,4 and 6.

The only test function considered so far has been smooth. Some non-smooth test functions
are displayed on figure 7.12.

The first test function is discontinuous. The second is not differentiable, and the third is
differentiable, but not two times differentiable. The third function are two parabolas combined.
The rate of convergence is strongly dependent on the smoothness of the function for all three
functions, and the Gabor derivative is no better or worse than the other methods. Since the
two first functions are not even differentiable, it does not make much sense to calculate the
global error, because it will be dominated by what happens in the discontinuity, which is not
properly defined anyway.
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FIGURE 7.12. The left column shows three non-smooth test functions, and the
right column shows the relative, global error of using the different numerical
methods on that particular test function. The Gabor frames used are the same
as in figure 7.8.
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FIGURE 7.13. The figure shows the pointwise error of the numerical differen-
tiation over the interval [0;1]. The test functions in each row are the same as
on figure 7.12. In the left column a Gabor frame with parameters N =8, b= 6
and W =4 are used, and for the right column W = 10 instead. The sampling
rate is L = 504.
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Figure 7.13 shows the pointwise error over the interval [0;1]. At the discontinuities both
methods make exactly the same error. The interesting thing is what happens away from the
discontinuities. Away from the discontinuity the spectral method has slowly decaying errors.
This corresponds to oscillations around the correct solution - an effect of the so-called Gibbs
phenomena. The Gabor method does not do much better on the plots in the left column.
The error decays much faster, but returns again to the level of the spectral method. This is
probably due to the wide support of the dual window, see figure 7.14. Since the dual window
never decay to zero, then all translations of the dual window overlap the discontinuity.

On the plots in the right hand column, the window of the Gabor frame have much more
narrow support, and this changes the situation. For the first two examples the Gabor method
is significantly better at reducing the oscillations away from the discontinuities. For the third
example the spectral method starts to catch up.

= -

O o.20.a0.60.8 1 O oO0.20.406o0.8 1 o o.20.a0.60.8 1 O o.z20.406o0.8 1

FIGURE 7.14. Two pairs of windows and dual windows corresponding to the
one used in figure 7.13. The first pair has parameters N =8 b =6, and W = 4.
The second has parameters N =8, b =6 and W = 10.

This example shows that for the same parameters N, b, the optimal window seems to be
dependent on the test function. It illustrates that the accuracy of the Gabor derivative is
dependent on N, b, the window function and on the test function.

This was just a short introduction to the Gabor derivative. A deeper understanding of the
dependency of the accuracy on N, b, the window function and on the test function requires a
much more detailed study.

8. CONCLUDING REMARKS.

This project started out dealing only with differentiation, and ended up dealing also with
Gabor frames for periodic spaces.

The spaces L?(T) and (Cﬁ seems to be a very good setting for Gabor frame theory. The
structure of Gabor frames for (C£ allows for efficient computations, and Janssens sampling
theorem shows that they can be used for approximation of Gabor frames for L2(T). The
space L?(T) is infinite dimensional, but compared to L?(R) it is much simpler. It is easy to
find windows that satisfy condition A, and it is also relatively easy to verify that a Gabor
system is a frame. These aspects are much more delicate in L?(R). I find the method of
considering eigenvalues to show that a Gabor system is a frame, especially interesting. If it
can be shown for a class of nice functions that the minimum eigenvalue can be found for a
particular and explicitly known z, the method would be both efficient and accurate.
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Furthermore the two types of Gabor frames resemble Fourier series and the discrete Fourier
transform. In this thesis this relationship was used to replace the DFT in the computation of
the spectral derivative, and to there by get a new method of differentiating. There might be
other areas where the same substitution could be done.

The Gabor derivative has the same convergence properties as the spectral derivative, but
it generally requires a higher sampling rate to converge to the same margin of error. I cannot
say whether it can be useful for some applications. It is never more accurate than the spectral
derivative. It does handle discontinuities better, but the error at the discontinuity is the exact
same. It is far more flexible, because there are so many parameters to vary, but this also
means that without some detailed study one might chose some very suboptimal parameters.

However, a new numerical method for differentiation with speed and accuracy close to that
of spectral differentiation is here by founded.

Peter Lempel Sgndergaard.
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