On Adaptive Wavelet-based Methods for the Maxwell equations

Torben Klint Jensen

Department of Mathematics Technical University of Denmark

Title of Thesis:

On Adaptive Wavelet-based Methods for the Maxwell Equations.

Graduate Student: Torben Klint Jensen

Supervisors:

Ole Christensen (principal supervisor) and Michael Pedersen.

Address:

Department of Mathematics Technical University of Denmark Matematiktorvet, Building 303 DK-2800 Kongens Lyngby DENMARK Email:

T.Klint@mat.dtu.dk
Ole.Christensen@mat.dtu.dk
M.Pedersen@mat.dtu.dk

Lyngby, June 30. 2003.

Torben Klint Jensen

Thesis submitted in partial fulfillment of the requirements for the Ph.D.-degree at the Technical University of Denmark.

Acknowledgments

This thesis concludes my graduate studies, which were initiated in February 2000. Several persons have during this period influenced the work in this thesis, and to mention all would be impossible. First and foremost, I would like to thank everyone at the Department of Mathematics, Technical University of Denmark, for creating a nice and friendly working atmosphere. In particular, thanks to my supervisors, associate professors Ole Christensen and Michael Pedersen, for my upbringing in wavelet theory and functional analysis, for motivation, advice and sharing of experience, and for encouraging me to go abroad at an early stage of the study.

A significant part of the work was carried out during a stay at Institut für Geometrie und Praktische Mathematik (IGPM), Rheinisch-Westfälische Technische Hochschule in Aachen, Germany, and I would also like to thank everyone in this department for creating a nice and friendly atmosphere. In particular, I want to thank the following people: Prof. Dr. rer. nat. Karsten Urban, for patience, numerous long and rewarding discussions, and always taking time out of a very busy schedule. Prof. Dr. Wolfgang Dahmen, for letting me work at IGPM, and for invaluable inspiration and motivation. Dipl. Math. Mario Mommer, Dipl. Math. Philipp Birken, and Dr. rer. nat. Ralf Massjung, for sparetime activity, enjoyable and rewarding discussions and criticism, and the blues.

Thanks also to Prof. Martin Costabel, University of Rennes, for allocating long and rewarding discussions during my visit in Rennes in july 2001.

During a leave of absence spent at the Institut für Geometrie und Praktische Mathematik, RWTH Aachen, I want to express my gratitude for the support by the European Commission within the TMR project (Training and Mobility for Researchers) Wavelets and Multiscale Methods in Numerical Analysis and Simulation, No. ERB FMRX CT98 018T4.

Many people have in the course of the last four years influenced me through fruitful discussions. These include Prof. Angela Kunoth (university of Bonn), Prof. Albert Cohen (university of Paris VI), Prof. Per Christian Hansen and Associate Prof. Vincent Allan Barker (both Technical University of Denmark), Prof. Ralf Hiptmair (ETH Zürich), Prof. Christoph Schwab (ETH Zürich), M. Sc, Ph. D Annalisa Buffa, (Univ. of Pavia), M. Sc, Ph. D Thomas Agersten Poulsen (formerly Dept. of Solid Mechanics, DTU).

iv

Summary

On Adaptive Wavelet-based Methods for the Maxwell Equations

The subject of the thesis is the applicability of recently developed wavelet-based methods for efficient numerical solution of the Maxwell equations, which constitute a model for electromagnetic phenomena. An introduction to wavelet bases in Hilbert spaces, and the adaptive wavelet-based methods is given, followed by an introduction to computational electromagnetics. Then, variational formulations for the Maxwell equations are developed, and results of wellposedness are proven. We put particular attention to the existence of sigularities in the solution to Maxwells equations, and the danger that they may not be resolved by certain numerical schemes. The formulations belong to the class of Fictitious Domain formulations. Among the advantages of such formulations are that they allow the use of simple, for instance periodic, functions for their discretization, and boundary and other conditions need not be incorporated into the employed basis functions. Finally, being an important issue for the adaptive wavelet-based methods, formulations of the Maxwell equations in an infinitely-dimensional Euclidean space setting are considered, and initial results of well-posedness are stated.

vi

Resumé

Om Adaptive Wavelet-baserede Metoder for Maxwells Ligninger

Emnet for denne afhandling er anvendeligheden af adaptive, wavelet-baserede metoder til numerisk løsning af Maxwells ligninger. Disse udgør en model for elektromagnetiske fænomener i naturen. Der indledes med en introduktion til wavelet baser i Hilbertrum, samt til de førnævnte metoder, og derefter gives en introduktion til matematisk og numerisk analyse af elektromagnetiske problemer. Dernæst udvikles nye, velstillede variationsformuleringer for Maxwells ligninger, under særlig hensyntagen til at variationsproblemerne kan udgøre fundamentet for numeriske metoder, som kan opløse eventuelle singulariteter i løsningen til Maxwells ligninger. Variationsformuleringerne er såkaldte Fictitious Domains formuleringer. Blandt fordelene ved disse er blandt andet at de retfærdiggør brugen af periodiske basisfunktioner til diskretisering af problemet, samt at rand- og andre betingelser ikke nødvendigvis skal indbygges i de anvendte basisfunktioner. Slutteligt, som et vigtigt aspekt for adaptive wavelet-baserede metoder, gives indledende resultater om velstillethed i Euklidisk metrik af diskrete formuleringer for Maxwells ligninger.

viii

Contents

1 Introduction 1

2 Elements of wavelet theory 5 2.1 The basic requirements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 Biorthogonal wavelet bases in L_2(R) . . . . . . . . . . . . . . . . . . . . . . . 7 2.2.1 Example: Biorthogonal B-spline wavelets on R . . . . . . . . . . . . . 10 2.3 Generalizing the multiresolution concept . . . . . . . . . . . . . . . . . . . . . 12 2.4 Biorthogonal wavelet bases on the interval . . . . . . . . . . . . . . . . . . . . 17 2.4.1 Biorthogonal B-spline multiresolution on the interval . . . . . . . . . . 17 2.4.2 Biorthogonal wavelet bases . . . . . . . . . . . . . . . . . . . . . . . . 20 2.4.3 Boundary adapted wavelets . . . . . . . . . . . . . . . . . . . . . . . . 21 2.4.4 Periodic wavelets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 2.4.5 Differentiation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 2.5 Tensor product wavelets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 2.6 Wavelets on general domains . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 2.7 Wavelet-induced norm equivalences . . . . . . . . . . . . . . . . . . . . . . . . 27

3 Adaptive wavelet methods 31 3.1 The classical approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 3.1.1 Variational formulation, well-posedness . . . . . . . . . . . . . . . . . 32 3.1.2 Discretization, the Galerkin method . . . . . . . . . . . . . . . . . . . 33 3.1.3 Convergence, error analysis . . . . . . . . . . . . . . . . . . . . . . . . 33 3.1.4 Solution of the linear system . . . . . . . . . . . . . . . . . . . . . . . 34 3.1.5 An example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 3.2 Linear and nonlinear approximation . . . . . . . . . . . . . . . . . . . . . . . 35 3.3 The new paradigm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 3.3.1 Transformation to the sequence space ℓ_2 . . . . . . . . . . . . . . . . . 40 3.3.2 Iteration in the infinitely-dimensional setting . . . . . . . . . . . . . . 41 3.3.3 Adaptive application of operators . . . . . . . . . . . . . . . . . . . . . 42 3.3.4 The adaptive algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 43 3.3.5 Convergence rates and work estimates . . . . . . . . . . . . . . . . . . 44 3.4 Wavelets, efficiency and regularity . . . . . . . . . . . . . . . . . . . . . . . . 45 3.5 Final remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 ix

4 Saddle point formulations of boundary value problems 49 4.1 Saddle point formulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 4.1.1 Well-posedness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 4.2 Discretization, well-posedness and error analysis . . . . . . . . . . . . . . . . 52 4.3 Fictitious Domain-Lagrange Multiplier formulation . . . . . . . . . . . . . . . 53 4.3.1 Well-posedness of Fictitious Domain Formulations . . . . . . . . . . . 54 4.4 Adaptive wavelet methods for saddle point problems . . . . . . . . . . . . . . 55 4.4.1 Transformation to sequence space . . . . . . . . . . . . . . . . . . . . . 55 4.4.2 Compressibility . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

5 Foundations of computational electromagnetics 59 5.1 Function spaces for electromagnetics . . . . . . . . . . . . . . . . . . . . . . . 59 5.2 Maxwells equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 5.3 Existence, uniqueness and regularity of solutions . . . . . . . . . . . . . . . . 66 5.4 Trends in analysis of Maxwells equations . . . . . . . . . . . . . . . . . . . . . 70 5.4.1 Finite difference methods . . . . . . . . . . . . . . . . . . . . . . . . . 71 5.4.2 Nedelec finite elements . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 5.4.3 Standard finite elements, weighted regularization . . . . . . . . . . . . 71 5.4.4 Decomposition in a regular and a singular part . . . . . . . . . . . . . 72

6 On Fictitious Domain Formulations for Maxwells Equations 73 6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 6.2 Basic Notation and Facts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75 6.3 FDFs for the Time-Dependent Formulation . . . . . . . . . . . . . . . . . . . 76 6.3.1 An Essential Obstruction . . . . . . . . . . . . . . . . . . . . . . . . . 76 6.3.2 Preserving non-H^1-Singularities . . . . . . . . . . . . . . . . . . . . . 80 6.4 FDFs for the Time-Harmonic Formulation . . . . . . . . . . . . . . . . . . . . 84 6.5 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 6.6 Closing remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

7 On sequence space formulations for the Maxwell equations 91 7.1 Preliminaries and objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 7.2 Wavelets for the Maxwell equations . . . . . . . . . . . . . . . . . . . . . . . . 92 7.2.1 Wavelets for the space H(curl; Ω) . . . . . . . . . . . . . . . . . . . . 93 7.2.2 Divergence free wavelets . . . . . . . . . . . . . . . . . . . . . . . . . . 94 7.2.3 Curl-free wavelets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95 7.2.4 A discrete Hodge decomposition . . . . . . . . . . . . . . . . . . . . . 96 7.3 The kernel of the curl operator . . . . . . . . . . . . . . . . . . . . . . . . . . 96 7.4 Transformation into sequence space via Hodge decomposition . . . . . . . . . 98 7.4.1 Motivation and preliminary remarks . . . . . . . . . . . . . . . . . . . 98 7.4.2 The transformation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100 7.5 Closing discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

8 Conclusions and outlook 105

A Sobolev and Besov spaces 107 A.1 Sobolev spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 A.2 Besov spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108 xii CONTENTS

Chapter 1

Introduction

Why wavelets and Partial Differential Equations ?

In recent years, wavelet techniques have gained popularity in the applied sciences, mainly because of the ability of wavelet bases to represent and describe complicated objects efficiently. In image and signal processing, wavelet techniques have been applied successfully over the last decade, so it is interesting to examine if the properties of wavelets can be exploited in other scientific areas as well. The subject of this work is the application of wavelet techniques to the numerical solution of operator equations, or more specifically, partial differential equations (PDEs). Contrary to the case of applications of wavelets in signal and image processing, the object to be analyzed with wavelets (i.e. the solution) is not given beforehand.

Several problems in science are variations over the following theme: A function f is given, representing an object to be analyzed. Expand it as a linear combination of basis functions {f_k} f = ∑ k a_kf_k and hope that the relevant properties of f can be described by a few coefficients {a_k} in the expansion.

Depending on the basis f_k, various kinds of information about f can be extracted from the expansion coefficients {a_k}. In Fourier analysis, f could be a continuous, differentiable periodic function, and f_k could be sines and cosines oscillating at integer multiples of the angular frequency of f. For this case, a_k reflects the amount of energy of f residing at the frequency corresponding to the basis function f_k. These basis functions are global, in the sense that they take on nonzero values on the entire domain on which f is defined.

Wavelet bases have a different structure than the Fourier bases. They can be locally supported, hence the coefficients in an expansion relative to a wavelet basis reflect, to a larger extent than the Fourier expansion coefficients, the local behaviour of f, such as oscillations, discontinuitites, and steep gradients.

The main theme in applications of wavelet-based techniques is the ability of concentrating the computational effort where it is needed the most. In the context of numerical solution of PDEs, this leads naturally to the concept of adaptivity. We shall present two intuitive ideas of adaptivity:

• Given an accuracy, find an approximation to the solution to the operator equation within this accuracy, with the minimal number of degrees of freedom.

• Given a number of degrees of freedom, find an approximation to the solution of the operator equation, with this number of degrees of freedom, that realizes the best possible accuracy.

Solutions to PDEs may exhibit irregular behavior locally. An adaptive algorithm attempts to spend the computational effort mainly on localizing and resolving the irregular behaviour of the solution. The unique properties of wavelets facilitates this procedure.

Adaptive wavelet-based methods

In the papers [24],[25], A. Cohen, W. Dahmen and R. DeVore developed adaptive waveletbased algorithms for the numerical solution of operator equations. We shall in this thesis focus on the algorithms of the latter paper. These schemes essentially rely on three properties. First, the recasting of the operator equation into a well-posed variational formulation in a Hilbert space, which we shall denote H. In other words, there should exist a bilinear form a(·, ·), mapping H × H into some scalar field, such that for a given element f ∈ H^′, being the dual space of H, there holds a(u, v) = ⟨f, v⟩, v ∈ H (1.1) for some u ∈ H. Well-posedness means here the existence and uniqueness of u, and the continuous dependence of u on the given data. A well-posed variational formulation allows an operator A : H → H^′ to be defined from a(·, ·), such that A is an isomorphism.

The second ingredient is the availability of a wavelet basis Ψ_H := {ψ_λ}_{λ∈J} of H, inducing a norm equivalence with the structure ĉ‖Dc‖_{ℓ2(J )} ≤ ‖ ‖ ‖ ∑ λ c_λψ_λ ‖ ‖ ‖_H ≤ Ĉ‖Dc‖_{ℓ2 (J )}, (1.2)

where c := {c_λ}_{λ∈J} is the array of expansion coefficients, D is a bi-infinite, diagonal matrix with positive entries, and 0 < ĉ ≤ Ĉ < ∞ are constants that do not depend on the choice of c. The well-posed variational problem and the wavelet basis can be employed to define a (correctly scaled) wavelet representation of the operator A, let us call it A, which is an isomorphism on ℓ_2(J ).

The third ingredient is the compressibility of the involved operators, and the vectors on which they act. The compressibility of a vector is to be understood in the sense that an infinite vector c can be approximated well, in an appropriate norm, by a few of its elements. By wavelet characterizations of function spaces, this property is related to smoothness properties of the solution to the underlying operator equation. The compressibility, or quasi-sparsity of a bi-infinite operator such as A means that it can be approximated well by appropriately chosen finite sections of A, with a low number of nonzero entries. In summary, compressibility properties of wavelet realizations of operators, and vectors of expansion coefficients with respect to wavelet bases, rely on the unique approximation and cancellation properties of wavelet bases.

A classical approach for solving a variational problem numerically is to restrict the problem to a fixed finite-dimensional subspace, so that one discretizes the bilinear form using a basis for the subspace. Thereby, a linear system of equations is obtainined, which is often solved most efficiently by iterative methods. The paper [25] introduced a new paradigm, in which a convergent iterative method is devised in the infinitely-dimensional setting, using the ℓ_2(J ) isomorphism A. In order to do numerical computations, one needs to approximate the action of A on finite vectors up to any given accuracy, and this is where the adaptivity enters the picture. Balancing approximation errors give a convergent algorithm, and compressibility properties of the operator A, and smoothness properties of the solution to the operator equation, determine work estimates and convergence rates of the algorithm.

The Maxwell equations

Electromagnetics as a physical discipline plays a very important role in the sciences, and in the modern society in general, since several important technological innovations of the recent decades rely on an understanding of electromagnetic phenomena, and the ability to solve problems from electromagnetics. For instance, understanding electromagnetic waves and their propagation is important for cell phones, optical fibres, and for radars and satellite communication. Turbines generating electricity at power plants, induction heaters, electric engines, loudspeakers and microphones all rely on the interaction between electricity and magnetism.

For applications in the engineering sciences, such as the ones mentioned above, the Maxwell equations have, since their derivation in the late 19th century, fully explained electromagnetic phenomena. They read as follows:

curl B μ = ε ∂ ∂t E + J curl E = − ∂ ∂t B, where J is the current density, E is the electric field, and B is the magnetic flux density. ε and μ are material parameters describing electric and magnetic properties.

Since analytical solution methods exist only for very simple and idealized physical configurations, the ability to solve the Maxwell equations numerically is highly appreciated. The approach taken in this thesis consists of eliminating B from the Maxwell equations, to obtain a variational formulation involving the bilinear form a(u, v) = (curlu, curlv) + κ(u, v), for u, v in (a subspace of) an appropriately defined function space H(curl; Ω). κ is a parameter depending on the material parameters μ, ε, as well as other quantities such as employed time stepping lengths. κ may be positive, negative or complex valued, which in turn has an influence on the analysis leading to results of well-posedness of variational formulations.

An important issue in the developments presented in this thesis will be the existence of singularities in the electric field E. This refers to the fact that E belongs to (subspaces of) H(curl; Ω), of which in general the Sobolev space H^1(Ω) is a proper subspace. If one is not careful, one may prescribe numerical algorithms that do converge, but to the wrong solution, namely the ’smooth component of E’, belonging to H^1(Ω).

Today, electromagnetics is a source of many interesting and challenging problems for many areas of science, ranging from pure mathematics, over numerics and to engineering science. To the knowledge of the author, no research has been carried out on the adaptive wavelet-based solution to the Maxwell equations. Therefore, the combination of the rapid development of efficient numerical schemes, and the interesting and challenging problems posed by electromagnetics and the Maxwell equations, comprise an open and interesting field of research.

Outline

The new work presented in this thesis is based on results from several sources. In order to motivate the problems we consider, as well as to put the new developments into perspective, we choose to give a coherent exposition of the results that constitute the foundation for the work in this thesis.

Chapter 2 gives a coherent outline of wavelet theory, in the terminology of numerical analysis. In particular, we focus on construction principles of wavelet bases applied in connection with the adaptive schemes of [25].

Chapter 3 treats the new paradigm for numerical solution of PDEs, and the adaptive wavelet methods from [25], along with the concepts and results from modern approximation theory used for their construction and analysis.

Chapter 4 focuses on saddle point formulations, of which the Fictitious Domain formulation is a special case, which will be of particular importance for later developments. We also treat the transformation of a saddle point problem into a well-posed problem in the infinite-dimensional Euclidean metric, which is important for the adaptive wavelet-based solution of such problems.

Chapter 5 introduces some fundamental concepts for the mathematical and numerical analysis of the Maxwell equations. The relevant function spaces are introduced, along with simple variational formulations, and corresponding results of well-posedness. An overview of some contemporary methods is also given. This chapter is to some extent based on the paper [37].

Chapter 6 treats Fictitious Domain formulations for the Maxwell equations, and it is based on the paper [37]. Results of well-posedness are given, and special attention is paid to the issue of resolving non-H^1(Ω) singularities.

Chapter 7 considers the transformation of the variational formulations of Chapter 6 into a well-posed formulation in Euclidean metric, using appropriately chosen, and recently developed wavelet bases for the function spaces occuring in the analysis of the Maxwell equations. Initial results of well-posedness are given.

Chapter 2

Elements of wavelet theory

The purpose of this chapter is to give a coherent exposition of the construction of wavelet bases for the numerical solution of PDEs. For good reasons, most introductory texts on wavelet theory choose the path and terminology of signal and image processing [43], [54], [77], [73], [61]. The community considering wavelet-based techniques for numerical solution of PDEs and other operator equations often has slightly different preferences, both with respect to terminology and specific requirements of the wavelet bases. The present exposition is written with this in mind, hoping that it may provide an easy transition to the operator equation language of wavelet analysis, for those who may have studied wavelets previously in a signal or image processing context.

The outline of the material is as follows. In Section 2.1, we present the fundamental structural properties of wavelet bases that are common for all constructions in the sequel, and that are crucial for their application to the numerical solution of operator equations. Section 2.2 treats the now classical construction of biorthogonal wavelets in the space L_2(R), carried out in the late 1980’s by Cohen, Daubechies and Feauveau [26], and it constitutes the foundation for the constructions that follow. Section 2.3 introduces a framework that generalizes the constructions of Section 2.2, and in particular, it facilitates the construction of wavelets on bounded subdomains of R. In Section 2.4, this generalized framework is applied to outline the construction of wavelet bases for the space L_2(0, 1), as carried out by Dahmen, Kunoth and Urban [40].

After the introduction of tensor product wavelets in Section 2.5, which gives us wavelet bases for L_2(R^n ), or L_2((0, 1)^n), we explain briefly in Section 2.6 some wavelet constructions on general domains. The last section is devoted to a property of wavelets that is of great importance for applications in numerical analysis, namely wavelet characterizations of function spaces. We shall focus on wavelet characterizations of Sobolev and Besov spaces, which are known from many different sources. We choose [34] and [45], but others are [62], [54], [79], [43].

2.1 The basic requirements

In this section, we introduce four properties of wavelet bases, shared by all constructions in this thesis, and which are important for their application to the numerical analysis of PDEs. For simplicity, we present them in the univariate case, but the properties extend immediately to the multivariate case. Two of these properties of wavelet bases, namely the translation and dilation property and locality, are in most cases taken as a point of departure, and are (almost) fulfilled by construction. The two other properties of wavelet bases are the Riesz basis property, and the vanishing moment property, which one must strive to fulfill in the process of construction.

We shall introduce the following notation: A ≲ B means that A can be bounded by a constant times B, where the constant is independent of parameters that A and B may depend on. We write A ∼ B whenever A ≲ B and B ≲ A.

In this chapter, we shall work in the space L_2(Ω), equipped with the usual inner product, which we shall designate (·, ·)_{0,Ω}. Ω is some (Borel) subset of R.

The translation and dilation property

The elements in the basis for L_2(Ω) are mainly on the following form:

ψ_{j,k}(x) = 2^{j/2}ψ(2^j x − k), (2.1)

for some function ψ ∈ L_2(Ω). The level j refers to the scale on which the function is living, and the translation parameter k reflects its position on the domain. For wavelets on R, all elements in the basis are of the above form, and j and k range through all of Z. For the case of a bounded domain, every element in the basis cannot have the above form, as we shall see in Section 2.4, and j and k then range through appropriate subsets of Z.

Locality

The basis functions must have local support, in the sense that

diam(supp(ψ_{j,k})) ∼ 2^{−j} .

In particular, the basis functions should be compactly supported.

The Riesz basis property

A Riesz basis for a separable Hilbert space (X, (·, ·)) is an at most countable sequence {x_λ}_{λ∈Λ} of vectors in X with the property that the vector space of finite linear combinations is dense in X, and that there exist constants 0 < A ≤ B < ∞ such that for any sequence c = {c_λ}_{λ∈Λ} ∈ ℓ_2(Λ), the norm equivalence

A‖c‖^2_{ℓ2 (Λ)} ≤ ∑ λ∈Λ c_λx_λ 2

X ≤ B‖c‖^2_{ℓ2(Λ)} holds. The constants A, B are called the Riesz bounds.

An orthonormal basis is a special case of a Riesz basis, where A = B = 1. A Riesz basis has a biorthogonal sequence {x̃_λ}_{λ∈Λ}, i.e. a sequence that satisfies (x_{λi} , x̃_{λj} ) = δ_{i,j} , and {x̃_λ}_{λ∈Λ} is also a Riesz basis. Any x ∈ X has the representations x = ∑ λ∈Λ (x, x̃_λ)x_λ = ∑ λ∈Λ (x, x_λ)x̃_λ. For the construction of Riesz bases in, say, L_2(R) having the structure (2.1), we shall introduce a hierarchy of stability notions of bases. A family of vectors which is a Riesz basis for its closed linear span is called stable^1. A family {ψ_{j,k}}_{j,k} is uniformly stable if the families {ψ_{j,k}}_k are stable with constants independent of j. Finally, the Riesz basis property of {ψ_{j,k}}_{j,k} in L_2(R) is referred to as stability over all levels.

For a Riesz basis generated by the compactly supported function ψ, called the wavelet, the dual basis has the structure 2^{j/2}ψ̃(2^j x − k), where ψ̃ ∈ L_2(R) is a compactly supported function called the dual wavelet.

The vanishing moment property

We say that the function ψ resp. ψ̃ has m resp. m̃ vanishing moments if

((·)^l, ψ)_{0,Ω} = 0, l = 0, . . . , m, resp. ((·)^l, ψ̃)_{0,Ω} = 0, l = 0, . . . , m̃.

For the case of compactly supported and continuous ψ and ψ̃, existence of the integrals above is obvious. Later in the chapter, it will be described how additional interesting and desirable properties of wavelets can be inferred from the four properties just mentioned.

Perspective

Orthonormal bases of compactly supported wavelets do indeed exist, but it turns out that the requirements for their construction are too restrictive for solving PDEs numerically [35], [19]. We shall therefore treat biorthogonal bases exclusively.

Wavelets are desirable for many applications in signal processing, in that they can provide good localization (i.e. exponential decay) in the time as well as in the frequency domain. This excludes compact support, since it leads, by Fourier transformation, to poor localization in the frequency domain.

Many advantages of wavelet-based techniques rely on the ability of wavelets to represent functions to high accuracy by an expansion with a low number of significant terms, compared to other basis functions. This is due to the vanishing moment property, as a local Taylorexpansion argument shows. The combination of good localization and vanishing moments explains in many cases the successful application of wavelet-based techniques.

2.2 Biorthogonal wavelet bases in L_2(R)

In this section, we introduce some important concepts of wavelet theory, namely those of a multiresolution sequence, refinability, and the scaling function. The multiresolution sequence quantifies what is meant by approximation of L_2(R), initially by scaling function expansions, but later on by wavelet expansions. The scaling function and the refinability arise in a natural way from the multiresolution sequence, and eventually paves the way for the definition and construction of wavelets. Being of great importance for later developments, we shall finally show a concrete example of a family of wavelet bases, namely those consisting of B-splines. The material in this subsection is borrowed from [26], [43].

1In the literature, it is also known as a Riesz sequence.

Biorthogonal multiresolution, scaling functions, refinability

A biorthogonal multiresolution sequence in L_2(R) is a pair of sequences of subspaces {S_j }_{j∈Z}, {S̃_j }_{j∈Z} of L_2(R), called the primal and the dual multiresolution sequence, respectively, which satisfy the conditions:

(i) The spaces are nested and dense in L_2(R), in the sense that

S_j ⊂ S_{j+1} ⊂ . . . , clos_{L2(R)} ⋃ j∈Z S_j = L_2(R), (2.2)

S̃_j ⊂ S̃_{j+1} ⊂ . . . , clos_{L2(R)} ⋃ j∈Z S̃_j = L_2(R), (2.3)

and the spaces are separating: ⋂ j∈Z S_j = {0}, ⋂ j∈Z S̃_j = {0},

(ii) The spaces in (2.2), (2.3) are generated by, respectively, L_2(R)-functions ξ and ξ̃, called the scaling function, and the dual scaling function, forming a dual pair, i.e. ∀j, k, k^′ ∈ Z : (ξ_{j,k}, ξ̃_{j,k}′ )_{0,R} = δ_{k,k}′ , such that Ξ_j := {2^{j/2}ξ(2^j x − k) := ξ_{j,k}(x), k ∈ Z} is a Riesz basis for S_j := S(Ξ_j) := clos_{L2(R)}span(Ξ_j). The same holds for the dual scaling function: S̃_j = S(Ξ̃_j).

The nestedness of S_j and S̃_j expresses the fact that these spaces capture an increasing amount of details in the space L_2(R), and the density of the spaces ensures that any element in L_2(R) can be approximated arbitrarily well in L_2(R) by choosing an element from a sufficiently large space S_j.

The factor 2^{j/2} is chosen such that the transformation ξ(·) → 2^{j/2}ξ(2^j ·) becomes an isomorphism on L_2(R). The spaces S_j, S̃_j are translation invariant: ∀j ∈ Z : f = f_{j,0} ∈ S_j ⇔ f_{j,k} ∈ S_j, k ∈ Z. The nestedness of the spaces S_j, S̃_j is equivalent to the scaling function and the dual being refinable: ξ(x) = ∑ k∈Z a_kξ(2x − k), ξ̃(x) = ∑ k∈Z ã_kξ̃(2x − k), (2.4)

where the coefficients {a_k}_{k∈Z}, {ã_k}_{k∈Z}, are called the masks of the scaling functions ξ and ξ̃. (2.4) are called refinement equations. Compact support of ξ is equivalent to its mask being finite, i.e. only finitely many a_k are nonzero.^2

2We adopt the notation of [76] and designate the univariate scaling function by ξ, since the more standard symbol ϕ will be reserved for tensor product scaling functions in Section 2.5.

Complement spaces, wavelets, and the wavelet transform

We define complements U_j , Ũ_j of S_j , S̃_j in S_{j+1}, S̃_{j+1} so that the conditions (iii)-(v) below hold true:

(iii) The spaces decompose as

S_{j+1} = S_j + U_j , S̃_{j+1} = S̃_j + Ũ_j, (2.5)

in the sense that for each f ∈ S_{j+1}, there exist unique g ∈ S_j, h ∈ U_j so that f = g + h.

(iv) The orthogonality conditions Ũ_j ⊥ S_j , U_j ⊥ S̃_j ∀j ∈ Z, and Ũ_j ⊥ U_r ∀j, r ∈ Z, j ≠ r (2.6) hold.

(v) There exist functions η ∈ L_2(R) and η̃ ∈ L_2(R) such that Υ_j := {η_{j,k}(x) : k ∈ Z} is a Riesz basis for U_j = S(Υ_j ), and similarly for the dual wavelet: Ũ_j = S(Υ̃_j).

Stability of Υ_j implies uniform stability, but this is in general not sufficient in order to realize stability over all levels (see Theorem 2.3.2). If, however, η_j and η̃_j are stable over all levels, we shall call the families

Υ := ⋃ j∈Z Υ_j, Υ̃ := ⋃ j∈Z Υ̃_j

biorthogonal wavelet bases for L_2(R), and we shall denote η as the wavelet, and η̃ as the dual wavelet.

The interpretation of the decomposition in (iii) is that the function g is a coarse approximation, or an average of f, and the function g contains the details in f that g does not contain. In the literature, the spaces S_j are sometimes referred to as average spaces, and U_j as detail spaces.

Examples of scaling functions and wavelets do indeed exist. A recipe for constructing wavelets is given in [26], and takes as point of departure the masks {a_k}_k, {ã_k}_k. From this, one can construct (initially, the Fourier transform of) the scaling functions, so that they are automatically refinable. On certain additional decay requirements on the Fourier transforms of ξ and ξ̃, and (ξ_{j,0}, ξ̃_{j,k}) = δ_{0,k} for any j ∈ Z, one ends up with a biorthogonal basis of wavelets, which can be constructed as follows:

b_k = (−1)^{k+1}ã_{1−k}, b̃_k = (−1)^{k+1}a_{1−k} (2.7) η(x) = ∑ k∈Z b_kξ(2x − k), η̃(x) = ∑ k∈Z b̃_kξ̃(2x − k). (2.8)

It should be noted that in these (early) developments, translation invariance and the Fourier transform play a significant role in the constructions.

Wavelet and multiscale transforms

An element ∑ k c_{j+1,k}ξ_{j+1,k} ∈ S_{j+1} also has a representation ∑ k c_{j,k}ξ_{j,k} + ∑ k d_{j,k}η_{j,k} ∈ S_j + U_j . The change of basis operation that maps {c_{j+1,k}} to {c_{j,k}} ∪ {d_{j,k}} is called the (one-step) wavelet transform, and c_{j,k} = ∑ n a_{n−2k}c_{j+1,n}, d_{j,k} = ∑ n b_{n−2k}c_{j+1,n}. The inverse mapping {c_{j,k}}_k ∪{d_{j,k}}_k → {c_{j+1,k}}_k is the inverse (one-step) wavelet transform, and c_{j+1,k} = ∑ n ( ã_{k−2n}c_{j,n} + b̃_{k−2n}d_{j,n} ) . Iterating the transforms, one obtains a multiscale transform, i.e. a change of coordinates over several levels.

2.2.1 Example: Biorthogonal B-spline wavelets on R

We conclude this section with an example of biorthogonal wavelet bases in L_2(R), which is of fundamental importance for the later developments, namely that of [26], where the primal multiresolution consists of B-splines, see also [40]. A B-spline of order d ≥ 1 on an interval I ⊆ R is a function f ∈ C^{d−2}(I) (where C^{−1}(I) are discontinuous functions), which is a piecewise polynomial of order d − 1. The first few examples of B-splines on R are

1ξ(x) = { 1, 0 ≤ x < 1 0, otherwise ,

2ξ(x) = 1 + x, −1 ≤ x < 0 1 − x, 0 ≤ x < 1 0, otherwise ,

3ξ(x) =

(x+1)^2 2 , −1 ≤ x < 0 − ( x −^1_2

)_2

+^3_4 , 0 ≤ x < 1

(x−2)^2

2 , 1 ≤ x < 2 0, otherwise .

Denoting by f ∗g the convolution of f, g ∈ L_2(R), the_dξ can be generated (up to translation) by convolution as follows:_1ξ = 1_{[0,1]}, and for d ≥ 2,_dξ =_{d−1}ξ ∗_1ξ, see [54, chapter 4] for details. Defining μ(d) = d mod 2, the_dξ can be constructed to be symmetric around^{μ(d)}_2 , and has support

supp_dξ = [ 1 2 (−d + μ(d)), 1 2 (d + μ(d)) ] = [ − ⌊ d 2 ⌋ , ⌈ d 2 ⌉] =: [l_1, l_2], (2.9) where ⌊x⌋ resp. ⌈x⌉ is the largest integer smaller than or equal to x, resp. the smallest integer larger than or equal to x. Moreover,_dξ is refinable: dξ(x) = l_2∑

k=l_1 2^{1−d} ( d k + ⌊_d 2 ⌋ ) dξ(2x − k) := l_2∑

k=l_1 a_{k d}ξ(2x − k), x ∈ R.

It can be proved [26] that for d̃ ∈ N such that d̃ ≥ d and d + d̃ is even, there exists a refinable function_{d,d̃}ξ ∈ L_2(R), with the same symmetry properties as_dξ, such that it forms a dual pair with_dξ and has compact support

supp_{d,d̃}ξ̃ = [ − 1 2 d − d̃ + 1 + 1 2 μ(d), 1 2 d + d̃ − 1 + 1 2 μ(d) ]

= [l_1 − d̃ + 1, l_2 + d̃ − 1] =: [l̃_1, l̃_2]. (2.10)

Furthermore, in a pointwise sense,

x^l = ∑ k c_{k d,d̃}ξ̃(x − k), x ∈ R, l = 0, . . . , d̃. (2.11)

We denote this property as exactness of order d̃. By (2.6), it implies that the wavelet η has d̃ vanishing moments. It can be proved that the wavelets_dη and_{d,d̃}η̃ arising from the scaling functions, as explained by (2.8), provide Riesz bases η_{j,k}, η̃_{j,k} of L_2(R).

Figure 2.1 show two examples of scaling functions, wavelets, and their duals. In the left column, the family d = 2, d̃ = 2 is depicted, from top down the primal scaling function, the dual scaling function, the primal wavelet and the dual wavelet. Similarly, in the right column, the family corresponding to d = 3, d̃ = 5 are shown. All depicted functions are translations of the respective functions on level j = 5.

Note that both the primal and dual scaling functions have a symmetry axis, whereas the primal and dual wavelets have a symmetry or an antisymmetry axis, depending on the spline order. For orthonormal bases of compactly supported wavelets, this symmetry is not present, since the only real-valued wavelet, generating an orthonormal basis for L_2(R), which is compactly supported and has a symmetry or an antisymmetry axis, is the so-called Haar wavelet [43, thm 8.1.4], which is the wavelet generated from_1ξ defined as above.

Note also that the regularity of the scaling function and wavelet increases with the spline order, whereas the regularity of the dual scaling function and wavelet decreases.

Finally we mention that the B-spline scaling functions and wavelets enjoy simple properties of differentiation which will be of use later. One has, for d ≥ 2 and μ(d) = d mod 2 , d dx^d ξ(x) =_{d−1}ξ(x + μ(d − 1)) −_{d−1}ξ(x − μ(d)), (2.12) d dx^{d−1,d̃+1} ξ̃(x) =_{d,d̃}ξ̃(x + 1 − μ(d − 1)) −_{d,d̃}ξ̃(x − μ(d − 1)), (2.13)

and for the wavelets, d dx^d η(x) = 4_{d−1}η(x), d dx^{d−1,d̃+1} η̃(x) = −4_{d,d̃}η̃(x). (2.14)

see for instance [76], and the references therein.

