On Fictitious Domain Formulations for Maxwell’s Equations

Wolfgang Dahmen^∗ Torben Klint^† Karsten Urban^‡

July 30, 2002

Abstract

We consider fictitious domain-Lagrange multiplier formulations for variational problems in the space H(curl; Ω) derived from Maxwell’s equations. Boundary conditions and the divergence constraint are imposed weakly by using Lagrange multipliers. Both the time dependent and time harmonic formulations of the Maxwell’s equations are considered, and we derive well-posed formulations for both cases. The arising variational problem can be discretized by functions that do not satisfy an a-priori divergence constraint.

AMS MSC (2000): 35Q60, 65N99.

Keywords: Maxwell’s equations, fictitious domain method, saddle point problems, Lagrange multipliers.

1 Introduction

Partial differential equations arising from computational electromagnetics like Maxwell’s equations, still pose very challenging problems in numerical analysis and simulation, partly due to the subtle nature of the relevant function spaces arising in variational formulations. In spite of the significant progress in understanding these equations that has been achieved during the past years, not much appears to be known about Fictitious Domain Formulations (FDF) for Maxwell’s equations. In a FDF, the domain of interest Ω ⊂ R^n is embedded into a larger but simpler domain □ ⊂ R^n . A typical example is □ = [0, 1]^n. Of course, in general, simple domains support the design of fast numerical methods. Specifically, in the context of Maxwell’s equations, simple geometries facilitate a more convenient realization of appropriate discretizations which, due to the above mentioned nature of the relevant function spaces, tend to be quite complex in nature. For instance, isoparametric techniques for adapting trial spaces with incorporated boundary conditions to complex boundaries would typically interfere with the desired structural properties of the trial spaces. In addition, the FDF would help dealing with moving boundaries or treating control problems where boundary values act as a control variable. In such a case, only the discretization of the boundary has to be changed unless complex boundaries require local refinements on □ which, however, would still benefit from the simple geometry of □.

One way of realizing an FDF is to append boundary conditions by Lagrange multipliers. Once the saddle point character of the resulting variational problem has been accepted, other

∗RWTH Aachen, Institut für Geometrie und Praktische Mathematik, Templergraben 55, D-52056 Aachen, Germany, dahmen@igpm.rwth-aachen.de †Technical University of Denmark, Dept. of Mathematics, Matematiktorvet, DK-2800 Lyngby, Denmark, T.Klint@mat.dtu.dk

‡University of Ulm, Division of Numerics, D-89069 Ulm, Germany, kurban@mathematik.uni-ulm.de

constraints could, of course, be treated in the same fashion. In most applications, the electric field E is divergence-free, i.e., an extra condition is automatically imposed on the discretization. This can either be enforced directly by using (at least discretely) divergence-free trial functions (as long as they are available) or implicitly, through a suitable variational formulation (see Section 4.1 (4.6), (4.7)), or by incorporating also such constraints with the aid of Lagrange multipliers. In this article, we consider FDFs for variational problems in the space H(curl; Ω) and H(div; Ω) arising from Maxwell’s equations, where not only the boundary conditions are imposed weakly by using Lagrange Multipliers, but also the divergence constraint. Aside from stability considerations, this allows one to treat also inhomogeneous divergence constraints as in the case of the electric field. One can then use trial functions that do not have to satisfy a divergence constraint and remain independent of (possibly varying) domain geometries. We consider both the time dependent and the time harmonic formulations of Maxwell’s equations.

Of course, there is a well-known price to be paid. As mentioned above, FDFs, or more generally, appending any extra condition weakly in terms of Lagrange multipliers, give rise to saddle point problems, which are symmetric but no longer positive definite. This has at least two drawbacks, namely efficient solvers for positive definite systems can no longer be used and, secondly, standard discretizations cannot be chosen arbitrarily but have to fulfill the Ladyshenskaja-Babuška-Brezzi (LBB) condition. Meeting such compatibility conditions, might be a delicate task, in particular, when the extra conditions are non-trivial.

However, recent progress in the analysis of adaptive methods for saddle point problems make the latter issue appear in a somewhat different light. In fact, first in the context of wavelets, [10, 15, 16] and later in [4] for Finite Elements, convergent adaptive algorithms have been constructed where the involved discretization spaces need not meet the LBB condition. All that matters is the well-posedness of the original infinite dimensional problem. Moreover, the methods in [10, 15] are proven to converge at an asymptotically optimal rate, i.e., the error is comparable with the error of the best approximation that is obtained by any linear combination of N trial functions, when N is the number of adaptively generated degrees of freedom (best Nterm approximation). These developments motivate us to address here the FDF in the context of Maxwell’s equations. In particular, well-posedness (in the sense to be explained in Section 2.3) will be a center of focus, as it is an essential prerequisite for the techniques developed in [10, 15].

Aside from the above aspects, our interest in this subject is fueled by an inherent difficulty that arises when applying a FDF to Maxwell’s equations. The electric field belongs to a space which is, in general, not a subspace of H^1(Ω). However, this difference is very small in the sense that under certain mild conditions on the domain this space is embedded in H^1(Ω). Since a fictitious domain typically gives rise to such an embedding one has to be careful in formulating a fictitious domain approach so as to capture also possible H^1-singularities. By this we shall always mean singularities that prevent the underlying function from being in H^1(Ω).

The outline of the paper is as follows. In Section 2 we briefly review the essence of the above mentioned recent developments of adaptive wavelet schemes which explains our particular interest in the well-posedness of infinite dimensional FDFs for Maxwell’s equations. Section 3 collects some prerequisites and gives a brief overview of the relevant function spaces, Maxwell’s equations and the basic theory of saddle point problems as well as of FDF’s. Section 4 is concerned with FDFs for the time dependent Maxwell’s equations. We also show an example where a straightforward formulation of a FDF fails since it only captures the smooth H^1(Ω)- part. We derive then a well-posed FDF that indeed preserves the possible H^1(Ω)-singularities. Section 5 is concerned with FDFs for the time harmonic formulation of Maxwell’s equation which usually is significantly harder to treat, because the bilinear form in question is in general non-coercive. We show that the formulation derived for the time dependent case does not immediately carry over to a well-posed formulation for the time harmonic non-conducting case. We present a strategy, though, to obtain a well-posed problem.