Figure 2.1: Examples of B-spline scaling functions and wavelets

2.3 Generalizing the multiresolution concept

The construction outlined in the previous section is of little use for the construction of bases of spaces of functions defined on a bounded subset of R, or more generally, R^n . In the transition to these cases of a bounded domain, difficulties are caused by the fact that translation invariance does not make sense, so that techniques based on the Fourier transform no longer apply. The aim of this section is to carry out the program from the previous sections, in a framework from [19] that does not rely on Fourier transform techniques.

Of particular importance is the formulation of refinability of the scaling function in terms of a refinement operator, and the introduction of the wavelet in terms of a so-called stable completion. Together, these operators describe the wavelet transforms in a simple and elegant fashion.

Throughout this section, we shall work in a separable Hilbert space (H, (·, ·)). The contents of this section is borrowed from [19].

Notation

For j ∈ Z, we consider families of refinable functions

Φ_j := {ϕ_{j,k} : k ∈ Δ_j } ⊂ H

with closed linear span S_j , where Δ_j is an index set. S_j and S̃_j are biorthogonal multiresolution sequences in H. We shall think of the basis functions in Φ_j and a sequence of coefficients with respect to a basis: c = {c_k}_{k∈Δj} as column vectors. For v ∈ H, (v, Φ_j ) is the column vector of inner products between v and the elements of Φ_j . We write

c^T Φ := ∑ k∈Δ c_kϕ_k where Δ is some index set, and provided that the sum is meaningful. Assuming the existence of biorthogonal bases Φ and Φ̃ for H, we shall write, for v ∈ H,

v = (v, Φ̃)^T Φ := ∑ k (v, ϕ̃_{j,k})ϕ_{j,k}. By (Φ_j , Φ_j ), we understand the matrix consisting of inner products between elements from Φ_j in H, also called the Gram matrix, or the Gramian of Φ.

Refinability, wavelets, and uniform stability

Assuming that for all j ∈ J for J = Z or J = {j_0, j_0 + 1, . . .}, Φ_j and Φ_{j+1} are stable bases with nested spans S_j ⊂ S_{j+1}, one can derive the existence of an operator M_{j,0} ∈ L(ℓ_2(Δ_{j+1}), ℓ_2(Δ_j )) such that Φ^T_j = Φ^T_{j+1}M_{j,0}.

This is the refinement equation, and M_{j,0} is called the refinement operator. For the case of scaling functions on the real line, M_{j,0} is a bi-infinite matrix with entries consisting of the mask of the scaling function, see (2.4).

As in the previous section, we look for complement spaces U_j of S_j in S_{j+1}, and wavelet bases that span these spaces. The task of wavelet construction can be considered as a matrix completion problem in the following way: Given the refinement operator M_{j,0}, find M_{j,1} ∈ L(ℓ_2(Δ_{j+1}), ℓ_2(∇_j )) such that

M_j := [M_{j,0}, M_{j,1}] : ℓ_2(Δ_{j+1}) → ℓ_2(Δ_j ∪ ∇_j)

is bounded and boundedly invertible. For this reason, M_{j,1} is called a stable completion of M_{j,0}. With a stable completion, we associate the functions Ψ_j = {ψ_{j,k} : k ∈ ∇_j} defined by

Ψ^T_j = Φ^T_{j+1}M_{j,1}

as candidates for the wavelets. Assuming that Φ_j is stable, then Φ_{j+1} and Φ_j ∪ Ψ_j as defined above are stable bases for S_{j+1} if and only if M_j is boundedly invertible. Furthermore, one can show that the family Φ_j ∪ Ψ_j is uniformly stable if and only if the norms of M_j and its inverse are uniformly bounded in j.

Ideally, the dependence of M_{j,0}, M_{j,1} on j should be minimal, in the sense that once they are known for one value of j, their assembly for other values of j is done without any computational work.

Given a refinement operator, a stable completion is not uniquely determined, so a characterization of all possible stable completions is desirable. Also, a criterion for when the wavelet bases are biorthogonal Riesz bases for H is desirable. This is not guaranteed by uniform stability of Φ_j alone, it turns out that an additional requirement is needed to ensure stability over all levels (Theorem 2.3.2 below). First, we shall define the wavelet transforms in the new terminology.

Wavelet transforms

Assume Φ_j and Ψ_j are uniformly stable bases of scaling functions and wavelets, respectively, and let M_{j,0}, M_{j,1} be the corresponding refinement operator and stable completion. Then, by definition, there exist operators B_{j,0} ∈ L(ℓ_2(Δ_{j+1}), ℓ_2(Δ_j)) and B_{j,1} ∈ L(ℓ_2(Δ_{j+1}), ℓ_2(∇_j)) such that [ B_{j,0} B_{j,1} ] [ M_{j,0} M_{j,1} ] = [ I I ] , [ M_{j,0} M_{j,1} ] [ B_{j,0} B_{j,1} ] = I.

We say that M_j is uniformly banded if the rows and columns contain only a uniformly bounded number of nonzero entries, and that only a uniformly bounded finite number of columns have a nonempty intersection. The stable completion M_{j,1} will be called local if both M_j and

B_j = [ B_{j,0} B_{j,1} ]

are uniformly banded.

For c_j ∈ ℓ_2(Δ_j ) and d_j ∈ ℓ_2(∇_j ), we can write

c_jΦ_j + d_j Ψ_j = (M_{j,0}c_j)Φ_{j+1} + (M_{j,1}d_j )Φ_{j+1} = ( M_j [ c_j d_j ]) Φ_{j+1}.

In the other direction, given c_{j+1} ∈ ℓ_2(Δ_{j+1}), we can write

c_{j+1}Φ_{j+1} = (B_{j,0}c_{j+1})Φ_j + (B_{j,1}c_{j+1})Ψ_j

The mapping

ℓ_2(Δ_{j+1}) ∋ c_{j+1} → [ B_{j,0}c_{j+1} B_{j,1}c_{j+1} ] ∈ ℓ_2(Δ_j ) × ℓ_2(∇_j)

is the (one-step) wavelet transform, and the mapping

ℓ_2(Δ_j ) × ℓ_2(∇_j ) ∋ [ c_j d_j ] → M_{j,0}c_j + M_{j,1}d_j = M_j [ c_j d_j ] ∈ ℓ_2(Δ_{j+1})

is the (one-step) inverse wavelet transform. For the case of finite-dimensional spaces S_j, we mention that if the stable completion is local, then the execution of a multiscale transform from S_J to S_{j0} ⊕ U_{j0} ⊕ · · · ⊕ U_{J−1} and its inverse can be carried out at the optimal expense of O(#Δ_J ) floating point operations.

Characterization of stable completions.

We turn now to the theorem giving the characterization of all local stable completions of a given refinement operator M_{j,0}, or stated equivalently, characterizing all possible wavelets, given a refinable scaling function. For notational simplicity, we drop in this subsection reference to a particular level j, and we understand that all properties of operators, such as boundedness and bandedness, will have to hold uniformly in j. We shall consider bounded and banded operators

L ∈ L(ℓ_2(∇), ℓ_2(Δ)), K ∈ L(ℓ_2(∇), ℓ_2(∇)), (2.15)

and assume furthermore that K has a bounded and banded inverse. From these operators, we build H_{L,K} ∈ L(ℓ_2(Δ) × ℓ_2(∇), ℓ_2(Δ) × ℓ_2(∇)) as

H_{L,K} := [ I L 0 K ] , (2.16)

which has the bounded inverse

H^{−1}_{L,K} = [ I −LK^{−1} 0 K^{−1} ] . (2.17)

Theorem 2.3.1 [19] If M̌_1 is one local stable completion of M_0 with associated inverse

B̌ = [ B_{j,0} B_{j,1} ] , then another local stable completion M_1 is achieved by the relation [ M_0 M_1 ] = [ M_0 M̌_1 ] H_{L,K} , (2.18)

and its associated inverse is given by

B = H^{−1}_{L,K}B̌. (2.19)

On the other hand, if M_1 and M̌_1 are any two local stable completions of M_0 with associated inverses B and B̌, then there exists operators L and K as in (2.15), (2.16), and (2.17), such that (2.18) and (2.19) hold.

The theorem states that once an initial local stable completion is available, all other stable completions are parametrized. The theorem also holds if the locality is removed. Recall that locality of the stable completion reflects locality of the wavelet bases and optimal complexity of multiscale transforms.

Stability over all levels

We turn now to the Riesz basis property of the wavelet bases. Denote by ‖ · ‖_{s,Ω} the norm on the Sobolev space H^s(Ω), where for s < 0, H^s(Ω) = (H^{−s}(Ω))^′. The following theorem states a number of conditions that suffice in order to ensure stability over all levels.

Theorem 2.3.2 [40] Let H = L_2(Ω) for some bounded, Lipschitz domain Ω. Assume that

(i) Φ_j is uniformly stable for j ≥ j_0.

(ii) There exists a dual family Φ̃_j which is refinable and satisfies (ϕ_{j,k}, ϕ̃_{j,k}′ ) = δ_{k,k}′ . (iii) The operators Q_j : L_2 → S_j defined by Q_j f = (f, Φ̃_j)Φ_j are uniformly bounded in j. (iv) S_j and the ranges S̃_j of the adjoints Q^′_j of Q_j satisfy the Jackson inequality inf_{vj ∈Vj} ‖v − v_j ‖_{0,Ω} ≲ 2^{−sj} ‖v‖_{s,Ω}, s ≤ σ, and the Bernstein inequality ‖v_j ‖_{s,Ω} ≲ 2^{sj} ‖v_j ‖_{0,Ω} ∀v_j ∈ V_j, s ≤ γ for V_j = { S_j S̃_j } , σ = { d d̃ } , γ = { t ≤ d t̃ ≤ d̃ } . Then, for Q_{j0−1} = 0, ‖v‖^2_{s,Ω} ∼ ∞∑ j=j_0 2^{2sj} ‖(Q_j − Q_{j−1})v‖^2_{0,Ω}, −t < s < t. (2.20)

The Jackson and Bernstein inequalities have an origin in interpolation and approximation theory, which we describe in Section 3.2. Later in this chapter (Lemma 2.7.1), we shall have a closer look how to fulfill the Jackson and Bernstein inequalities.

Setting s = 0 in (2.20) we infer that we can establish the Riesz basis property of Ψ := ⋃ j∈J Ψ_j

by fulfilling the assumptions of Theorem 2.3.2, and by constructing uniformly stable bases Ψ_j resp. Ψ̃_j for the complement spaces U_j = (Q_{j+1} − Q_j)S_{j+1} resp. Ũ_j = (Q^′_{j+1} − Q^′_j)S̃_{j+1} such that the biorthogonality (2.6) holds. This amounts to projecting the initial stable completion onto the right subspace. The interesting result is the following, which is a special case of [19, cor. 3.1]:

Proposition 2.3.3 Let Φ_j and Φ̃_j be uniformly stable, biorthogonal bases of scaling functions with S_j = S(Φ_j ) and S̃_j = S(Φ̃_j ). Denote by M_{j,0} and M̃_{j,0} the corresponding refinement operators. Let M̂_{j,1} be any stable completion of M_{j,0} with Ĝ_j^{−1} = M̂_j^{−1}. Then M_{j,1} = (I − M_{j,0}M̃^T_{j,0})M̂_{j,1} is also a stable completion, and

G_j = M^{−1}_j = [ M̃^{−T}_{j,0} Ĝ^{−T}_{j,1} ] . Furthermore, the families Ψ_j := M^T_{j,1}Φ_{j+1}, Ψ̃_j := Ĝ_{j,1}Φ̃_{j+1} satisfy the orthogonality conditions (Ψ_j , Ψ̃_j ) = I, (Ψ_j , Φ̃_j) = 0, (Ψ̃_j , Φ_j ) = 0, which is equivalent to (2.6).

2.4 Biorthogonal wavelet bases on the interval

As an example of an application of the framework described in the previous section, we shall in this section give an account of the construction of biorthogonal B-spline wavelets on the interval, first published in [40]. This construction is a cornerstone for the waveletbased solution of PDEs, since it, by the tensor product structure presented later, facilitates the construction of wavelet bases on unit cubes in arbitrary dimensions, and eventually by mapping and parametrization techniques, wavelet bases on more general domains.

The construction is based on the biorthogonal B-spline scaling functions and wavelets on the real line, treated in Subsection 2.2.1. The approach we shall take is the following: Given a B-spline scaling function ξ, one retains a number of translates of this function whose support does not overlap the boundaries. These translates are called interior functions. A scaling function basis is then obtained by adding a number of appropriately defined scaling functions near the left and right boundary points. Finally, we shall introduce the concept of boundary adapted wavelet bases. This allows one to construct wavelet bases for the interval for which the basis functions satisfy homogeneous boundary conditions.

Throughout this section, we shall work in the space L_2(0, 1), equipped with the inner product (·, ·)_{0,[0,1]}.

2.4.1 Biorthogonal B-spline multiresolution on the interval

The aim in this subsection is to outline the construction of biorthogonal multiresolution sequences

S_j = S(Ξ_j) ⊂ L_2(0, 1), S̃_j = S(Ξ̃_j) ⊂ L_2(0, 1), j ∈ J = {j_0, j_0 + 1, . . .}

with the following properties:

(i) Ξ_j consists of B-splines of degree d − 1, and for fixed d and any d̃ ≥ d with d̃ + d even, Ξ̃_j has exactness d̃ − 1.

(ii) Ξ_j and Ξ̃_j are refinable, with finitely supported masks, and biorthogonal for each j ≥ j_0, where j_0 is a minimal level, defined below.

(iii) Ξ_j and Ξ̃_j have the same cardinality.

(iv) The basis functions are locally supported, in the sense that

diam(supp ξ_{j,k}), diam(supp ξ̃_{j,k}) ∼ 2^{−j} , j ≥ j_0.

(v) The bases Ξ_j and Ξ̃_j are uniformly stable.

(vi) The projectors Q_jv := (v, Ξ̃_j )^T_{0,[0,1]}Ξ_j, Q^′_j v = (v, Ξ_j )^T_{0,[0,1]}Ξ̃_j

are uniformly bounded.

The point of departure is the biorthogonal B-spline multiresolution scaling functions and wavelets from Subsection 2.2.1. Choose d, d̃ as in Subsection 2.2.1. For notational simplicity, we shall write simply ξ =_dξ and ξ̃ =_{d,d̃}ξ̃. Following the notation of [40], we shall denote by ξ_{[j,k]} the translates and dilates from Section 2.2, in order to distinguish these ’pure’ translates from other elements in the bases we are about to construct, namely the boundary functions.

First, the dual multiresolution sequence is treated, since the supports of the dual functions are at least as large as those of the primal functions (see [40]). Fix an integer l̃ ≥ l̃_2 (recall (2.10)) and choose j ∈ Z so that the set of indices Ĩ^0_j := {l̃, . . . , 2^j − l̃ − μ(d)} where μ(d) = d mod 2 corresponds to translates_{d,d̃}ξ_{[j,k]}, k ∈ Ĩ^0_j whose supports are strictly contained in [0, 1]. To realize the exactness of order d̃ − 1, d̃ boundary functions are provided near the left and right endpoints. The boundary functions near the left endpoint are, for r = 0, . . . , d̃ − 1 defined as^3 ξ̃^L_{j,l̃−d̃+r} := l̃−1∑

m=−l̃_2+1 α_{m,r}ξ̃_{[j,m]}|_{R+} , with α_{m,r} = ∫ R x^rξ(x − m)dx. (2.21)

The index set corresponding to the left boundary functions is defined as Ĩ^L_j := {l̃ − d̃, . . . , l̃ − 1}. Similarly, d̃ boundary functions are provided near the right endpoint: For r = 0, . . . , d̃ − 1 ξ̃^R_{j,2j −l̃+d̃−μ(d)−r} := 2^j −l̃_1−1 ∑ m=2^j −l̃−μ(d)+1 α^R_{j,m,r}ξ̃_{[j,m]}|_{[0,1]} (2.22)

where α^R_{j,m,r} = ∫ R (2^j − x)^rξ(x − m)dx, thus the index set for the right boundary functions is Ĩ^R_j := {2^j − l̃ + 1 − μ(d), 2^j − l̃ + d̃ − μ(d)}.

We define the union of the index sets Ĩ_j := Ĩ^L_j ∪ Ĩ^0_j ∪ Ĩ^R_j .

The left and right boundary functions are refinable, so that alltogether we infer the existence of a refinement operator M̃_{j,0} and write Ξ̃_j := {ξ̃_{j,k} : k ∈ Ĩ_j }, Ξ̃^T_j = Ξ̃^T_{j+1}M̃_{j,0}. (2.23)

We assume that the left and right boundary functions do not overlap. This corresponds to requiring j ≥ ⌈ log_2(l̃ + l̃_2 − 1) + 1 ⌉ =: j_0,

where j_0 is the minimal level.

3This indexing has been chosen because of convenience in implementations of the bases

The same procedure is now carried out for the primal multiresolution sequence. Requiring the same cardinality of the primal basis Ξ_j and defining l := l̃ − (d̃ − d), one arrives at index sets for the functions at the left boundary, the interior and the right boundary: I^L_j = {l − d, . . . , l − 1}, (2.24) I^0_j = {l, . . . , 2^j − l − μ(d)}, (2.25) I^R_j = {2^j − l + 1 − μ(d), . . . , 2^j − l + d − μ(d)}. (2.26)

As before, we define the union of these index sets

I_j := I^L_j ∪ I^0_j ∪ I^R_j .

With α̃^L_{m,r} = ∫ R x^rξ̃(x − m)dx, and α̃^R_{j,m,r} = ∫ R (2^j − x)^rξ̃(x − m)dx, the left and right boundary functions are, for r = 0, . . . , d − 1,

ξ^L_{j,l−d+r} := l−1∑ m=−l_2+1

α̃^L_{m,r}ξ_{[j,m]}|_{[0,1]}, (2.27)

ξ^R_{j,2}j_{−l+d−μ(d)−r} := 2^j −l_1−1 ∑ m=2^j −l−μ(d)+1 α̃^R_{j,m,r}ξ_{[j,m]}|_{[0,1]}. (2.28)

These functions satisfy the same refinability and symmetry properties as their dual counterparts, so that in particular we infer the existence of a refinement operator M_{j,0} so that for Ξ := {ξ_{j,k} : k ∈ I_j }, Ξ^T_j = Ξ^T_{j+1}M_{j,0}. (2.29) At this point, one can prove that the sets

Ξ^′_j := {ξ^L_{j,k} : k ∈ I^L_j } ∪ {ξ_{[j,k]} : k ∈ I^0_j } ∪ {ξ^R_{j,k} : k ∈ I^R_j } (2.30) Ξ̃′_j := {ξ̃^L_{j,k} : k ∈ Ĩ^L_j } ∪ {ξ̃_{[j,k]} : k ∈ Ĩ^0_j } ∪ {ξ̃^R_{j,k} : k ∈ Ĩ^R_j } (2.31)

satisfy the points in the program on page 17, except for the biorthogonality in point (ii). They cannot be expected to be biorthogonal, since only the interior functions, which are of course biorthogonal to each other, have been retained from the biorthogonal bases on R. The idea is to perform a change of basis operation, in that one chooses regular matrices C_j and C̃_j and defines Ξ_j := C_j Ξ^′_j, Ξ̃_j := C̃_jΞ̃^′_j. (2.32) Biorthogonality of Ξ_j and Ξ̃_j is equivalent to

I = (Ξ_j, Ξ̃_j )_{0,[0,1]} = C_j(Ξ^′_j , Ξ̃^′_j )_{0,[0,1]}C̃^T_j , (2.33) which is possible if and only if the Gramian (Ξ^′_j, Ξ̃^′_j)_{0,[0,1]} is nonsingular for each j ≥ j_0 and each choice of d and d̃ as in Subsection 2.2.1. This is indeed the case, and it should be noted that the proof of this fact relies crucially on the properties of B-splines, see [40].

There are several possible choices of the change-of-basis matrices in (2.33), and these choices influence, for instance, the Riesz bounds of the basis. However, since these issues are not within our scope, we shall not treat this any further, only refer to [9] for more information.

Figure 2.2 shows two examples of primal and dual scaling functions. In the left column, the primal and dual scaling functions for d = 2, d̃ = 2 are shown, and in the right column, the primal and dual scaling functions for d = 3, d̃ = 5 are depicted.

Figure 2.2: Primal and dual scaling functions at the boundary.

Remark 2.4.1 An important property of these bases is that the boundary corrections are the same for each level. The only index sets that change their cardinality as the level grows are those corresponding to the interior functions I^0_j and Ĩ^0_j . This ensures the minimal dependence of M_{j,0}, M_{j,1} on j as noted on page 13.

2.4.2 Biorthogonal wavelet bases

Let M_{j,1} be any stable completion of M_{j,0}. Then, as previously mentioned, Υ_j := M_{j,1}Ξ_{j+1}, is a Riesz basis for the complement U_j of S_j in S_{j+1}. Requirements similar to (2.6) for the interval are not automatically fulfilled, but can be realized by employing Proposition 2.3.3 from Section 2.3.

The question of how to find such an initial stable completion remains. In this case, it can be found by a Gaussian elimination procedure applied to the refinement matrix M_{j,0}. We refer to [40],[76] for details.

Note that the Riesz basis property, i.e. the stability over all levels of the basis

Υ := Ξ_{j0} ∪ ⋃ j≥j_0 Υ_j

follows again by fulfilling the assumptions of Theorem 2.3.2. We shall see later (Lemma 2.7.1) that these assumptions are included in the program from the beginning of Subsection 2.4.1, so that Υ above is indeed a Riesz basis for L_2(0, 1).

2.4.3 Boundary adapted wavelets

In this subsection, we describe a procedure from [17], but also found in [76], on how homogeneous boundary conditions can be incorporated in a multiresolution sequence. For a finite set I ⊂ Z, we denote by f(I) the minimal element, and by l(I) the maximal element. For a given scale j, a family of scaling functions Ξ_j and wavelets Υ_j are called boundary adapted if at the points {0, 1}:

(i) Only one basis function is nonvanishing at the points {0, 1} , i.e.

ξ_{j,k}(0) ≠ 0 ⇔ k = f(I_j), ξ_{j,k}(1) ≠ 0 ⇔ k = l(I_j ), η_{j,k}(0) ≠ 0 ⇔ k = f(J_j ), η_{j,k}(1) ≠ 0 ⇔ k = l(J_j ).

(ii) The nonvanishing scaling functions and wavelets take the same value at the boundary:

ξ_{j,f(Ij )}(0) = η_{j,f(Jj )}(0) = c_02^{j/2}, ξ_{j,l(Ij )}(1) = η_{j,l(Jj )}(1) = c_12^{j/2},

where the constants c_0, c_1 are independent of j.

In [17], boundary adapted biorthogonal wavelet bases based on B-splines are constructed.

Given a boundary adapted system Ξ_j, incorporating a homogeneous boundary condition at 0, say, simply amounts to discarding the only scaling function taking a nonzero value there. We introduce a parameter β = (β_0, β_1), where β_i ∈ {0, 1}, i = 0, 1, and β_i = 0 amounts to a homogeneous boundary condition at 0 if i = 0, and a homogeneous boundary condition at 1 if i = 1. Similarly, β_i = 1 denotes that no boundary condition is imposed. This leads to the following definition of index sets:

I^β_j =

I_j β = (1, 1) I_j /f(I_j) β = (0, 1) I_j /l(I_j ) β = (1, 0) I_j /(f(I_j ), l(I_j )) β = (0, 0)

(2.34)

Accordingly we define the biorthogonal multiresolution sequences

S^β_j := span(Ξ^β_j ) := span{ξ_{j,k} : k ∈ I^β_j }, (2.35) S̃^β_j := span(Ξ̃^β_j ) := span{ξ̃_{j,k} : k ∈ I^β_j }. (2.36)

Using (ii) above, we see that incorporating homogeneous boundary conditions at 0, say, in the complement space U_j amounts to replacing the first wavelet η_{j,f(Jj )} and the first dual wavelet η̃_{j,f(Jj )} with, respectively, η_{j,k} := 1 √ 2 (η_{j,f(Jj )} − ξ_{j,f(Ij )}), η̃_{j,k} := 1 √ 2 (η̃_{j,f(Jj )} − ξ̃_{j,f(Ij )}), and finally defining k = f(J_j ). Analogously, boundary conditions can be incorporated at the point 1, and one can define boundary adapted complement spaces, just like in (2.35), (2.36):

U^β_j := span(Υ^β_j ) := span{η_{j,k} : k ∈ J^β_j }, (2.37) Ũ^β_j := span(Υ̃^β_j ) := span{η̃_{j,k} : k ∈ J^β_j }. (2.38)

2.4.4 Periodic wavelets In this subsection, we outline a simple construction of wavelets on the interval, or more specificly, on the torus T = R/[0, 1[, namely periodic wavelets. For a countinuous and compactly supported function f, one can define its periodization f̄ as

f̄(x) = ∑ k∈Z f(x + k).

Obviously, f̄ is well-defined, continuous, bounded, and 1-periodic. It turns out that by periodizing the scaling functions and wavelets, living on levels j ≥ 0, one obtains a biorthogonal Riesz basis for L_2(T). We record:

Theorem 2.4.2 Let ϕ, ψ be compactly supported B-spline scaling functions and wavelets from Section 2.2, and ϕ̃, ψ̃ their duals. Let them generate a biorthogonal wavelet basis for L_2(R). Define for j ≥ 0

Φ̄_j := {ϕ̄_{j,k} : k = 0, . . . , 2^j − 1}, Ψ̄_j := {ψ̄_{j,k} : k = 0, . . . , 2^j − 1} ¯Φ̃_j := { ¯ϕ̃_{j,k} : k = 0, . . . , 2j − 1}, ¯Ψ̃_j := { ¯ψ̃_{j,k} : k = 0, . . . , 2j − 1}

as well as S̄_j := span(Φ̄_j ), ¯S̃_j := span( ¯Φ̃_j ).

The following properties hold:

(i) For j ≥ 0, S̄_j ⊂ S̄_{j+1} and ¯S̃_j ⊂ ¯S̃_j .

(ii) For j ≥ 0, Ψ̄_j is a uniformly stable Riesz basis for S̄_j , and similarly for the dual family.

(iii) For j_0 ≥ 0, the family

Φ̄_{j0} ∪ j−1⋃ s≥j_0 Ψ̄_s

is a Riesz basis for S_j , and similarly for the dual family.

(iv) The sequences {S̄_j }_{j≥0} and {¯S̃_j }_{j≥0} are dense in L_2(T), so that the families

Ψ̄ := Φ̄_{j0} ∪ ⋃ j≥j_0 Ψ̄_j, ¯Ψ̃ := ¯Φ̃_{j0} ∪ ⋃ j≥j_0 ¯Ψ̃_j

are biorthogonal wavelet bases for L_2(T).

The minimal level j_0 is often chosen such that the involved scaling functions and wavelets do not ’wrap around themselves’ by the periodization.

For information on periodic wavelets, see for instance, [78],[43],[54], where the orthogonal case is considered, but an inspection of the proof shows that it carries over to the biorthogonal case without problems.

2.4.5 Differentiation Following [75], we mention that the properties of differentiation treated in Subsection 2.2.1 carry over to the present situation.

Theorem 2.4.3 Let

Ξ^{(1)}_j = {ξ^{(1)}_{j,k} : k ∈ I_j} and Υ^{(1)}_j = {η^{(1)}_{j,k} : k ∈ J_j }, i = 0, 1, (2.39)

be, respectively, systems of univariate scaling functions and wavelets on (0, 1), and define the dual families similarly. Note that the index sets for primal and dual functions are identical. Assume furthermore that Υ^{(1)} ⊂ H^1(0, 1). Then there exists a second system of scaling functions and wavelets

Ξ^{(0)}_j = {ξ^{(0)}_{j,k} : k ∈ I_j} and Υ^{(0)}_j = {η^{(0)}_{j,k} : k ∈ J_j }, i = 0, 1, (2.40)

and similarly for the dual families, such that there exist uniformly sparse matrices D_{j,0} : R^{Ij ×Ij} , D_{j,1} : R^{Jj ×Jj} with the property that d dx Ξ^{(1)}_j = D_{j,0}Ξ^{(0)}_j , d dx Ξ̃^{(0)}_j = −D^T_{j,0}Ξ̃^{(0)}_j , (2.41) d dx Υ^{(1)}_j = D_{j,1}Υ^{(0)}_j , d dx Υ̃^{(0)}_j = −D^T_{j,1}Υ̃^{(1)}_j . (2.42)

By uniformly sparse matrices is meant that the bandwidth is bounded uniformly in j. Explicitly, D_{j,1} = (d_{mn}), d_{mn} = 0 if |n − m| > k, where k is the bandwidth, being independent of j. From the construction of bases on the interval, one infers that the matrices D_{j,0}, D_{j,1} consist of three blocks, as depicted in Figure 2.3: a block D^L describing the boundary corrected functions near the left endpoint, a block D^I describing the interior functions, and a block D^R describing the boundary corrected functions near the right endpoint. The matrices D_{j,0}, D_{j,1} exhibit the level independence described in Remark 2.4.1, since the boundary corrections are the same on all levels, and only the number

D^L

D^R

D^I D_{j,e} =

Figure 2.3: Structure of D_{j,e}, e = 0, 1.

of interior functions change with the level. From (2.12) and (2.14) we infer that the interior blocks have the structure

(D_{j,0})_{k,k}′ = 2^j (δ_{k,k}′ − δ_{k,k}′_{−1}), (D_{j,1})_{k,k}′ = 2^{j+2}δ_{k,k}′ . (2.43)

The uppercase indices (0), (1) will be referred to as smoothness indices, and will be of convenience later. Note that the index sets for the primal scaling functions Ξ^{(1)}_j are the same as those for the primal scaling functions Ξ^{(0)}_j . Suppose that the systems with smoothness index (1) are generated by the B-spline scaling functions from Subsection 2.2.1 as follows:

ξ^{(1)}(x) = ξ_d(x), ξ̃^{(1)}(x) =_{d−1,d̃+1}ξ̃(x) (2.44) η^{(1)}(x) =_dη(x), η̃^{(1)}(x) =_{d−1,d̃+1}η̃(x) (2.45)

then from (2.12) and (2.14) it can be inferred that the systems with smoothness index (0) are generated by

ξ^{(0)}(x) =_{d−1}ξ(x), ξ̃^{(0)}(x) =_{d,d̃}ξ̃(x), (2.46) η^{(0)}(x) =_{d−1}η(x), η̃^{(0)}(x) =_{d,d̃}η̃(x) (2.47)

see [76].

2.5 Tensor product wavelets

From the previously discussed univariate wavelets on Ω ∈ {(0, 1), R, T}, one can construct wavelet bases for function spaces over higher dimensional domains, of which we shall now consider Ω^n ∈ {(0, 1)^n, R^n , T^n} in a tensor product fashion. Apart from understanding (2.48), the contents of this subsection is mainly notational conventions.

We suppose that we have given a biorthogonal multiresolution sequence in L_2(Ω), with corresponding families of univariate scaling functions Ξ_j = {ξ_{j,k} : k ∈ I_j}, Ξ̃_j = {ξ̃_{j,k} : k ∈ I_j }

2.5. TENSOR PRODUCT WAVELETS 25

and wavelets Υ_j = {η_{j,k} : k ∈ J_j }, Υ̃_j = {η̃_{j,k} : k ∈ J_j }. A multiresolution sequence in L_2(Ω^n) is generated by scaling functions on the form ϕ_{j,k}(x_1, . . . , x_n) = n∏ i=1 ξ_{j,ki} (x_i), where k = (k_1, . . . , k_n) and k_i ∈ I_j, and i = 1, . . . , n. Introducing E := {0, 1}^n and E^∗ := E/{0}, the wavelets take for e = (e_1, . . . , e_n) ∈ E^∗ the form ψ_{j,e,k} = n∏ k=1 ζ_{j,ei,ki} (x_i), ζ_{j,ei,ki} (x_i) = { ξ_{j,ki} (x_i), k_i ∈ I_j e_i = 0 η_{j,ki} (x_i), k_i ∈ J_j e_i = 1

. (2.48)

e is called the type parameter. For notational simplicity, we define J_{j,ei} = { I_j , e_i = 0 J_j , e_i = 1 , and J_{j,e} = J_{j,e1} × . . . × J_{j,en} . The dual tensor product scaling functions and wavelets are defined analogously. The various types of basis functions are collected in sets e ∈ {0, 1}^n, Ψ_{j,e} = {ψ_{j,e,k} : k ∈ J_{j,e}}. Note that Ψ_{j,0} corresponds to a pure scaling function basis, and that in dimension n, there are 2^n − 1 types of wavelets. The scaling function or wavelet basis on level j is Ψ_j = ⋃ e∈E Ψ_{j,e}. Later, it will be convenient to consider tensor product bases with factors having different smoothness indices. The smoothness parameter is then a vector s ∈ E, and for some type parameter e ∈ E, J^{(s)}_{j,e} = J^{(s1)}_{j,e1} × . . . × J^{(sn)}_{j,en} . (2.49) We shall write Ψ^{(s)}_j := {ψ^{(s)}_{j,e,k} : k ∈ J^{(s)}_{j,e} }, where, following the notation of (2.48) and Theorem 2.4.3, ψ^{(s)}_{j,k,e} = n∏ i=1 η^{(si)}_{j,ei,ki} . Similarly, we shall indicate tensor products of boundary adapted wavelets with a vector β = (β_1, . . . , β_n) ∈ E (recall the notation in (2.34), J^β_{j,e} = J^{β1}_{j,e1} × . . . × J^{βn}_{j,en} . For notational simplicity, we shall often concatenate indices in the following way: λ = (j, e, k) ∈ J × E × J_{j,e} =: J_j , |λ| = j, (2.50) where J ⊂ Z is the range of levels. We make the general convention that the omission of the level refers to a union over all levels:

J := ⋃ j∈J J_j. (2.51)

Thus we understand that for tensor product wavelets living on a domain Ω ⊂ R^n , the translation parameter, boundary parameter, smoothness index and type index are all n-dimensional vectors of the corresponding parameters for the univariate case.

It is straightforward to see that the properties described in section 2.1 are preserved. Furthermore, from Theorem 2.4.3, we infer the following

Remark 2.5.1 For i ∈ {1, . . . , n} and a smoothness index s ∈ E such that s − δ_i ∈ E, we can write ∂_iΨ^{(s)}_j = D^{(i)}_j Ψ^{(s−δi)}_j

for a uniformly sparse matrix D^{(i)}_j : R^{Jj ×Jj} appropriately composed of the D_{j,0} and D_{j,1} from Theorem 2.4.3. For each level j, D_j has a non-diagonal block, due to univariate scaling functions being factors of multivariate wavelets.

2.6 Wavelets on general domains

In this section, we consider the construction of wavelet bases on domains that can be expressed as a union of ’patches’, i.e. images of the n-dimensional square under appropriate parametric mappings, Ω = m⋃ i=1 Ω_i, Ω_i ∩ Ω_j = ∅, i ≠ j, κ_i : □ → Ω_i, i = 1, . . . , m see figure 2.4. Since the constructions mentioned below are very technical, we shall not go into the somewhat intricate mathematical details, but only sketch some of the underlying ideas, and point out some of their differences, regarding construction principles and applicability.

The idea, followed in [17],[18],[42],[41], consists in taking for each i = 1, . . . , m a wavelet basis on the open n-dimensional unit cube □, and map the basis onto each patch κ_i(□). Homogeneous boundary conditions can be inforced by identifying which part of the patch κ_i(□) (if any) that lies on the boundary of Ω, and identifies on which part of the boundary □ the homogeneous boundary condition must be incorporated in the corresponding wavelet basis. Global continuity requirements are met by stitching together the wavelet bases across interpatch boundaries. Specifically, one identifies two patches κ_i(□) and κ_j (□) with an adjacent edge (or face in 3D), and makes sure that the corresponding wavelet bases on □ are unaltered along the relevant edges (faces) of □, thus making it possible to stitch together the functions across the interpatch boundary.

Certain regularity requirements on the mappings must be assumed, and for each case below, we refer the reader to the corresponding reference. We introduce the non-standard parametrization-dependent inner products on L_2(Ω): ⟨f, g⟩_{0,Ω} := m∑ i=1 (f ∘ κ_i, g ∘ κ_i)_{0,□}. (2.52) κ_1

κ_2

κ_3

Ω

Figure 2.4: The domain Ω as a union of patches

We would like to point out some differences between the approaches of the before mentioned papers. First, the composite wavelet bases approach of [41], where a stable completion approach is employed to arrive at a wavelet basis on Ω with a desired degree of global smoothness. Depending on details of the construction, it applies to H^s(Ω) for −1/2 < s ≤ 3/2, but in some cases, it works for even lower values of s. Secondly, the wavelet element approach of [17], [18], where explicit matching conditions across interpatch boundaries are derived for the scaling functions and wavelets. This approach relies crucially on a norm equivalence of the form ‖f‖^2_Hs ∼ ∑ i ‖f|_{Ωi} ‖^2_Hs_{(Ωi)}, − 1 2 < s ≤ 3 2 . so that this approach also covers a limited range of global smoothness, still, however, governing a wide range of applications. Both of these methods arrive at biorthogonal wavelet bases with respect to the inner product (2.52). Finally, the approach of [42] covers arbitrary s, and gives biorthogonality with respect to the canonical inner product on L_2(Ω), but the construction and analysis is considerably more involved.

It should also be noted that the case of Neumann boundary conditions on all of or a part of the boundary can also be covered, and we refer to the above mentioned papers for details.

2.7 Wavelet-induced norm equivalences

A very useful property of wavelets in connection with efficient numerical solution of PDEs is their ability to characterize normed function spaces, in the sense that one can estimate the norm of a function from above and below by considering the coefficients in the wavelet expansion of the function. We wish in this section to consider wavelet-induced norm equivalences in two ranges of function spaces, namely Sobolev and Besov spaces. For the rest of this chapter, we assume that Ω ⊂ R^n is some domain, for which we have a biorthogonal multiresolution sequence with corresponding biorthogonal scaling function and wavelet bases, all in the space L_2(Ω).

Recall the Jackson and Bernstein inequalities from Theorem 2.3.2. The lemma below relates the Jackson-Bernstein inequalities to smoothness, polynomial exactness, and local support. Again, we postpone the discussion of the Jackson and Bernstein inequalities, referring to Section 3.2.

Lemma 2.7.1 [40] For s < sup{t : Φ_j ⊂ H^t(Ω)}, the Bernstein inequality holds, and similarly for the dual family. If the biorthogonal families Φ_j and Φ̃_j satisfy (i) ‖ϕ_{j,k}‖_{0,Ω}, ‖ϕ̃_{j,k}‖_{0,Ω} ≲ 1, k ∈ J_j, (ii) Φ_j and Φ̃_j are locally finite, in the sense that with σ_{j,k} = supp(ϕ_{j,k}), σ̃_{j,k} = supp(ϕ̃_{j,k}), k ∈ J_j one has #{k^′ ∈ J_j : σ_{j,k} ∩ σ_{j,k}′ ≠ ∅}, #{k^′ ∈ J_j : σ̃_{j,k} ∩ σ̃_{j,k}′ ≠ ∅} ≲ 1, ∀k ∈ J_j, then the families Φ_j and Φ̃_j are uniformly stable. If in addition, Ω is a bounded Lipschitz domain and Π_l(Ω) ⊂ S_j , where Π_l(Ω) is the space of polynomials on Ω of degree at most l − 1, then inf_{vj ∈Sj} ‖v − v_j‖_{0,Ω} ≲ h^l_j ‖v‖_{l,Ω}, v ∈ H^l(Ω) where h_j = sup_{k∈Jj} {diam(σ_{j,k}), diam(σ̃_{j,k})}.

Then, Theorem 2.3.2 gives us the desired wavelet characterization of the Sobolev space. Define the matrix D : R^{J ×J} as D = diag (2^{|λ|}),

so that D^s = diag(2^{|λ|s}), and assume that we have wavelet bases Ψ_j for the complement spaces U_j = (Q_{j+1} − Q_j)S_{j+1}, such that the assumptions of Theorem 2.3.2 are fulfilled. Then the norm equivalence (2.20) can be written as

‖c^T Ψ‖^2_{s,Ω} ∼ ‖D^sc‖^2_{ℓ2(J )} (2.53)

where D^sc ∈ ℓ_2(J ). A duality argument [36],[62] shows that the dual family Ψ̃ is a basis for H^{−s}(Ω) = (H^s(Ω))^′, and induces a norm equivalence

‖c^T Ψ̃‖^2_{−s,Ω} ∼ ‖D^{−s}c‖^2_{ℓ2} , (2.54)

where we note that D^s, being a diagonal transformation, is invertible, when regarded as a biinfinite matrix. These equivalences show that by a appropriate scaling of the L_2-normalized wavelets, one can obtain a Riesz basis for H^s(Ω): ‖c^T D^{−s}Ψ‖^2_{s,Ω} ∼ ‖c‖^2_{ℓ2} , where we write c^T D^{−s}Ψ = ∑ λ c_λd^{−s}_λ ψ_λ for the entries d_λ = (D)_{λ,λ}.

Another way of measuring smoothness of functions is in terms of Besov spaces, see appendix A for their definition. We quote [45]:

Theorem 2.7.2 Let Ω ⊆ R^n be a Lipschitz domain, on which Ψ = {ψ_λ}_{λ∈J} is a wavelet basis for L_2(Ω). For 0 < τ < 2, let 1 τ = s n + 1 2 . Assume that ψ ∈ B^t_τ (L_2(Ω)) for some t > s, and that ψ has r vanishing moments, with r > s. If f = ∑ λ∈J c_λψ_λ ∈ L_2(Ω)

and f ∈ B^s_τ (L_τ (Ω)), then {c_λ}_{λ∈J} ∈ ℓ_τ (J ), and

|f|_Bs_{τ (Lτ (Ω))} ∼ ( ∑ λ |c_λ|^τ )_{1/τ} . Wavelet characterizations are available for a wide range of function spaces, such as Hardy-, Lipschitz-, Triebel-Lizorkin spaces, and the space BMO, see for instance [54], [62], [78].

30 CHAPTER 2. ELEMENTS OF WAVELET THEORY

Chapter 3

Adaptive wavelet methods

As in most applications of wavelets, the efficiency of numerical methods for solution of PDEs, and many other operator equations, rely on the ability of wavelets to represent, or approximate in some sense, functions and operators, in an economical fashion. We focus in this chapter on the adaptive wavelet-based algorithms presented in [25]. These methods exploit the fact that in many cases, wavelet expansions of functions, and wavelet representations of differential operators, are in an appropriate sense, sparse, or compressible. We describe in this chapter the adaptive wavelet-based methods of [25], and the mathematical framework used for the construction and analysis of the adaptive algorithms.

In [25], the authors introduced a new paradigm for the numerical solution of PDEs, which differs significantly from previous, what we shall call classical approaches. Eventually, the introduction of the new paradigm removes some difficulties which can be present when employing the classical approaches.

Essentially, the applicability and efficiency of the methods in [25] rely on three properties. Firstly, the mapping property, which means that a Hilbert space H exists, such that the operator in question is an isomorphism of H onto its dual H^′. Secondly, one must have at hand a wavelet basis inducing a norm equivalence in H. Thirdly, there is the compressibility, meaning that wavelet representation of the operator in question is sufficiently sparse.

The outline of the chapter is as follows. In Section 3.1, we introduce the classical approach to the numerical solution of PDEs, including the concept of a variational formulation of a PDE, the Galerkin method, and its error estimation and convergence analysis. This is done in order to emphasize the main ideas behind the new paradigm presented in [25]. For the sake of perspective and comparison, we outline some fundamental properties of the finite element method, which is widely used in engineering applications, and to which wavelet-based methods are often compared. In Section 3.2, we present some approximation theoretical concepts, such as linear and nonlinear approximation, aproximation spaces and their relationships with interpolation and smoothness spaces, in particular Sobolev and Besov spaces. In Section 3.3 we present the adaptive algorithm of [25], along with its convergence rates and work estimates. Section 3.4 employs the theory of Section 3.2 to relate some of the parameters in the efficiency analysis of the adaptive algorithm to tractable properties of the solution to the PDE (regularity) and the operator (compressibility of wavelet representations).

3.1 The classical approach

We treat in this section the classical approach to the numerical solution of PDEs, for which the following four issues are fundamental:

(i) Formulation of a well-posed variational problem in a Hilbert space H.

(ii) Discretization of the variational problem using a basis for a finite-dimensional subspace of H.

(iii) Well-posedness of the discrete problems, and error analysis.

(iv) Solution of the linear system of equations from (ii).

In this section, we treat these issues in turn. First, we need some preliminaries, which we shall use throughout the chapter. Ω ⊂ R^n is a bounded, Lipschitz domain, unless noted. Let H be a Hilbert spaces over the scalar field K , such that H → L_2(Ω). Each v ∈ L_2(Ω) induces a functional on H, as follows: u ∈ H, u → (u, v)_{0,Ω}. (3.1) One can define the norm ‖v‖_H′ := sup_{‖u‖} H ≤1 |(u, v)_{0,Ω}|, and we can define the space H^′ as the closure of L_2(Ω) in the above norm. H^′ is called the dual space of H with L_2(Ω) as pivot space, or shortly, the dual of H. Note that L_2(Ω) → H^′. Such a triple H, L_2(Ω), H^′ is often called a Gelfand triple in the literature. An example is H = H^1_0 (Ω), H^′ = H^{−1}(Ω). We denote by ⟨·, ·⟩_H′_{×H} the duality form on H^′, but when there is no risk of confusion, we shall just write ⟨, ·, ·⟩_H or ⟨·, ·⟩.

Note here that the Riesz representation theorem considers functionals of the form u ∈ H, H ∋ v → (u, v)_H , i.e. functionals represented by inner product in H, and not in L_2(Ω), as in (3.1).

3.1.1 Variational formulation, well-posedness

Let a(·, ·) : H × H → K be a bilinear form which is continuous and coercive over H, meaning, respectively, that there exist constants c, C such that for any u, v ∈ H, |a(u, v)| ≤ C‖u‖_H ‖v‖_H , (3.2) |a(u, u)| ≥ c‖u‖^2_H . (3.3) By a variational problem we understand a problem of the following form

Problem 3.1.1 Given f ∈ H^′, find u ∈ H such that a(u, v) = ⟨f, v⟩ ∀v ∈ H. The fundamental result on existence and uniqueness, or more generally well-posedness, is the following:

Theorem 3.1.2 (Lax-Milgram) If a(·, ·) is continuous and coercive on H, then Problem 3.1.1 is well-posed, in the sense that for any f ∈ H^′ there exists a unique solution u ∈ H, and a constant C independent of u such that ‖u‖_H ≤ C‖f‖_H′ .

3.1. THE CLASSICAL APPROACH 33

This result states that the operator A : H → H^′, defined by ⟨Au, v⟩ := a(u, v) (3.4) fulfills ‖Au‖_H′ ∼ ‖u‖_H . (3.5) Whenever an operator satisfies (3.5), we say that it satisfies the mapping property. The space (H, a(·, ·)) is traditionally denoted as the energy space, and the norm induced by a(·, ·) the energy norm. For more details, see for instance [68],[12], [11], [21].

3.1.2 Discretization, the Galerkin method

A commonly employed method for the numerical approximation of the solution is the Galerkin method, where one picks a finitely dimensional space H_h ⊂ H, spanned by a basis {v_h}, and considers the following problem.

Problem 3.1.3 Given f ∈ H^′, find u_h ∈ H_h such that a(u_h, v) = f(v) ∀v ∈ H_h. (3.6) The solution u to Problem 3.1.1 is approximated by an expansion u_h in terms of the basis {v_h}. Testing with every element in this basis, i.e. letting v in (3.6) sweep through the basis {v_h}, gives a linear system of equations, yielding the coefficients in the expansion of u_h. The system matrix is usually denoted as the stiffness matrix . One can prove that under the same assumptions as in Theorem 3.1.2, there exists a unique solution u_h ∈ H_h.

3.1.3 Convergence, error analysis

Estimates of the error u − u_h are important for proving convergence and estimating efficiency of Galerkin methods. The method is said to converge if, as the space H_h gets larger, the error tends to zero, when measured in some prescribed norm. The following result, called the Cea lemma, is useful in this respect, since it relates the estimation of the error to the so-called approximation power of the subspace H_h.

Theorem 3.1.4 Assume that a(·, ·) is continuous and coercive on the space H, and let u ∈ H and u_h ∈ H_h be, respectively, the solutions of problems 3.1.1 and 3.1.3. Then ‖u − u_h‖_H ≤ C c inf_{v∈Hh} ‖u − v‖_H , where the constants c, C are those from (3.2) and (3.3).

For a variational problem such as 3.1.1, the well-posedness and the error analysis of the discrete problem follow from the same conditions as the well-posedness of the continuous problem. This is not the case in general, as we shall see in the next chapter on mixed formulations.

Figure 3.1: Examples of meshes

3.1.4 Solution of the linear system

Employing the Galerkin method, one must finally solve a linear system of equations, which is in many cases sparsely populated. The systems are often so large that use of direct methods such as Gaussian elimination, is not recommendable, instead one uses iterative methods, such as for instance conjugate gradients (CG), or other so-called Krylov subspace methods [67], [2], [72], [70]. Unfortunately, one often encounters the problem that as one increases the resolution, i.e. as the subspaces H_h gets larger, the condition number of the stiffness matrix increases. This has a negative impact on the performance of the iterative methods, in that the number of iterations that are necessary in order to produce an approximation up to a prescribed tolerance increases. Several preconditioning techniques exist in order to remedy this situation, see for instance [67], and [35], and the references cited therein.

3.1.5 An example

In the following example, we introduce a well-studied variational problem and discuss some fundamental issues concerning the numerical approximation. We describe some aspects of the finite element method, since it is widely used in engineering problems, and often compared to wavelet-based methods in terms of efficiency.

Example 3.1.5 Suppose Ω ⊂ R^n , n = 2, 3, is bounded and Lipschitz. For f ∈ L_2(Ω), consider the problem −Δu = f on Ω, u = 0 on Γ = ∂Ω.

Multiplying by any v ∈ H^1_0 (Ω) and integrating by parts gives the formulation from Problem 3.1.1 with H = H^1_0 (Ω), a(u, v) = (∇u, ∇v)_{0,Ω}. Continuity is obviously fulfilled, and the Poincare inequality (page 107) ensures coercivity, and hence well-posedness.

The (conforming) finite element method consists in subdividing the domain Ω in subdomains, such as triangles, and together the subdomains comprise a mesh. In standard notation, the mesh size parameter h > 0 gives an estimate of the size of the triangles. On each triangle, one defines in appropriate ways polynomial basis functions, spanning the subspace H_h ⊂ H. The goal is that as h → 0, the approximations from H_h should converge to the exact solution, measured in an appropriate norm. Usually, the mesh is assumed to be uniform, meaning roughly that the ratio between the sizes of largest and smallest triangle is bounded from above and below, independently of h. Such methods will be denoted as uniform methods, and will stand in contrast to adaptive methods, treated later.

Assuming u ∈ H^k(Ω) for some k > 1, and denoting by u_h the approximation obtained from a Galerkin approach, Bramble-Hilbert type arguments [12, section 4.3] produce error estimates for finite element approximation of the form |u − u_h|_{m,Ω} ≤ Ch^{k−m}|u|_{k,Ω}, 0 ≤ m ≤ k. (3.7) The convergence rate, i.e. the decay rate of the error as h → 0, depends on the regularity of the solution, measured in terms of Sobolev space, and the degree of polynomials chosen for the construction of the basis functions. There are many excellent accounts of the Finite Element Method, among these are [11],[12], [21].

3.2 Linear and nonlinear approximation

In this section, we shall follow [45] and formalize the concept of approximation in a Hilbert space setting. We shall distinguish between linear approximation, which is performed in uniform numerical methods, and nonlinear approximation, which is performed in adaptive numerical methods. We shall put particular focus on one type of nonlinear approximation, namely that of N-term approximation with wavelets. We introduce the concept of approximation spaces, being spaces of functions which can be approximated, either linearly or nonlinearly, to a certain accuracy. Within the scope of this thesis, these approximation spaces have, via Jackson-Bernstein inequalities and interpolation spaces, a characterization in terms of smoothness, measured in terms either Sobolev space (linear approximation), or Besov space (nonlinear approximation). Eventually, this will furnish the relation between efficiency of adaptive wavelet-based numerical methods, and regularity of the solution to the PDE.

Approximation in Hilbert space

We define the concept of approximation in a Hilbert space setting as follows. Let X be a Hilbert space over the scalar field K . We consider families of subsets X_n ⊂ X. The parameter n usually describes a characteristic quantity of the subset X_n. If X_n is a subspace, n could be related to its dimension.

We shall assume the following properties of the sets X_n:

(i) X_0 = {0}.

(ii) X_n ⊂ X_{n+1}, n ∈ N.

(iii) aX_n = X_n, a ∈ R, a ≠ 0, n ∈ N.

(iv) X_n + X_n ⊂ X_{cn} for some integer c ≥ 1 independent of n.

(v) Each f ∈ X has a best approximation from X_n, i.e. an element f_n ∈ X_n such that ‖f_n − f‖_X equals E_n(f)_X := inf_{g∈Xn} ‖f − g‖_X . (vi) For any f ∈ X, E_n(f)_X → 0 as n → ∞.

Note that this definition does not require X_n to be linear spaces. Suppose that we wish to approximate a given function f ∈ X called the target function. In the case of linear approximation, the sets X_n are linear spaces and are fixed in advance. In example 3.1.5 of Subsection 3.1, an example of linear approximation was mentioned. In the case of nonlinear approximation, the sets X_n are not linear spaces, and they may depend on the target function.

Let now Ψ be a wavelet basis of X, and consider spaces of the form

Σ_N = { ∑ λ∈I a_λψ_λ : a_λ ∈ K , #I ≤ N}, N ∈ N (3.8) i.e. the space of linear combinations of at most N wavelets. Approximation with functions from Σ_N is called N-term approximation with wavelets. It is a special case of nonlinear approximation. The important aspect of this particular type of approximation is, as noted above, that the selection of wavelet basis functions may depend on the target function. In what follows, we shall denote N as the number of degrees of freedom.

The approximation spaces A^α_q (X)

Letting α > 0, we introduce the approximation spaces A^α_q = A^α_q (X) as the subspace of X for which |f|_Aα_q := {(∑_∞ n=1 (n^αE_n(f)_X )^{q 1}_n )_{1/q} , 0 < q < ∞ sup_{n≥1} n^αE_n(f)_X , q = ∞

is finite. As we shall see later, given some sequence X_n from which approximations are chosen, in a linear or nonlinear fashion, the corresponding approximation space of interest to us has a characterization in terms of smoothness, in the sense of either Sobolev or Besov spaces. It should come as no surprise that the approximation spaces related to nonlinear approximation are significantly larger than the ones related to linear approximation.

Remark 3.2.1 Note that the term approximation space suits both A^α_q , and the sets X_n from which approximands to the target function are chosen. In order to avoid confusion, we speak only of the spaces A^α_q as approximation spaces.

Jackson-Bernstein inequalities, interpolation and approximation spaces

In order to relate the connection between the Jackson and Bernstein inequalities and approximation theory, we need some fundamental concepts from interpolation theory.

Let X, (‖ · ‖_X ) and (Y, ‖ · ‖) be normed linear spaces, with Y → X. For any t > 0, one can define the K-functional as K(f, t) := inf_{g∈Y} ‖f − g‖_X + t|g|_Y where |·|_Y is a seminorm on Y . Hence, one approximates elements from X with elements from Y , but with a penalty term depending on the approximating element from Y . For 0 < θ < 1, 0 < q ≤ ∞, the interpolation space (X, Y )_{θ,q} is defined as the subspace of X for which |f|_{(X,Y )θ,q} := {(∫_∞ 0 ( t^{−θ}K(f, t) )_{q 1} t dt )_{1/q} , 0 < q < ∞, sup_{t>0} t^{−θ}K(f, t), q = ∞ is finite. We can now state the following theorem, borrowed from [45]:

Theorem 3.2.2 If the Jackson inequality E_n(f)_X ≲ n^{−r}|f|_Y , f ∈ Y, n = 1, 2, . . . (3.9) and the Bernstein inequality |g|_Y ≲ n^r‖g‖_X , g ∈ X_n, n = 1, 2, . . . (3.10) hold, then for each 0 < γ < r and 0 < q ≤ ∞, the relation A^γ_q (X) = (X, Y )_{γ/r,q} holds, with equivalent norms.

Interpolation spaces is a well studied area, and hence the characterization of an approximation space is carried out by identifying the two spaces X, Y for which the Jackson and Bernstein inequalities (3.9) and (3.10) hold, and characterizing the corresponding interpolation space. For more information on interpolation spaces, we refer to [10], [60], [74]. In particular, we shall focus on Besov spaces as interpolation spaces.

Often, the parameters γ and r can be thought of as the parameters reflecting the smoothness properties of the spaces, wereas the q is often employed for ’fine tuning’, whenever it is necessary. In (3.13) below, we shall see such an example.

Linear approximation with wavelets

Let Ω ⊂ R^n be an open connected Lipschitz domain. The following characterization of Besov spaces is known [45]:

(L_p(Ω), W^{r,p}(Ω))_{θ,q} = B^{θr}_q (L_p(Ω)), 0 < θ < 1, 0 < q ≤ ∞, (3.11)

with equivalent norms. Consider the case X_j = S_j, where the latter is some multiresolution sequence, for which the Jackson and Bernstein inequalities hold as in Theorem 2.3.2 and Lemma 2.7.1. This is a case of linear approximation in the space L_2(Ω), hence p = 2, and

E_j (f)_{L2} = inf_{g∈Sj} ‖f − g‖_{0,Ω}.

From (3.11) we see that the corresponding approximation spaces are then the Besov spaces B^{θr}_q (L_2(Ω)), for a range of θr depending on the validity ranges of the Jackson and Bernstein inequalities. There is no restriction on q, other than 0 < q ≤ ∞.

Nonlinear approximation with wavelets

Still, Ω ⊂ R^n is an open connected Lipschitz domain. Let us assume that Ψ is a wavelet basis for L_2(Ω), and define Σ_N as in (3.8). Hence we consider nonlinear approximation with wavelets, with E_N (f) = inf_{g∈ΣN} ‖f − g‖_{0,Ω}.

An element g ∈ Σ_N realizing the infimum is called a best N-term approximation. Under the assumptions and with the terminology and use of Theorem 2.7.2, one can prove [45] the Jackson inequality E_N (f) ≲ |f|_Bs_{τ (Lτ (Ω))}N^{−s/n} and the Bernstein inequality f ∈ Σ_N , ‖f‖_Bs_{τ (Lτ (Ω))} ≲ N^{s/n}‖f‖_{0,Ω} for a range of s depending as in Theorem 2.7.2 on the regularity and vanishing moments of the involved wavelets. The corresponding approximation spaces are

A^{γ/n}_q (L_2(Ω)) = (L_2(Ω), B^s_τ (L_τ (Ω)))_{γ/s,q}. (3.12)

For one value of q, namely the one that satisfies 1 q = γ n + 1 2 (3.13)

this approximation/interpolation space is a Besov space, namely

A^{γ/n}_q (L_2(Ω)) = B^γ_q (L_q(Ω)). (3.14)

Characterizing functions that can be approximated to a given accuracy, either in a linear or nonlinear fashion, these results state nothing about how to find, say, a best N-term approximation of a given target function. Indeed, this is the role of the numerical algorithms. These characterizations of approximation spaces provide, along with regularity theory for PDEs, bench marks, to which the performance of numerical algorithms should be compared. The role of regularity theory for PDEs is to give estimates of smoothness of solutions to the PDE, in terms of membership of smoothness spaces, given information about the differential operator, the domain, and the given data.

The smoothness space diagram: advantage of nonlinear approximation

In this subsection, we present a way of graphically visualizing the smoothness spaces just introduced. It is borrowed from the survey by DeVore, [45]. Consider figure 3.2, which consists of the upper right quadrant of a coordinate system. Along the ordinate axis, we depict^1_p for 0 < p < ∞. The corresponding interpretation is to measure smoothness related quantities in the L_p(Ω) metric, i.e. partial derivatives in the case of Sobolev space, and differences in the case of Besov space, see appendix A. Along the abscissa, we depict s, interpreted as a parameter measuring smoothness. Each point (^1_p , s) represents one or more smoothness spaces.

Take the case of linear approximation, and the corresponding interpolation space (3.11), and let p = 2. L_2(Ω) and W^{2,r}(Ω) = H^r(Ω) are associated to the points (^1_2 , 0) and (^1_2 , r), respectively. For each 0 < θ < 1, we associate each family of Besov spaces B^{θr}_q (L_2(Ω)), 0 < q ≤ ∞, to the point (^1_2 , θr). These families of smoothness spaces are in this way identified with the vertical line in figure 3.2 designated L, and so we have depicted the approximation spaces governing linear approximation.

For the case of nonlinear approximation, recall (3.12) and associate B^s_τ (L_τ (Ω)) to the point (^1_τ , s). To each 0 < γ < s, we associate to the point (^1_q , γ) satisfying (3.13) the Besov space B^γ_q (L_q(Ω)), thus forming the line designated NL, and representing the approximation spaces governing nonlinear approximation with wavelets.

The Sobolev imbedding theorem gives information on the size of the approximation spaces. In fact, spaces corresponding to points on and to the left of the line designated NL are imbedded into L_2, the spaces corresponding to the points to the right of the line are not.

1 p

s

B^r_τ (L_τ (Ω)

W^t(L_2(Ω)) B^t_τ (L_τ (Ω)

B^r_q (L_2(Ω)

L NL

1 2 L_2(Ω)

Figure 3.2: Smoothness space diagram

The sequence space ℓ^w_τ (J )

For the analysis of the performance of N-term approximation in various settings, we shall introduce a family of important sequence spaces. Suppose that v ∈ ℓ_2(J ). Let v^∗ = {v^∗_n}_{n∈N} denote a nondecreasing rearrangement of v, i.e. |v^∗_n| ≥ |v^∗_{n+1}|, n ∈ N. For 0 < τ < 2 we define the seminorm |v|_ℓw_{τ (J )} := sup_{n∈N} n^{1/τ} |v^∗_n|, and the space ℓ^w_τ (J ) as the subspace of ℓ_2(J ) for which the norm ‖v‖_ℓw_{τ (J )} := ‖v‖_{ℓ2 (J )} + |v|_ℓw_{τ (J )} is finite. We denote by v_N the first N terms of v^∗, also denoted as a best N-term approximation of v. Such an approximation is not unique. For 0 < τ < 2, ‖v‖_ℓw_{τ (J )} ≤ 2‖v‖_{ℓτ (J )}. A reverse inclusion does not hold, a counterexample is provided by considering a properly ’normalized’ harmonic series. As previously noted, vectors of wavelet coefficients are often sparsely populated. We shall use the ℓ^w_τ (J ) to measure and quantify the sparsity of such vectors. A characterization of the space ℓ^w_τ (J ) is:

Proposition 3.2.3 Fix τ and s such that 1 τ = s + 1 2 . (3.15)

Then v ∈ ℓ^w_τ (J ) if and only if ‖v − v_N ‖_{ℓ2(J )} = O(N^{−s}) and one has the estimate ‖v − v_N ‖_{ℓ2(J )} ≲ N^{−s}‖v‖_ℓw_{τ (J )}.

3.3 The new paradigm

The paper [25] introduced a new paradigm for the numerical solution of operator equations. In this section, we give an outline of the basic underlying ideas, which also provide motivation for the developments later in the thesis.

We consider the variational problem 3.1.1. Both the ’old’ and the new paradigm applies to a larger class of problems, some of which will be treated later, but for the moment, and to keep the presentation simple, we explain the ideas of [25] using Problem 3.1.1.

The new paradigm is concerned with the following issues:

(i) Formulation of a well-posedness variational problem.

(ii) Transformation the original problem into an equivalent, well-posed problem in the sequence space ℓ_2.

(iii) Formulate a convergent iterative scheme in the infinitely dimensional ℓ_2 setting.

(iv) Approximate the action of the involved operators on finitely supported vectors in an adaptive fashion, balancing the dynamically updated approximation errors in order to ensure convergence.

The first point is identical to that of the classical approach. Now we treat the remaining points in turn.

3.3.1 Transformation to the sequence space ℓ_2

We explain now how to transform the variational problem 3.1.1 into a problem posed in Euclidean space, and we adopt the terminology and notation of Section 3.1. We want to emphasize that the scope of problems, which can be treated by the methods of [25], is much larger than variational formulations for elliptic PDEs.

Let A : H → H^′ be generated from a bilinear form a(·, ·) on H × H, as in (3.4), and let it fulfill the mapping property (3.5). Suppose that we have to our disposal a wavelet basis Ψ = {ψ_λ}_{λ∈J} , inducing a norm equivalence of the form

‖c^T Ψ‖_H ∼ ‖Dc‖_{ℓ2(J )}, (3.16)

where D is a diagonal, bi-infinite matrix. Then, by a duality argument [35], [36] we also have that Ψ̃ characterizes H^′, as in (2.54). Given f ∈ H^′, the equation

Au = f in H^′ (3.17)

has a unique solution u ∈ H. Define now the bi-infinite matrix

Ǎ = a(Ψ, Ψ) = (a(ψ_λ, ψ_ν ))_{λ,ν∈J} ,

which we shall call the wavelet representation of the operator A. Define the vector F̌ = (⟨ψ_λ, f⟩)_{λ∈J} . Represent the solution in the given wavelet basis as u = ∑ λ c_λψ_λ, and let Ǔ = (c_λ)_{λ∈J} . Solving now the equation ǍǓ = F̌ would, in general, lead to instability, since Ǎ is unbounded as an operator on ℓ_2(J ). Therefore, we perform the substitutions

A := D^{−1}ǍD^{−1}, U := DǓ, F := D^{−1}F̌ ,

and consider instead the equation AU = F . (3.18)

This strategy gives us the desired ℓ_2 isomorphism, as the following theorem from [36] shows.

Theorem 3.3.1 Under the assumption (3.16), F ∈ ℓ_2(J ). The function u = ∑ λ c_λψ_λ is a solution to (3.17) if and only if U solves (3.18). Furthermore, if A satisfies the mapping property, and a wavelet characterization as in (3.16) of U holds, then A : ℓ_2(J ) → ℓ_2(J ) is an isomorphism, i.e. ‖AU‖_{ℓ2 (J )} ∼ ‖U‖_{ℓ2(J )}. In the terminology of the classical approach and Example 3.1.5, the matrix D^{−1} plays the role of a preconditioner of the matrix Ǎ. This preconditioner is optimal, in the sense that condition numbers of restrictions of Ǎ to finite levels, preconditioned with corresponding sections of the matrix D^{−1}, are uniformly bounded with respect to the level.

The transformation of the original problem into sequence space has the immediate benefit that the task of approximation becomes conceptually simple: Finding the best N-term approximation of the solution U ∈ ℓ_2(J ) with a fixed number of terms N amounts to picking the N largest elements (in magnitude) of U. However, this requires knowledge of all entries in U, which is, of course, not available. The challenge is to construct an algorithm that nevertheless produces the optimal decay in the error of N term approximation. As noted previously, approximation theory and regularity theory for PDEs provides a bench mark for the convergence rate of the adaptive algorithm, and one of the remarkable accomplishments of [25] is the construction of an algorithm producing the optimal error decay.

3.3.2 Iteration in the infinitely-dimensional setting

We assume the existence of some norm ‖ · ‖ equivalent to the ℓ_2 norm: ĉ‖U‖_{ℓ2} ≤ ‖U‖ ≤ Ĉ‖U‖_{ℓ2} , (3.19) and an α > 0 such that ‖I − αA‖ < ρ < 1. (3.20) The norm in (3.20) is the operator norm defined in the usual way. Then it is immediately verified that the Richardson iteration U^0 = 0,

U^{n+1} = U^n + α(F − AU^n), n + 1 → n

converges to U in ℓ_2.

The Richardson iteration is chosen in order to keep the presentation simple. A more efficient performance in practical realizations would be realized by choosing gradient or conjugate gradient iterations, where the parameter α changes its value for each iteration.

3.3.3 Adaptive application of operators

The involved quantities in the iteration above are infinite dimensional, and must be approximated by finite dimensional quantitites in order to do numerical computations. This task is accomplished, in an adaptive fashion, by the following routine: APPLY[η, A, V ] → (W , Λ) determines for a given, finitely supported vector V a vector W , supported on some finite index set Λ ⊂ J such that ‖AV − W ‖ ≤ η. (3.21) For estimates of computational work required for the execution of APPLY, the concept of compressible matrices is important. Similar to the way in which the sequence space ℓ^w_τ quantifies the sparsity of vectors of wavelet coefficients of functions, the compressible matrices quantify the sparsity of matrix representations of differential operators, relative to wavelet bases.

Definition 3.3.2 We shall say that a matrix A ∈ L(ℓ_2(J )) is s^∗-compressible if for every 0 < s < s^∗ and for some summable sequence {α_j }_{j∈N} there exists for every j ∈ N_0 a matrix A_j having at most α_j 2^j nonzero entries per row and column such that ‖A − A_j‖ ≤ α_j2^{−sj} , j ∈ N_0 . The class of s^∗ compressible matrices is denoted by C_s∗ .

In [24], it is proven that when s < s^∗ and s, τ are related by (3.15), then C^∗_s are bounded operators on ℓ^w_τ (J ).

Because of its important role for the adaptive algorithm, and since the role of the Nterm approximation to the adaptive method is clearly displayed, we show below a realization of the algorithm APPLY . For a finite vector V ∈ ℓ_2(J ), we denote by V_2j the best 2^j -approximation of V . For later convenience, write

V_{[j]} := V_2j − V_2j−1 , and V_{[0]} := V_20 .

The idea is to approximate the infinitely supported AV ∈ ℓ_2(J ) by an expression of the form

W_j := A_jV_{[0]} + A_{j−1}V_{[1]} + · · · + A_0V_{[j]}, (3.22)

with the matrices A_j chosen in accordance with Definition 3.3.2. The following error estimate can then be proven:

‖AV − W_k‖_{ℓ2(J )} ≤ c‖V − V_2k ‖_{ℓ2(J )} + k∑ j=0 a_j‖V_{[k−j]}‖_{ℓ2(J )} (3.23)

where the a_j are upper bounds for ‖A − A_j‖ ≤ α_j2^{−sj} . Recall from Lemma 3.2.3 that if V ∈ ℓ^w_τ (J ), then ‖V − V_2k ‖ ≲ 2^{−k}.

Algorithm 3.3.3 APPLY[η, A, V ] → (W , Λ):

(i) Sort the nonzero entries of the finitely supported vector V and form the vectors V_{[0]}, V_{[j]} for j = 0, . . . , ⌊log N⌋, N := #suppV . Define for j > log N V_{[j]} = 0.

(ii) Compute ‖V_{[j]}‖_{ℓ2(J )}, j = 0, . . . , ⌊log N⌋ + 1, and

‖V ‖^2_{ℓ2(J )} = N∑ j=0 ‖V_{[j]}‖^2_{ℓ2(J )}.

(iii) Set k = 0.

(a) Compute the right hand side R_k of (3.23), for the given k. (b) If R_k < η, stop and output k, otherwise k := k + 1, and return to (a).

(iv) For the output k of (iii) and for j = 0, . . . , k, compute nonzero entries in the matrices A_{k−j} which have a column index in common with one of the nonzero entries of V_{[j]}.

(v) For the output k of (iii), compute W_k as in (3.22), and let W := W_k and Λ = suppW . On the efficiency of the APPLY algorithm, we have the following result [25]: Remark 3.3.4 If A is s^∗ compressible, then for s < s^∗ and s, τ related by (3.15), the following holds. For any given tolerance η > 0 and any vector V with finite support, the output W_η , Λ_η of APPLY[η, A, V ] has the following properties: There exists a constant C > 0 (depending on s as it tends to ∞) such that

(i) The size of the output Λ_η is bounded by #(Λ_η) ≤ C‖V ‖^{1/s}_{ℓwτ (J )}η^{−1/s}. (ii) The number of arithmetic operations needed to compute W_η does not exceed C ( η^{−1/s}‖V ‖^{1/s}_{ℓwτ (J )} + N ) , where N = #suppV .

(iii) The number of sorting operations needed to compute W_η does not exceed CN log N. (iv) The output vector W_η satisfies ‖W ‖_ℓw_{τ (J )} ≤ C‖V ‖_ℓw_{τ (J )}.

An operator A for which an APPLY routine can be devised, with the properties of the above remark, is said to be s^∗-admissible. Hence s^∗-compressible operators are clearly s^∗-admissible.