2 Motivation and Background

Our primary reason for considering FDFs for Maxwell’s equations and, in particular, for establishing well-posedness (in a sense to be made precise below) of the infinite dimensional problem lies in recent developments concerning adaptive wavelet methods. The relevant facts may be summarized as follows. Suppose that A(·, ·) is a continuous bilinear form on some Hilbert space H and consider the variational problem: Find u ∈ H such that for a given f ∈ H^′ A(u, v) = ⟨f, v⟩, v ∈ H, (2.1) where ⟨·, ·⟩ is a dual pairing, usually induced by the inner product in some pivot space between H and H^′. The problem (2.1) is called well-posed if the mapping L defined by ⟨Lu, v⟩ = A(u, v) for all v ∈ H, is a topological isomorphism from H to H^′, i.e., there exist positive constants c_L, C_L such that c_L‖v‖_H ≤ ‖Lv‖_H′ ≤ C_L‖v‖_H , v ∈ H. (2.2) In addition to the mapping property (2.2) the second basic ingredient is a wavelet basis for H. More precisely, one seeks a collection Ψ = {ψ_λ : λ ∈ J } which is a Riesz basis for H, i.e., there exist positive constants c_Ψ, C_Ψ such that every v ∈ H possesses a unique expansion ∑ λ∈J v_λψ_λ such that c_Ψ‖(v_λ)_{λ∈J} ‖_{ℓ2(J )} ≤ ‖ ∑ λ∈J v_λψ_λ‖_H ≤ C_Ψ‖(v_λ)_{λ∈J} ‖_{ℓ2(J )}. (2.3)

For a more detailed description of the typical format of such wavelet bases, especially of the structure of the indices λ encoding spatial location, scale and type of the wavelets, we refer to [17, 31] and the literature cited there.

Defining the wavelet representation of L by L := (A(ψ_λ, ψ_ν ))_{λ,ν∈J} , one obviously has that u = ∑ λ∈J u_λψ_λ solves (2.1) if and only U = (u_λ)_{λ∈J} satisfies

LU = F, (2.4)

where F = (⟨f, ψ_λ⟩)_{λ∈J} . Moreover, it follows from (2.2) and (2.3) that L is an automorphism on ℓ_2, i.e., c_L‖V ‖_{ℓ2(J )} ≤ ‖LV ‖_{ℓ2(J )} ≤ C_L‖V ‖_{ℓ2(J )}, V ∈ ℓ_2(J ), (2.5) where c_L = c_Lc^2_Ψ, C_L = C_LC^2_Ψ, see e.g. [17].

Thus (2.2) and (2.3) allow one to transform the original problem (2.1) into an equivalent one in ℓ_2 which is now well-conditioned in the Euclidean metric.

The idea is now to devise an iteration on the equivalent (infinite dimensional) problem (2.4) in such a way that the error is reduced in each step by some fixed rate ρ < 1. This can be done in various ways, each one making strong use though of (2.5). For instance, when A(·, ·) is symmetric positive definite, a simple Richardson iteration of the form U^{n+1} = U^n +α(F −LU^n), with a suitable positive α depending on c_L, C_L, will do. In general, U^{n+1} = U^n +αL^T (F −LU^n) works whenever (2.2) and (2.3) hold, [10]. This corresponds to a least squares formulation of

(2.1) in wavelet coordinates. This covers also saddle point and similar multiple field problems. However, when dealing with saddle point problems, there are alternatives that avoid squaring the condition number. One option is to perform an outer Uzawa iteration on the infinitedimensional problem, see [15]. In either case one ends up with a convergent iteration which at each step requires to apply the infinite-dimensional operator L to some finitely supported input vector. The practical realization consists of performing such applications adaptively within suitable stage-dependent dynamically updated accuracy tolerances, see [10, 15]. Such application schemes make use of the fact that the wavelet representations of a wide range of operators are quasi-sparse. Meanwhile concrete schemes exist that render the whole adaptive solution scheme asymptotically optimal for a certain range of error decay rates, depending on the wavelet basis. By this we mean that, whenever the error of best N-term approximation of the solution u, defined by σ_{N,H} (u) := inf_{#Λ≤N,wλ∈R,λ∈Λ} ‖u − ∑ λ∈Λ w_λψ_λ‖_H , decays like N^{−s} for s < s^∗(Ψ), then the algorithm produces for every target accuracy ε > 0 a coefficient vector U(ε) with finite support Λ(ε) such that ‖u − ∑ λ∈Λ(ε) u(ε)_λψ_λ‖_H ≤ ε, while #Λ(ε) ≤ Cε^{−1/s},

with C independent of u, s. In addition the number of flops as well as the storage size stays proportional to #Λ(ε). Moreover, most importantly, when dealing for instance with saddle point problems, compatibility conditions such as the LBB–condition become void, i.e., there are no constraints on the selection of wavelet bases for different solution components other than conformity, see [10, 15]. The adaptive evaluation inherits at each stage the stability properties of the infinite dimensional problem while keeping an optimal rate/complexity.

In summary, what matters in the above context of adaptive wavelet schemes are two crucial issues, namely (I) the well–posedness of the (infinite-dimensional) variational problem (2.2) and (II) a suitable wavelet characterization (2.3) of the relevant energy space H. In the remainder of this paper we shall address (I) for variational problems derived from Maxwell’s equations in a FDF context.

The reason is that on a fictitious domain □, like a square or hyperrectangle, particular wavelet bases for the relevant function spaces like H(curl; □) or H(div; □) are available that support the verification of (2.3), see [30]. Without going here into the details of the construction, let us recall that the key is a relation of the form d dx ψ^1(x) = 4 ψ^0(x),

where both ψ^1 and ψ^0 are univariate wavelets. Tensor products of such properly selected wavelets give rise to wavelet bases for H(curl; □) or H(div; □) satisfying a relation similar to (2.5) with respect to the corresponding graph norms for the function spaces and certain discrete counterparts for the sequence spaces. Unfortunately, the construction of such bases on complex domains may be a delicate task. The presently known techniques for constructing wavelets on complex domain geometries involve concepts like domain decomposition, regular parametric mappings from the parameter domain □ to the subdomains and matching or extending basis functions across the boundaries of the subdomains. The requirements on these interelement boundaries usually conflict with divergence- or curl-constraints. This motivates a combination of such bases with a FDF.

3 Basic Notation and Facts

We always consider an open bounded Lipschitz domain Ω ⊂ R^n with boundary Γ := ∂Ω, which consists of m smooth components.