3.3.4 The adaptive algorithm We assume that the following routines are at our disposal: RHS[η, F ] → (F_η, Λ) determines for a positive tolerance η a finitely supported sequence F_η with support Λ ⊂ J such that ‖F − F_η‖ ≤ η. (3.24) COARSE[η, W ] → (W , Λ) determines for a finitely supported W an approximation W such that ‖W − W ‖ ≤ η.

Without displaying the details of COARSE, its role is to approximate a given finitely supported vector by discarding insignificant (small in magnitude) entries, eventually ensuring better complexity estimates.

Let us now display the adaptive algorithm^1.

Algorithm 3.3.5

(i) Initialization: Fix the target accuracy ε and set

U^0 = 0, Λ_0 = ∅, ε_0 = c^{−1}_M Ĉ‖F ‖_{ℓ2} , j = 0.

(ii) if ε_j ≤ ĉε, stop and accept U^j as solution. Otherwise, set V^0 = U^j.

(ii.1) For l = 0, . . . , K − 1, compute RHS[ρ^lε_j , F ] → (F_l, Λ_{l,F} ) APPLY[ρ^lε_j, A, V^l] → (W^l, Λ_{l,A}) as well as V^{l+1} = V^l + α(F_l − W^l).

(ii.2) Apply COARSE[ε_j , V^K ] → (U^{j+1}, Λ_{j+1}), set ε_{j+1} = ε_j /2, j + 1 → j, and go to (ii).

Under the assumptions (3.19),(3.20),(3.24), (3.21) the algorithm is proven to converge [25, prop. 4.2], in that the error ‖U − U‖ decreases with a fraction^1_2 for each iteration over j.

3.3.5 Convergence rates and work estimates In this subsection, we present the concepts used for the analysis of the adaptive wavelet-based algorithm. Assumptions on certain parameters are mentioned, but their relation to wavelet bases and other concepts is postponed until the next section.

The following properties will be assumed on RHS.

Assumption 3.3.6 There exists some s^∗ > 0 such that, whenever for some positive s < s^∗ the solution U to equation (3.18) belongs to ℓ^w_τ (J ) with τ according to (3.15), then, for any η > 0, the output (F_η, Λ_η) of RHS[η, F ] satisfies ‖F_η‖_ℓw_{τ (J )} ≤ C‖F ‖_ℓw_{τ (J )}, and #(Λ_η ) ≤ C‖F ‖^{1/s}_{ℓwτ (J )}η^{−1/s}, where A depends only on s when s tends to infinity. Moreover, the number of arithmetic operations needed to compute F_η remains proportional to #(Λ_η), and the number of sort operations stays bounded by some fixed multiple of #(Λ_η) log(#(Λ_η )).

On the calculation of entries in the matrix A, we have

1Recall the constants in (3.19)

3.4. WAVELETS, EFFICIENCY AND REGULARITY 45

Assumption 3.3.7 Each entry in A is computable at unit cost.

The main result of [25] is the following:

Theorem 3.3.8 Let A be an isomorphism on ℓ_2(J ), let F ∈ ℓ_2(J ), and consider the equation AU = F . Assume (3.19),(3.20), and the properties of RHS around equation (3.24), and make moreover the Assumptions 3.3.6, 3.3.7. Then Algorithm 3.3.5 converges, that is, given any accuracy ε > 0 to the solution U of (3.18), the algorithm produces after a finite number of steps an approximation U such that ‖U − U‖_{ℓ2} ≤ ε. Moreover, if, for some s^∗, A is s^∗-compressible, assumption 3.3.6 hold for s^∗, and if U has an error of best N-term approximation of O(N^{−s}) for some s < s^∗, then

(i) The support size of U is bounded by #suppU (ε) = #Λ(ε) ≤ C‖U‖^{1/s}_{ℓwτ (J )}ε^{−1/s}, where C depends on s, and on the involving constants.

(ii) One has ‖U ‖_ℓw_{τ (J )} ≤ C‖U‖_ℓw_{τ (J )}, with C independent on ε.

(iii) The number of arithmetic operations needed to compute U is bounded by Cε^{−1/s} arithmetic operations and Cε^{−1/s}| log ε| sort operations with C as above.

This theorem displays the work balance of the algorithm, i.e. how the decay of error and the amount of computational work depends on N = #Λ, where Λ is the support of the produced approximation U, i.e. the set of involved degrees of freedom. Firstly, as N increases, the error decays as N^{−s}, where s depends on the compressibility of the operator A, the s^∗ in assumption 3.3.6, and the sparsity of U, i.e. to which ℓ^w_τ space it belongs. The latter will in the next section be related to a regularity measure of the solution of the underlying PDE. Note also what is called the asymptotical optimality of the algorithm, i.e. it realizes the optimal convergence rate as N → ∞, while requiring the lowest possible (O(N)) floating point operations.

3.4 Wavelets, efficiency and regularity

In this section, we investigate further the properties of wavelets that relate to the approximation theoretical concepts and assumptions discussed in the previous section.

Regularity of solution, decay rate of error

The role of regularity theory of PDEs is, given information on the differential operator, the given data, and the domain, to state smoothness properties of solutions, in terms of appropriate smoothness spaces, in particular parameters describing the smoothness in an appropriate sense. When this is known, one can relate it to numerical methods, and if these are efficient, one can prescribe an optimal convergence rate. Recall, for instance, the discussion in Example 3.1.5.

We shall now relate the convergence rate of Algorithm 3.3.5 to the smoothness of the solution of the PDE in question. The assumption in Theorem 3.3.8 that ’U has an error of best N-term approximation of O(N^{−s}) for some s < s^∗’, i.e. U ∈ ℓ^w_τ (J ), relates to smoothness properties of the solution u of Problem 3.1.1, measured in terms of Besov space. The connection is Proposition 3.2.3 stating that U ∈ ℓ^w_τ (J ) ⊂ ℓ_τ (J ), and Theorem 2.7.2, connecting ℓ_τ (J ) to the scale of Besov spaces B^s_τ (L_τ (Ω)).

To be more specific, consider Problem 3.1.1 posed in the energy space H = H^t(Ω). We can express the solution u = č^T Ψ,

where we assume that Ψ fulfills the assumptions of Theorems 2.3.2 and 2.7.2. From Theorem 3.3.1, the output of the algorithm is finite approximations to the scaled vector U = Dč, with D = diag(2^{t|λ|}). Via Theorem 2.7.2, it can be proven that if U ∈ ℓ_τ (J ), which by Proposition 3.2.3 follows from the above assumption, then

u = č^T Ψ ∈ B^{sn+t}_τ (L_τ (Ω)). (3.25)

Hence, functions belonging to B^{sn+t}_τ (L_τ (Ω)) have scaled wavelet coefficients in ℓ_τ (J ), with the assumed decay O(N^{−s}) in ℓ_2(J ) of best N-term approximation, thus fulfilling the above mentioned assumption of Theorem 3.3.8. This corresponds to an error decay of O(N^{−s}) of u − D^{−1}U^T_N Ψ, measured in the energy norm of H^t(Ω), where U_N is an approximation to U with N nonzero entries. If one measured the error in the weaker norm L_2(Ω), the decay would, of course, be considerably faster.

Whether the use of an adaptive method is recommendable, can now (in principle) be determined by regularity theory of PDEs. Thereby, one (ideally) obtains information about the maximal Sobolev smoothness parameter s_S such that the solution u ∈ H^{sS} (Ω), and the maximal Besov smoothness parameter s_B such that u ∈ B^{sB}_τ (L_τ (Ω)). If s_B >> s_S, then the use of an adaptive method is suggested, since it would produce higher convergence rates than a linear method.

Compressibility

On compressibility of wavelet representations of operators, one has the following result, which can be found in [24]:

Proposition 3.4.1 Let A be a wavelet representation of an operator, so that |A_{λ,λ}′ | ≲ 2^{−||λ|−|λ′||σ} ( 1 + 2^{min(|λ|,|λ′|)}dist(σ_λ, σ_λ′ )

)_β (3.26)

where σ_λ = suppψ_λ. For

s^∗ := min { σ n − 1 2 , β n − 1 } , the matrix A is s^∗-compressible.

3.5. FINAL REMARKS 47

In the literature, wavelet realizations that satisfy (3.26) for some σ > n/2 and β > n are said to be quasi-sparse. Wavelet realizations of a wide range of operators are known to be quasi-sparse, see [39], [35], and the references therein. In general, σ depends on the regularity of the wavelet basis, and β depends on the order of the underlying operator, the spatial dimension n of the domain Ω, and the order of vanishing moments of the wavelet basis.

As an example [23],[39], take a wavelet basis Ψ for H^1_0 (Ω), Ω ⊂ R^n , and consider the wavelet representation of the Laplacian: Ǎ = (∇Ψ, ∇Ψ). With the matrix D^{−1} from (2.54), define A := D^{−1}ǍD^{−1}. Suppose that ∇ψ_λ has m^′ vanishing moments, such that for any vector valued function P with components being polynomials of order m^′, (P, ∇ψ_λ)_{0,Ω} = 0. Then, for |λ| ≥ |λ^′|, (∇ψ_λ, ∇ψ_λ′ )_{0,Ω} = ((∇ψ_λ′ − P ), ∇ψ_λ)_{0,Ω} ≤ ‖∇ψ_λ‖_{1,Ω}‖∇ψ_λ′ − P ‖_{∞,σλ} . where σ_λ = supp(ψ_λ). If σ^′ > 0 is the Hölder continuity exponent [31] of ∇ψ_λ′ , one can estimate ‖∇ψ_λ′ − P ‖_{∞,σλ} ≲ 2^{−|λ|σ′} 2^{|λ′|(1+σ′)}2^{n2 |λ′|}, ‖∇ψ_λ‖_{1,Ω} ≲ 2^{−n|λ|}2^{n2 |λ}2^{|λ|}, and from this the estimate 2^{−(|λ|+|λ′|)}|(∇ψ_λ, ∇ψ_λ′ )| ≲ { 2^{(σ′ +n/2)(|λ|−|λ′|)}, if σ_λ ∩ σ_λ′ ≠ ∅ 0, if σ_λ ∩ σ_λ′ = ∅

(3.27)

follows, where σ_λ′ = supp(ψ_λ′ ). Consequently, the matrix A satisfies Proposition 3.4.1 for σ = σ^′ + n/2 and any β. We emphasize that the scaled matrix A is compressible, whereas the unscaled matrix Ǎ is not.

3.5 Final remarks

We conclude by some comments on the methods described above, compared to other methods. As mentioned earlier, in an adaptive finite-element contexts, a significant ingredient is that of an a-priori error estimator, the role of which is to estimate the approximation error locally, in order to obtain information about which basis functions are needed in order to improve the current approximation. The methods described above do not make use of a-posteriori error estimators. The reason is the employment of the new paradigm, where the adaptivity does not enter through a-posteriori error estimates, but in the adaptive approximation of the action of an operator on an infinitely-dimensional space to a finitely supported vector, taking place in the routine APPLY.

Also, the connection between on one hand the performance of the algorithm, i.e. convergence speed and work balance, and on the other hand tractable properties of the underlying problem, namely the compressibility of wavelet realizations of the operator in question, and the regularity of the wavelet bases employed, and the regularity of the solution, measured in terms of a scale of Besov spaces, deserves to be emphasized.

It should be mentioned that regularity theory of PDEs that measure smoothness in the range of Besov spaces relevant for the adaptive wavelet-based methods is not that well studied. We can refer to regularity studies of the Laplace problem [56], and the Stokes problem [33].

Once more, we would like to stress that the applicability of the adaptive wavelet-based method of [25] is not restricted to variational problems of the type 3.1.1, but also applies to systems of variational problems, such as saddle point problems, a wide range of integral equations, and transport problems, see [25].

48 CHAPTER 3. ADAPTIVE WAVELET METHODS

Chapter 4

Saddle point formulations of boundary value problems

A saddle point formulation of a boundary value problem is a variational formulation of a PDE that employs two or more bilinear forms, defined on appropriately chosen Hilbert spaces. One of the bilinear forms represents the operator in question, such as for instance the Laplacian in example 3.1.5. The other bilinear form(s) can be employed in order to impose additional constraints, which could be necessary or convenient for a given situation.

This chapter introduces the concept of a saddle point formulation, and outlines the theory governing well-posedness and discretizations of such formulations, which can be found in detail in [13], [11]. In particular, we focus on one particular formulation, namely the Fictitious Domain formulation. In short, the Fictitious Domain formulation offers a simple and attractive alternative in situations where one faces a difficult task in constructing bases over geometrically complicated and/or moving domains, or incorporating complicated boundary conditions in basis functions. Recall for instance the discussion in Section 2.6.

4.1 Saddle point formulations

We adopt in this section the framework and terminology of Section 3.1. Let H and M be Hilbert spaces, subspaces of L_2, with L_2 duals H^′ resp. M^′. Let a(·, ·) : H × H → K and b(·, ·) : H × M → K be continuous bilinear forms, where in this section, K = R. Define the three operators A ∈ L(H, H^′), B ∈ L(H, M^′) and B^′ ∈ L(M, H^′) as follows ⟨Au, v⟩_H′_{×H} := a(u, v), ⟨Bu, p⟩_M ′_{×M} := b(u, p), ⟨u, B^′p⟩_{H×H}′ := b(v, p). A saddle point problem is a variational problem of the following form.

Problem 4.1.1 Given f ∈ H^′ and g ∈ M^′ in the range of B, find (u, p) ∈ H × M, such that a(u, v) + b(v, p) = ⟨f, v⟩ ∀v ∈ H, (4.1) b(u, q) = ⟨g, q⟩ ∀q ∈ M. (4.2)

Written in operator form, it reads as follows: LU := ( A B^′ B ) ( u p ) = ( f g ) in H^′ × M^′. (4.3)

4.1.1 Well-posedness The fundamental result on well-posedness of mixed formulations is the following theorem, due to Brezzi [13]:

Theorem 4.1.2 If the inf-sup conditions inf v∈ker(B) sup u∈ker(B) |a(u, v)| ‖u‖_H ‖v‖_H ≥ α > 0 , (4.4) inf u∈ker(B) sup v∈ker(B) |a(u, v)| ‖u‖_H ‖v‖_H ≥ α > 0 , (4.5)

inf_{p∈M} sup_{u∈H} |b(u, p)| ‖u‖_H ‖p‖_{M/ker(B}′_) ≥ β > 0 (4.6)

hold, then Problem 4.1.1 is well-posed in the sense that the operator L induces an isomorphism of H × M/ker(B) onto its dual H^′ × (M/ker(B))^′.

Remark 4.1.3 It should be noted that coercivity of a(·, ·) on H is not required for the inf-sup conditions (4.4),(4.5) to hold; coercivity on the kernel of B suffices.

The inf-sup conditions (4.4), (4.5), (4.6) are equivalent to, respectively, the restriction of A to ker(B) being onto, being one-to-one, and Ran(B) being closed in M^′.

Note that well-posedness in this sense only implies uniqueness of the solution up to addition of elements in ker(B^′), which is nontrivial if and only if B is not onto. If B is onto, then the solution of Problem 4.1.1 is unique in H × M. Hence the claim of Theorem 4.1.2 can be stated as ‖U‖_{H×M} ∼ ‖LU‖_H′_{×M} ′ . (4.7) This is the mapping property for saddle point problems.

Well-posedness over the complex scalar field In [13], well-posedness is proven in the case where the scalar field K = R. Since we shall later consider the case K = C , we present the ingredients necessary to prove well-posedness in this case as well. An inspection of the proof in [13, p. 26-42] reveals that the claim follows from the Riesz representation theorem, the Lax-Milgram theorem (both theorems hold for K = C ), and the following

Proposition 4.1.4 Let H, Q be Hilbert spaces, and let B ∈ L(H, Q^′) and B^′ ∈ L(Q, H^′). The following assertions are equivalent:

(i) Im(B) is closed in Q^′.

(ii) Im(B^′) is closed in H^′.

4.1. SADDLE POINT FORMULATIONS 51 (iii) (Ker(B))^⊥ = Im(B^′). (iv)^⊥(Ker(B^′)) = Im(B).

(v) ∃k > 0 such that for any g ∈ Im(B) there is a v_g ∈ H such that Bv_g = g and ‖v_g‖_V ≤ k‖g‖_Q′ . (vi) ∃k > 0 such that for any g ∈ Im(B^′) there is a v_g ∈ Q such that Bv_g = g and ‖v_g‖_Q ≤ k‖g‖_H′ . To see that this proposition is equally valid for K = C , we cite four classical theorems from functional analysis, valid for the complex case, and from which the proposition can easily be inferred. For proofs, see for instance [69]. Still supposing that H and Q are Hilbert spaces, hence reflexive, we let R and S be subspaces of H and H^′, respectively, where H^′ is the dual of H. Define R^⊥ := {v^′ ∈ H^′ : ⟨v, v^′⟩ = 0 ∀v ∈ R}, (4.8) ⊥S := {v ∈ H : ⟨v, v^′⟩ = 0 ∀v^′ ∈ S}. (4.9) Theorem 4.1.5 R^⊥ is weak-star closed in H^′, and^⊥S is norm closed in H.^⊥(R^⊥) is the norm closure of R in H, and (^⊥S)^⊥ is the weak-star closure of S in H^′. Theorem 4.1.6 If X, Y are Banach spaces, and T ∈ L(X, Y ), then the following assertions are equivalent:

(i) Im(T ) is closed in Y .

(ii) Im(T^′) is weak-star closed in X^′. (iii) Im(T^′) is norm closed in X^′.

An operator T mapping a Banach space X into another Banach space Y is called open if for each open U ⊂ X, T (U) is open in Y .

Theorem 4.1.7 If X, Y are Banach spaces, and T ∈ L(X, Y ) is onto, then T is open, and there exists a k > 0 such that for each f ∈ Y there exists a v ∈ X with T v = f and ‖v‖_X ≤ k‖f‖_Y . Theorem 4.1.8 If X, Y are Banach spaces and T ∈ L(X, Y ), then Ker(T^′) = (Im(T ))^⊥, ker(T ) =^⊥Im(T^′) (4.10) Employing (4.8), (4.9), and the four theorems just mentioned, one easily proves Proposition 4.1.4.

By definition of the dual norm, the absolute value of a(·, ·) and b(·, ·) in the conditions (4.4)-(4.6) is necessary in the complex case, whereas it is obviously not necessary in the real valued case.

4.2 Discretization, well-posedness and error analysis

For the numerical approximation of the solution of a saddle-point problem, we introduce

Problem 4.2.1 Let H_h and M_h be finite dimensional subspaces of H and M, respectively. Given (f, g) ∈ H^′ × M^′, find (u_h, p_h) ∈ H_h × M_h such that a(u_h, v) + b(v, p_h) = ⟨f, v⟩ ∀v ∈ H_h, (4.11) b(u_h, q) = ⟨g, q⟩ ∀q ∈ M_h. (4.12) On well-posedness, we have the following proposition [13, p.52]:

Proposition 4.2.2 Assume that {v_h ∈ H_h : b(v_h, q_h) = ⟨g, q_h⟩_M , ∀q_h ∈ Q_h} ≠ ∅, and that (4.4) holds with ker(B) replaced by

ker(B_h) := {v_h ∈ H_h : b(v_h, q_h) = 0 ∀q_h ∈ M_h}.

The Problem 4.2.1 has a unique solution (u_h, p_h) ∈ H_h × Q_h/ker(B_h).

A Cea-type result holds for the error estimates in this case as well [13].

Theorem 4.2.3 Suppose that the so-called discrete LBB condition holds, i.e. that (4.4), (4.5), (4.6) hold with H, M, , ker(B), ker(B^′) replaced by, respectively, H_h, M_h, ker(B_h) defined above, and

ker(B^′_h) := {q_h ∈ M_h : b(v_h, q_h) = 0 ∀v_h ∈ H_h}.

Then ‖u − u_h‖_H + ‖p − p_h‖_M ≤ C ( inf_{v∈Hh} ‖u − v‖_H + inf_{q∈Mh} ‖p − q‖_M ) .

Remark 4.2.4 Bearing in mind the issues of the classical approach to the numerical solution of PDEs, see Subsection 3.1, we see that for saddle point formulations, the conditions that ensure well-posedness of the variational problem do not suffice in order to ensure well-posedness in the discrete setting, i.e. convergence.

It should also be noted that for the solution of the system of equations arising from a discretization of a saddle-point formulation, methods such as the conjugate gradients (CG) algorithm cannot be used directly, since such systems are only indefinite. Instead, one can apply the so-called Uzawa algorithm, which essentially performs a conjugate gradient method on the so-called Schur complement of the system matrix. We get back to this later, in Section 4.4.

4.3. FICTITIOUS DOMAIN-LAGRANGE MULTIPLIER FORMULATION 53

4.3 Fictitious Domain-Lagrange Multiplier formulation

The Fictitious Domain-Lagrange Multiplier formulation is an example of a saddle point formulation of a boundary value problem, in which the physical domain Ω ⊂ R^n is imbedded into a larger, simpler domain □, which we choose as an n-dimensional cube. Boundary constraints are imposed weakly, using the bilinear form b(·, ·). Taking this approach, one avoids both incorporating boundary constraints in the test- and trial spaces, and adapting basis functions for test- and trial spaces to the underlying domain. Furthermore, the treatment of the operator and the boundary constraints are in a convenient way ’separated’, since, for instance, the cases of moving boundaries and/or changing boundary conditions only affects b(·, ·) and/or the right hand side denoted by g in Problem 4.1.1, and neither the underlying spaces H, M, nor subspaces for the discretization.

We explain the Fictitious Domain formulation by considering a boundary value problem posed in H^1(Ω). Let Δ be the Laplacian, and let us consider the following problem:

Problem 4.3.1 Given f ∈ L_2(Ω) and g ∈ H^{1/2}(Γ), solve

Δu = f on Ω, (4.13) u = g on Γ. (4.14)

Integration by parts applied to ∫ Ω Δuvdx for u, v in, say, C^2(Ω) yields a boundary term, because of the non-homogeneous boundary condition (4.14). Denote by B : H^1(Ω) → H^{1/2}(Γ) the trace operator. Following [38], we define

a(u, v) : = (∇u, ∇v)_{0,Ω}, u, v ∈ H^1(Ω) (4.15)

b(u, q) : = ⟨Bu, q⟩_H1/2_{(Γ)}, u ∈ H^1(Ω), q ∈ (H^{1/2}(Γ))^′, (4.16)

and thereby Problem 4.3.1 is recast into

Problem 4.3.2 Given f ∈ L_2(Ω) and g ∈ H^{1/2}(Γ), find (u, p) ∈ H^1(Ω) × (H^{1/2}(Γ))^′ such that a(u, v) + b(v, p) = (f, v)_{0,Ω} ∀v ∈ H^1(Ω) b(u, q) = ⟨g, q⟩_H1/2_{(Γ)} ∀q ∈ (H^{1/2}(Γ))^′.

Now, let Ω be imbedded in □. Thus, the bilinear form a(·, ·) acts on functions in H^1(□), which we emphasize by writing a(·, ·)_□, and the right hand side must be extended to f_□ ∈ L_2(□). The Fictitious Domain formulation of Problem 4.3.2 reads

Problem 4.3.3 Given f_□ ∈ L_2(□) and g ∈ H^{1/2}(Γ), find (u, p) ∈ H^1(□) × (H^{1/2}(Γ))^′ such that a(u, v)_□ + b(v, p) = (f_□, v)_{0,□} ∀v ∈ H^1(□) b(u, q) = ⟨g, q⟩_H1/2_{(Γ)} ∀q ∈ (H^{1/2}(Γ))^′.

It has been shown in [49], that a solution (u, p) of Problem 4.3.3 provides, if it exists, by restriction of u to Ω a solution to Problem 4.3.2. We emphasize once more the separation of the differential operator from the boundary constraints, which is now apparent from Problem

Ω

□

Γ = ∂Ω

Figure 4.1: The Fictitious Domain-Lagrange Multiplier method

4.3.3. Another remarkable feature of the Fictitious Domain formulation is that it allows the use of periodic functions on □.

For a practical realization of the Fictitious Domain formulation, one imposes the boundary constraints in the case of a smooth boundary Γ by taking a parametrization κ : [0, 1[→ Γ, and employing periodized wavelets and scaling functions on the real line. For a piecewise smooth boundary, one can take wavelets adapted to each piece, based on the constructions in Section 2.4, and provide the necessary matching conditions across the endpoints, as described in Section 2.6.

Even though we focus on boundary constraints in this section, other constraints can be imposed weakly as well, with obvious modifications. The rest of this section is devoted to reviewing known results of well-posedness of Fictitious Domain Formulations.

4.3.1 Well-posedness of Fictitious Domain Formulations

The material below is borrowed from [57], and is outlined here for the sake of completeness. Let Γ = ∂Ω, and let B : H(Ω) → M(Γ) be a given, bounded trace operator on H(Ω), where M(Γ) is the space of traces of H(Ω) functions, equipped with the norm ‖·‖_{M(Γ)}. It is often the case that to any trace h ∈ M(Γ), there exists an f ∈ H(Ω) with f|_Γ = h and ‖f‖_H ≲ ‖h‖_M with constants independent of h. This property allows the definition of a bounded right inverse B^{−1} to B, which is called a continuous lifting. We shall also need a bounded extension operator E : H(Ω) → H(R^n ). The bilinear form b(·, ·) : H(□) × M(Γ)^′ → K is defined as in (4.16). The following lemma from [57] will be useful later when considering well-posedness of the Fictitious Domain-Lagrange Multiplier formulation.

Lemma 4.3.4 Suppose that the bounded trace operator B : H(Ω) → M(Γ) admits a continuous lifting, and that there exists a bounded extension operator E : H(Ω) → H(R^n ). Then the inf-sup condition (4.6) holds, i.e. there exists a constant c > 0 such that inf p∈M(Γ)^′ sup u∈H(□) |b(u, p)| ‖p‖_{M(Γ)}′ ‖u‖_{H(□)} > c.

Proof: Let any p ∈ M(Γ)^′ be given. Using that B is onto, and the continuous lifting and extension operators, we get ‖p‖_{M(Γ)}′ = sup_{q∈M,q≠0} |⟨q, p⟩_{M×M} ′ | ‖q‖_{M(Γ)} = sup u∈H(Ω), u≠0 |⟨Bu, p⟩_{M×M} ′ | ‖Bu‖_{M(Γ)} ≲ sup u∈H(□), u≠0 |b(u, p)| ‖u‖_{H(□)} .

We should stress that the choice of extension of the right hand side is of course not unique. Once it is fixed, there is, under appropriate assumptions, a unique solution, as noted in the following theorem that follows from Lemma 4.3.4 and Theorem 4.1.2.

Theorem 4.3.5 Assume

(i) There is a bounded trace operator B : H(Ω) → M(Γ) with a continuous lifting.

(ii) There is a continuous extension operator E : H(Ω) → H(R^n )

(iii) The bilinear form a(·, ·) : H(□) × H(□) → K is bounded and coercive on the kernel of B. Then Problem 4.3.3 is well-posed, and the mapping property ‖U‖_{H×M} ′ ∼ ‖LU‖_H′_{×M} holds.

For more material on Fictitious Domain methods, we refer to works by Glowinski et.al, for instance [52], [51], [50]. We also note that in the classical setting, the discrete LBB condition can be realized by employing a coarser resolution on Γ than on Ω, see [38].

4.4 Adaptive wavelet methods for saddle point problems

We turn now to the generalization of the adaptive wavelet-based method of sections 3.3 and 3.4 to saddle point problems. The main goal is still to transform the saddle point problem to a well-posed problem in the Euclidean metric, which can be solved adaptively with an algorithm based on the Uzawa algorithm mentioned earlier in this chapter. The main sources of this section are [25] and [32].

4.4.1 Transformation to sequence space We explain in this section how to transform a saddle point formulation as in Problem 4.1.1 or in (4.3) into a well-posed problem in the Euclidean metric. Let H and M be Hilbert spaces. Suppose that a(·, ·) : H × H → R is symmetric and continuous, and let moreover b(·, ·) : M ×H → R be continuous. Note that in this section, we let, for later convenience, b(·, ·) be defined on M × H, and not as in Section 4.1, and in the literature in general, H × M. We assume that we have to our disposal wavelet bases Ψ_H = {ψ_{H,λ}}_{λ∈JH} and Ψ_M = {ψ_{M,λ}}_{λ∈JM} for the spaces H and M, inducing the following norm equivalences: ‖ ‖c^T Ψ_H ‖ ‖_H ∼ ‖D_H c‖_{ℓ2(JH )}, ‖ ‖d^T Ψ_M ‖ ‖_M ∼ ‖D_M d‖_{ℓ2(JM )}, for some diagonal transformations D_H and D_M . Equivalently, and following the notation of [32], this can be restated as ‖ c^T D^{−1}_H Ψ_H ‖ H ∼ ‖c‖_{ℓ2(JH )}, (4.17) ‖ ‖d^T D^{−1}_M Ψ_M ‖ ‖_M ∼ ‖d‖_{ℓ2 (JM )}, (4.18)

where we write c^T D^{−1}_H Ψ_H := ∑ λ∈J_H c_λd^{−1}_{H,λ}ψ_{H,λ} where d_{λ,H} are the entries in the diagonal matrix D_H . Following [32], we can now state

Theorem 4.4.1 Consider Problem 4.1.1, and make the following assumptions:

(i) Ψ_H and Ψ_M are wavelet bases for H and M, respectively, such that norm equivalences (4.17) and (4.18) hold.

(ii) The bilinear forms a(·, ·) and b(·, ·) fulfill the inf-sup conditions (4.4), (4.5), and (4.6).

Then

(i) The bi-infinite blocks

A := a(D^{−1}_H Ψ_H , D^{−1}_H Ψ_H ), B := b(D^{−1}_M Ψ_M , D^{−1}_H Ψ_H ).

generate an operator

L := ( A B^T B ) : ℓ_2(J ) := ℓ_2(J_H ) × ℓ_2(J_M ) → ℓ_2(J ) (4.19)

which is an isomorphism on the space ℓ_2(J ).

(ii) The arrays f := D^{−1}_H ⟨Ψ_H , f⟩ ∈ ℓ_2(J_H ) and g := D^{−1}_M ⟨Ψ_M , g⟩ ∈ ℓ_2(J_M ).

(iii) Problem 4.1.1 is equivalent to the system ( A B^T B ) ( u p ) = ( f g ) . (4.20)

(iv) If, moreover, a(·, ·) is coercive on H, then A is an isomorphism on ℓ_2(J_H ).

For an adaptive version of the already mentioned Uzawa algorithm to converge, the block A must be an isomorphism on ℓ_2(J_H ). However, as stated in Remark 4.1.3, in order for Problem 4.1.1 to be well-posed, it is not necessary for the bilinear form a(·, ·) to be coercive over all of H, so A may not be positive definite. If this is the case, one can employ a so-called augmented Lagrangian method and define Â = A + cB^T B for some c > 0, and f̂ = f + cB^T g, by which one obtains a system ( Â BT B ) ( u p ) = (^ f g ) , (4.21)

which is equivalent to the original system (4.20). Under the assumptions of Theorem 4.4.1, Â is an isomorphism on ℓ_2(I_H ) [32], and the block operator in system (4.21 is an ℓ_2 isomorphism as desired.

We assume now that we have established a discrete system on the form of (4.20) where L is an ℓ_2(J )-isomorphism, and A is an ℓ_2(J_H )-isomorphism. Then we can proceed by a block elimination, and define the (infinite dimensional) Schur complement S := BA^{−1}B^T , which is an isomorphism on ℓ_2(I_M ) [32]. The system 4.20 is equivalent to Sp = BA^{−1}f − g, (4.22) Au = f − B^T p. (4.23)

An adaptive Uzawa algorithm in the spirit of the algorithm in Section 3.3 can be constructed by first letting M = S and solving (4.22) to an appropriate accuracy, and afterwards letting M = A, and solving (4.23). We choose not to show here the algorithmic details and the theorems on convergence rates and complexity, instead we refer the reader to [32]. For information on the Uzawa algorithm in general, we refer to [11], [13].

4.4.2 Compressibility

As to the compressibility, we make some remarks on problems posed in sequence space of the form MU = F where F = (F_1, . . . , F_m), U = (U_1, . . . , U_m) ∈ ℓ_2(I) := ℓ_2(I_1) × . . . × ℓ_2(I_m), and that M consists of blocks denoted M_{i,j}, where the M_{i,j} are mappings between ℓ_2(I_i) and ℓ_2(I_j). The space ℓ_2(I) is equipped with the norm

‖U‖^2_{ℓ2(I)} := m∑ i=1 ‖U_i‖^2_{ℓ2(Ii)}. (4.24)

We generalize the concept of a best N-term approximation U_N to any U ∈ ℓ_2(I) as follows: Sort the entries in U = (U_1, . . . , U_m) in a non-decreasing order (in magnitude) regardless to which ℓ_2(I_j) space they belong, and pick the N largest ones. These are then redistributed out to their components:

U_N = (U_{N1} , . . . , U_{Nm} ), N_1 + . . . + N_m = N.

The definition of ℓ^w_τ (I) and Theorem 3.2.3 carry over without difficulties. The compressibility of the block matrix M follows from the compressibilities of each of the blocks, in that M ∈ C^{s∗} for s^∗ = min_{i,j}{s^∗_{i,j} : M_{i,j} ∈ C^{s∗i,j} }.

Closing remarks

We emphasize that by the adaptive wavelet-based approach in [25] and [32], the discrete LBB condition in Theorem 4.2.3 does not enter the picture anywhere. This is due to the fact that the solution of finite-dimensional Galerkin discretizations, as in Problem 4.2.1 is completely avoided, in that one follows the strategy of the new paradigm, which consists in formulating the schemes in the infinite dimensional setting, and approximating the the involved quantities adaptively, to appropriate accuracies.

It should be noted that recently, properties in this direction have been established for finite elements as well [8].

Chapter 5

Foundations of computational electromagnetics

The purpose of this chapter is to present the Maxwell equations as a model for electromagnetic phenomena, and to introduce a mathematical framework, which is useful for the mathematical and numerical analysis of problems from electromagnetics, and which we shall use in the sequel. In Section 5.1, we present the function spaces that are convenient for the mathematical and numerical analysis of the Maxwell equations. In Section 5.2, we present the Maxwell equations as a physical model, and in Section 5.3, we present the mathematical formulations of electromagnetic problems which we shall treat, along with existence, uniqueness and regularity properties. Section 5.4 presents some contemporary methods in the mathematical and numerical analysis of electromagnetic problems. A part of this chapter is based upon [37].

5.1 Function spaces for electromagnetics

In this section, the spaces H(curl; Ω) and H(div; Ω) are defined, and the most important properties, needed for our subsequent analysis of electromagnetic problems, are presented. Throughout we shall work with spaces of functions defined on an open domain Ω ⊂ R^3 , which is in general, except where noted, assumed to be bounded with a Lipschitz continuous boundary Γ. When additional or fewer assumptions are needed, it is stated explicitly.

We consider scalar functions, in general denoted by ordinary letters, as well as n-tuples of scalar functions, called vector fields, for n = 2, 3. These will be denoted by boldface letters, for instance u = (u_1, . . . , u_n). Spaces of fields will be denoted by boldface letters as well.

The material in this section is borrowed from [48], except where explicitly noted.

The space H(curl; Ω)

In the two-dimensional case, for Ω ⊂ R^2 , the curl operator is defined on D(Ω) fields ϕ = (ϕ_1, ϕ_2) : Ω → R^2 as

curlϕ := ∂ϕ_2 ∂x_1 − ∂ϕ_1 ∂x_2 .

In the three-dimensional case, for Ω ⊂ R^3 , the curl operator is defined on D(Ω) fields ϕ := (ϕ_1, ϕ_2, ϕ_3) : Ω → R^3 as

curlϕ = ( ∂ϕ_3 ∂x_2 − ∂ϕ_2 ∂x_3 , ∂ϕ_1 ∂x_3 − ∂ϕ_3 ∂x_1 , ∂ϕ_2 ∂x_1 − ∂ϕ_1 ∂x_2 ) . For the rest of this section, we shall treat the case Ω ⊆ R^3 with 3-dimensional vector fields, and understand that the properties mentioned carry over to the two-dimensional case.