3.1 The Spaces H(div; Ω) and H(curl; Ω) We use the short hand notation ∂_i :=^∂_{∂xi} for 1 ≤ i ≤ n and we will always assume in the sequel that all the involved weak partial derivatives exist in L_2(Ω). For three-dimensional vector fields ζ = (ζ_1, ζ_2, ζ_3)^T , we set curl ζ := (∂_2ζ_3 − ∂_3ζ_2, ∂_3ζ_1 − ∂_1ζ_3, ∂_1ζ_2 − ∂_2ζ_1)^T = ∇ × ζ. (3.1) As usual, the divergence operator is defined for any vector field ζ = (ζ_1, . . . , ζ_n)^T by div ζ := ∑_n i=1 ∂_i ζ_i = ∇ · ζ. For notational convenience, we will always write vector fields and vector valued quantities in boldface characters. Then, for D ∈ {curl, div}, we define H(D; Ω) := {ζ ∈ L_2(Ω) : D ζ ∈ L_2(Ω)}, (3.2) V (D; Ω) := {ζ ∈ H(D; Ω) : D ζ = 0} = Ker (D). (3.3) We shall be concerned mainly with the 3D-case here. When nothing else is said, n = 3 is assumed. All these spaces are Hilbert spaces with the corresponding graph norm ‖ζ‖^2_{H(D;Ω)} := ‖ζ‖^2_{0,Ω} + ‖D ζ‖^2_{0,Ω},

where ‖ζ‖^2_{0,Ω} = (ζ, ζ)_{0,Ω} = ∫ Ω |ζ|^2. Finally, we define H_0(D; Ω) := clos_{H(D;Ω)}C^∞_0 (Ω).

Trace Spaces With n being the outward unit normal on Γ, one can prove that for u ∈ H(curl; Ω), the mapping γ_τ : H(curl; Ω) → H^{− 1}2 (Γ) defined by γ_τ (u) := u × n (3.4) is bounded, and that H_0(curl; Ω) = {u ∈ H(curl; Ω) : u × n = 0 on Γ}.

One has the following Green’s formula ∫ Ω curl v · ϕ − ∫ Ω v · curl ϕ = ⟨v × n, ϕ⟩_Γ, (3.5)

for all v ∈ H(curl; Ω) and ϕ ∈ H^1(Ω), where ⟨·, ·⟩_Γ is the usual duality form induced by the L_2(Γ)-inner product.

The formula (3.5) is not quite adequate for our purposes, since it does not hold in general when v and ϕ both belong only to H(curl; Ω). This problem is addressed in [8], from which we briefly outline the results that are of importance for the present work. The trace mapping γ_τ is not surjective on the space H^{− 1}2 (Γ). The range space of this trace mapping is a normed space usually denoted by H^{− 1}2 (div_Γ; Γ), and the mapping γ_τ : H(curl; Ω) → H^{− 1}2 (div_Γ; Γ) is also bounded. In order to formulate a proper duality for the trace spaces one defines another trace mapping π_τ on H(curl; Ω):

π_τ (u) := n × (u × n). (3.6) The range of π_τ is a normed space denoted by H^{− 1}2 (curl_Γ, Γ), and this mapping is bounded as well. Recall from [2] that u, v ∈ H(curl; Ω) can be decomposed as u = Φ + grad p, v = Ψ + grad q, (3.7) with Φ, Ψ ∈ H^1(Ω) and p, q ∈ H^1(Ω). The following formula can then be proven to be meaningful ∫ Ω u · curl v − ∫ Ω curl u · v = ⟨γ_τ (u), π_τ (v)⟩_Γ (3.8) := ∫ Γ γ_τ (Φ) · π_τ (Ψ) − ⟨div_Γ γ_τ (Φ), q⟩_H−1/2_{(Γ)×H}1/2_{(Γ)} +⟨curl_Γ π_τ (Ψ), p⟩_H−1/2_{(Γ)×H}1/2_{(Γ)}, where div_Γ and curl_Γ are appropriately defined surface differential operators and as usual ⟨·, ·⟩_H−1/2_{(Γ)×H}1/2_{(Γ)} denotes the dual pairing between H^{−1/2}(Γ) and H^{1/2}(Γ). Whenever the form ⟨·, ·⟩_Γ is used in the sequel, we understand the form defined in (3.8), and it induces a duality between the spaces H^{− 1}2 (div_Γ; Γ) and H^{− 1}2 (curl_Γ, Γ) with the space L_{2,t} = {f ∈ L_2(Γ) : f · n = 0 on Γ} as pivot space.

For u ∈ H(div; Ω), one can prove that the normal trace on the boundary, u · n belongs to H^{− 1}2 (Γ) and that this trace mapping is onto, [5]. Furthermore, we have the Green formula ∫ Ω v · grad ϕ + ∫ Ω (div v)ϕ = ⟨v · n, ϕ⟩_Γ, (3.9)

for all v ∈ H(div; Ω) and ϕ ∈ H^1(Ω). An Embedding Theorem The following facts will play a crucial role in the subsequent developments [21, p. 52]. Theorem 3.1 If the bounded domain Ω is either a convex polyhedron or has a C^{1,1} boundary, then the space H_0(curl, Ω) ∩ H(div, Ω) is continuously embedded in H^1_{Tan}(Ω) := {f ∈ H^1(Ω) : f × n = 0 on Γ} and thus equals H^1_{Tan}(Ω).

Remark 3.2 It should be noted that in general H^1(Ω) ⊊ H(curl; Ω) ∩ H(div; Ω). Indeed, e.g. if the domain has reentrant corners, H(curl; Ω) ∩ H(div; Ω) contains H^1(Ω)-singularities in the sense that there exists u ∈ H(curl; Ω) ∩ H(div; Ω) but u ∉ H^1(Ω), [3].

Since the gap between these spaces is small, variational formulations for Maxwell’s equations have to be treated with some care, i.e., one has to make sure that the formulation captures the entire field and not only the smooth H^1(Ω)-part.

Another difficulty is the fact that the space H^1_{Tan}(Ω) is closed in the H(curl; Ω) ∩ H(div; Ω) topology [12, 14]. This means that, if the approximation spaces are subsets of H^1_{Tan}(Ω) (i.e., the trial functions are too smooth), and the variational formulation is posed in H(curl; Ω) ∩ H(div; Ω), any Galerkin method would converge to the H^1-part of the solution. Thus, again H^1-singularities would be missed.

These facts complicate the design of appropriate FDFs for Maxwell’s equations as we shall see later.

Hodge Decompositions

Hodge decompositions play an important role in the analysis of the spaces H(curl; Ω) and H(div; Ω). Defining

H_1 = {curl u : u ∈ H^1(Ω), div u = 0, (curl u) · n = 0 on Γ}, (3.10) H_2 = {grad q : q ∈ H^1(Ω)}, (3.11)

the orthogonal decomposition L_2(Ω) = H_1^⊥⊕ H_2 (3.12) holds [21].

3.2 Maxwell’s Equations The Time-Dependent Formulation

Let the domain Ω ⊂ R^3 be filled with a homogeneous, linear, isotropic dielectric material, characterized by the electric permittivity ε and magnetic permeability μ. These are assumed to be constant. The boundary Γ is assumed to be a perfect electric conductor. The current density is denoted by J, and the charge density by ρ. These quantities are related by the fundamental principle of continuity, or charge conservation: ∂ρ ∂t + div J = 0. (3.13)

The electric field is denoted by E and the magnetic flux density by B. Currents can generate fields and vice versa. They are interrelated by Maxwell’s equations −ε ∂ ∂t E + 1 μ curl B= J, (3.14) ∂ ∂t B + curl E = 0. (3.15)

For a perfectly conducting boundary Γ, the following boundary conditions are imposed

E × n = 0 and B · n = 0. (3.16)

Taking the divergence of these equations and using (3.13) yields

div E = ρ ε , div B = 0. (3.17)

These equations are often included in the set of Maxwell’s equations, although they are consequences of (3.13), (3.14) and (3.15).

Another material parameter is the conductivity σ. In the presence of an electric field E, the material will conduct a current with density given by Ohm’s law:

J = σE. (3.18)

Source and sought terms are problem dependent and must be specified explicitly for each particular electromagnetic problem. We shall exclusively deal with problems where a current density J_{imp} is imposed on the system. For the case of positive conductivity, the current density J that enters (3.14), is composed of two parts:

J = J_{imp} + σE. (3.19)

For the non-conducting case σ = 0 we have J_{imp} = J. As we shall see, the mathematical properties of electromagnetic problems are very different for the two cases σ = 0 and σ > 0.

Depending on the smoothness of the boundary, and the smoothness w.r.t. the time variable of the current and charge densities, existence and uniqueness theorems for Maxwell’s equations [18, 19] state that for any time instant t, E(·, t), B(·, t) ∈ H(curl; Ω) ∩ H(div; Ω). A common procedure for the resolution of Maxwell’s equations is the elimination of B, [3, 9].

This gives rise to a second order differential equation for determining E ε ∂^2E ∂t^2 + σ ∂E ∂t + 1 μ curl curl E =

∂J_{imp} ∂t , (3.20)

with initial conditions

E(·, 0) = E_0, div E_0 = ρ_0 ε , ∂E ∂t (x, 0) = 1 ε ( −J_{imp}(x, 0) + 1 μ curl B_0(x) − σE_0(x) ) , x ∈ Ω. Concerning test and trial spaces for a variational formulation, known existence and uniqueness results suggest the space H_0(curl; Ω)∩H(div; Ω) as a natural choice, see e.g. [13]. An alternative approach is based on the observation that the divergence constraints are automatically preserved by the time evolution and do in this sense not arise from first principles. This suggests focusing on the part in H(curl; Ω) as a natural test and trial space.

Having chosen some test space X(Ω) and approximating the derivatives with respect to time by a standard backward difference, leads, by (3.5), to a variational problem at the time step t_n: Find E^n = E(·, t_n) ∈ X(Ω) such that

(curl E^n, curl v)_{0,Ω} + κ(E^n, v)_{0,Ω} = (F^n, v)_{0,Ω}, (3.21)

for all v ∈ X(Ω), where the constant κ is positive, and depends on ε, μ, σ as well as on the time step Δt_n. F^n is a vector field depending on J_{imp}, E^{n−1} and on E^{n−2}.

The Time-Harmonic Formulation

Maxwell’s equations in the time-harmonic formulation are obtained by assuming that all involved quantities have a sinusoidal time variation with angular frequency ω. If g(x, t) is a field quantity, we describe it as g(x, t) = Re ( g̃(x)e^{−iωt} ) , where g̃(x) is a complex valued amplitude, only depending on spatial variables. Upon inserting Ẽ(x)e−iωt and B̃(x)e−iωt into Maxwell’s equations in the time domain, one obtains 1 μ curlB̃ + iεωẼ = J̃ + σẼ, (3.22)

curlẼ − iωB̃ = 0, (3.23)

divẼ = 1 ε ρ, (3.24)

divB̃ = 0. (3.25)

Once Ẽ and B̃ are known, the physical fields are determined by taking the real parts of Ẽ(x)e^{−iωt} resp. B̃(x)e^{−iωt}. A common procedure for the time-harmonic formulation is to take the curl of (3.23) and insert it into (3.22), which yields

curl curl Ẽ − ω^2μ ( i σ ω + ε ) Ẽ = −iωμJ, div Ẽ = ρ ε , whose variational formulation in the chosen test and trial space X(Ω) reads, on account of (3.5), as (curl Ẽ, curl v)_{0,Ω} − ω^2μ ( i σ ω + ε ) (Ẽ, v)_{0,Ω} = −iωμ(J, v)_{0,Ω}, v ∈ X(Ω). (3.26)

The treatment of the divergence condition depends on the choice of X(Ω), as we shall see below.

The General Form

As we have seen, both formulations lead to a problem involving the bilinear form

a(u, v) := (curl u, curl v)_{0,Ω} + κ (u, v)_{0,Ω} (3.27)

for u, v ∈ X(Ω). The parameter κ may be either a real or a complex constant. As we shall see below, the treatment of (3.27) differs significantly for the cases that σ is a real negative number or has a nonvanishing imaginary part. In the remainder of this paper we shall investigate the well-posedness of FDFs involving the bilinear form (3.27).

3.3 Saddle Point Problems

As indicated before, we wish to enforce boundary conditions and even further constraints weakly with the aid of Lagrange multipliers. This leads to saddle point problems. For the convenience of the reader we will collect a few facts about saddle point problems that will be frequently used below.