Let f ∈ L_2(Ω). If there exists a function g ∈ L_2(Ω) such that

(f, curlϕ)_{0,Ω} = (g, ϕ)_{0,Ω} ∀ϕ ∈ D(Ω),

then we define curlf := g and say that f ∈ H(curl; Ω). Equipped with the inner product

(f, g)_{H(curl;Ω)} := (f, g)_{0,Ω} + (curlf, curlg)_{0,Ω},

H(curl; Ω) becomes a Hilbert space. We define

H_0(curl; Ω) := D(Ω)^{H(curl;Ω)}.

The space D(Ω) is dense in H(curl; Ω), and the tangential trace mapping

D(Ω) ∋ v → γ_τ (v) := v|_Γ × n (5.1)

extends by continuity to a bounded mapping in L(H(curl; Ω), H^{− 1}2 (Γ)).

Integration by parts in H(curl; Ω) is a very important tool:

Theorem 5.1.1

(i) ∀f ∈ H_0(curl; Ω), ∀g ∈ H(curl; Ω),

(curlf, g)_{0,Ω} = (f, curlg)_{0,Ω}. (5.2)

(ii) ∀v ∈ H(curl; Ω) ∀ϕ ∈ H^1(Ω)

(curlv, ϕ)_{0,Ω} − (v, curlϕ)_{0,Ω} = ⟨v × n, ϕ⟩_Γ. (5.3)

Note that (5.3) holds for a H(curl; Ω) function and a H^1(Ω) function. The formula is not particularly satisfying, since one would, in principle, like to be able to integrate by parts for two H(curl; Ω) functions. However, this turns out to be a delicate matter for general domains [16],[14],[15], essentially due to difficulties in characterizing the space of tangential traces of H(curl; Ω) functions, which is necessary in order to obtain an integration by parts formula where the meaning of the duality form on the boundary is clear.

As in the case of Sobolev spaces, the space H_0(curl; Ω) has an interpretation in terms of boundary conditions, namely

H_0(curl; Ω) = ker(γ_τ ) = {f ∈ H(curl; Ω) : f × n = 0 on Γ}.

The space H(div; Ω) The ∇ and div and operators are defined as follows: ϕ ∈ D(Ω), ∇ϕ := ( ∂ϕ ∂x_1 , . . . , ∂ϕ ∂x_n ) , ϕ ∈ D(Ω), divϕ := n∑ i=1 ∂ϕ_i ∂x_i .

Let f ∈ L_2(Ω). If there exists a function g ∈ L_2(Ω) such that (f, ∇ϕ)_{0,Ω} = −(g, ϕ)_{0,Ω} ∀ϕ ∈ D(Ω), then we define divf := g and say that f ∈ H(div; Ω). Equipped with the inner product (f, g)_{H(div;Ω)} := (f, g)_{0,Ω} + (divf, divg)_{0,Ω}, the space H(div; Ω) becomes a Hilbert space. We shall also need the space V(div; Ω) := {f ∈ H(div; Ω) : divf = 0}.

The space D(Ω) is also dense in H(div; Ω), and the trace mapping D(Ω) ∋ v → γ_n(v) := v → v|_Γ · n extends by continuity to a bounded surjective mapping in L(H(div; Ω), H^{− 1}2 (Γ)). The following integration by parts formula holds: Theorem 5.1.2 ∀v ∈ H(div; Ω) ∀ϕ ∈ H^1(Ω), (v, ∇ϕ)_{0,Ω} + (divv, ϕ)_{0,Ω} = ⟨v · n, ϕ⟩_Γ. (5.4) This formula also yields that for u ∈ H^1(Ω) such that Δu ∈ L_2(Ω), then ∂u/∂n ∈ H^{− 1}2 (Γ) and (∇u, ∇v)_{0,Ω} = −(Δu, v)_{0,Ω} + ⟨(∂u/∂ν), v⟩_Γ . (5.5) We define H_0(div; Ω) := D(Ω)^{‖·‖H(div;Ω)} , and similarly V_0(div; Ω) := {f ∈ H_0(div; Ω) : divf = 0}.

It can be proven that H_0(div; Ω) = ker(γ_n) = {f ∈ H(div; Ω) : f · n = 0 on Γ}.

Hodge decompositions In the analysis of problems involving the spaces H(curl; Ω) and H(div; Ω), it is of great help to have orthogonal decompositions at hand, and such decompositions are the subject of this section.

For the rest of this section we shall, unless otherwise stated, make the following assumptions: We consider the three-dimensional case, where the domain Ω ⊂ R^3 is bounded, Lipschitz, connected but not necessarily simply connected. Hence the boundary Γ is allowed to have p components Γ_i, i = 0, . . . , p, where p = 0 corresponds to the case where Ω is simply connected. We denote by Γ_0 the exterior boundary. We say that Ω is C^{1,1} if the boundary locally is the graph of a function whose first derivative is Lipschitz continuous.

First, we present some results that introduce the concept of so-called potential functions.

Theorem 5.1.3 [48, Thm. 3.6] For every function v ∈ L_2(Ω) that satisfies divv = 0 in Ω, ⟨v · n, 1⟩_{Γi} = 0, i = 0, . . . , p, there exists a function u ∈ H(curl; Ω) so that v = curlu and divu = 0 in Ω, u × n = 0 on Γ, and ⟨u · n, 1⟩_{Γi} = 0, i = 0, . . . , p. (5.6) If furthermore Ω is simply connected, u is the unique solution of the boundary value problem −Δu = curlv in H^{−1}(Ω) divu = 0 in Ω u satisfies (5.6).

(5.7)

If Ω is a convex polyhedron or has a C^{1,1} boundary, then u ∈ H^1(Ω). The function u is called the vector potential of v.

Theorem 5.1.4 If Ω is simply-connected, a function u ∈ L_2(Ω) satisfes curl u = 0 in Ω if and only if there exists a function p ∈ H^1(Ω), unique up to a constant, such that u = ∇ p. The function p is called the scalar potential of u. Now, one arrives at a so-called Hodge decomposition of L_2(Ω), stating that the kernels of the curl and the divergence operators induce an orthogonal decomposition.

Corollary 5.1.5 With H_1 = {∇q : q ∈ H^1(Ω)/R} (5.8) H_2 = {curlf : f ∈ H^1(Ω) : divf = 0, (curlf) · n = 0 on Γ} (5.9) one has the orthogonal decomposition L_2(Ω) = H_1 ⊕ H_2. (5.10) For v ∈ L_2(Ω), write v = ∇q + curlu, then q is the unique solution in H^1(Ω)/R of the problem (∇q, ∇ν)_{0,Ω} = (v, ∇ν)_{0,Ω} ∀ν ∈ H^1(Ω). (5.11) If, moreover, Ω is simply connected, u is the only solution of (5.7).

Imbedding properties Still considering the three-dimensional case, we shall now describe imbedding properties related to the H(curl; Ω) and H(div; Ω). In particular the relation between the spaces H^1(Ω) and H(curl; Ω) ∩ H(div; Ω) is of interest in applications. It turns out that the properties of the domain Ω and the boundary Γ are important. The first, simple result, is the following:

Remark 5.1.6 [48, p. 35] H_0(Ω) = H_0(div; Ω) ∩ H_0(curl; Ω).

Another more interesting result, is the following. Recall that a C^{1,1} boundary locally lies below a function whose first order derivatives are Lipschitz continuous [48]. If X and Y are normed spaces with X ⊂ Y and X is imbedded continuously in Y , we write X → Y .

Theorem 5.1.7 [48, p. 51] Assume that either Ω is a convex polyhedron, or Γ is a C^{1,1} boundary. Then the continuous imbedding

H_0(curl; Ω) ∩ H(div; Ω) → H^1_{Tan}(Ω) := {u ∈ H^1(Ω) : u × n = 0 on Γ} holds.

Another imbedding result, which is of importance, is the following, originally due to Weber [78].

Theorem 5.1.8 For a bounded Lipschitz domain Ω, the space H_0(curl; Ω) ∩ H(div; Ω) is compactly imbedded in L_2(Ω).

From this result, one can prove the following coercivity result [7]:

Corollary 5.1.9 On the space H_0(curl; Ω)∩V(div; Ω), there exists a constant C depending only on the domain Ω and its boundary, such that ∀u ∈ H_0(curl; Ω) ∩ V(div; Ω), C‖u‖^2_{H(curl;Ω)} ≤ (curlu, curlu)_{0,Ω}.

An integration by parts formula We mention another integration by parts formula, which is important for the analysis of the Maxwell equations.

Theorem 5.1.10 ([28]) If the bounded domain Ω ⊂ R^3 is a polyhedron with straight faces, one has for each u, v in the space H^1_{Tan}(Ω) defined in Theorem 5.1.7, the integration by parts formula (curlu, curlv)_{0,Ω} + (divu, divv)_{0,Ω} = (∇u, ∇v)_{0,Ω}, (5.12) holds, where (∇u, ∇v)_{0,Ω} = ∫ Ω ∇u : ∇v, ∇u : ∇v = ∑ i,j ∂_iu_j∂_iv_j.

A boundary term enters the formula if the polyhedron is curved, but this will not be important for our purposes. As another important fact, we mention that for any bounded Liptschitz domain Ω, the space H^1_{Tan}(Ω) is closed for the norm of H(curl; Ω) ∩ H(div; Ω) [30] and the references therein. As we shall see later, the solution to the Maxwell equations belong to the space H_0(curl; Ω) ∩ H(div; Ω), which, in the general case, is a true subset of H^1(Ω). This closedness property of H^1_{Tan}(Ω) has for some numerical schemes for the Maxwell equations the consequence that the part of the solution residing outside H^1(Ω) is not resolved.

5.2 Maxwells equations

In this subsection, we present the formulations of the Maxwell equations, with which we shall be working. We present the Maxwell equations as a physical model only, and postpone the discussion of mathematical issues of existence, uniqueness and regularity to the next section.

The Time-Dependent Formulation

We consider a domain Ω ⊂ R^3 , which we assume is occupied by a homogeneous, isotropic and linear^1dielectric material, characterized by the electric permittivity ε and the magnetic permeability μ, which we assume are functions of spatial coordinates only. A current density J can flow through the medium, and charge with density ρ can be present. Both quantities may depend on space and time. They are related by the fundamental principle of continuity, or charge conservation: ∂ρ ∂t + div J = 0. (5.13)

We denote the electric field by E and the magnetic flux density by B. Currents can generate fields and vice versa. Their connections are given by Maxwell’s equations

curl B μ = ε ∂ ∂t E + J, (5.14)

curl E = − ∂ ∂t B. (5.15)

For a perfectly conducting boundary Γ, the following boundary conditions are fulfilled:

E × n = 0 and B · n = 0 on Γ.

Taking the divergence of these equations and using (5.13) yields

div E= ρ ε , (5.16)

div B= 0. (5.17)

These equations are often included in the set of Maxwell’s equations, although they are consequences of (5.14), (5.15) and (5.13).

Another material parameter is the conductivity σ. In the presence of an electric field E, the material will conduct a current with density given by Ohm’s law:

J = σE. (5.18)

1See for instance [20] for an explanation of these properties

5.2. MAXWELLS EQUATIONS 65

Materials with σ > 0 resp. σ = 0 are usually denoted lossy resp. loss free materials. For the case of positive conductivity, the current density J that enters (5.14), is the total current density, which is composed of (5.18) and perhaps a current density imposed by external sources. As we shall see, the mathematical properties of electromagnetic problems are very different for the two cases σ = 0 and σ > 0.

A common procedure for the resolution of Maxwell’s equations is the elimination of B, [7, 22]. Letting J represent an externally imposed current source, this gives rise to a second order differential equation for determining E ε ∂^2E ∂t^2 + σ ∂E ∂t + curl 1 μ curl E = ∂J ∂t , (5.19)

with initial conditions

E(·, 0) = E_0, div E_0 = ρ_0 ε , ∂E ∂t (x, 0) = 1 ε ( −J(x, 0) + 1 μ curl B_0(x) − σE_0(x) ) , x ∈ Ω. In many physics and engineering texts, the relation curlcurl = ∇div − Δ is often utilized in the common case where E has zero divergence and σ = 0. Thereby, one can replace the double curl operator by the Laplacian (up to sign), and thus (5.19) gets the form of a wave equation. However, due to regularity properties mentioned on page 70, we shall not employ this approach.

The Time-Harmonic Formulation

Maxwell’s equations in the time-harmonic formulation are obtained by assuming that all involved quantities have a sinusoidal time variation with angular frequency ω. If g(x, t) is a field quantity, we describe it as g(x, t) = Re ( g̃(x)e^{−iωt} ) , where g̃(x) is a complex valued amplitude, only depending on spatial variables. For notational simplicity, we shall not write the tilde, but only understand that unless nothing else is said, we work with complex valued fields. Upon inserting E(x)e^{−iωt} and B(x)e^{−iωt} into Maxwell’s equations in the time-dependent formulation, one obtains 1 μ curl B = −iεωE + J, (5.20)

curl E = iωB, (5.21)

divE = 1 ε ρ, (5.22)

divB = 0. (5.23)

Once E and B are known, the physical fields are determined by taking the real parts of E(x)e^{−iωt} and B(x)e^{−iωt}. As in the case of the time-dependent formulation of the Maxwell equations, one can eleminate B by taking the curl of (5.21) and insert into (5.20). This gives the following problem:

curl curl E − ω^2 ( i σ ω + με ) E = −iωμJ (5.24) E × n = 0 on Γ. (5.25)

Employment of the time-harmonic formulation of the Maxwell equations is particularly attractive when fields oscillating at one or a few frequencies are dominant.

5.3 Existence, uniqueness and regularity of solutions

We turn now to treat existence, uniqueness and regularity properties of solutions to the Maxwell equations. We choose in this section to give proofs of some of the claims. This is done in case of statements often used in the literature, but where the author has not found a proof, or in order to emphasize procedures with significant potential outside the realm of electromagnetics.

On existence and uniqueness for the time-dependent formulation, we cite the following result [44, Thm. 2.1]:

Theorem 5.3.1 Let Ω ⊂ R^3 be a simply-connected, Lipschitz domain. σ = 0, ρ ∈ C^1([0, T ], L_2(Ω)), J ∈ C^1([0, T ], L_2(Ω)) ∩ C([0, T ], H(div; Ω)), ρ and J satisfy (5.13), E_0 := E(x, 0) and B_0 := B(x, 0) satisfy

divE_0 = ρ(·, 0) ε , divB_0 = 0 ∈ Ω, E_0 × n = 0 on Γ.

Then the equations (5.14), (5.15), (5.16) and (5.17) along with

E × n = 0 on Γ, ∂ ∂t B · n = 0 on Γ

has unique solutions

E, B ∈ C^1([0, T ], L_2(Ω)) ∩ C([0, T ], H(curl; Ω) ∩ H(div; Ω)).

In order to arrive at variational formulations for the Maxwell equations in the timedependent formulation, one can use the equation (5.19). Let Δt denote some time step. Denote, for a field quantity, u^n(·) := u(·, nΔt). Approximating the derivatives with respect to the time variable, using the first, respectively second order backward finite differences:

∂_{Δt}u^n := u^n − u^{n−1} Δt , ∂^2_{Δt}u^n := ∂_{Δt}u^n − ∂^{n−1}_{Δt} u Δt one must for each time instant nΔt solve a variational problem of the form: find E^n ∈ H_0(curl; Ω) such that

(curl E^n, curl v)_{0,Ω} + κ(E^n, v)_{0,Ω} = (f, v) ∀v ∈ H_0(curl; Ω) (5.26)

where the constant κ is positive, and depends on ε, μ, σ, Δt, and f is a field quantity depending on J and values of E at earlier times.

Remark 5.3.2 If J ∈ V(div; Ω), then any solution u ∈ X to

(curl u, curl v)_{0,Ω} + κ(u, v)_{0,Ω} = (J, v) ∀v ∈ X

where D(Ω) ⊂ X ⊆ H(curl; Ω) has divv = 0. This holds for real valued as well as complex valued fields, and for any κ ∈ C . This follows by by choosing v = ∇ϕ for any ϕ ∈ D(Ω), using that gradients have zero curl, and finally the definition of having zero divergence in the weak sense.

Theorem 5.3.3 For each f ∈ (H_0(curl; Ω))^′, the problem of finding u ∈ H_0(curl; Ω) such that (curl u, curl v)_{0,Ω} + κ(u, v)_{0,Ω} = ⟨f, v⟩ ∀v ∈ H_0(curl; Ω) (5.27)

is uniquely solvable.

Noting that the bilinear form is obviously coercive on H(curl; Ω), the claim follows directly from the Lax-Milgram theorem.

For the time-harmonic problem, we derive a variational formulation of the original problem (5.24) by multiplying with a field u ∈ H_0(curl; Ω) and employing (5.2). Note here that from (5.15), curl E ∈ H(curl; Ω). The problem is:

Problem 5.3.4 Given J ∈ (H_0(curl; Ω))^′, find E ∈ H_0(curl; Ω) such that

(curl E, curl v)_{0,Ω} − ω^2 ( i σ ω + με ) (E, v)_{0,Ω} = (J, v) ∀v ∈ H_0(curl; Ω).

We split up the treatment in the two cases: σ > 0 and σ = 0. First, for σ > 0, we understand that fields and bilinear forms take on complex values.

Let us now establish the coercivity of the bilinear form in Problem 5.3.4, for a space as large as possible. In [58], it is mentioned without proof that the bilinear form of Problem 5.3.4 is coercive for the space H_0(curl; Ω). The author does not know of a proof, so below the coercivity is proven for the, in general, larger space H(curl; Ω). We also emphasize that the proof is elementary, it involves essentially only the calculus of polynomials of second degree. Moreover, it does not depend on properties of the domain Ω, so the coercivity holds for any domain.

First, we prove the following technical lemma.

Lemma 5.3.5 Given η, ξ > 0, there exists a α > 0 so that

f(x, y) := x^2 + (η^2 + ξ^2)y^2 − 2ηxy − α^2(x^2 + y^2 + 2xy) > 0

for all x, y ∈ R such that x ≥ 0, y ≥ 0.

Proof: Restricting f to either of the coordinate axes shows that necessarily

α < min(1, √ η^2 + ξ^2).

Moreover, these conditions ensure that f is positive in a neighborhood of any point on either of the coordinate axes. For any fixed x > 0, consider the second degree polynomial in y defined by g_x(y) := f(x, y). Rewriting, we get

g_x(y) = (η^2 + ξ^2 − α^2)y^2 − 2x(η + α^2)y + (1 − α^2)x^2.

Varying x, we get a family of second degree polynomials, all with a global minimum, whose position depends on x. The claim holds by requiring that for any x, g_x(y) should have no real zeros. This amounts to

4x^2(η + α^2)^2 − 4x^2(η^2 + ξ^2 − α^2)(1 − α^2) < 0,

which is equivalent to r(α) := −α^2((η^2 + 1)^2 + ξ^2) + ξ^2 > 0.

Clearly, r(α) has one positive zero α^∗, hence we can choose 0 < α < min(1, √ η^2 + ξ^2, α^∗).

Corollary 5.3.6 For σ > 0, the bilinear form

a(u, v) := (curl E, curl v)_{0,Ω} − ω^2 ( i σ ω + με ) (E, v)_{0,Ω} from Problem 5.3.4 is coercive on H(curl; Ω), in the sense that there exists a constant C such that for any u ∈ H(curl; Ω), |a(u, u)| ≥ C‖u‖^2_{H(curl;Ω)}. The coercivity holds for all domains, bounded as well as unbounded.

Proof: For u ∈ H(curl; Ω), define x(u) := ‖curl u‖^2_{0,Ω}, y(u) := ‖u‖^2_{0,Ω} and η := ω^2με, ξ := μωσ. Note that a(u, u) = x(u) − (η + iξ)y(u) = x(u) − ηy(u) − iξy(u) as well as ‖u‖^2_{H(curl;Ω)} = x(u) + y(u). It is then readily seen that the bilinear form a(·, ·) is coercive if and only if there exists a constant α > 0 such that

(x(u) − ηy(u))^2 + ξ^2y(u)^2 > α^2(x(u)^2 + y(u)^2 + 2x(u)y(u)),

which follows from Lemma 5.3.5.

From Corollary 5.3.6, the Lax-Milgram theorem, and Remark 5.3.2, one concludes

Theorem 5.3.7 Problem 5.3.4 is uniquely solvable, and if J ∈ V(div; Ω), then divE = 0 on Ω. For the case σ = 0, the linearity of the Maxwell equations allows one to consider real valued fields and bilinear forms only, for which one can pose the following variational problem:

Problem 5.3.8 Given J ∈ V(div; Ω), find E ∈ H_0(curl; Ω) such that

(curl E, curl v)_{0,Ω} − ω^2με(E, v)_{0,Ω} = (J, v)_{0,Ω} ∀v ∈ H_0(curl; Ω).

In the case this problem has a unique solution, one exploits the linearity of the Maxwell equations and multiplies the solution by an appropriate factor of the imaginary unit, thereby obtaining the solution of the original Problem 5.3.4 with σ = 0, posed for complex valued fields.

We turn now to the solvability of Problem 5.3.8. We state and prove the following theorem, since it gives a canonical approach to proving well-posedness and the mapping property to a given operator equation, such as for instance (3.5).

Theorem 5.3.9 Assume J ∈ V(div; Ω), and that the problem of finding u ∈ H_0(curl; Ω) ∩ V(div; Ω) such that

(curl u, curl v)_{0,Ω} = ω^2με(u, v)_{0,Ω} ∀v ∈ H_0(curl; Ω) ∩ V(div; Ω). (5.28)

has no nonzero solutions. Then Problem 5.3.8 is uniquely solvable and one has the mapping property

‖u‖_{H(curl;Ω)∩V(div;Ω)} ∼ ‖(curl curl − ω^2με)u‖_{(H(curl;Ω)∩V(div;Ω))}′ , (5.29) u ∈ H_0(curl; Ω) ∩ V(div; Ω). (5.30)

A number ω^2με such that (5.28) has one or more nonzero solutions is called a Maxwell eigenvalue.

Proof: Note that if there is a solution, it must have zero divergence, according to Remark 5.3.2. Consider the operator C : H_0(curl; Ω)∩V(div; Ω) → (H_0(curl; Ω)∩V(div; Ω))^′ defined by H_0(curl; Ω) ∩ V(div; Ω) ∋ v → (Cu, v) := (curl u, curl v)_{0,Ω}.

Clearly C ∈ L(H_0(curl; Ω) ∩ V(div; Ω), (H_0(curl; Ω) ∩ V(div; Ω))^′). From [78], the bilinear form (curl , curl )_{0,Ω} is coercive on H_0(curl; Ω) ∩ V(div; Ω). Since H_0(curl; Ω) ∩ V(div; Ω) is closed in H(curl; Ω), an application of the Lax-Milgram theorem yields that C maps H_0(curl; Ω) ∩ V(div; Ω) bijectively onto its dual space. This means that C is a Fredholm operator, with Fredholm index zero. The canonical imbedding of H_0(curl; Ω) ∩ V(div; Ω) into L_2(Ω) is compact, hence the imbedding of H_0(curl; Ω) ∩ V(div; Ω) into its dual is also compact. Hence the operator C − λI also has Fredholm index zero [68, thm 7.103]. If ω^2με := λ is not a Maxwell eigenvalue, then C − λI is injective, hence also surjective. Thus there exists constants 0 < d ≤ D < ∞ such that for all u ∈ H_0(curl; Ω) ∩ V(div; Ω)

d||u||_{H(curl;Ω)} ≤ ||(C − λI)u||_{H0 (curl;Ω)∩V(div;Ω)}′ ≤ D||u||_{H(curl;Ω)}.

Later, we shall establish well-posedness by other means, relying on symmetry of the involved bilinear forms. The interesting aspect of the theorem above is that it generalizes to non-symmetric bilinear forms.

The general formulation

To sum up, we see that the Maxwell equations in the time-dependent as well as the timeharmonic form lead to examinations of a bilinear form

a(u, v) := (curl u, curl v)_{0,Ω} + κ(u, v)_{0,Ω} (5.31)

where u, v ∈ H(curl; Ω), or subspaces hereof. We formulate it as a separate problem, which will serve as a foundation for later developments.

Problem 5.3.10 Given J ∈ H(curl; Ω)^′, find u ∈ H(curl; Ω) such that a(u, v) = ⟨J, v⟩ ∀v ∈ H(curl; Ω)

As outlined above, the functional f is the current density J, and perpaps linear combinations of approximations to the electric field E from previous time steps.

On well-posedness of this problem, we make the following

Remark 5.3.11 For the time dependent case, fields are real valued, and κ is real and positive. For the time-harmonic case with conductivity σ > 0, the fields as well as κ are complex valued. For both these cases, the bilinear form is coercive on H(curl; Ω), so well-posedness follows immediately from the Lax-Milgram theorem. These conclusions holds as well if one replaces the variational space by H_0(curl; Ω). For the time-harmonic, nonconducting (σ = 0) case, κ < 0, and the fields can be taken as being real valued. Coercivity of the bilinear form cannot be expected without further assumptions, but this will be treated in more depth below.

Singularities

From Theorem 5.1.7, one sees that under weak conditions on the domain, the spaces H_0(curl; Ω) ∩ H(div; Ω) and H^1_{Tan}(Ω) are isomorphic. In the general case, where Ω may be non-convex with a non-smooth boundary, the solution of boundary value problems from electromagnetics belongs to H_0(curl; Ω)∩H(div; Ω) and not to H^1_{Tan}(Ω), i.e. electromagnetic fields can have non-H^1(Ω) singularities. As we shall see below, when constructing variational formulations for boundary value problems, posed over irregular and non-convex domains, and discretizing them, there is a danger that one may end up approximating only the ’regular’ part of the problem, i.e. the part of the solution belonging to H^1_{Tan}(Ω). We shall see such examples below.

As already mentioned, when the Maxwell equations are treated in engineering and physics texts, the relation curlcurlu = ∇divu − Δu, (5.32)

is often used, and for the case of a divergence free vector field in a lossless medium (σ = 0), the equation (5.19) reduces to the well-known wave equation for the electric field:

∂^2E ∂t^2 = 1 με ΔE. However, (5.32) requires sufficient smoothness of the fields. In a variational version, (5.32) reads (curlu, curlv)_{0,Ω} + (divu, divv)_{0,Ω} = (∇u, ∇v)_{0,Ω}

which by Theorem 5.1.10 holds for all u, v ∈ H^1_{Tan}(Ω) if Ω is a polyhedron with straight faces. Consequently, the relation is not valid when E has non-H^1(Ω) singularities, and therefore we do not make use of (5.32) in the equation (5.19).

5.4 Trends in analysis of Maxwells equations

The purpose of this section is to present some current viewpoints and methods for the numerical solution of electromagnetic problems.

5.4. TRENDS IN ANALYSIS OF MAXWELLS EQUATIONS 71

5.4.1 Finite difference methods

As in many other areas of physics and engineering science, methods based on finite differences, the most famous one being the Yee scheme [80],[71], find applications in computational electromagnetics. The advantages and drawbacks of the method in electromagnetics are also the same as in other areas, most notably the conceptual simplicity and ease of implementation, and similarly the drawbacks, in particular problems of numerical pollution when handling curved boundaries, and rather restrictive stability requirements.

5.4.2 Nedelec finite elements

In [65],[66], Nedelec introduced families of H(curl; Ω) conforming finite elements well suited for discretization of bilinear forms arising from the Maxwell equations. They are also commonly referred to as edge elements, since, in the finite element terminology, the degrees of freedom can be line integrals of the shape functions along edges of the triangles (2D) or quadrilaterals or hexahedra (3D). In the case where the unknown is the electric field, the degrees of freedom has a convenient physical interpretation as the potential difference between the endpoints of the edge. The Nedelec elements possess a property, in the sequel denoted as a discrete divergence free property, that makes them particularly attractive in the context of numerical solution of the Maxwell equations. For a uniform triangulation, denote by v_h ⊂ H(curl; Ω) the corresponding Nedelec finite element space. As usual, the parameter h describes the mesh size. There exists a subspace S_h ⊂ H^1_0 (Ω) such that ∇ξ_h ∈ v_h for any ξ_h ∈ S_h. Define x_h = {u_h ∈ v_h : (u_h, ∇ξ_h)_{0,Ω} = 0 ∀ξ_h ∈ S_h},

and write v_h = x_h ⊕ ∇S_h. Being perpendicular to a space of gradients, x_h plays the role of discrete divergence free functions. Let f be some linear combination of divergence free L_2(Ω) functions and functions in x_h. One solves for E_h ∈ v_h the (uniquely solvable) problem

(curlE_h, curlv_h) + k(E_h, v_h) = (f, v_h) ∀v_h ∈ v_h.

Now, testing with ∇ξ_h for any ξ_h ∈ S_h and applying (5.4) yields E_h ∈ x_h. Consequently, applying Nedelec elements for the time stepping scheme arising from the time dependent Maxwell equations on a stationary triangulation, the sequence E^n of approximations of the electric field at times nΔt all belong to X_h.

5.4.3 Standard finite elements, weighted regularization

Application of the Nedelec elements has drawbacks, most notably a significantly larger number of degrees of freedom corresponding to a triangulation, compared to the more widely used nodal finite elements, based on, for instance, the piecewise linear hat function, depicted in Figure 2.1, upper left corner. In [30], Costabel and Dauge consider the applicability of nodal finite elements for the solution of the time-harmonic lossless (σ = 0) Maxwell equations in the form of Problem 5.3.4 with divJ = 0 and ρ = 0, but with another choice of energy space, which eventually becomes crucial. Choosing H_0(curl; Ω) ∩ V(div; Ω) yields from Theorem 5.3.9 a well-posed problem, but a conforming discretization requires divergence free elements, excluding the standard nodal elements.

On the space H_0(curl; Ω) ∩ H(div; Ω), the bilinear form of Problem 5.3.4 is not coercive. However, from Remark 5.3.2, the electric field is divergence free, so a solution of Problem

5.3.4 would also be a solution if the bilinear form in question was replaced by

a(u, v) := (curlu, curlv)_{0,Ω} + (divu, divv)_{0,Ω} − ω^2με(u, v)_{0,Ω},

for u, v ∈ H_0(curl; Ω) ∩ H(div; Ω). Assuming for the moment that the bilinear form above is coercive on the space H_0(curl; Ω)∩H(div; Ω), thereby ensuring well-posedness of the problem, and equivalence between the energy norm ‖ · ‖_a and the norm on H_0(curl; Ω) ∩ H(div; Ω). Since the hat function has H^1(Ω) regularity, approximations using these elements (properly corrected for the boundary condition) belong to the space H^1_{Tan}(Ω), defined in Theorem 5.1.7, which is closed for the norm of H(curl; Ω) ∩ H(div; Ω), hence also for the energy norm. Consequently, for the mesh size tending to zero, the convergence in the energy norm entails convergence to an element in H^1_{Tan}(Ω). From Theorem 5.1.7, one sees that for convex domains, or domains with a sufficiently smooth boundary, the electric field is in H^1_{tan}(Ω), and one has convergence towards the true solution. However, for nonconvex domains with a non-smooth boundary, the electric field has a non-H^1(Ω) singularity, which would not be resolved by the approach just outlined.

As a remedy, Costabel and Dauge suggest to employ a weight in the L_2-form involving the divergence term, so that the bilinear form becomes

a(u, v) := (curlu, curlv)_{0,Ω} + ⟨divu, divv⟩_Y − ω^2με(u, v)_{0,Ω},

where the space Y is larger than L_2(Ω) but included in H^{−1}(Ω). The weight is adapted to the domain, for instance, in the case of an L-shaped domain, the weight tends to zero near the re-entrant corner, so that the divergence of the test and trial fields are allowed to have steep gradients there. They construct Y so that the bilinear form becomes coercive, and one obtains convergence to the true solution.

5.4.4 Decomposition in a regular and a singular part

In [7], [6], [5], a method is suggested that relies on a decomposition of the electric field into a regular part, and a singular part. Defining

V_R := {v ∈ H^1(Ω) : divv = 0, v × n = 0 on Γ},

one can prove a decomposition H_0(curl; Ω) ∩ V(div; Ω) := V_R ⊕ V_S, where the decomposition may or may not be orthogonal. The regular part V_R can be approximated numerically, using standard nodal finite elements, whereas the space V_S is subject to considerations of a more analytical nature. For the 2D case, it can be proven that V_S is finite-dimensional. In 3D, it is infinite-dimensional.

Chapter 6

On Fictitious Domain Formulations for Maxwells Equations

The contents of this chapter, and the major part of the previous chapter, appeared in the paper [37], co-authored by prof. dr. Wolfgang Dahmen, and prof., dr. rer nat Karsten Urban.

6.1 Introduction

PDEs arising from computational electromagnetics like Maxwell’s equations, still pose very challenging problems in numerical analysis and simulation, partly due to the subtle nature of the relevant function spaces arising in variational formulations. In spite of the significant progress in understanding these equations that has been achieved during the past years, not much appears to be known about Fictitious Domain Formulations (FDF) for Maxwell’s equations. As described in Section 4.3, in a FDF, the domain of interest Ω ⊂ R^n is embedded into a larger but simpler domain □ ⊂ R^n . A typical example is □ = [0, 1]^n. Of course, in general, simple domains support the design of fast numerical methods. Specifically, in the context of Maxwell’s equations, simple geometries facilitate a more convenient realization of appropriate discretizations which, due to the above mentioned nature of the relevant function spaces, tend to be quite complex in nature. Isoparametric techniques, known in the finite element context as well as in the wavelet context, recall section 2.6, for adapting trial spaces with incorporated boundary conditions to complex boundaries would typically interfere with the desired structural properties of the trial spaces. In addition, the FDF would help dealing with moving boundaries or treating control problems where boundary values act as a control variable. In such a case, only the discretization of the boundary has to be changed unless complex boundaries require local refinements on □ which, however, would still benefit from the simple geometry of □.

One way of realizing an FDF is to append boundary conditions by Lagrange multipliers. Once the saddle point character of the resulting variational problem has been accepted, other constraints could, of course, be treated in the same fashion. In most applications, the electric field E is divergence-free, i.e., an extra condition is automatically imposed on the discretization. This can either be enforced directly by using (at least discretely) divergence-free trial functions (as long as they are available) or implicitly, through a suitable variational formulation (see Section 6.3.1 (6.8), (6.9)), or by incorporating also such constraints with the aid of Lagrange multipliers. In this article, we consider FDFs for variational problems in the space

H(curl; Ω) and H(div; Ω) arising from Maxwell’s equations, where not only the boundary conditions are imposed weakly by using Lagrange Multipliers, but also the divergence constraint. Aside from stability considerations, this allows one to treat also inhomogeneous divergence constraints as in the case of the electric field. One can then use trial functions that do not have to satisfy a divergence constraint and remain independent of (possibly varying) domain geometries. We consider both the time dependent and the time harmonic formulations of Maxwell’s equations.

Of course, there is a well-known price to be paid. As mentioned above, FDFs, or more generally, appending any extra condition weakly in terms of Lagrange multipliers, give rise to saddle point problems, which are symmetric but no longer positive definite. This has at least two drawbacks, namely efficient solvers for positive definite systems can no longer be used and, secondly, standard discretizations cannot be chosen arbitrarily but have to fulfill the Ladyshenskaja-Babuška-Brezzi (LBB) condition, recall Theorem 4.2.3. Meeting such compatibility conditions, might be a delicate task, in particular, when the extra conditions are non-trivial.

However, recent progress in the analysis of adaptive methods for saddle point problems make the latter issue appear in a somewhat different light. As outlined in Section 4.4, and also in [8] for Finite Elements, convergent adaptive algorithms have been constructed where the involved discretization spaces need not meet the LBB condition. All that matters is the well-posedness of the original infinite dimensional problem. Moreover, the methods in [25, 32], which are also outlined in Sections 3.3 and 4.4, are proven to converge at an asymptotically optimal rate, i.e., the error is comparable with the error of the best approximation that is obtained by any linear combination of N trial functions, when N is the number of adaptively generated degrees of freedom (best N-term approximation), see Theorem 3.3.8. These developments motivate us to address here the FDF in the context of Maxwell’s equations. In particular, well-posedness (in the sense to be explained in Section 2.3) will be a center of focus, as it is an essential prerequisite for the techniques developed in [25, 32].

Aside from the above aspects, our interest in this subject is fueled by an inherent difficulty that arises when applying a FDF to Maxwell’s equations, namely the already mentioned fact that the electric field belongs to a space which is, in general, not a subspace of H^1(Ω). However, recalling Theorem 5.1.7, this difference is very small, in the sense that under certain mild conditions on the domain this space is embedded in H^1(Ω). Since a fictitious domain typically gives rise to such an embedding one has to be careful in formulating a fictitious domain approach so as to capture also possible non-H^1-singularities. By this we shall always mean singularities that prevent the underlying function from being in H^1(Ω).

The outline of the rest of the Chapter is as follows. Section 6.2 introduces some concepts related to the relevant function spaces for the Maxwell equations, which are not mentioned in chapter 5. Section 6.3 is concerned with FDFs for the time dependent Maxwell’s equations. We also show an example where a straightforward formulation of a FDF fails since it only captures the smooth H^1(Ω)-part. We derive then a well-posed FDF that indeed preserves the possible non-H^1(Ω)-singularities. Section 6.4 is concerned with FDFs for the time harmonic formulation of Maxwell’s equation which usually is significantly harder to treat, because the bilinear form in question is in general non-coercive. We show that the formulation derived for the time dependent case does not immediately carry over to a well-posed formulation for the time harmonic non-conducting case. We present a strategy, though, to obtain a well-posed problem.

6.2. BASIC NOTATION AND FACTS 75

6.2 Basic Notation and Facts

We always consider an open bounded Lipschitz domain Ω ⊂ R^n with boundary Γ := ∂Ω, which consists of m smooth components.

Trace Spaces

With n being the outward unit normal on Γ, one can prove that for u ∈ H(curl; Ω), the mapping γ_τ : H(curl; Ω) → H^{− 1}2 defined by (5.1)

γ_τ (u) := u × n

is bounded, and that

H_0(curl; Ω) = {u ∈ H(curl; Ω) : u × n = 0 on Γ}.

Recall the Green’s formula (5.3) ∫ Ω curl v · ϕ − ∫ Ω v · curl ϕ = ⟨v × n, ϕ⟩_Γ, (6.1)

for all v ∈ H(curl; Ω) and ϕ ∈ H^1(Ω)1, where ⟨·, ·⟩_Γ is the usual duality form induced by the L_2(Γ)-inner product.

The formula (5.3) is not quite adequate for our purposes, since it does not hold in general when v and ϕ both belong only to H(curl; Ω). This problem is addressed in [16], from which we briefly outline the results that are of importance for the present work. The trace mapping γ_τ is not surjective on the space H^{− 1}2 . The range space of this trace mapping is a normed space usually denoted by H^{− 1}2 (div_Γ; Γ), and the mapping γ_τ : H(curl; Ω) → H^{− 1}2 (div_Γ; Γ) is also bounded. In order to formulate a proper duality for the trace spaces one defines another trace mapping π_τ on H(curl; Ω): π_τ (u) := n × (u × n). The range of π_τ is a normed space denoted by H^{− 1}2 (curl_Γ, Γ), and this mapping is bounded as well. Recall from [4] that u, v ∈ H(curl; Ω) can be decomposed as

u = Φ + ∇ p, v = Ψ + ∇ q,

with Φ, Ψ ∈ H^1(Ω) and p, q ∈ H^1(Ω). The following formula can then be proven to be meaningful ∫ Ω u · curl v − ∫ Ω curl u · v = ⟨γ_τ (u), π_τ (v)⟩_Γ (6.2) := ∫ Γ γ_τ (Φ) · π_τ (Ψ) − ⟨div_Γ γ_τ (Φ), q⟩_H−1/2_{(Γ)×H}1/2_{(Γ)}

+ ⟨curl_Γ π_τ (Ψ), p⟩_H−1/2_{(Γ)×H}1/2_{(Γ)},

where div_Γ and curl_Γ are appropriately defined surface differential operators and as usual ⟨·, ·⟩_H−1/2_{(Γ)×H}1/2_{(Γ)} denotes the dual pairing between H^{−1/2}(Γ) and H^{1/2}(Γ). Whenever the form ⟨·, ·⟩_Γ is used in this chapter, in connection with trace mappings on H(curl; Ω), we understand the form defined in (6.2), and it induces a duality between the spaces H^{− 1}2 (div_Γ; Γ) and H^{− 1}2 (curl_Γ, Γ) with the space L_{2,t} = {f ∈ L_2(Γ) : f · n = 0 on Γ} as pivot space.

For u ∈ H(div; Ω), one can prove that the normal trace on the boundary, u · n belongs to H^{− 1}2 (Γ) and that this trace mapping is onto, [13]. Furthermore, recall the Green formula (5.4) ∫ Ω v · ∇ ϕ + ∫ Ω (div v)ϕ = ⟨v · n, ϕ⟩_H−1/2_{(Γ)×H}1/2_{(Γ)},

for all v ∈ H(div; Ω) and ϕ ∈ H^1(Ω).

6.3 FDFs for the Time-Dependent Formulation

Recall from Section 6.2 that boundary constraints involve the tangential components γ_τ (u) := u|_Γ × n which belong to the space H^{− 1}2 (div_Γ; Γ).

6.3.1 An Essential Obstruction To our knowledge, not much is known so far on FDFs for Maxwell’s equations. The issue is somewhat more delicate than in other situations due to a complication caused by the above mentioned subtle difference between the spaces H^1_{Tan}(Ω) = {u ∈ H^1(Ω) : γ_τ (u) = 0 on Γ} and H_0(curl; Ω)∩H(div; Ω). We will clarify the consequences of this fact first for the problem (5.31) with κ ∈ R^+ and u, v ∈ H_0(curl; Ω) ∩ V(div; Ω). Without loss of generality we can assume that Ω ⊂ □ = (0, a)^n, a ∈ R^+ , where the ‘simple domain’ □ will serve as the fictitious domain. Moreover, for simplicity, we will use periodic functions on □, see e.g. [53]. Let us denote by C^∞_{per}(□) := {v ∈ C^∞ : v(x + ak) = v(x), k ∈ Z^3} the a-periodic infinitely differentiable vector fields. Then for any function space X we denote by X(□)_{per} the closure of C^∞_{per}(□) in the X-norm: X(□)_{per} := clos_X C^∞_{per}(□). Note that also other boundary conditions on □ can be considered. In fact, the subsequent analysis also applies to homogeneous Dirichlet boundary conditions on □.

One would then be tempted to employ the following FDF:

Problem 6.3.1 Given f̃ ∈ X_{per}(□)^′, X(□) := H(curl; □) ∩ H(div; □),

determine (u, ϕ, λ) ∈ X_{per}(□) × L_2(□) × (H^{− 12} (div_Γ; Γ))^′ such that

a(u, v)_□ + (ϕ, div v)_{0,□} +⟨λ, γ_τ (v)⟩_Γ = (f̃, v)_{0,□}, v ∈ X_{per}(□), (div u, ψ)_{0,□} = 0, ψ ∈ L_2(□), ⟨μ, γ_τ (u)⟩_Γ = 0, μ ∈ (H^{− 12} (div_Γ; Γ))^′.

The reason why this approach would in general fail can be explained as follows. On one hand, if Problem 6.3.1 has a solution, its first component u belongs to X_{per}(□). But there is a counterpart to Theorem 5.1.7 for X_{per}(□).

Lemma 6.3.2 The space X_{per}(□) is continuously embedded in H^1(□). Proof: We claim that for u, v ∈ C^∞(□)_{per} ∫ □ ∇ u : ∇ v = ∫ □ div u div v + ∫ □ curl u · curl v. (6.3) From this formula, the lemma follows by standard density arguments.

For u, v ∈ C^∞(0, a)_{per}, integration by parts yields ∫_a 0 u^′ v dx = [u v]^a_0 − ∫_a 0 u v^′ dx = − ∫_a 0 u v^′ dx, because of periodicity. Consequently, for u, v ∈ C^∞(□)_{per} and i, j, k ∈ {1, 2, 3}, ∫ □ ∂_iu_jv_kdx = − ∫ □ u_j ∂_iv_kdx. Note that since the functions are C^∞ on □, the order of integration does not matter. Employing this, one can easily prove the following useful formulas: ∀u, v ∈ C^∞(□)_{per} : ∫ □ curl u · v = ∫ □ v · curl u, (6.4) ∀u, v ∈ C^∞(□)_{per} : ∫ □ ∇u : ∇v = − ∫ □ Δu · v, (6.5) ∀u ∈ C^∞(□)_{per}, ∀v ∈ C^∞(□)_{per} : ∫ □ u · ∇v = − ∫ □ divuv. (6.6) For instance, choosing u, v ∈ C^∞(□)_{per}, ∫ □ ∇u : ∇v = ∫ □ 3∑ i=1 3∑ j=1 ∂_j u_i ∂_j v_i

= − 3∑ i=1 3∑ j=1 ∫ □ ∂^2_j u_iv_i = − ∫ □ Δu · v, which proves (6.5). The formula (6.3) follows now from the identity u ∈ C^∞(□)_{per} : curl curl u = ∇ div u − Δu which holds since u is smooth. Multiplying by any v ∈ C^∞(□)_{per} and using the three relations above, proves the claim.

Hence also the restriction u|_Ω of a solution belongs to H^1(Ω). On the other hand, as already noted above, the electric field E solving Maxwell’s equations may be an element of H(curl; Ω) ∩ H(div; Ω), but, depending on Ω may have non-H^1-singularities, see the remarks following theorem 5.1.7.

The above reasoning, combined with Theorem 5.1.7 actually shows the following somewhat more general fact.

Remark 6.3.3 Assume that the physical domain Ω is embedded in a convex polyhedron □. Then FDFs for (5.31) that fall in either one of the following categories:

• test and trial functions belong to X_{per}(□) defined above;

• test and trial functions have global H(curl; □)∩H(div; □) regularity and have vanishing tangential components u × n_□ on ∂□;

fail in the sense that they may not capture possible non-H^1-singularities, i.e. parts of the solution that do not belong to H^1(Ω).

Remark 6.3.4 Since trivially (H(curl; □) ∩ V(div; □))_{per} → (H(curl; □) ∩ H(div; □))_{per}, the availability of divergence-free trial functions on □ (as e.g. divergence-free wavelet bases, see [59, 75]) would be no remedy.

These results are in line with those of subsection 5.4.3. As immediate consequences of the proof of Lemma 6.3.2, we state some properties of the periodic spaces introduced above, and their relations with other subspaces of H(curl; □) and H(div; □). Corollary 6.3.5

(i) For each u, v ∈ H^1(□)_{per}, ∫ □ ∇ u : ∇ v = ∫ □ div u div v + ∫ □ curl u · curl v.

(ii) For each u ∈ H(div; □)_{per} and g ∈ H^1(□)_{per}, (div u, g)_{0,□} = −(u, ∇ g)_{0,□}. (iii) For each u, v ∈ H(curl; □)_{per}, (curl u, v)_{0,□} = (u, curl v)_{0,□} (iv) L_2(□)_{per} = L_2(□). (v) H_0(curl; □) ⊊H(curl; □)_{per} ⊊ H(curl; □) H_0(div; □) ⊊ H(div; □)_{per} ⊊ H(div; □).

Proof: (i), (ii) and (iii) follow from (6.3), (6.6) and (6.4) and density arguments. (iv) is clear from standard Fourier analysis. Regarding (v), note that a field whose components are nonzero constants belong to H(div; □)_{per} but not H_0(div; □). As to the other true inclusion, observe that any g ∈ H^1(□)_{per} with nonvanishing trace on □ induces a functional Λ_g on H(div; □) u ∈ H(div; □), Λ_g(u) = (div u, g)_{0,□} + (u, ∇ g)_{0,□}.

Clearly, Λ_g is continuous for the norm of H(div; □), and vanishes on C^∞_{per}(□) by (i). Choosing for instance u ∈ H(div; □) with vanishing normal trace on all but one face of □ gives by (5.4) Λ_g(u) ≠ 0, showing the nondensity of C^∞_{per}(□) in H(div; □). The proof of these properties for the curl operator is completely analogous.

A FDF for a Scattering Problem

The above difficulty has actually been already properly accounted for in [27] in a closely related context, namely for a scattering problem^1, i.e., for an exterior boundary value problem. Defining the bilinear form

a(u, v)_□ = (curl u, curl v)_□ + κ(u, v)_□, u, v ∈ H(curl; □), (6.7)

the following variational problem is analyzed in [27]:

Given (J, η) ∈ (H(curl; □))^′ ×H^{− 1}2 (div_Γ; Γ), find (u, λ) ∈ H(curl; □)×(H^{− 1}2 (div_Γ; Γ))^′ such that

a(u, v)_□ + ⟨v × n, λ⟩_Γ = (J_□, v), v ∈ H(curl; □), (6.8)

⟨u × n, ξ⟩ = ⟨η, ξ⟩_Γ, ξ ∈ (H^{− 12} (div_Γ; Γ))^′, (6.9)

where J_□ is some extension of J from Ω to □, and ⟨·, ·⟩_Γ is the duality form on the boundary. For the definition of div_Γ, we again refer to [14, 15, 16]. In [27], this problem is discretized using Nedelec elements on a fixed grid for □, imposing zero boundary conditions on the tangential components u × n|_□ on ∂ □. Choosing v := ∇p for p ∈ H^1_0 (Ω), (6.8) says that a(u, v)_□ = κ(u, ∇p)_{0,□} = (J_□, ∇p)_{0,□} for all p ∈ H^1_0 (Ω) and hence

div u = κ^{−1}divJ_□ in H^{−1}(Ω) (6.10)

and, by the same argument also in H^{−1}(□ \ Ω). Hence u|_Ω ∈ H(div; Ω) whenever J ∈ H(div; Ω). However, this does not imply u ∈ H(div; □) because the normal traces of u may jump across Γ. Thus, choosing just H(curl; □) as test and trial space, suffices to identify the correct solution while avoiding the above mentioned trap concerning non-H^1–singularities.

A few comments on the Nedelec elements [65],[66] in the above context are in order, since their role leads us to considering the FDF presented below. The Nedelec elements are H(curl; Ω) conforming finite elements and thus well suited for discretizing the bilinear forms arising from the Maxwell equations. They possess a property, in the sequel denoted as a discrete divergence free property, that makes them particularly attractive for the numerical solution of the Maxwell equations. To explain this, denote (for a uniform triangulation, say) by v_h ⊂ H(curl; Ω) the corresponding Nedelec finite element space where, as usual, the

1see also page 88f

parameter h describes the mesh size. There exists a subspace S_h ⊂ H^1_0 (Ω) such that ∇ ξ_h ∈ v_h for any ξ_h ∈ S_h. Defining

X_h = {u_h ∈ v_h : (u_h, ∇ ξ_h)_{0,Ω} = 0 ∀ξ_h ∈ S_h},

we obtain the orthogonal decomposition v_h = X_h ⊕ ∇ S_h. Being perpendicular to a space of gradients, X_h plays the role of discrete divergence free functions. Now consider the problem to find (the uniquely determined) E_h ∈ v_h satisfying

(curl E_h, curl v_h) + k(E_h, v_h) = (f, v_h) ∀v_h ∈ v_h,

where f is a linear combination of divergence free L_2(Ω) functions and functions in X_h. Now, testing with ∇ξ_h for any ξ_h ∈ S_h and applying (5.4), yields E_h ∈ X_h. Thus, the situation in the finite dimensional setting parallels exactly what happens on the continuous infinite dimensional level. Hence, applying Nedelec elements for the time stepping scheme arising from the time dependent Maxwell equations on a stationary triangulation, the sequence E^n of approximations of the electric field at times nΔt all belong to X_h. Therefore a stable realization of the divergence constraint is warrented by this discretization.

However, when employing adaptive wavelet techniques, for the reasons indicated above, neither stay the spatial discretizations stationary in the course of the time stepping nor will trial functions such as the H(curl; Ω) conforming wavelets of [75] satisfy a dicrete divergence condition in the above sense. Consequently, the approximate solutions at two different time steps may belong to complements of two different spaces of gradients. Hence, imposing the divergence condition weakly, in a saddle point formulation, will enhance stability by controlling those parts of the approximate solutions that belong to the gradient space to which the approximation at any given time step should be perpendicular.

Moreover, appending the divergence constraint explicitly with the aid of Lagrange multipliers would allow us to treat inhomogeneous divergence conditions in the same stable way. Therefore we shall be concerned in the following with such a variational formulation which, however, avoids the unwanted effect of Problem 6.3.1.

6.3.2 Preserving non-H^1-Singularities

We present now an alternative FDF which preserves the possible non-H^1-singularities of the solutions to Maxwell’s equations. The above observations suggest to require only H(curl; □) regularity and impose the divergence constraint only on Ω which is reflected by the following

Problem 6.3.6 Given (J, f) ∈ (H_0(curl; Ω))^′ × H^{−1}(Ω),

find a pair (u, p) ∈ H_0(curl; Ω) × H^1_0 (Ω)

such that

a(u, v) + (v, ∇ p)_{0,Ω} = (J, v)_{0,Ω}, v ∈ H_0(curl; Ω), (u, ∇ q)_{0,Ω} = (f, q)_{0,Ω}, q ∈ H^1_0 (Ω),

where we assume again first that κ > 0 in (5.31). The next step is to append boundary conditions. Recalling (6.7), we consider

Problem 6.3.7 Given the triple

(J, f, η) ∈ (H_{per}(curl; □))^′ × H^{−1}(Ω) × H^{− 12} (div_Γ; Γ),

find a triple (u, p, λ) ∈ H_{per}(curl; □) × H^1_0 (Ω) × (H^{− 12} (div_Γ; Γ))^′,

so that

a(u, v)_□ + (v, ∇ p)_{0,Ω} + ⟨γ_τ (v), λ⟩_Γ = (J, v)_{0,□}, v ∈ H_{per}(curl; □), (u, ∇ q)_{0,Ω} = (f, q)_Ω, q ∈ H^1_0 (Ω),

⟨γ_τ (u), μ⟩_Γ = ⟨η, μ⟩_Γ, μ ∈ (H^{− 12} (div_Γ; Γ))^′,

where as above γ_τ (u) = u|_Γ × n on Ω.

By the remarks at the end of the previous subsection, Problem 6.3.7 is equivalent to (6.8), (6.9) whenever f = div J on Ω.

Considering Problem 5.3.10 with H_0(curl; Ω) as variational space and, say, κ > 0 so that it is well-posed, the presence of the second variable p, in the literature sometimes denoted as a pseudo-pressure, in the above formulations may seem mysterious. Indeed, if u solves Problem 5.3.10, then it is not a-priori clear that u is the first component of the solution to Problems 6.3.6 and 6.3.7. The answer is provided by imposing additional assumptions on the right hand side, which by no means limit the generality of the framework. We return to this discussion later.

Of course, in the above formulation one solution component still involves functions restricted to the physical domain. So the question arises whether there is still any gain with regard to using wavelets along the lines of chapter 3. The point is that wavelet bases for H^1_0 (Ω) are known also for realistic domain geometries, while H(curl; Ω) stable bases are only available for very simple domain geometries such as the cube used in the above fictitious domain formulation.

The main result of this section can be stated as follows.

Theorem 6.3.8 The Problems 6.3.6 and 6.3.7 are well-posed and have unique solutions. The first two components of the solutions to both problems coincide on Ω when the boundary conditions in 6.3.7 are homogeneous.

We begin with some prerequisites that will eventually allow us to apply Theorem 4.1.2. As before, we assume always that Ω is some bounded, simply connected polyhedral Lipschitz domain with boundary Γ = ∂Ω. Recall the orthogonal decomposition of L_2(Ω) in (5.10). A similar decomposition also holds for H(curl; Ω). In fact, defining

X_1(Ω) := { curl u : u ∈ H^1(Ω), curl u ∈ H(curl; Ω), div u = 0, (curl u) · n = 0 on Γ} , X_2(Ω) := { ∇ ϕ : ϕ ∈ H^1(Ω) } , we record the following observation.

Lemma 6.3.9 The spaces X_1(Ω) and X_2(Ω) form an orthogonal decomposition

H(curl; Ω) = X_1(Ω) ⊕ X_2(Ω).

Proof: Given u ∈ H(curl; Ω), write u = u_1 + u_2 according to (5.10). It is clear that u_i ∈ X_i(Ω), i = 1, 2. Since curl u_2 = 0, u_1 ⊥ u_2 in H(curl; Ω).

Now we embed Ω into a larger, simpler domain □. Problems 6.3.6 and 6.3.7 suggest considering the following operators.

Lemma 6.3.10 The operators Div : X_2(Ω) → H^{−1}(Ω) and Div_Ω : X_2(□) → H^{−1}(Ω) defined by ⟨Div u, p⟩ := (u, ∇ p)_{0,Ω}, ⟨Div_Ω u, p⟩ := (u, ∇ p)_{0,Ω}, p ∈ H^1_0 (Ω), (6.11) are bounded and onto.

Proof: The boundedness is clear. For f ∈ H^{−1}(Ω) the boundary value problem −Δϕ = f on Ω, ϕ = 0 on Γ = ∂Ω, has a unique solution ϕ ∈ H^1_0 (Ω). This means ∇ ϕ ∈ X_2(Ω) and Div ∇ ϕ = f. To confirm also the surjectivity of Div_Ω, it suffices to extend ϕ by zero from Ω to □.

Lemma 6.3.11 The spaces H_0(curl; Ω) ∩ V(div; Ω) and H_{per}(□, Ω) := {u ∈ H_{per}(curl; □) : Div_Ω u = 0, u × n = 0 on Γ} are closed in H(curl; Ω) and H(curl; □), respectively.

Proof: The trace mapping γ_τ (u) = u|_Γ × n is bounded and, by Lemma 6.3.10, so are the operators Div and Div_Ω. The spaces defined above are the kernels of these operators.

The following result can be found in [47, p. 966]. It is based on continuous extensions of trace data, see [3, 16] Lemma 6.3.12 There exists a continuous extension operator E : H(curl; Ω) → H(curl; R^3 ).

The last ingredient concerns the inf-sup condition (4.6) in Theorem 4.1.2. Lemma 6.3.13 There exists a positive constant β > 0 such that the inf-sup condition inf λ∈(H^{− 12} (div_Γ;Γ))^′ sup u∈H_{per}(curl;□) ⟨λ, u × n⟩_Γ ‖λ‖_{(H−} 1_{2 (divΓ;Γ))′} ‖u‖_{H(curl;□)} ≥ β

holds.

Proof: The proof is similar in spirit to [57]. Since the extension in Lemma 6.3.12 is bounded, the above extension from H(curl; Ω) to H(curl; R^3 ) also yields a bounded extension to the space H_{per}(curl; □) provided that B ⊂ □. Fix any λ ∈ (H^{− 1}2 (div_Γ; Γ))^′. Using the surjectivity and boundedness of the trace mapping

H(curl; Ω) ∋ u → γ_τ (u) = u|_Γ × n ∈ H^{− 12} (div_Γ; Γ),

see [16], and finally the boundedness of the lifting map (see Lemma 6.3.12), we obtain

‖λ‖_{(H−} 1_{2 (divΓ;Γ))′} = sup

μ∈H^{− 1}2 (div_Γ;Γ) ⟨λ, μ⟩_Γ ‖μ‖_{H−} 1_{2 (divΓ;Γ)}

= sup

u∈H(curl;Ω) ⟨λ, γ_τ (u)⟩_Γ ‖γ_τ (u)‖_{H−} 1_{2 (divΓ;Γ)} <∼ sup u∈H(curl;Ω) ⟨λ, γ_τ (u)⟩_Γ ‖u‖_{H(curl;Ω)} <∼ sup u∈H_{per}(curl;□) ⟨λ, γ_τ (u)⟩_Γ ‖u‖_{H(curl;□)} , which is the desired inf-sup condition.

Proof of Theorem 6.3.8: Let us consider first Problem 6.3.6. Since κ > 0, the bilinear form a(·, ·) in (5.31) is coercive on H(curl; Ω), hence also on the subspace H_0(curl; Ω). This implies the validity of (4.4) and (4.5). The inf-sup condition (4.6) corresponding to the divergence constraint in Problem 6.3.6 is equivalent to the closedness of the range of the divergence mapping Div_Ω, which is indeed ensured by Lemma 6.3.10. Moreover, the corresponding mapping is onto. Thus, Problem 6.3.6 is, by Theorem 4.1.2, well-posed and thus has a unique solution.

Now, we investigate Problem 6.3.7. The bilinear form a(·, ·)_□ in (6.7) is coercive on H(curl; □) and hence also on the closed subspace H_{per}(□, Ω) = {u ∈ H_{per}(curl; □) : Div_Ω u = 0, u × n = 0 on Γ} which is the kernel of the operator B defined by the Lagrange multipliers in Problem 6.3.7. The inf-sup condition corresponding to the trace mapping in Problem 6.3.7 is fulfilled by Lemma 6.3.13. Moreover, the operator L induced by the variational problem: Given (J, f) ∈ (H_{per}(□, Ω))^′ × H^{−1}(Ω), find a pair (u, p) ∈ H_{per}(□, Ω) × H^1_0 (Ω) such that

a(u, v)_□ + (v, ∇ p)_{0,Ω} = (J, v)_{0,Ω}, v ∈ H_{per}(□, Ω), (u, ∇ q)_{0,Ω} = (f, q)_{0,Ω}, q ∈ H^1_0 (Ω),

is by the preceeding remarks a norm isomorphism from the space H_{per}(□, Ω) × H^1_0 (Ω) onto its dual. This implies the validity of (4.4) and (4.5) for the bilinear form corresponding to L. Thus, again Theorem 4.1.2 yields that Problem 6.3.7 is well-posed and hence has a unique solution. □

The pseudo-pressure

We return now to a discussion of the role played by the pseudo-pressure p in Problem 6.3.6. Similar arguments are carried out in [29].

Remark 6.3.14 Assume that J ∈ L_2(Ω) has divJ = 0. Then u solves Problem 5.3.10 with H_0(curl; Ω) as variational space, if and only if (u, p) = (u, 0) solves Problem 6.3.7.

Proof: Both problems are, from the preceding analysis, well-posed. Assume (u, p) solves Problem 6.3.7. For any ϕ ∈ H^1_0 (Ω), ∇ ϕ ∈ H_0(curl; Ω). From the formula (5.4) we see that a function g ∈ L_2(Ω) has divg = 0 if and only if (g, ∇ ϕ)_{0,Ω} = 0 for every ϕ ∈ H^1_0 (Ω). Testing with ∇ ϕ for any ϕ ∈ H^1_0 (Ω) in Problem 6.3.7 yields that p ∈ H^1_0 (Ω) solves (∇ p, ∇ϕ)_{0,Ω} = 0 for any ϕ ∈ H^1_0 (Ω). Since the Laplacian Δ is an isomorphism from H^1_0 (Ω) onto H^{−1}(Ω), p = 0. Then it is clear that u solves Problem 5.3.10.

Similarly, if u solves 5.3.10, testing with gradients yield that u ⊥ ∇ ϕ in L_2(Ω) for any ϕ ∈ H^1_0 (Ω). Then (u, 0) is the unique solution to problem 6.3.7.

6.4 FDFs for the Time-Harmonic Formulation

Finally, we discuss properly defined FDFs also for the time-harmonic case. Again, we need some preparations.

Definition 6.4.1 We say that λ > 0 is a Maxwell eigenvalue, if there exists a non-zero function u ∈ V_0(Ω) := H_0(curl; Ω) ∩ V(div; Ω) such that

(curl u, curl v)_{0,Ω} = λ(u, v)_{0,Ω}, v ∈ V_0(Ω).

One can prove that the Maxwell eigenvalues form a discrete subset of R, [30]. Recall from corollary 5.3.6 that the bilinear form a(·, ·) : H(curl; Ω) × H(curl; Ω) → C defined by

a(u, v) := (curl u, curl v)_{0,Ω} − ω^2μ ( ε + i σ ω ) (u, v)_{0,Ω} (6.12)

is coercive on H(curl; G) for any domain G.

Remark 6.4.2 For σ > 0, there exists a positive constant α > 0 such that we have the inf-sup condition inf u∈V_0(Ω) sup v∈V_0(Ω) |a(u, v)| ||u||_{H(curl;Ω)}||v||_{H(curl;Ω)} ≥ α. For σ = 0 it holds as well, provided that λ := ω^2με is not a Maxwell eigenvalue.

In fact, for σ > 0, the claim is a trivial consequence of the coercivity of a(·, ·) as a bilinear form on H_0(curl; Ω), [58]. For σ = 0, the operator A induced by a(·, ·) in (6.12) is injective on V_0(Ω) since λ is assumed not to be a Maxwell eigenvalue. Moreover, A is selfadjoint, so that A is also surjective, hence one-to-one, which is the desired inf-sup-condition (4.5).

We arrive at the following saddle-point formulation realizing the divergence constraint on Ω for the time-harmonic problem.

Problem 6.4.3 Given (J, f) ∈ (H_0(curl; Ω))^′ × H^{−1}(Ω), find a pair (u, p) ∈ H_0(curl; Ω) × H^1_0 (Ω) such that

a(u, v) + (v, ∇ p)_{0,Ω} = iωμ (J, v)_{0,Ω}, v ∈ H_0(curl; Ω), (u, ∇ q)_{0,Ω} = (f, q)_{0,Ω}, q ∈ H^1_0 (Ω),

where a(·, ·) is defined by (6.12).

Theorem 6.4.4 Assume that σ > 0 or, when σ = 0, that ω^2με is not a Maxwell eigenvalue. Then, Problem 6.4.3 is well-posed.

Proof: By Remark 6.4.2 the bilinear form a(·, ·) satisfies the required inf-sup condition, and the claim follows from Lemma 6.3.10 and Theorem 4.1.2.

Boundary Conditions Above we have imposed only the divergence constraint weakly in terms of Lagrange multipliers, which still requires incorporating the boundary conditions into a discretization in H(curl; Ω). In order to treat them with the aid of Lagrange multipliers, we extend the bilinear form in (6.12) from Ω to □ as follows: For u, v ∈ H(curl; □), let as in (6.7)

a(u, v)_□ := (curl u, curl v)_{0,□} − ω^2μ ( ε + i σ ω ) (u, v)_{0,□}. (6.13)

The resulting variational problem then reads:

Problem 6.4.5 Given the triple

(J, f, η) ∈ H_{per}(curl; □)^′ × H^{−1}(Ω) × H^{− 12} (div_Γ; Γ),

find a triple (u, p, λ) ∈ H_{per}(curl; □) × H^1_0 (Ω) × (H^{− 12} (div_Γ; Γ))^′

so that

a(u, v)_□ + (v, ∇ p)_{0,Ω} + ⟨v × n, λ⟩_Γ = (J, v)_{0,□}, v ∈ H_{per}(curl; □), (u, ∇ q)_{0,Ω} = (f, q)_Ω, q ∈ H^1_0 (Ω), ⟨u × n, μ⟩_Γ = ⟨η, μ⟩_Γ, μ ∈ (H^{− 12} (div_Γ; Γ))^′.

Let us start with the case σ > 0.

Corollary 6.4.6 Problem 6.4.5 is well-posed for σ > 0.

Proof: Again we wish to apply Theorem 4.1.2. On account of Lemma 6.3.13, it remains to verify the validity of the conditions (4.4) and (4.5) for the form a(·, ·)_□. Since by Corollary 5.3.6 the bilinear form in (6.13) is, in particular, coercive on H_{per}(curl; □), (4.4) and (4.5) obviously hold.

The question of well-posedness of Problem 6.4.5 for the non-conducting case σ = 0 turns out to be less straightforward since a(·, ·)_□ is no longer coercive. We assume throughout this section that that λ := ω^2με is not a Maxwell eigenvalue with respect to Ω in the sense of Definition 6.4.1. This is a reasonable assumption, since otherwise the original Maxwell problem would not be well-posed. However, since σ = 0, it may very well happen that the equation (curl u, curl v)_□ = λ(u, v)_□, u, v ∈ H_{per}(curl; □), has a non-trivial solution u ≠ 0 on □. We shall show that this can be avoided by judiceously choosing □.

Let us again assume that the problem is scaled in such a way that Ω ⊂ □ := (0, a)^3 for a sufficiently large a ∈ R.

Theorem 6.4.7 Suppose that λ := ω^2με is not a Maxwell eigenvalue with respect to Ω. Choose □ := (0, a)^3 such that λ ≠ 4π^2 a^2

(m^2 + n^2 + p^2) (6.14) for all m, n, p ∈ N. Then, Problem 6.4.5 is well-posed.

Note that (6.14) can always be satisfied. In fact, if π^2/λ ∈ Q choose a ∈ R \ Q, otherwise some a ∈ Q such that Ω ⊂ □. In order to prove Theorem 6.4.7, we consider the following auxiliary problem:

Problem 6.4.8 Find u ∈ H_{per}(curl; □) such that (curl u, curl v)_□ = λ(u, v)_□, v ∈ H_{per}(curl; □). (6.15) Lemma 6.4.9 Suppose that λ > 0 is not a Maxwell eigenvalue. Then, Problem 6.4.5 is well-posed if Problem 6.4.8 has only the trivial solution u ≡ 0.

Proof: If Problem 6.4.8 has only the trivial solution u ≡ 0, the operator induced by a(·, ·)_□ is injective on H_{per}(curl; □) and thus the inf-sup-condition (4.5) is satisfied. Hence Lemma 6.3.10 and Lemma 6.3.13 show that Problem 6.4.5 is well-posed.

We shall next identify the non-trivial solutions of (6.15), i.e., eigenfunctions. Lemma 6.4.10 There exists a family of eigenfields for the curl curl operator on C^∞_{per}(□) with eigenvalues λ_{m,n,p} := 4π^2 a^2

(m^2 + n^2 + p^2), m, n, p ∈ N. (6.16) Moreover, this family is orthogonal and complete in L_2(□), i.e., the set of finite linear combinations of eigenfields is dense in L_2(□).

Proof: We rely on the identity curl curl = ∇ div−Δ, which is valid since we consider smooth functions. Define k_m := 2πm a , where m ∈ N, and consider u^{(1)}_3 (x_1, x_2, x_3)_{m,n,p} := sin(k_mx_1) sin(k_nx_2) sin(k_px_3), where m, n, p ∈ N. In order to enforce u^{(1)}(x)_{m,n,p} := (u^{(1)}_1 (x)_{m,n,p}, u^{(1)}_2 (x)_{m,n,p}, u^{(1)}_3 (x)_{m,n,p}) to be divergence-free we set u^{(1)}_1 (x)_{m,n,p} := −^{mp}_{m2+n2} cos(k_mx_1) sin(k_nx_2) cos(k_px_3), (6.17) u^{(1)}_2 (x)_{m,n,p} := −^{np}_{m2+n2} sin(k_mx_1) cos(k_nx_2) cos(k_px_3). (6.18)

It is easy to see that

Δu^{(1)}_i (x)_{m,n,p} = −

4π^2 a^2

(m^2 + n^2 + p^2) u^{(1)}_i (x)_{m,n,p}, i = 1, 2, 3.

Hence u^{(1)}(x)_{m,n,p} is an eigenfield of curl curl with the desired eigenvalue. Define now u^{(2)}_3 (x)_{m,n,p} := sin(k_mx_1) sin(k_nx_2) cos(k_px_3).

In the same manner as just outlined, one can choose the remaining components of u^{(2)}(x)_{m,n,p} so that it becomes divergence-free and is an eigenfield of the Laplacian, hence also for curl curl. Letting u^{(3)}_3 (x)_{m,n,p} := sin(k_mx_1) cos(k_nx_2) sin(k_px_3), u^{(4)}_3 (x)_{m,n,p} := sin(k_mx_1) cos(k_nx_2) cos(k_px_3), . . . . u^{(8)}_3 (x)_{m,n,p} := cos(k_mx_1) cos(k_nx_2) cos(k_px_3), one obtains for all components all necessary combinations of sines and cosines to form a basis for L_2(□). Because of the constants in (6.17,6.18), the basis is orthogonal, but not orthonormal. Since the family (u^{(1)}(x)_{m,n,p}, u^{(2)}(x)_{m,n,p}, . . . , u^{(8)}(x)_{m,n,p}), m, n, p ∈ N, (6.19) is just a scaled version of the canonical Fourier basis of L_2(□), it is complete in the sense that any function in L_2(□) can be approximated arbitrarily well by a finite linear combination of elements in (6.19).

Proposition 6.4.11 All eigenvalues of (6.15) are given by (6.16).

Proof: Let u_{m,n,p} be any of the eigenfunctions u^{(i)}(x)_{m,n,p}, i = 1, . . . , 8, arising in the proof of Lemma 6.4.10. Integrating by parts leads to (curl curl u_{m,n,p}, v)_□ = (curl u_{m,n,p}, curl v)_□ = λ_{m,n,p}(u_{m,n,p}, v)_□, for all v ∈ H_{per}(curl; □) and hence the eigenvalues (6.16) are also eigenvalues of (6.15).