Let X and M be Hilbert spaces with duals X^′ resp. M^′ such that X → H_X → X^′, M → H_M → M^′ for two Hilbert spaces H_X , H_M inducing the dualities. Let a(·, ·) : X × X → C and b(·, ·) : X × M → C be continuous bilinear forms. The general format of a saddle point problem reads as follows: Given f ∈ X^′, g ∈ B(X) ⊆ M^′, find (u, p) ∈ X × M as the solution of a(u, v) +b(v, p) = ⟨f, v⟩, v ∈ X, (3.28) b(u, q) = ⟨g, q⟩, q ∈ M. (3.29) Define the operators A ∈ L(X, X^′), B ∈ L(X, M^′) and B^′ ∈ L(M, X^′) as follows ⟨Au, v⟩ := a(u, v), ⟨Bu, p⟩ := b(u, p) =: ⟨u, B^′p⟩, for u, v ∈ X and p ∈ M. In operator form, the system (3.28) and (3.29) can be equivalently written as LU := ( A B^′ B 0 ) ( u p ) = ( f g ) =: F. (3.30)

The problem (3.30) is said to be well-posed if the operator L induces a norm isomorphism of V := X × M onto its dual V^′ = X^′ × M^′, i.e., there exist constants 0 < c ≤ C < ∞ such that for any U ∈ V , c‖U‖_V ≤ ‖LU‖_V ′ ≤ C‖U‖_V . (3.31) The characterization of well-posedness for real-valued bilinear forms a(·, ·) and b(·, ·) in terms of inf–sup conditions is well-known (see e.g., [5, Thm. II.1.1]). It is usually formulated for real-valued function spaces. The extension to the complex-valued case does not pose difficulties, since the basic ingredients in the proof (the Riesz and Lax-Milgram theorems, the open mapping theorem and theorems on duality in Banach space) all hold for the complex-valued case as well [21, 29, 32]. The only difference is that one has to take absolute values of the bilinear forms. This is essentially due to the definition of the norm on the dual space of a Banach space, and it is obviously not necessary in the real-valued case. The resulting counterpart for complex-valued bilinear forms thus reads as follows.

Theorem 3.3 Define ker(B) := {v ∈ X : Bv = 0 in M^′}. The saddle point problem (3.30) is well-posed if and only if the following conditions hold for some positive constants α, β > 0: inf v∈ker(B) sup u∈ker(B) |a(u, v)| ‖u‖_X ‖v‖_X ≥ α > 0, (3.32) inf u∈ker(B) sup v∈ker(B) |a(u, v)| ‖u‖_X ‖v‖_X ≥ α > 0, (3.33)

inf_{p∈M} sup_{u∈X} |b(u, p)| ‖u‖_X ‖p‖_M ≥ β > 0. (3.34)

Moreover, A is onto if and only if (3.32) is valid, A is one-to-one if and only if (3.33) holds and (3.34) is equivalent to Ran(B) being closed in M^′.

4 FDFs for the Time-Dependent Formulation

Recall from Section 3 that boundary constraints involve the tangential components γ_τ (u) := u|_Γ × n which belong to the space H^{− 1}2 (div_Γ; Γ).

4.1 An Essential Obstruction To our knowledge, not much is known so far on FDFs for Maxwell’s equations. The issue is somewhat more delicate than in other situations due to a complication caused by the above mentioned subtle difference between the spaces H^1_{Tan}(Ω) = {u ∈ H^1(Ω) : γ_τ (u) = 0 on Γ} and H_0(curl; Ω) ∩ H(div; Ω). We will clarify the consequences of this fact first for the problem (3.27) with κ ∈ R^+ and u, v ∈ H_0(curl; Ω) ∩ V (div; Ω). Without loss of generality we can assume that Ω ⊂ □ = (0, a)^n, a ∈ R^+ , where the ‘simple domain’ □ will serve as the fictitious domain. Moreover, for simplicity, we will use periodic functions on □, see e.g. [22]. Let us denote by

C^∞_{per}(□) := {v ∈ C^∞ : v(x + ak) = v(x), k ∈ Z^3}

the a-periodic infinitely differentiable vector fields. Then for any function space X we denote by X_{per}(□) the closure of C^∞_{per}(□) in the X-norm: X_{per}(□) := clos_X C^∞_{per}(□). Note that also other boundary conditions on □ can be considered. In fact, the subsequent analysis also applies to homogeneous Dirichlet boundary conditions on □.

One would then be tempted to employ the following FDF:

Problem 4.1 Given f̃ ∈ X_{per}(□)^′, X(□) := H(curl; □) ∩ H(div; □), determine (u, ϕ, λ) ∈ X_{per}(□) × L_2(□) × (H^{− 1}2 (div_Γ; Γ))^′ such that

a(u, v)_□ + (ϕ, div v)_{0,□} +⟨λ, γ_τ (v)⟩_Γ = (f̃, v)_{0,□}, v ∈ X_{per}(□), (div u, ψ)_{0,□} = 0, ψ ∈ L_2(□), ⟨μ, γ_τ (u)⟩_Γ = 0, μ ∈ (H^{− 12} (div_Γ; Γ))^′.

The reason why this approach would in general fail can be explained as follows. On one hand, if Problem 4.1 has a solution, its first component u belongs to X_{per}(□). But there is a counterpart to Theorem 3.1 for X_{per}(□).

Lemma 4.2 The space X_{per}(□) is continuously embedded in H^1(□).

Proof: We claim that for u, v ∈ C^∞(□)_{per} ∫ □ grad u : grad v = ∫ □ div u div v + ∫ □ curl u · curl v. (4.1)

¿From this formula, the lemma follows by standard density arguments. For u, v ∈ C^∞(0, a)_{per}, integration by parts yields ∫_a 0 u^′ v dx = [u v]^a_0 − ∫_a 0 u v^′ dx = − ∫_a 0 u v^′ dx, because of periodicity. Consequently, for u, v ∈ C^∞(□)_{per} and i, j, k ∈ {1, 2, 3}, ∫ □ ∂_iu_j v_kdx = − ∫ □ u_j ∂_iv_kdx.

Note that since the functions are C^∞ on □, the order of integration does not matter. Employing this, one can easily prove the following useful formulas: ∀u, v ∈ C^∞(□)_{per} : ∫ □ curl u · v = ∫ □ v · curl u, (4.2) ∀u, v ∈ C^∞(□)_{per} : ∫ □ gradu : gradv = − ∫ □ Δu · v, (4.3) ∀u ∈ C^∞(□)_{per}, ∀v ∈ C^∞(□)_{per} : ∫ □ u · gradv = − ∫ □ divuv. (4.4) For instance, choosing u, v ∈ C^∞(□)_{per}, ∫ □ gradu : gradv = ∫ □ 3∑ i=1 3∑ j=1 ∂_j u_i ∂_j v_i

= − 3∑ i=1 3∑ j=1 ∫ □ ∂^2_j u_iv_i = − ∫ □ Δu · v, which proves (4.3). The formula (4.1) follows now from the identity u ∈ C^∞(□)_{per} : curl curl u = grad div u − Δu which holds since u is smooth. Multiplying by any v ∈ C^∞(□)_{per} and using the three relations above, proves the claim.

Hence also the restriction u|_Ω of a solution belongs to H^1(Ω). On the other hand, as already noted above, the electric field E solving Maxwell’s equations may be an element of H(curl; Ω)∩ H(div; Ω), but, depending on Ω may have H^1-singularities, see Remark 3.2.

The above reasoning, combined with Theorem 3.1 actually shows the following somewhat more general fact.

Remark 4.3 Assume that the physical domain Ω is embedded in a convex polyhedron □. Then FDFs for (3.27) that fall in either one of the following categories:

• test and trial functions belong to X_{per}(□) defined above;

• test and trial functions have global H(curl; □) ∩ H(div; □) regularity and have vanishing tangential components u × n_□ on ∂□;

fail in the sense that they may not capture possible H^1-singularities, i.e. parts of the solution that do not belong to H^1(Ω).

Remark 4.4 Since trivially (H(curl; □) ∩ V (div; □))_{per} → (H(curl; □) ∩ H(div; □))_{per}, the availability of divergence-free trial functions on □ (as e.g. divergence-free wavelet bases, see [25, 30]) would be no remedy.

A FDF for a Scattering Problem

The above difficulty has actually been already properly accounted for in [11] in a closely related context, namely for a scattering problem, i.e., for an exterior boundary value problem. Defining the bilinear form

a(u, v)_□ = (curl u, curl v)_□ + κ(u, v)_□, u, v ∈ H(curl; □), (4.5)

the following variational problem is analyzed in [11]:

Given (J, η) ∈ (H(curl; □))^′ × H^{− 1}2 (div_Γ; Γ), find (u, λ) ∈ H(curl; □) × (H^{− 1}2 (div_Γ; Γ))^′ such that

a(u, v)_□ + ⟨v × n, λ⟩_Γ = (J_□, v), v ∈ H(curl; □), (4.6)

⟨u × n, ξ⟩ = ⟨η, ξ⟩_Γ, ξ ∈ (H^{− 12} (div_Γ; Γ))^′, (4.7)

where J_□ is some extension of J from Ω to □, and ⟨·, ·⟩_Γ is the duality form on the boundary. For the definition of div_Γ, we again refer to [6, 7, 8]. In [11], this problem is discretized using Nedelec elements on a fixed grid for □, imposing zero boundary conditions on the tangential components u × n|_□ on ∂ □. Choosing v := ∇p for p ∈ H^1_0 (Ω), (4.6) says that a(u, v)_□ = κ(u, ∇p)_{0,□} = (J_□, ∇p)_{0,□} for all p ∈ H^1_0 (Ω) and hence

div u = κ^{−1}divJ_□ in H^{−1}(Ω) (4.8)

and, by the same argument also in H^{−1}(□\Ω). Hence u|_Ω ∈ H(div; Ω) whenever J ∈ H(div; Ω). However, this does not imply u ∈ H(div; □) because the normal traces of u may jump across Γ. Thus, choosing just H(curl; □) as test and trial space, suffices to identify the correct solution while avoiding the above mentioned trap concerning H^1–singularities.

A few comments on the particular role of the Nedelec elements in the above context are in order, see [27],[28]. They are H(curl; Ω) conforming finite elements and thus well suited for discretizing the bilinear forms arising from the Maxwell equations. They possess a property, in the sequel denoted as a discrete divergence free property, that makes them particularly attractive for the numerical solution of the Maxwell equations. To explain this, denote (for a uniform triangulation, say) by V_h ⊂ H(curl; Ω) the corresponding Nedelec finite element space where, as usual, the parameter h describes the mesh size. There exists a subspace S_h ⊂ H^1_0 (Ω) such that grad ξ_h ∈ V_h for any ξ_h ∈ S_h. Defining

X_h = {u_h ∈ V_h : (u_h, grad ξ_h)_{0,Ω} = 0 ∀ξ_h ∈ S_h},

we obtain the orthogonal decomposition V_h = X_h ⊕ grad S_h. Being perpendicular to a space of gradients, X_h plays the role of discrete divergence free functions. Now consider the problem to find (the uniquely determined) E_h ∈ V_h satisfying

(curl E_h, curl v_h) + k(E_h, v_h) = (f, v_h) ∀v_h ∈ V_h,

where f is a linear combination of divergence free L_2(Ω) functions and functions in X_h. Now, testing with gradξ_h for any ξ_h ∈ S_h and applying (3.9), yields E_h ∈ X_h. Thus, the situation in the finite dimensional setting parallels exactly what happens on the continuous infinite dimensional level. Hence, applying Nedelec elements for the time stepping scheme arising from the time dependent Maxwell equations on a stationary triangulation, the sequence E^n of approximations of the electric field at times nΔt all belong to X_h. Therefore a stable realization of the divergence constraint is warrented by this discretization.

However, when employing adaptive wavelet techniques, for the reasons indicated above in Section 2, neither stay the spatial discretizations stationary in the course of the time stepping nor will trial functions such as the H(curl; Ω) conforming wavelets of [30] satisfy a dicrete divergence condition in the above sense. Consequently, the approximate solutions at two different time steps may belong to complements of two different spaces of gradients. Hence, imposing the divergence condition weakly, in a saddle point formulation, will enhance stability by controlling those parts of the approximate solutions that belong to the gradient space to which the approximation at any given time step should be perpendicular.

Moreover, appending the divergence constraint explicitly with the aid of Lagrange multipliers would allow us to treat inhomogeneous divergence conditions in the same stable way. Therefore we shall be concerned in the following with such a variational formulation which, however, avoids the unwanted effect of Problem 4.1.