On the other hand, assume now that (u, λ) is an eigenpair of (6.15), where λ ≠ λ_{m,n,p} for all m, n, p ∈ N. Then for any element u_{m,n,p} of the basis (6.19) one obtains λ(u, u_{m,n,p})_□ = (curl u, curl u_{m,n,p})_□ = (u, curl curl u_{m,n,p})_□ = λ_{m,n,p}(u, u_{m,n,p})_□. Since λ ≠ λ_{m,n,p} for every m, n, p ∈ N, u is perpendicular to the dense set of finite linear combinations of elements from (6.19), hence u = 0.

Proof of Theorem 6.4.7: If (6.14) holds, Lemma 6.4.10 and Proposition 6.4.11 imply that λ cannot be an eigenvalue of (6.15), i.e., Problem 6.4.8 only has the trivial solution u = 0. Hence, by Lemma 6.4.9, Problem 6.4.5 is well-posed. □

6.5 Applications

We conclude by mentioning an interesting potential application of the developments of this chapter.

Formulation of a scattering problem

In the following, we consider a scattering problem. Ω ⊂ R^n is the scatterer, on which a given field E_i is incident, see figure 6.1. The space R^n /Ω, surrounding the scatterer, is assumed to be occupied by vacuum, hence σ = 0. The incident field is often taken to be varying sinusoidally in time. The presence of the scatterer gives rise to a scattered field E_s, which, due to linearity of the Maxwell equations, also varies sinusoidally in time, and consequently the time-harmonic formulation of the Maxwell equations is the common choice for scattering problems. The scattered field E_s is to be calculated in some subdomain of R^n /Ω. The total electric field E = E_i + E_s must solve the Maxwell equations. Assuming the scatterer to be a perfectly electrically conducting surface gives E × n = 0 on Γ_i := ∂Ω, where n as usual is the outward pointing normal. Assuming source charges and currents reside outside the domain in which E_s is sought, one has ρ = 0 and J = 0. Inserting E = E_i + E_s in (5.19) gives that the scattered field E_s must solve (5.19), where the source term on the right hand side is replaced by a term depending appropriately on the known incident field E_i. The boundary condition is E_s × n = −E_i × n on Γ_i.

Ω

Γi

Ei

Es Es

Es

Es n

Γa

□

□a

Figure 6.1: The scattering problem.

Imbed now the scatterer Ω in a larger domain □_a, which again is imbedded in □. Absorbing boundary conditions must be imposed on Γ_a = ∂□_a, in order to imitate the effect that the scattered field propagates outward without being affected by the artificial boundary Γ_a. The boundary is thus composed by two components: Γ = Γ_i ∪ Γ_a. We assume that the boundary conditions on the two components is expressed in such a way that

τ := { E_i × n, on Γ_i η_{ABC} , on Γ_a ∈ H^{− 12} (div_Γ; Γ).

6.6. CLOSING REMARKS 89

The assumption that the absorbing boundary condition on Γ_a makes the tangential trace on Γ belong to H^{− 1}2 (div_Γ; Γ) is reasonable, since otherwise it would conflict with the overall purpose of absorbing boundary conditions. Indeed, η_{ABC} should ideally be the tangential component of the true solution in all of R^3 /Ω, in particular, a tangential trace of an electric field in H(curl; □/Ω).

Note the sign on the term on Γ_i and the fact that −n is the unit normal pointing outward from □/Ω.

The right hand side is given by

χ(E_i) = ω^2με(E_i − curlcurlE_i).

Without the presence of the scatterer, E_i would be a propatating electromagnetic wave, i.e. a solution to the Maxwell equations. In particular, E_i has sufficient regularity to ensure χ(E_i) ∈ H_{per}(curl; □)^′.

We arrive at the following problem:

Problem 6.5.1 Given the triple

(χ(E_i), 0, τ) ∈ H_{per}(curl; □)^′ × H^{−1}(Ω) × H^{− 12} (div_Γ; Γ),

find a triple (u, p, λ) ∈ H_{per}(curl; □) × H^1_0 (Ω) × (H^{− 12} (div_Γ; Γ))^′

so that

a(u, v)_□ + (v, ∇ p)_{0,Ω} + ⟨v × n, λ⟩_Γ = (χ(E_i), v)_{0,□}, v ∈ H_{per}(curl; □), (u, ∇ q)_{0,Ω} = 0, q ∈ H^1_0 (Ω),

⟨u × n, μ⟩_Γ = ⟨τ, μ⟩_Γ, μ ∈ (H^{− 12} (div_Γ; Γ))^′.

The well-posedness for this problem can be established by theorem 6.4.7, by knowing the Maxwell eigenvalues for Ω, and choosing the dimensions of □ appropriately.

Note that this is an example of a problem with a non-connected boundary, on which one has nonzero boundary conditions. This is a situation which, in the general case, would be very hard to realize if all these properties were to be incorporated into the basis functions employed for the discretization of the problem.

6.6 Closing remarks

In this chapter, we considered Fictitious Domains formulations for the Maxwell equations, with particular focus on preserving non-H^1(Ω) singularities in the electric field. The important issue was the combination of imposing weakly the divergence constraint only on the physical domain Ω, and the tangential boundary condition on Γ = ∂Ω. This allows the normal trace of the electric field to jump across Γ, thereby ensuring non-H(div; □) conformity, and in particular, non-H^1(□) conformity.

90 CHAPTER 6. ON FDF FOR MAXWELLS EQUATIONS

Chapter 7

On sequence space formulations for the Maxwell equations

In the previous chapter, we established well-posed Fictitious Domain formulations for the Maxwell equations. According to the paradigm of Section 3.3, the next step should be the transformation of these variational formulations into well-posed problems in the infinitedimensional Euclidean ℓ_2 metric, using an appropriately chosen wavelet basis. In the paper [75], wavelet bases in function spaces relevant for the analysis of the Maxwell equations were constructed, whose potential for application to the numerical solution of the Maxwell equations should be investigated. Indeed, this is the main purpose of this chapter.

The outline is as follows. After some preliminary remarks, we introduce the wavelet bases from [75] that are of importance for our purpose. In Section 7.3 we discuss wavelet bases for the space H(curl; Ω) in connection with a very important issue for the numerical analysis of the Maxwell equations, namely the influence of the large kernel of the curl operator. Section 7.4 treats a Hodge decomposition approach to the discretization of variational formulations from the previous chapter.

7.1 Preliminaries and objectives

With the road map of Section 4.4 in mind, we consider in this chapter various ways of transforming the variational formulations of Chapter 6 into well-posed problems in the Euclidean metric, for which the method of Section 4.4 applies. We shall take Problem 6.3.7 as point of departure, and consider the bilinear forms

a(u, v) := (curl u, curl v)_{0,□} + (u, v)_{0,□}

for u, v in some subspace X(□) of H(curl; □), and b(u, p) := (u, ∇p)_{0,Ω} for u ∈ X(□) and p ∈ H^1_0 (Ω).

We discuss different choices of wavelet bases Ψ_X = {ψ_{λ,X} }_{λ∈J X} for the discretization of a(·, ·), and Ψ_M = {ψ_{λ,M} }_{λ∈JM} for the discretization of b(·, ·). The goal is to find wavelet bases having the property that the discretization of a(·, ·) with Ψ_X , and b(·, ·) with Ψ_X and Ψ_M , leads to two operators A and B meeting the requirements of Section 4.4, in particular, the conditions in Theorem 4.4.1.

7.2 Wavelets for the Maxwell equations

Wavelets for the spaces arising in the analysis of the Maxwell equations have been constructed in [75]. Now we outline their theory and construction, and afterwards we discuss their applicability for the solution of the Maxwell equations.

Fundamental assumptions In this section, we restrict ourselves to domains Ω ∈ {(0, 1)^n, R^n , T^n}, except where noted. We shall denote by □ an n-dimensional cube. We only consider Hilbert spaces over the real scalar field. From Chapter 2, the following assumptions, which will be the foundation for later developments, hold. First, we define δ_i = {δ_{1,i}, . . . , δ_{n,i}} to be the i-th canonical basis vector in R^n .

Assumption 7.2.1 We base the developments on univariate scaling function and wavelet systems of Theorem 2.4.3, and we make the assumptions of this theorem. For all s = (s_1, . . . , s_n) ∈ E and all i ∈ {1, . . . , n} such that s − δ_i ∈ E, there exist biorthogonal systems Ψ^{(s)}, Ψ̃^{(s)} on L_2(Ω) with the following properties:

(i) For any smoothness parameter s ∈ E, Ψ^{(s)} and Ψ̃^{(s)} are indexed by the same index sets J = {λ = (j, k) : j ≥ j_0, k ∈ J_j}, where j_0 is a coarsest level.

(ii) The functions in Ψ^{(s)} are compactly supported. (iii) Regarding Ψ^{(s)} as a column vector of basis functions, one has ∂_iΨ^{(s)} = D^{(i)}Ψ^{(s−δi)}, where D^{(i)} are sparse transformations^1 .

(iv) For each λ ∈ J with |λ| > j_0 there exists an i_λ ∈ {1, . . . , n} such that the matrix D^{(iλ)}_{iλ} := (D^{(iλ)}_{μ,μ′} )_{μ,μ}′_{∈J|λ|;iμ=iμ′ =iλ} is invertible, with ‖(D^{(iλ)}_{iλ} )^{−1}D^{(iμ)}_{iμ} ‖ ≲ 1 for μ ∈ J_{|λ|}. ‖ · ‖ is the matrix norm induced by the Euclidean metric.

(v) An entry D^{(i)}_{λ,μ} = 0 if |λ| ≠ |μ|.

We denote ℓ(J ) the space of sequences labelled by the index set J . Let Ψ^{(s)} = {ψ^{(s)}_λ }_{λ∈J} for a smoothness index s ∈ E^∗ such that s − δ_i ∈ E^∗. The structure above allows for the definition of a discrete differentiation operator d^{(i)} : ℓ(J ) → ℓ(J ), such that for f = c^T Ψ^{(s)} ∈ H^1(Ω), then ∂_if = (d^{(i)}c)^T Ψ^{(s−δi)}.

Specifically, (d^{(i)}c)_λ = ∑ μ∈J_{|λ|} D^{(i)}_{μ,λ}c_μ. 1see Theorem 2.4.3

Vector wavelets Wavelet bases for spaces of vector fields are defined in a componentwise manner. Recall the indexing of tensor product wavelets in (2.50). We shall provide indexing for the i-th component in the following way: Ψ^{[i]}_j := {ψ_{j,e,k} : e ∈ E, k ∈ J^{[i]}_{j,e}}, and define λ := (i, λ) ∈ {1, . . . , n} × J^{[i]}_j , and J_j := n⋃ i=1 ⋃ λ∈J^{[i]}_j λ.

A field ψ_λ is defined componentwise as ψ^{[i]}_λ = ψ_λδ_i, λ ∈ J^{[i]} =: ⋃ j≥j_0 J^{[i]}_j ,

We reserve boldface letters and symbols for wavelet bases for vector fields. Hence, we write families of vector wavelets as Ψ = {ψ_λ : λ ∈ J }, with a similar notation for dual wavelets.

Discrete differential operators We can then define the discrete gradient grad : ℓ(J ) → ℓ(J ) := ℓ(J ) × · · · × ℓ(J ) as grad c := (d^{(1)}c, . . . , d^{(n)}c).

We introduce the following short-hand notation for a sequence c ∈ ℓ(J ): c = (c^{(1)}, . . . , c^{(n)}), where c^{(i)} = {c_{i,λ}}_{λ∈J} . Then, we can define the 2D discrete curl operator curl : ℓ(J ) → ℓ(J ) c = (c^{(1)}, c^{(2)}), curl c := d^{(1)}c^{(2)} − d^{(2)}c^{(1)} and the 3D discrete curl operator curl : ℓ(J ) → ℓ(J ) as c = (c^{(1)}, c^{(2)}, c^{(3)}), curl c := (d^{(2)}c^{(3)} − d^{(3)}c^{(2)}, d^{(3)}c^{(1)} − d^{(1)}c^{(3)}, d^{(1)}c^{(2)} − d^{(2)}c^{(1)}).

Recalling Remark 2.5.1, we note that in the multivariate case, the restriction of the discrete differential operator d to any level j has a non-diagonal block. 7.2.1 Wavelets for the space H(curl; Ω) Definition 7.2.2 Given two univariate wavelet families Ψ^{(1)}_j and Ψ^{(0)}_j as in section 2.4.2, we define, in 2D as well as 3D, the basis Ψ^{curl} componentwise, having a tensor product structure, as follows:

ψ^{[i]}_λ = ψ^{(1−δi)}_λ δ_i where 1 denotes the 2 resp. 3-dimensional vector with entries 1. Here, we have used the smoothness index convention of (2.49).

It is immediately verified that all involved basis functions are in H(curl; Ω). Let us point out some details of the properties of the H(curl; Ω) wavelet basis. They rely on the differentiation calculus described in subsections 2.4.5 and section 2.5, in that they are ’tensorized’ such as to facilitate an exact evaluation of the curl of an expansion relative to Ψ^{curl}. This may be clarified by writing the components explicitly, in 2D resp. 3D:

2D : Ψ^{curl} = ( Ψ^{(0,1)} Ψ^{(1,0)} ) , 3D : Ψ^{curl} =

Ψ^{(0,1,1)} Ψ^{(1,0,1)} Ψ^{(1,1,0)} .

Taking, say, in the 2D case a finite expansion f = c^T Ψ^{curl} with c = (c^{[1]}, c^{[2]}), we can write

curl f = (curl c)^T Ψ^{(0,0)},

and similarly for the 3D case. We define in 2D the space h(curl) as the subspace of ℓ_2(J ) for which the norm

‖c‖^2_{h(curl)} := 2∑ i=1 ‖c^{(i)}‖^2_{ℓ2(J )} + ‖curlc‖^2_{ℓ2(J )}

is finite. For the 3D case, we define the space h(curl) as the subspace of ℓ_2(J ) for which

‖c‖^2_{h(curl)} := 3∑ i=1 ‖c^{(i)}‖^2_{ℓ2(J )} + ‖curlc‖^2_{ℓ2(J )}

is finite. The following theorem appeared in [75]:

Theorem 7.2.3 Under Assumption 7.2.1, the basis Ψ^{curl} is a basis for H(curl; Ω), and one has the estimates ‖c^T Ψ^{curl}‖^2_{H(curl;Ω)} ∼ ‖c‖^2_{h(curl)}. (7.1)

Although Ψ^{curl} is a wavelet basis for H(curl; Ω), the naturally induced norm equivalence does not have a form that makes it fit into the framework outlined in Section 3.3. The culprit is the non-diagonality of the curl operator. As well as we can write (3.16) as ‖c^T Ψ‖_H ∼ c^T D^2c, one can also easily show the existence of bi-infinite matrices C, G so that (7.1) has the format

‖c^T Ψ^{curl}‖^2_{H(curl;Ω)} ∼ c^T (I + C)c =: c^T Gc, (7.2)

where C can be thought of as ’the square of curl’, and is appropriately composed of the operators d^{(i)}. Since the latter are non-diagonal, so are C and G. This fact is a source of problems, which we shall describe in more detail below.

7.2.2 Divergence free wavelets

From [75], we borrow the following definition.

Definition 7.2.4 Make the assumption 7.2.1. Define J^{df} := {λ = (i, λ) : λ ∈ J , 1 ≤ i ≤ n, i ≠ i_λ}.

For λ ∈ J^{df} , define

(ψ^{df}_λ )_ν := 0, ν /∈ {i, i_λ} ψ^{(δi)}_λ , ν = i −∂_i(D^{(iλ)}_{iλ} )^{−1}Ψ^{(δi+δiλ )} |λ| , ν = i_λ The system of divergence free wavelets is denoted by Ψ^{df} .

The corresponding characterization is given in the following theorem, also borrowed from [75]:

Theorem 7.2.5 The basis Ψ^{df} is a basis for V_0(div; Ω), and one has the estimate

‖c^T Ψ^{df} ‖^2_{0,Ω} ∼ ‖c‖^2_{ℓ2(J df )}

The definition above covers divergence free wavelets on R^n , as well as for (0, 1)^n. In the sequel, we shall employ the periodic divergence free wavelets on R^n (see Section 2.4.4), which we shall denote by Ψ̄^{df} .

7.2.3 Curl-free wavelets Keeping Corollary 5.1.5 in mind, it is natural to define a wavelet basis for the space of functions with vanishing curl as follows: For a wavelet basis Ψ^{(1)} = {ψ^{(1)}_λ }_{λ∈J} cf for H^1(Ω), let Ψ^{cf} := ∇Ψ^{(1)}.

Citing [75],

Theorem 7.2.6 Ψ^{cf} is a basis for V(curl; Ω) := {f ∈ H(curl; Ω) : curlf = 0}, and one has the estimate ‖c^T Ψ^{cf} ‖^2_{0,Ω} ∼ ‖gradc‖^2_{ℓ2(J cf )} (7.3)

In this section, we shall elaborate further on this basis, showing that it allows a slightly different and simpler characterization than that of Theorem 7.2.6. Suppose that the wavelet basis Ψ^{(1)} induces the norm equivalence

‖c^T Ψ^{(1)}‖^2_{1,Ω} ∼ ‖Dc‖^2_{ℓ2(J cf )}. (7.4)

holds, with D = diag(2^{|λ|}). Regarding the norm equivalence (7.3), we note that on all levels, the univariate scaling functions occur as factors in the tensor product wavelets, hence on each level, the discrete gradient has a non-diagonal block. Below, we shall exploit a well-known norm equivalence in Sobolev space to arrive at a characterization with a diagonal weighting matrix on all levels but the coarsest one. Indeed, it is proven in [65], that for a bounded and connected Lipschitz domain Ω, the norms ‖ · ‖_{1,Ω} is equivalent to the seminorm | · |_{1,Ω} on the factor space H^1(Ω)/R. By definition of the norm on H^1(Ω)/R, we can write this norm equivalence as inf_{c∈R} ‖f + c‖_{1,Ω} ∼ |f|_{1,Ω} = ‖∇f‖_{0,Ω}. (7.5)

If f ∈ H^1(Ω) has zero mean, i.e. if ∫ Ω fdx = 0 then straightforward calculations yield inf_{c∈R} ‖f + c‖_{1,Ω} = ‖f‖_{1,Ω}. With these preparations, we can now prove

Proposition 7.2.7 Assume that Ω is bounded, connected and Lipschitz. The family Ψ^{cf} is a basis for H_2(Ω), for which one has the norm equivalence

q ∈ H^1(Ω), q = c^T Ψ^{(1)}, (7.6)

‖∇q‖^2_{0,Ω} = ‖ ‖ ‖ ∑ λ c_λψ^{cf}_λ ‖ ‖ ‖ 2

0,Ω ∼ ‖gradc‖^2_{ℓ2(J cfj0 )} + ‖Dc‖^2_{ℓ2(J cf /J cfj0 )}. (7.7)

Proof: Expand any q ∈ H^1(Ω) as in (7.6). The estimate for the ’scaling function part’ of q takes the form ‖ ‖ ‖ ‖ ‖ ∑ λ∈J_{j0} c_λψ^{cf}_λ ‖ ‖ ‖ ‖ 2

0,Ω ∼ ‖gradc‖^2_{ℓ2(J cfj0 )},

and is the same as that of Theorem 7.2.6. Consider now the ’wavelet part’ of q, i.e.

q_w = ∑ λ∈J^{cf} /J^{cf}_{j0} c_λψ^{(1)}_λ .

Due to the vanishing moments of the wavelets in Ψ^{(1)}, q_w has zero mean. The desired estimate follows now from (7.4) applied to q_w and (7.5).

7.2.4 A discrete Hodge decomposition

The constructions of the previous two subsections and Corollary 5.1.5 gives, noting that naturally H_1(Ω) ⊂ V(div; Ω), a discrete Hodge decomposition as follows [75]:

Proposition 7.2.8 The decomposition

L_2(Ω) = clos_{L2(Ω)}span(Ψ^{df} ) ⊕ clos_{L2(Ω)}span(Ψ^{cf} ) (7.8)

is orthogonal in L_2(Ω), in H(div; Ω) and in H(curl; Ω). Furthermore, the decomposition (7.8) is stable, in the sense that for any f ∈ L_2(Ω), the coefficients in the expansion f = c^{df,T} Ψ^{df} + c^{cf,T} Ψ^{cf} satisfy the estimate

‖f‖^2_{L2(Ω)} ∼ ‖c^{df} ‖^2_{ℓ2(J df )} + ‖gradc^{cf} ‖^2_{ℓ2(J cfj0 )} + ‖Dc^{cf} ‖^2_{ℓ2(J cf /J cfj0 )}.

7.3 The kernel of the curl operator

The variational formulations in Chapter 6 suggest employing wavelet bases for the space H(curl; □). We discuss in this section the perspective of employing these wavelet bases for the discretization of variational formulations, such as Problem 6.3.7.

7.3. THE KERNEL OF THE CURL OPERATOR 97

In general, one can say that the progress of fast numerical methods for the Maxwell equations has been slow, in particular because of the large kernel of the curl operator, see Corollary 5.1.5. Along with implications of certain structural properties of the before mentioned wavelet bases, this will be the major topic of discussion in this section. Indeed, this issue will be the main source of difficulty when applying the wavelet bases for the space H(curl; □). As outlined in the previous section, the norm equivalence induced naturally by the wavelet bases for H(curl; □) involves a non-diagonal weighting matrix G acting on the expansion coefficients. As we shall describe below, the presence of the kernel makes a scaling with a diagonal matrix impossible for the wavelet realizations of the involved operators. Then, one has to come to terms with the non-diagonality of the preconditioner, which is a source of difficulty, and places this approach outside the ’natural’ framework of the adaptive wavelet-based methods of [25], presented in Chapter 3. The aim of this section is to present some details of this approach, in order to give a clear impression of the nature of the difficulties.

We let Ψ_X = Ψ^{curl} = {ψ_λ : λ ∈ J_X } be the wavelet basis for H(curl; □) from the previous section, and define

Ǎ_1 = ((curlψ_λ, curlψ_{λ′} )_{0,□})_{λ,λ′} , Ǎ_0 := ((ψ_λ, ψ_{λ′} )_{0,□})_{λ,λ′}

so that the (unscaled) wavelet realization of a(·, ·) is

Ǎ_{ΨX} = (a(ψ_λ, ψ_{λ′} ))_{λ,λ′} = Ǎ_1 + Ǎ_0.

Taking the approach of Chapter 3, and bearing Theorem 7.2.3 and (7.2) in mind, it is easy to prove that G^{−1/2}Ǎ_{ΨX} G^{−1/2} is an isomorphism on ℓ_2(J_X ). The application of this operator is crucial to Algorithm 3.3.5, and is made difficult by the presence of the inverse square root of the non-diagonal weighting matrix G. For an N ×N (symmetric positive definite) matrix, the extraction of an inverse square root, or any power for that matter, involves a singular value decomposition, which is an O(N^3) operation, and this would seriously damage the optimal work counts of Algorithm 3.3.5. Therefore, it is tempting to try to employ instead the usual diagonal scaling with D = diag(2^{|λ|}).

The operator Ǎ_1 is neither bounded on ℓ_2(J_X )^2, nor compressible, cf. Section 3.4, and hence the same holds for A_{ΨX} . Therefore, we attempt to employ the usual scaling, and consider A_{ΨX} := D^{−1}Ǎ_{ΨX} D^{−1} = D^{−1}Ǎ_1D^{−1} + D^{−1}Ǎ_0D^{−1} =: A_1 + A_0.

Now A_1 is bounded, and the same arguments in [31] establishing (3.27) can be employed to show that it is also compressible. Consequently, A_{ΨX} is bounded and compressible. However, a bound of this operator from below cannot exist. A simple counterexample is provided by considering a sequence u_k := 2^{−k}ψ^{cf}_{λk} , k = j_0 + 1, . . ., where |λ_k| = k. In other words, u_k is a sequence of scaled gradients of wavelets, and belong therefore to the kernel of the curl operator. Since, in particular, u_k ∈ H(curl; □), each u_k has an expansion relative to Ψ^{curl},

u_k = c^T_k Ψ^{curl}.

By the normalization, as showed in (7.3), ‖u_k‖_{H(curl;□)} = ‖u_k‖_{0,□} >∼ 1, which by (7.1) shows ‖c_k‖_{ℓ2(JX )} >∼ 1. Since Ǎ_0 is the Gramian of the Riesz basis Ψ^{curl} on L_2(Ω), it is an isomorphism on ℓ_2(J_X ). Consequently, ‖A_{ΨX} c_k‖ = ‖A_0c_k‖ → 0 as k → ∞, showing the nonexistence of the lower bound.

2because of the scaling factors in the operators d

Facing these difficulties, we choose to focus on another approach, based on another wavelet basis for the discretization of the variational problems of Chapter 6.

7.4 Transformation into sequence space via Hodge decomposition

In this section, we still consider the transformation of Problem 6.3.7 into a well-posed problem in the Euclidean metric. We shall consider a strategy, based on the discrete Hodge decomposition of Subsection 7.2.4, in order to circumvent the problem with the kernel of the curl operator, as described above. The ’continuous’ Hodge decomposition of Corollary 5.1.5 states that the (first component of the) solution u to Problem 6.3.7 is the orthogonal sum of a divergence free function u^{df} on □ and the gradient of some function q ∈ H^1(□). We try to take advantage of this by separating the problem into two subproblems, expanding u^{df} in terms of a (periodic) divergence free wavelet basis, and seek q as a solution to an appropriately defined subproblem, so that when (an approximation to) q is available, its gradient is easily computed and represented in terms of a curl-free wavelet basis.

From now on, we will consider the bilinear form b(·, ·) on H^1_0 (Ω) × X(□) for X(□) being a subset of H(curl; □), as it was done in Section 4.4.

7.4.1 Motivation and preliminary remarks

We begin by sharpening the Hodge decomposition from Corollary 5.1.5, taking advantage of the simple structure of the domain □. According to [55], for a domain such as □ being convex, with polyhedral faces, the space H_2(□) has the representation

H_2(□) = {∇q : q ∈ H^1_0 (□)}.

Obviously, the advantage of this refined decomposition compared to that of Corollary 5.1.5 is that the uniqueness of q up to additive constants is removed.

The wavelet bases

We describe now the choice of wavelet bases we apply for the discretization of the bilinear forms a(·, ·) and b(·, ·). First, we choose Ψ_X for the discretization of a(·, ·) as follows. Let Ψ^{(1)} = {ψ^{(1)}_λ }_{λ∈J} cf_X be a wavelet basis for H^1_0 (□), boundary adapted along the lines of Subsection 2.4.3, and let it satisfy the characterization ‖c‖_{ℓ2(J} cf_{X )} ∼ ‖c^T D^{−1}_{Xcf} Ψ^{(1)}‖_{1,□} where D_Xcf = diag(2^{|λ|}). Define as above, Ψ^{cf} := ∇Ψ^{(1)}. Let Ψ̄^{df} = {ψ^{df}_λ }_{λ∈J} df_X be the periodic divergence free wavelet basis, and we shall assume that they are based upon univariate B-splines of order d ≥ 3. This ensures that each element in this basis has H^1(□) regularity, which will be needed later. We define

Ψ_X := Ψ̄^{df} ∪ Ψ^{cf} .

As a basis for the discretization of b(·, ·) we choose a basis Ψ_M = {ψ_{M,λ}}_{λ∈JM} for H^1_0 (Ω), which induces the norm equivalence

‖c‖_{ℓ2(JM )} ∼ ‖c^T D^{−1}_M Ψ_M ‖_{1,Ω}

where as above, D_M = diag(2^{|λ|}). As indicated in Subsection 2.4.3 and Section 2.6, such bases are known to exist for a large class of domains Ω.

A decomposition

Denote by u the first component of the solution to Problem 6.3.7. Noting first that we are interested in the restriction u|_Ω, we note that according to Corollary 5.1.5, we can write

u|_Ω = u^{df}_Ω + ∇q_Ω,

where u^{df}_Ω ∈ H_1(Ω), q_Ω ∈ H_2(Ω). With Proposition 7.2.8 and the choice of wavelet basis above in mind, we look for u ∈ H(curl; □)_{per} on the form

u = u^{df} + ∇q, (7.9)

where u^{df} is to be expanded in Ψ̄^{df} , and q uniquely determined in H^1_0 (□), so that ∇ q has an expansion relative to Ψ^{cf} . Somewhat contrary to the spirit of the Fictitious Domain approach, we choose not to employ periodic basis functions on □ for the resolution of ∇q. The reason is that below, we shall eventually solve for q, and the above choice of basis functions brings over to the discrete setting the advantage that uniqueness of q up to constants is removed. This would not be the case if one chose to employ periodic basis functions for the resolution of q.

Define the (for the moment, unscaled) operator Ǎ_{ΨX} := a(Ψ_X , Ψ_X ).

The block Ǎ_{ΨX} decomposes in a convenient way. From (the proof of) Lemma 6.3.2 and periodicity, we can write

(curlψ^{df}_λ , curlψ^{df}_{λ′} )_{0,□} = (∇ψ^{df}_λ , ∇ψ^{df}_{λ′} )_{0,□}

for any two ψ^{df}_λ , ψ^{df}_{λ′} in Ψ̄^{df} . Here, we have used the assumption that the elements in Ψ̄^{df} have H^1(□) smoothness. Then, due to Proposition 7.2.8, Ǎ_{ΨX} := (curl Ψ, curl Ψ)_{0,□} + (Ψ, Ψ)_{0,□} (7.10) = ( (∇ Ψ̄^{df} , ∇ Ψ̄^{df} )_{0,□} + (Ψ̄^{df} , Ψ̄^{df} )_{0,□} 0 0 (Ψ^{cf} , Ψ^{cf} )_{0,□} ) (7.11) =: (ˇ A^{df} 0 0 Ǎ^{cf} ) . (7.12)

Recalling the remark above, the large kernel of the curl operator is now handled by the block A^{cf} . Moreover, employing (5.4), the block B̌ := b(Ψ_M , Ψ_X ) has the following structure:

B̌ = ( (∇Ψ_M , Ψ̄^{df} )_{0,Ω} (∇Ψ_M , Ψ^{cf} )_{0,Ω} ) = ( 0 (∇Ψ_M , Ψ^{cf} )_{0,Ω} ) = ( 0 B̌cf ) . (7.13)

Now we have essentially performed a decoupling of Problem 6.3.7 into a divergence free and a curl free part, and obviously, it suffices to impose the local divergence condition only on the curl free part.

7.4.2 The transformation

The decoupled problems

As a result of the choice of wavelet bases, we can now prescribe a discrete formulation of Problem 6.3.7 which decouples into the following two problems. Before we formulate them, we assume the existence of a basis Ψ_S = {ψ_{S,λ}}_{λ∈JS} for the space (H^{− 1}2 (div_Γ; Γ))^′. To the knowledge of the author, wavelet bases for the trace space H^{− 1}2 (div_Γ; Γ) and its dual are still to be constructed. Therefore, as the author is sad to admit, this assumption is somewhat hypothetical.

First, the problem governing the ’divergence free part’:

Problem 7.4.1 For the given (J_□, η) ∈ (H_{per}(curl; □))^′ × H^{− 1}2 (div_Γ; Γ), define the (unscaled) data ǰ^{df} := ⟨Ψ̄^{df} , J_□⟩, η̌^{df} := ⟨Ψ_S , η⟩_Γ,

and the (unscaled) operators

Ǎ^{df} = a(Ψ̄^{df} , Ψ̄^{df} )_□, Č^{df} = ⟨γ_τ (Ψ̄^{df} ), Ψ_s⟩_Γ.

The problem reads ( Ǎdf Čdf,T Čdf ) ( č^{df} ě^{df} ) = (ˇ j^{df} η̌^{df} )

Secondly, the problem governing the ’curl free part’:

Problem 7.4.2 For the given (J, f, η) ∈ (H_{per}(curl; □))^′ × H^{−1}(Ω) × H^{− 1}2 (div_Γ; Γ) , define the (unscaled) data ǰ^{cf} := ⟨Ψ^{cf} , J_□⟩, f̌^{cf} = ⟨Ψ^{cf} , f⟩, η̌^{cf} := ⟨Ψ_S , η⟩_Γ, and the (unscaled) operators

Ǎ^{cf} = a(Ψ^{cf} , Ψ^{cf} )_□, B̌^{cf} = (∇Ψ_M , Ψ^{cf} )_{0,Ω}, Č^{df} = ⟨γ_τ (Ψ̄^{df} ), Ψ_s⟩_Γ.

The problem reads Ǎcf B̌cf,T Čcf,T B̌cf Čcf č^{df} ďcf ě^{cf} = ǰcf f̌ cf η̌^{cf} Clearly, the problems defined above cannot be expected to be well-posed in their corresponding infinte Euclidean metrics. The aim of the next subsections is to consider possibilities of rescaling the problems, in order to turn them into well-posed problems.

The discrete operators

We consider now the two decoupled problems, and formulate conditions that fulfill the assumptions of Theorem 4.4.1, furnishing the transformation of the given variational formulation into sequence space. We focus on the discretization of a(·, ·) and b(·, ·), since a closer consideration of the bilinear form on the boundary would be hypothetical, due to the fact that wavelet bases of (H^{− 1}2 (div_Γ; Γ))^′ have, to the knowledge of the author, not been constructed.

First, we make some preparations. In the literature, the following spaces are often considered: For s > 0, V^s(div, □) := {f ∈ H^s(□) : divf = 0}.

For our purposes, we shall need its periodic version: V^s(div, □)_{per} := {f ∈ H^s(□)_{per} : divf = 0}.

Proposition 7.4.3

(i) Assume that Ψ̄^{df} characterizes V^1(div, □)_{per} as follows ‖c^T D^{−1}_{Xdf} Ψ̄^{df} ‖^2_{1,□} ∼ ‖c‖^2_{ℓ2(J dfX )} (7.14) with D_Xdf = diag2^{|λ|}. Then A^{df} := a(D^{−1}_{Xdf} Ψ̄^{df} , D^{−1}_{Xdf} Ψ̄^{df} ) is an isomorphism on ℓ_2(J^{df}_X ).

(ii) With D_Xcf = diag(2^{|λ|}), the operator A^{cf} := a(D^{−1}_{Xcf} Ψ^{cf} , D^{−1}_{Xcf} Ψ^{cf} ) is an isomorphism on ℓ_2(J^{cf}_X ).

(iii) With B^{cf} = (D^{−1}_M ∇Ψ_M , D^{−1}_{Xcf} Ψ^{cf} )_{0,Ω}, the operator ( A^{cf} B^{cf,T} B^{cf} ) : ℓ_2(J^{cf} ) := ℓ_2(J^{cf}_X ) × ℓ_2(J_M ) → ℓ_2(J^{cf} )

is an isomorphism on ℓ_2(J^{cf} ).

Proof: We proceed by verifying the conditions of Theorem 4.4.1. For (i), we need only to establish the coercivity of a(·, ·) on V^1(div, □)_{per}. However, since V^1(div, □)_{per} is equipped with the norm ‖ · ‖_{1,□}, and since Lemma 6.3.2 allows us to write, for u, v ∈ V (div, □)_{per} a^{df} (u, v) = (∇u, ∇v)_{0,□} + (u, v)_{0,□}, we see that we get coercivity on the space V^1(div, □)_{per}. Regarding (ii), we can write A^{cf} = (D^{−1}_{Xcf} ∇Ψ^{(1)}, D^{−1}_{Xcf} ∇Ψ^{(1)})_{0,□}.

Bearing in mind that Ψ^{(1)} is a basis for H^1_0 (□) and that the bilinear form (∇·, ∇·)_{0,□} is coercive on H^1_0 (□), by the Poincare inequality, we see that A^{cf} is nothing but the (correctly scaled) wavelet realization of the Laplacian on H^1_0 (□), which is, as is well known, an isomorphism on ℓ_2(J^{cf}_X ). As to (iii), note that the bilinear form (∇·, ∇·)_{0,□} : H^1_0 (□) × H^1_0 (□) is coercive, and the bilinear form (∇·, ∇·)_{0,Ω} : H^1_0 (□) × H^1_0 (Ω) satisfies the inf-sup condition (4.6), since by Lemma 6.3.10, the operator Div_Ω : H^1_0 (□) → H^{−1}(Ω) defined there is onto.

The condition (7.14) can be realized by choosing sufficiently regular univariate scaling functions and wavelets for the construction of the divergence free wavelets.