4.2 Preserving H^1-Singularities

We present now an alternative FDF which preserves the possible H^1-singularities of the solutions to Maxwell’s equations. The above observations suggest to require only H(curl; □) regularity and impose the divergence constraint only on Ω which is reflected by the following

Problem 4.5 Given (J, f) ∈ (H_0(curl; Ω))^′×H^{−1}(Ω), find a pair (u, p) ∈ H_0(curl; Ω)×H^1_0 (Ω) such that

a(u, v) + (v, grad p)_{0,Ω} = (J, v)_{0,Ω}, v ∈ H_0(curl; Ω), (u, grad q)_{0,Ω} = (f, q)_{0,Ω}, q ∈ H^1_0 (Ω),

where we assume again first that κ > 0 in (3.27). The next step is to append boundary conditions. Recalling (4.5), we consider

Problem 4.6 Given the triple (J, f, η) ∈ (H_{per}(curl; □))^′ × H^{−1}(Ω) × H^{− 1}2 (div_Γ; Γ), find a triple (u, p, λ) ∈ H_{per}(curl; □) × H^1_0 (Ω) × (H^{− 1}2 (div_Γ; Γ))^′ so that

a(u, v)_□ + (v, grad p)_{0,Ω} + ⟨γ_τ (v), λ⟩_Γ = (J, v)_{0,□}, v ∈ H_{per}(curl; □), (u, grad q)_{0,Ω} = (f, q)_Ω, q ∈ H^1_0 (Ω),

⟨γ_τ (u), μ⟩_Γ = ⟨η, μ⟩_Γ, μ ∈ (H^{− 12} (div_Γ; Γ))^′,

where as above γ_τ (u) = u|_Γ × n on Ω.

By the remarks at the end of the previous subsection, Problem 4.6 is equivalent to (4.6), (4.7) whenever f = div J on Ω.

The main result of this section can be stated as follows.

Theorem 4.7 The Problems 4.5 and 4.6 are well-posed and have unique solutions. The first two components of the solutions to both problems coincide on Ω when the boundary conditions in 4.6 are homogeneous.

The remainder of this section is devoted to the proof of Theorem 4.7. We begin with some prerequisites that will eventually allow us to apply Theorem 3.3. As before, we assume always that Ω is some bounded, simply connected polyhedral Lipschitz domain with boundary Γ = ∂Ω.

Recall the orthogonal decomposition of L_2(Ω) in (3.12). A similar decomposition also holds for H(curl; Ω). In fact, defining

X_1(Ω) := { curl u : u ∈ H^1(Ω), curl u ∈ H(curl; Ω), div u = 0, (curl u) · n = 0 on Γ } , X_2(Ω) := { grad ϕ : ϕ ∈ H^1(Ω) } , we record the following observation.

Lemma 4.8 The spaces X_1(Ω) and X_2(Ω) form an orthogonal decomposition of H(curl; Ω) H(curl; Ω) = X_1(Ω) ⊕ X_2(Ω). (4.9) Proof: Given u ∈ H(curl; Ω), write u = u_1 +u_2 according to (3.12). It is clear that u_i ∈ X_i(Ω), i = 1, 2. Since curl u_2 = 0, u_1 ⊥ u_2 in H(curl; Ω).

Now we embed Ω into a larger, simpler domain □. Problems 4.5 and 4.6 suggest considering the following operators.

Lemma 4.9 The operators Div : X_2(Ω) → H^{−1}(Ω) and Div_Ω : X_2(□) → H^{−1}(Ω) defined by ⟨Div u, p⟩ := (u, grad p)_{0,Ω}, ⟨Div_Ω u, p⟩ := (u, grad p)_{0,Ω}, p ∈ H^1_0 (Ω), (4.10) are bounded and onto.

Proof: The boundedness is clear. For f ∈ H^{−1}(Ω) the boundary value problem −Δϕ = f on Ω, ϕ = 0 on Γ = ∂Ω, has a unique solution ϕ ∈ H^1_0 (Ω). This means grad ϕ ∈ X_2(Ω) and Div grad ϕ = f. To confirm also the surjectivity of Div_Ω, it suffices to extend ϕ by zero from Ω to □.

Lemma 4.10 The spaces H_0(curl; Ω) ∩ V (div; Ω) and H_{per}(□, Ω) := {u ∈ H_{per}(curl; □) : Div_Ω u = 0, u × n = 0 on Γ} are closed in H(curl; Ω) and H(curl; □), respectively.

Proof: The trace mapping γ_τ (u) = u|_Γ × n is bounded and, by Lemma 4.9, so are the operators Div and Div_Ω. The spaces defined above are the kernels of these operators.

From now on, we will frequently use the notation A <∼ B which means that there exists a constant c > such that A ≤ c B, uniformly in all parameters on which A and B may depend. The following result can be found in [20, p. 966]. It is based on continuous extensions of trace data, see [1, 8] Lemma 4.11 There exists a continuous extension operator E : H(curl; Ω) → H(curl; R^3 ).

The last ingredient concerns the inf-sup condition (3.34) in Theorem 3.3.

Lemma 4.12 There exists a positive constant β > 0 such that the inf-sup condition inf λ∈(H^{− 1}2 (div_Γ;Γ))^′ sup u∈H_{per}(curl;□) ⟨λ, u × n⟩_Γ ‖λ‖_{(H−} 1_{2 (divΓ;Γ))′} ‖u‖_{H(curl;□)}

≥ β (4.11)

holds.

Proof: The proof is similar in spirit to [23]. Since the extension in Lemma 4.11 is bounded, the above extension from H(curl; Ω) to H(curl; R^3 ) also yields a bounded extension to the space H_{per}(curl; □) provided that B ⊂ □. Fix any λ ∈ (H^{− 1}2 (div_Γ; Γ))^′. Using the surjectivity and boundedness of the trace mapping

H(curl; Ω) ∋ u → γ_τ (u) = u|_Γ × n ∈ H^{− 12} (div_Γ; Γ), (4.12)

see [8], and finally the boundedness of the lifting map (see Lemma 4.11), we obtain

‖λ‖_{(H−} 1_{2 (divΓ;Γ))′} = sup

μ∈H^{− 1}2 (div_Γ;Γ) ⟨λ, μ⟩_Γ ‖μ‖_{H−} 1_{2 (divΓ;Γ)}

= sup

u∈H(curl;Ω) ⟨λ, γ_τ (u)⟩_Γ ‖γ_τ (u)‖_{H−} 1_{2 (divΓ;Γ)} <∼ sup u∈H(curl;Ω) ⟨λ, γ_τ (u)⟩_Γ ‖u‖_{H(curl;Ω)} <∼ sup u∈H_{per}(curl;□) ⟨λ, γ_τ (u)⟩_Γ ‖u‖_{H(curl;□)} , which is the desired inf-sup condition.