We note that the operator defined in (iii) is the one arising from the discretization of the following subproblem, which determines q in (7.9):

Problem 7.4.4 Given (J_□, f) ∈ L_2(□) × H^{−1}(Ω), find (q, p) ∈ H^1_0 (□) × H^1_0 (Ω), such that

(∇q, ∇v)_{0,□} + (∇v, ∇p)_{0,Ω} = (J_□, ∇v)_{0,□} ∀v ∈ H^1_0 (□), (7.15) (∇q, ∇y)_{0,Ω} = ⟨f, y⟩ ∀y ∈ H^1_0 (Ω). (7.16)

By the remarks in the preceding proof, the inf-sup conditions of the bilinear forms are fulfilled, thereby ensuring well-posedness.

Finally, we note that the compressibility of the involved operators can be established along the lines of the remarks following Proposition 3.4.1.

The data

We make some remarks on the given data. The quantity u in Problem 6.3.7 represents an electric field, and we assume that it is driven by a given current density J. As indicated in Theorem 5.3.1, J has regularity in C^1([0, T ], : L_2(Ω)) ∩ C([0, T ], H(div; Ω)). We assume that to any given time instant, we extend J to J_□ ∈ L_2(□).

Remark 7.4.5 The array defined by

j := ( j^{df} j^{cf} ) = ( D^{−1}_{Xdf} (Ψ̄^{df} , J_□)_{0,□} D^{−1}_{Xcf} (Ψ^{cf} , J_□)_{0,□} ) . (7.17)

belongs to ℓ_2(J^{df}_X ) × ℓ_2(J^{cf}_X ). Indeed, it is clear from the Cauchy-Schwartz inequality that (Ψ̄^{df} , J_□)_{0,□} ∈ ℓ_2(J^{df}_X ). Since J_□ ∈ L_2(□), div J_□ ∈ H^{−1}(□), and by definition

j^{cf} = D^{−1}_{Xcf} (∇Ψ^{(1)}, J_□)_{0,□} = D^{−1}_{Xcf} ⟨Ψ^{(1)}, div J_□⟩ ∈ ℓ_2(J^{cf}_X ).

7.5 Closing discussion

We close this chapter with a discussion of the above developments.

Regularity

First, we would like to relate the developments of Section 7.4 to the issues of regularity of solutions to the Maxwell equations, in particular the danger that numerical schemes may not resolve non-H^1(Ω) singularities. As described in Chapter 6, for a Fictitious Domains formulation for the Maxwell equations, a way to avoid the trap of not resolving non-H^1(Ω) singularities is to impose the divergence condition weakly on the physical domain Ω, and imposing the tangential trace condition weakly on Γ as well. As mentioned on Page 79, this allows the normal component of the solution u to jump across the boundary Γ, thereby ensuring that u does not have a divergence in L_2(□), in particular, u /∈ H^1(□).

However, the result stated in (i), Proposition 7.4.3, seems to conflict with these observations. Indeed, in order for the operator A^{df} to be an isomorphism in the Euclidean metric,

7.5. CLOSING DISCUSSION 103

the claim (i) suggests the energy space of the first component of a continuous version of Problem 7.4.1 should be V^1(div, □)_{per}, which is a subset of H^1(□)_{per}. This does not seem to be directly compatible with the fact that the normal trace of the solution to this subproblem shold be allowed to jump across Γ, since this implies non-H(div; □) as well as non-H^1(Ω) conformity.

The given data

The ’canonical’ approach of Section 3.3 and in particular Theorem 3.3.1 for finding variational problems on appropriate energy spaces, and wavelet bases inducing norm equivalences in the energy spaces, covers automatically the general case of a right hand side in the dual of the energy space. This is not the case of the approach taken above, recall the regularity assumptions on J leading to the estimates of Remark 7.4.5, and as such, this approach is not completely satisfying. The reason for this is that we do not employ a wavelet basis which is tailored for the energy space H(curl; Ω), in the same way as in the case of the Poisson problem, treated with wavelet bases in H^1_0 (Ω). However, relaxing the regularity requirements of the data to J ∈ (H(curl; □)_{per})^′, while obtaining that the discretizations, relative to the union of divergence free and curl free wavelet bases, belong to ℓ_2, does not seem trivial.

Comparison

In summary, we considered the discretization of the bilinear form a(·, ·) using two wavelet bases, namely the wavelet basis for H(curl; □), and the union of divergence- and curl free wavelet bases. Both approaches have advantages and disadvantages. The discretization of a(·, ·) with the H(curl; □) basis, and employing the usual scaling, leads to an operator, which in principle is easily computable, but which is not an isomorphism in the Euclidean metric, due to the kernel of the curl operator. This problem is less severe when employing the union of divergence- and curl free basis, since this approach leads to a decomposition of the underlying problem into two subproblems, where the kernel of the curl operator only has influence on one of the subproblems. Moreover, this subproblem can be recast as a wellposed problem in the Euclidean metric. The drawbacks of this approach is on one hand the above mentioned regularity issue in the ’divergence free’ part of the problem, and the need for imposing additional regularity requirements on the given data.

Periodic wavelets for the ’curl free part’

As described on Page 99, we chose for the ’curl free part’ of u to employ a boundary adapted wavelet basis Ψ^{(1)} for the space H^1_0 (□). This has the advantage that q in the (continuous) Hodge decomposition of u is uniquely defined, and by the Poincare inequality, the bilinear forms discretized with Ψ_Xcf immediately fulfill the conditions of 4.4.1. Furthermore, due to the simple structure of the domain □, this basis is very easy to realize, viz. Subsection 2.4.3.

Instead of the basis Ψ^{(1)} of H^1_0 (□) above, one could have used its periodic version Ψ̄^{(1)}. Since the span of this basis contains the constants, c^{cf} in the corresponding formulation of Problem (7.4.2) would not be uniquely determined, and one would have to impose an additional requirement on the discretization in order to take care of this nonuniqueness. Due to the remarks leading to Proposition 7.2.7, a suitable norm equivalence induced by this basis is indeed available, and the uniqueness up to constants is reflected by the presence of the (singular) grad operator on the coarsest level in the norm equivalence.

Acknowledgment The author would like to thank Prof. Dr. Wolfgang Dahmen, and Prof. Dr. rer. nat. Karsten Urban, for rewarding discussions on these issues.

Chapter 8

Conclusions and outlook

This thesis has concentrated on the applicability of solving the Maxwell equations adaptively, using the wavelet-based methods of [25].

The first major ingredient for the adaptive wavelet-based methods of [25] is well-posed variational formulations. We derived well-posed variational formulations for the Maxwell equations. In particular, we focused on Fictitious Domains methods. It was shown how to ensure convergence to the true solution, i.e. how to resolve non-H^1(Ω) singularities. The key point is that imposing the divergence condition only on the physical domain Ω allows, along with the constraint of tangential traces on Γ, the normal trace of the solution to jump across Γ, avoiding in this way global H(div; □) regularity for the case of periodic functions on □. Then we considered different approaches for the transformation of the Fictitious Domain formulations into the infintely-dimensional Euclidean space setting. We presented initial results of well-posedness along the lines of [32], unfortunately without reaching fully satisfying results.

Consequently, there is a lot of work to be done before solving the Maxwell equations with the methods of [25] is as well-founded theoretically as, for instance, the Poisson and Stokes problem. Apart from the problems of transforming the variational formulations for the Maxwell equations into well-posed problems in the Euclidean metric, described in the closing discussion of Chapter 7, let us identify some of the most important issues.

The transformation of the Fictitious Domains formulations of Chapter 6 into well-posed problems in the Euclidean metric requires wavelet bases for H^{− 1}2 (div_Γ; Γ) and its dual. To the knowledge of the author, such wavelet bases have not been constructed. One reason may be that a sound understanding of the properties of these spaces over general Lipschitz domains was not achieved until the recent papers [16],[14],[15]. The results in these papers indicate the need for estimating wavelet expansions in the norm of H^s(Γ) for s ≤ −^1_2 , which is, in the general case, governed neither by the Wavelet-Element approach of [17], [18], nor the glueing procedure of [41]. Therefore it seems as if one has to employ the work of [42], since it governs trace spaces of a wide range of regularity.

Secondly, there is the question of regularity theory of the Maxwell equations in the scale of Besov spaces B^s_τ (L_τ (Ω)), which is important because it provides an upper bound on the error decay of the adaptive algorithm developed in [25]. Regularity theory in this scale of spaces has not been studied very extensively. For the Poisson problem [56] and the Stokes problem [33], such regularity results are known, but to the knowledge of the author, this issue is still open for the Maxwell equations. Valuable information on this subject could very well

106 CHAPTER 8. CONCLUSIONS AND OUTLOOK

be extracted from papers by Mitrea et.al, such as [63], [46].

A third issue, which is important, not in particular for the Maxwell equations, but for the Fictitious Domain formulations in connection with adaptive wavelet-based methods, is the convergence rate when employing a Fictitious Domain formulation. In the course of the work of this thesis, the compressibility potential of the discrete versions of the trace operator was studied closely (by co-researchers of the author), and found to be quite low, which could result in prohibitely slow convergence rates for the adaptive algorithm. Current research is carried out to circumvent this problem, by exploiting the freedom of choosing extensions of the given data to □, in order to obtain a solution on □ which has the optimal smoothness across the boundary Γ of the physical domain Ω.

Of course, an implementation of the algorithm for the solution of the Maxwell equations is important, but as we have just outlined, it is questionable if the time is right for that to be meaningful. Most significantly, this is due to the fact that wavelet bases for H^{− 1}2 (div_Γ; Γ) are not (to the author’s knowledge) known, thus leaving issues of implementation without a sound theoretical foundation.

It should be mentioned that other approaches exist for the numerical solution of the Maxwell equations. So-called potential formulations have been considered, in which one does not seek the electric field E, but rather the components in the Hodge decomposition of E, i.e. the potential functions q and u in Corollary 5.1.5. In this approach, there are two unknowns to be resolved before one has an approximation to the electric field, but on the other hand, both of these potentials have H^1(Ω) regularity. Since adaptive wavelet-based methods for problems posed in H^1(Ω) is a well-studied area, it is plausible that adaptive wavelet-based methods could be prescribed for a potential formulation, in an easier way than for the H(curl; Ω) formulations used in this thesis. However, for simplicity, formulations with a minimal number of unknowns were preferred in this work. Furthermore, the interest of the author and collaborators was fueled by the challenges posed by formulations in the space H(curl; Ω), such as the existence of non-H^1(Ω) singularities, and the fact that wavelet-based methods for problems posed in H(curl; Ω) had not been considered previously. Indeed, one can say that the approach of Section 7.4 employing the union of divergence- and curl free wavelet bases, is essentially borrowed from the above mentioned decomposition approach, and suggests an interesting approach for the transformation of the variational formulations into an equivalent, well-posed problem in the Euclidean metric.

In summary, there are still many important and interesting open problems to be dealt with, before efficient adaptive wavelet-based solvers, based upon the work of Cohen, Dahmen and DeVore in [45] are available for the variational formulations of the Maxwell equations, presented in this thesis.

Appendix A

Sobolev and Besov spaces

A.1 Sobolev spaces

We recall some basic properties of Sobolev spaces. There are numerous good sources, of which we mention [1], [68]. L_2(Ω) is the Hilbert space of square integrable functions over Ω. For k ∈ N, the Sobolev space H^k(Ω) is the space of L_2(Ω) functions having (weak) partial derivatives of order less than or equal to k in L_2(Ω). Using the multiindex notation, the Sobolev spaces are equipped with the inner product and norm

(u, v)_{k,Ω} := ∑ |α|≤k (∂^αu, ∂^αv)_{0,Ω}, ‖u‖^2_{k,Ω} = (u, u)_{k,Ω}. We denote by H^k(Ω) spaces of n-tuples of functions belonging to H^k(Ω), equipped with the Euclidean inner product.

More generally, for 0 < p ≤ ∞, Sobolev space W^{k,p}(Ω) is the Banach space of L_p(Ω) functions with (weak) partial derivatives in L_p(Ω), equipped with the obvious norm.

The trace mapping in Sobolev spaces is denoted by γ_0 : H^k(Ω) → H^{k− 1}2 (Γ), thus the latter space is defined as the space of traces of H^k(Ω) functions, equipped with the norm ||g||_{k−} 1_{2 ,Γ} := inf{||f||_{k,Ω} : γ_0(f) = g}. We denote by D(Ω) the space of C^∞ and compactly supported functions on Ω. We shall also need the space of functions D(Ω) := {ϕ|_Ω : ϕ ∈ D(R^3 )}, (A.1) which is dense in H^k(Ω) for any k ≥ 0. We define

H^k_0 (Ω) := D(Ω)^{Hk(Ω)}.

If Ω is bounded and k ≥ 1, H^k_0 (Ω) is a closed, genuine subspace of H^k(Ω). The H^k_0 (Ω) space is also the space of H^k(Ω) functions with the property that the first k − 1 normal derivatives vanish on the boundary: u = ∂u ∂n = . . . = ∂^{k−1}u ∂n^{k−1} = 0 in the sense of trace. An important result is that when Ω is bounded in at least one direction, the Sobolev seminorm |u|^2_{k,Ω} := ∑ |α|=k ‖∂^αu‖^2_{0,Ω} (A.2) is equivalent to the Sobolev norm on the space H^k_0 (Ω). The nontrivial inequality in this norm equivalence is known as Poincares inequality.

We shall also need Sobolev spaces with negative exponents. Let k > 0. Every L_2(Ω) element u gives rise to a functional on H^k_0 (Ω) as

H^k_0 (Ω) ∋ v → (u, v)_{0,Ω}. (A.3)

One can equip the space of such functionals with the usual dual norm, defined as ‖u‖_{−k,Ω} := sup 0≠v∈H^k_0 (Ω) |(u, v)_{0,Ω}| ‖v‖_{k,Ω} , (A.4)

and one defines the space H^{−k}(Ω) to be the closure of L_2(Ω) with respect to the ‖ · ‖_{−k,Ω} norm.

The following integration by parts formulas hold [48]:

(i) For u, v ∈ H^1(Ω) and 1 ≤ i ≤ 3, ∫ Ω u ∂v ∂x_i dx = − ∫ Ω ∂u ∂x_i vdx + ∫ Γ γ_0(uv)n_ids (A.5)

where n_i is the ith component of the outward unit normal to Γ.

(ii) If also u ∈ H^2(Ω), 3∑ i=1 ∫ Ω ∂u ∂x_i ∂v ∂x_i dx = − 3∑ i=1 ∫ Ω ∂^2u ∂x^2_i vdx + 3∑ i=1 ∫ Γ γ_0 ( ∂u ∂x_i ) n_ids. (A.6)

We define for k ∈ N the negative Sobolev spaces H^{−k}(Ω) := (H^k_0 (Ω))^′. The duality pairing is denoted ⟨·, ·⟩_k.

We shall also need the space H^1(Ω)/R, which is the space of equivalent classes v̇ of H^1(Ω) modulo the relation f ∼ g ⇔ f − g = c, c ∈ R (A.7) equipped with the norm ‖v̇‖_H1_{(Ω)/R} := inf{‖v‖_{1,Ω} : v ∈ v̇}. (A.8)

For the space H^1(Ω)/R, a Poincare type inequality also holds [64], and hence the Sobolev seminorm (A.2) is equivalent to the Sobolev norm on this space.

A.2 Besov spaces

Secondly, we define for s > 0 the Besov space B^s_q (L_p(Ω)), a subspace of L_p(Ω), as follows. For f ∈ L_2(Ω), r an integer and h > 0, we define the r-th order difference operator with step h as follows:

Δ^r_h(f, x) := r∑ k=0 (−1)^{r−k} ( r k ) f(x + kh). (A.9)

The function Δ^r_h(f, x) is zero by convention when any of the points x, . . . , x + kh in which f is evaluated falls outside of Ω. The rth order modulus of smoothness in L_p(Ω) is defined as

ω_r(f, t)_p := sup_{|h|≤t} ‖Δ^r_h(f, ·)‖_{Lp(Ω)}. (A.10)

For s > 0, we let r denote the smallest integer larger than s, and define f to belong to the Besov space B^s_q (L_p(Ω)) if

|f|_Bs_{q (Lp(Ω))} := {(∫_∞ 0 (t^{−s}ω_r(f, t)_p)^{q dt}_t )_{1/q} 0 < q < ∞ sup_{t>0}(t^{−α}ω_r(f, t)_p) q = ∞

(A.11)

is finite. With ‖f‖_Bs_{q (Lp(Ω))} := |f|_Bs_{q (Lp(Ω))} + ‖f‖_{L2(Ω)}, the Besov space B^s_q (L_p(Ω)) becomes normed.

Recall the terminology from Section 3.2 about interpolation spaces. For an open, connected set Ω, it can be proved [45] that for X = L_p(Ω) and Y = W^{r,p}(Ω), one can prove that for t > 0, K(f, t^r) ∼ ω_r(f, t)_p and consequently

(L_p(Ω), W^{r,p}(Ω))_{θ,q} = B^{θr}_q (L_p(Ω)), 0 < θ < 1, 0 < q ≤ ∞

hence Besov spaces arise from interpolation between L_p and Sobolev spaces.

110 APPENDIX A. SOBOLEV AND BESOV SPACES

List of symbols

General

R The real number field. C The complex number field. N The natural numbers. Z The integers. Q The rational numbers. T The torus R/[0, 1).

L(X, Y ) Bounded operators from the Banach space X to the Banach space Y . X → Y The Banach space X is continuously imbedded in the Banach space Y . c^T Transpose of a vector or a matrix.

clos_X (Y ) Closure of the set Y in the norm of the Banach space X. span(X) Space of finite linear combinations of vectors in the space X. X^′ The normed dual of the Banach space X. T^′ The adjoint of an operator T .

(·, ·)_{k,Ω} Inner product on the Hilbert space H^k(Ω), k ∈ N. ⟨·, ·⟩_X Duality pairing between the Banach space X and its normed dual X^′. ∂_i Short notation for partial differentiation^∂_{∂xi} . f̄ Periodization of a function f.

Wavelets

j Scale parameter, level. k Translation parameter. ξ Univariate scaling function. η Univariate wavelet.

ζ_{j,k} For a function ζ : R → R, ζ_{j,k} = 2^{j/2}ζ(2^j · −k) dξ Univariate B-spline of order d. I_j Index set of translates of the univariate scaling function ξ on level j.

J_j Index set of translates of the univariate wavelet η on the level j.

Ξ_j Family {ξ_{j,k} : k ∈ I_j } of translates of the scaling function ξ.

Υ_j Family {η_{j,k} : k ∈ J_j} of translates of the wavelet η.

d,d̃ξ Dual B-spline of order d, d̃. d,d̃η Primal B-spline wavelet.

d,d̃η̃ Dual B-spline wavelet.

S_j Multiresolution space, average space. U_j Wavelet space, detail space. S̃_j Dual multiresolution space. Ũ_j Dual wavelet space. Q_j Projector Q_j : L_2 → S_j . M_{j,0} Refinement operator. M_{j,1} Completion.

M_j Transformation matrix M_j = [M_{j,0}, M_{j,1}] B_j Inverse transformation matrix. E {0, 1}^n, wavelet type parameter. E^∗ E/{0}. e Type parameter e ∈ E.

ϕ Tensor product of univariate scaling functions. ψ Tensor product of univariate wavelets and scaling functions. λ Index for multivariate scaling function or wavelet: λ = (j, e, k_1, . . . , k_n). |λ| j I_j Index set of multivariate scaling functions on level j. J_j Index set of multivariate wavelets on level j.

Φ_j Family {ϕ_λ : λ ∈ I_j} of tensor products of univariate scaling functions. Ψ_j Family {ψ_λ : λ ∈ J_j} of tensor products of wavelets and scaling functions. λ (i, λ), index for vector valued scaling functions and wavelets. ϕ Vector valued scaling function. ψ Vector valued wavelet.

I_j Index set for fields of scaling functions. J_j Index set for fields of wavelets.

Φ_j Family {ϕ_λ : λ ∈ I_j} of vector fields of scaling functions. Ψ_j Family {ψ_λ : λ ∈ J_j } of vector fields of wavelets.

Function spaces

L_2(Ω) Square integrable functions f on Ω. L_2(Ω) Square integrable vector fields f on Ω. (·, ·)_{0,Ω} Inner product on L_2(Ω). H^s(Ω) Sobolev space of functions over Ω. H^1_{Tan}(Ω) {f ∈ H^1(Ω) : f × n = 0}. (·, ·)_{k,Ω} Inner product on H^k(Ω), k ∈ Z.

B^s_q (L_p(Ω)) Besov space of smoothness s measured wrt. q and p. H(curl; Ω) {f ∈ L_2(Ω) : curl f ∈ L_2(Ω)} H(div; Ω) {f ∈ L_2(Ω) : div f ∈ L_2(Ω)} H_0(curl; Ω) clos_{H(curl;Ω)}(D(Ω)). H_0(div; Ω) clos_{H(div;Ω)}(D(Ω)). V(div; Ω) {f ∈ L_2(Ω) : div f = 0}

Physical quantities

E Electric field. B Magnetic flux density. ε Electric permeability. μ Magnetic permittivity. σ Conductivity. J Current density. ρ Charge density. ω Angular frequency.

114 APPENDIX A. SOBOLEV AND BESOV SPACES

Bibliography

[1] R. Adams, Sobolev Spaces, Academic Press, 1975.

[2] M. Allen and E. Isaacson, Numerical Analysis for Applied Science, Wiley Interscience, 1998.

[3] A. Alonso and A. Valli, Some remarks on the characterization of the spaces of tangential traces of H(rot, Ω) and the construction of an extension operator, Manuscripta Math., 89 (1996), pp. 159–178.

[4] C. Amrouge, C. Bernardi, M. Dauge, and V. Girault, Vector Potentials in Threedimensional Nonsmooth Domains, Math. Meth. Appl. Sci, 21 (1998), pp. 823–864.

[5] F. Assous, P. Ciarlet Jr, S. Labrunie, and S. Lohrengel, The Singular Complement Method, tech. rep., Laboratorie de Mathematiques, Universite Henri Poincare Nancy I, 2001.

[6] F. Assous, P. Ciarlet Jr, P.-A. Raviart, and E. Sonnendruecker, Characterization of the Singular Part of the Solution of Maxwells Equations in a Polyhedral Domain, Math. Meth. Appl. Sci, 22 (1999), pp. 485–499.

[7] F. Assous, P. Ciarlet Jr, and E. Sonnendruecker, Resolution of the Maxwell Equations in a domain with Reentrant Corners, Math. Mod. Num. Anal, 32 (1998), pp. 359–389.

[8] E. Bänsch, P. Morin, and R. Nochetto, An adaptive Uzawa FEM for Stokes:

Convergence without the inf-sup, SIAM J. Numer. Anal, 40 (2002), pp. 1207–1229.

[9] T. Barsch, Adaptive Multiskalenverfahren für elliptische partielle Differentialgleichungen - Realisierung, Umsetzung und numerische Ergebnisse , PhD thesis, RWTH-Aachen, 2001.

[10] J. Bergh and J. Löfström, Interpolation Spaces: An Introduction, Springer, 1976.

[11] D. Braess, Finite Elements, Theory, Fast Solvers, and Applications in Solid Mechanics, Cambridge, 2001. Second edition.

[12] S. Brenner and L. R. Scott, The Mathematical Theory of Finite Element Methods, Springer, 1996.

[13] F. Brezzi and M. Fortin, Mixed and Hybrid Finite Element Methods, Springer, 1991.

[14] A. Buffa and P. Ciarlet Jr, On traces for Functional Spaces related to Maxwells Equations Part I: An integration by Parts formula in Lipschitz Polyhedra, Math. Meth. Appl. Sci, 24 (2001), pp. 9–30.

[15] , On traces for Functional Spaces related to Maxwells Equations Part II: Hodge Decompositions on the boundary of Lipschitz polyhedra and applications, Math. Meth. Appl. Sci, 24 (2001), pp. 31–48.

[16] A. Buffa, M. Costabel, and D. Sheen, On traces for H(curl, Ω) in Lipschitz domains. preprint, 2000.

[17] C. Canuto, A. Tabacco, and K. Urban, The Wavelet Element Method Part I:

Construction and Analysis, Appl. Comp. Harm. Anal., 6 (1999), pp. 1–52.

[18] , The Wavelet Element Method Part II: Realization and Additional Features in 2d and 3d, Appl. Comp. Harm. Anal., 8 (2000), pp. 123–165.

[19] J. Carnicer, W. Dahmen, and J. M. Pena, Local Decomposition of Refinable Spaces and Wavelets, Appl Comp. Harm. Anal, 3 (1996), pp. 127–153.

[20] D. Cheng, Fundamentals of Engineering Electromagnetics, Addison-Wesley, 1994.

[21] P. Ciarlet, The finite element method for elliptic problems, North-Holland, 1978.

[22] P. Ciarlet Jr and J. Zhou, Fully discrete finite element approaches for timedependent Maxwell’s equations, Numerische Mathematik, 82 (1999), pp. 193–219.

[23] A. Cohen, Wavelets in Numerical Analysis, in Handbook of Numerical Analysis, vol.

VII, P. G. Ciarlet and J.-L. Lions, eds., Elsevier, Amsterdam, 1999.

[24] A. Cohen, W. Dahmen, and R. DeVore, Adaptive Wavelet Schemes for elliptic Operator Equations - Convergence Rates, Math. Comput, 70 (2001), pp. 27–75.

[25] , Adaptive Wavelet Methods II, Beyond the Elliptic Case, Found. Comput. Math, 2 (2002), pp. 203–245.

[26] A. Cohen, I. Daubechies, and J.-C. Feauveau, Biorthogonal Bases of Compactly Supported Wavelets, Comm. Pure and Appl. Math, 45 (1992), pp. 485–560.

[27] F. Collino, P. Joly, and F. Millot, Fictitious Domain Method for Unsteady Problems: Application to Electromagnetic Scattering, Journ. Comp. Phys, 138 (1997), pp. 907–938.

[28] M. Costabel and M. Dauge, Maxwell and Lame Eigenvalues on Polyhedra, Math.

Meth. Appl. Sci, 22 (1999), pp. 243–258.

[29] , Singularities of Electromagnetic Fields in Polyhedral Domains, Arch. Rational Mech. Anal., 151 (2000), pp. 221–276.

[30] , Weighted Regularization of Maxwell Equations in Polyhedral Domains, tech. rep., IRMAR (Dept. of Mathematics), University of Rennes, 2000.

[31] S. Dahlke, W. Dahmen, R. Hochmuth, and R. Schneider, Stable multiscale bases and local error estimation for elliptic problems, Appl. Numer. Maths., 8 (1997), pp. 21– 47. [32] S. Dahlke, W. Dahmen, and K. Urban, Adaptive wavelet methods for saddle point problems - Optimal convergence rates, SIAM J. Numerl Anal, 40 (2002), pp. 1230–1262.

[33] S. Dahlke and R. DeVore, Besov Regularity for Elliptic boundary value problems, Communications in PDE’s, 22 (1997), pp. 1–16.

[34] W. Dahmen, Multiscale Analysis, Approximation, and Interpolation Spaces, in Approximation Theory VIII, vol 2: Wavelets and Multilevel Approximation, K. Chui and L. Schumaker, eds., World Scientific, 1995, pp. 47–88.

[35] , Wavelets and Multiscale Methods for Operator Equations, Acta Numerica, 6 (1997), pp. 55–228.

[36] , Wavelet Methods for PDEs, some Recent Developments, IGPM, RWTH-Aachen preprint, (1999).

[37] W. Dahmen, T. Klint, and K. Urban, On Fictitious-Domain methods for the Maxwell equations, Found. Comput. Math, 3 (2003), pp. 135–160.

[38] W. Dahmen and A. Kunoth, Appending boundary conditions by Lagrange multipliers:

Analysis of the LBB condition, Numer. Math, 88 (2001), pp. 9–42.

[39] W. Dahmen, A. Kunoth, and R. Schneider, Wavelet least-squares methods for boundary value problems, tech. rep., Report # 175, IGPM, RWTH-Aachen, 1999. To appear in SIAM J. Numer. Anal.

[40] W. Dahmen, A. Kunoth, and K. Urban, Biorthogonal Spline Wavelets on the Interval, Appl. Comput. Harm. Anal., 6 (1999).

[41] W. Dahmen and R. Schneider, Composite wavelet bases for operator equations, Math.

Comput, 68 (1999), pp. 1533–1567.

[42] , Wavelets on Manifolds I: Construction and domain decomposition, SIAM J. Math.

Anal, 31 (1999), pp. 184–230.

[43] I. Daubechies, Ten Lectures on Wavelets, SIAM, 1992.

[44] P. Degond and P. Raviart, An Analysis of the Darwin Model of Approximation to Maxwell’s equations, Forum Math.;, 4 (1992), pp. 13–44.

[45] R. DeVore, Nonlinear approximation, Acta Numerica, (1998).

[46] E. Fabes, O. Mendez, and M. Mitrea, Boundary Layers on Sobolev-Besov Spaces and Poisson’s Equation for the Laplacian in Lipschitz Domains, Journal of Functional Analysis, 159 (1998), pp. 323–368.

[47] P. Fernandes and G. Gilardi, Magnetostatic and electrostatic problems in inhomogeneous anisotropic media with irregular boundary and mixed boundary conditions, Math. Models Methods Appl. Sci, 7 (1997), pp. 957–991.

[48] V. Girault and P. Raviart, Finite Element Methods for Navier-Stokes Equations, Springer Verlag, 1986.

[49] R. Glowinski and V. Girault, Error analysis of a fictitious domain method applied to a Dirichlet problem, Japan J. Industr. Appl. Maths, 12 (1995), pp. 487–514.

[50] R. Glowinski, T. Pan, and J. Periaux, Fictitious domain methods for the Dirichlet problem and its generalization to some flow problems, in Finite Elements in Fluids, New Trends and Applications, Part 1, K. Morgan, E. Onate, J. Periaux, J. Peraire, O.C. Zienkiewicz, ed., Pineridge Press, Barcelona, 1993, pp. 347–368.

[51] , A Fictitious Domain Method for the Dirichlet Problem and Applications, Comp.

Meth. Appl. Mech. Eng, 111 (1994), pp. 283–303.

[52] , A Fictitious Domain Method for Unsteady Incompressible Viscous Flow Modeled by Navier-Stokes Equations, in Domain Decomposition Methods in Science and Engineering, A. Quarteroni, J. Periaux, Y. A. Kuznetsov, and O.B. Widlund, eds., AMS, Providence, R.I, 1994, pp. 421–431.

[53] R. Glowinski, T. Pan, R. Wells, and X. Zhou, Wavelet and Finite Element Solutions for the Neumann Problem using Fictitious Domains, J. Comp. Phys, 126 (1996), pp. 40–51.

[54] E. Hernandez and G. Weiss, A First Course on Wavelets, CRC press, 1996.

[55] R. Hiptmair, Multigrid Method for Maxwell’s Equations, SIAM J. Numer. Anal, 36 (1998), pp. 204–225.

[56] D. Jerison and C. Kenig, The inhomogeneous Dirichlet problem in Lipschitz domains, J. Functional Analysis, 93 (1995), pp. 161–219.

[57] A. Kunoth, Wavelet Techniques for the Fictitious Domains - Lagrange Multiplier Approach, preprint, (2000).

[58] R. Leis, Exterior Boundary Value Problems in Mathematical Physics, in Trends in Applications of Pure Mathematics to Mechanics, H. Zorski, ed., vol. 11, Pitman, London, 1979, pp. 187–203.

[59] P. Lemarie-Rieusset, Analyses multi-resolutions non-orthogonales, Commutation entre Projecteurs et Derivation et Ondeletts Vecteurs a divergence nulle (in french), Rev. Mat. Iberoamericana, 8 (1992), pp. 221–236.

[60] J.-L. Lions and E. Magenes, Non-Homogeneous Boundary Value Problems and Applications I, Springer-Verlag, New York, 1972.

[61] S. Mallat, A Wavelet Tour of Signal Processing, Academic Press, second ed., 1999.

[62] Y. Meyer, Wavelets and Operators, Cambridge University Press, 1995.

[63] M. Mitrea, A note on Besov regularity of layer potentials and solutions of elliptic PDE’s, tech. rep., Dept. of Mathematics, University of Missouri at Columbia, 2002.

[64] J. Necas, Les méthodes directes en théorie des équations elliptiques, Masson, Paris, 1967.

[65] J.-C. Nedelec, Mixed Finite Elements in R^3, Numer. Math, 35 (1980), pp. 315–341. [66] , A New family of Mixed Finite Elements in R^3, Numer. Math, 50 (1986), pp. 57–81. [67] A. Quarteroni, R. Sacci, and F. Saleri, Numerische Mathematik 1, Springer, 2002. [68] M. Renardy and R. Rogers, An Introduction to Partial Differential Equations, Springer, 1996. Second corrected printing.

[69] W. Rudin, Functional Analysis, McGraw-Hill, 1991.

[70] Y. Saad, Iterative methods for sparse linear systems, PWS publishing company, Boston, 1996.

[71] M. Sadiku, Numerical Techniques in Electromagnetics, CRC Press, 2 ed., 2001. [72] J. Stoer and R. Burlisch, Introduction to Numerical Analysis, Springer, 2 ed., 1998. [73] G. Strang and T. Nguyen, Wavelets and Filter Banks, Wellesley-Cambridge Press, 1996.

[74] H. Triebel, Interpolation theory, Function Spaces, and Differential Operators, North- Holland, Amsterdam, 1978.

[75] K. Urban, Wavelet bases for H(div, Ω) and H(curl, Ω), Math. Comp., 70 (2001), pp. 739–766.

[76] , Wavelets in Numerical Simulation, Springer, 2001. [77] D. Walnut, An introduction to wavelet analysis, Birkhäuser, 2002. [78] C. Weber, A Local Compactness Theorem for Maxwell’s Equations, Math. Meth. in the Appl. Sci, 2 (1980), pp. 12–25.

[79] P. Wojtaszczyk, A Mathematical Introduction to Wavelets, Cambridge University Press, 1999.

[80] K. Yee, Numerical solution of initial boundary-value problems involving Maxwell’s equations in isotropic media, IEEE Trans. Ant. Prop, AP - 14 (1966), pp. 302–307.

Index

absorbing boundary condition, 88 admissible, 43 approximation, 35 approximation spaces, 36 augmented Lagrangian method, 57

B-spline wavelets, 10 Bernstein inequality, 16 Besov space, 29, 108 best N-term approximation, 37 biorthogonal multiresolution sequence, 8 biorthogonal wavelets, 7 boundary adapted wavelets, 21 boundary condition, 21 boundary functions, 18

Cea lemma, 33 coercivity, 32, 63, 68 compressible matrix, 42, 46, 57 continuous bilinear form, 32 convergence rate, 35 convolution, 10

decomposition, 72 degrees of freedom, 36 differentiation, 11, 23 dilation, 6 discrete divergence free, 71 discrete inf-sup, 52 divergence free wavelets, 94, 98 dual pair, 8 dual scaling function, 8 dual wavelet, 9

energy norm, 33 energy space, 33 exactness, 11 extension operator, 54, 82

Fictitious Domain method, 53 finite difference method, 71 finite element method, 34

Galerkin method, 33 Gelfand triple, 32 Gram matrix, 13

Hodge decomposition, 62

imbedding, 63, 77 inf-sup condition, 50, 54, 56, 101 interpolation space, 36

Jackson inequality, 16

K-functional, 36 Krylov subspace methods, 34

LBB condition, 52 local stable completion, 14 locality, 6

mapping property, 31, 33, 50 mask, 8 Maxwell equations, 64 multiresolution sequence, 8 multiscale transform, 10

Nedelec elements, 71 nodal finite elements, 71 norm equivalences, 27

order, spline, 10

parametric mappings, 26 periodic wavelets, 22, 98 pseudo-pressure, 81, 83

refinability, 8 refinement equation, 8 refinement operator, 13 Riesz basis, 6

INDEX 121

Riesz bounds, 6

saddle point formulation, 49 scaling function, 8 scattering problem, 79, 88 Schur complement, 57 singularity, 70, 74, 78 smoothess index, 24 smoothness space diagram, 38 Sobolev space, 28, 35 spline order, 10 stability over all levels, 7, 15 stable basis, 7 stable completion, 13 stiffness matrix, 33

target function, 36 tensor product wavelets, 24 time-dependent formulation, 64, 76 time-harmonic formulation, 65, 84 translation, 6 translation invariance, 8 type parameter, 25

uniform bandedness, 14 uniform mesh, 34 uniform method, 35 uniformly stable basis, 7 Uzawa method, 52

vanishing moments, 7 variational formulation, 32 variational problem, 32

wavelet transform, 10, 14 wavelets, 7, 9, 12, 13, 20 well-posedness, 32, 55, 81