Proof of Theorem 4.7: Let us consider first Problem 4.5. Since κ > 0, the bilinear form a(·, ·) in (3.27) is coercive on H(curl; Ω), hence also on the subspace H_0(curl; Ω). This implies the validity of (3.32) and (3.33). The inf-sup condition (3.34) corresponding to the divergence constraint in Problem 4.5 is equivalent to the closedness of the range of the divergence mapping Div_Ω, which is indeed ensured by Lemma 4.9. Moreover, the corresponding mapping is onto. Thus, Problem 4.5 is, by Theorem 3.3, well-posed and thus has a unique solution.

Now, we investigate Problem 4.6. The bilinear form a(·, ·)_□ in (4.5) is coercive on H(curl; □) and hence also on the closed subspace H_{per}(□, Ω) = {u ∈ H_{per}(curl; □) : Div_Ω u = 0, u × n = 0 on Γ} which is the kernel of the operator B defined by the Lagrange multipliers in Problem 4.6. The inf-sup condition corresponding to the trace mapping in Problem 4.6 is fulfilled by Lemma 4.12. Moreover, the operator L induced by the variational problem: Given (J, f) ∈ (H_{per}(□, Ω))^′ × H^{−1}(Ω), find a pair (u, p) ∈ H_{per}(□, Ω) × H^1_0 (Ω) such that

a(u, v)_□ + (v, grad p)_{0,Ω} = (J, v)_{0,Ω}, v ∈ H_{per}(□, Ω), (u, grad q)_{0,Ω} = (f, q)_{0,Ω}, q ∈ H^1_0 (Ω),

is by the preceeding remarks a norm isomorphism from the space H_{per}(□, Ω) × H^1_0 (Ω) onto its dual. This implies the validity of (3.32) and (3.33) for the bilinear form corresponding to L. Thus, again Theorem 3.3 yields that Problem 4.6 is well-posed and hence has a unique solution.

5 FDFs for the Time-Harmonic Formulation

Finally, we discuss properly defined FDFs also for the time-harmonic case. Again, we need some preparations.

Definition 5.1 We say that λ > 0 is a Maxwell eigenvalue, if there exists a non-zero function u ∈ V_0(Ω) := H_0(curl; Ω) ∩ V (div; Ω) such that

(curl u, curl v)_{0,Ω} = λ(u, v)_{0,Ω}, v ∈ V_0(Ω).

One can prove that the Maxwell eigenvalues form a discrete subset of R, [13]. As in (3.26), we define the bilinear form a(·, ·) : H(curl; Ω) × H(curl; Ω) → C by

a(u, v) := (curl u, curl v)_{0,Ω} − ω^2μ ( ε + i σ ω ) (u, v)_{0,Ω}. (5.1)

Proposition 5.2 When σ > 0 the bilinear form a(·, ·) in (5.1) is coercive on H(curl; G) for any domain G.

The proof of this fact is probably known, see, e.g. [24] for a closely related situation. Since we are not aware of a precise reference and since the argument is short we include it for convenience. To this end, we need the following technical lemma.

Lemma 5.3 Given η, ξ > 0, there exists a α > 0 so that

f(x, y) := x^2 + (η^2 + ξ^2)y^2 − 2ηxy − α^2(x^2 + y^2 + 2xy) > 0

for all x, y ∈ R such that xy ≥ 0, x^2 + y^2 > 0.

Proof: Setting x = 0, y > 0, respectively x > 0, y = 0, shows that necessary conditions on α are α < 1 and α^2 < η^2 + ξ^2. Moreover, these conditions ensure that f is positive in a neighborhood of {(x, y) : x = 0 or y = 0}. Then, the claim follows if one can find α > 0 so that for any fixed x > 0, the function g_x(y) := f(x, y) has no real zeros. Straightforward manipulations reveal that this is indeed the case if

r(α) := −α^2(2η + η^2 + ξ^2 + 1) + ξ^2 > 0.

Since r has only one positive zero α^∗, we can choose 0 < α < min(1, √ η^2 + ξ^2, α^∗).

We can use this observation to prove Proposition 5.2 as follows.

Proof: For u ∈ H(curl; G), define x(u) := ‖curl u‖^2_{0,G}, y(u) := ‖u‖^2_{0,G} and η := ω^2με, ξ := μωσ. Note that a(u, u) = x(u) − (η + iξ)y(u) = x(u) − ηy(u) − iξy(u) as well as ‖u‖^2_{H(curl;G)} = x(u) + y(u). It is then readily seen that the bilinear form a(·, ·) is coercive in the sense that |a(·, ·)| ≥ α‖ · ‖^2_{H(curl;G)} if and only if there exists a constant α > 0 such that

(x(u) − ηy(u))^2 + ξ^2y(u)^2 > α^2(x(u)^2 + y(u)^2 + 2x(u)y(u)),

which follows from Lemma 5.3.

Remark 5.4 For σ > 0, there exists a positive constant α > 0 such that we have the inf-sup condition inf u∈V_0(Ω) sup v∈V_0(Ω) |a(u, v)| ||u||_{H(curl;Ω)}||v||_{H(curl;Ω)} ≥ α. For σ = 0 it holds as well, provided that λ := ω^2με is not a Maxwell eigenvalue.

In fact, for σ > 0, the claim is a trivial consequence of the coercivity of a(·, ·) as a bilinear form on H_0(curl; Ω), [24]. For σ = 0, the operator A induced by a(·, ·) in (5.1) is injective on V_0(Ω) since λ is assumed not to be a Maxwell eigenvalue. Moreover, A is selfadjoint, so that A is also surjective, hence one-to-one, which is the desired inf-sup-condition by (3.33).

We arrive at the following saddle-point formulation realizing the divergence constraint on Ω for the time-harmonic problem.

Problem 5.5 Given (J, f) ∈ (H_0(curl; Ω))^′×H^{−1}(Ω), find a pair (u, p) ∈ H_0(curl; Ω)×H^1_0 (Ω) such that

a(u, v) + (v, grad p)_{0,Ω} = iωμ (J, v)_{0,Ω}, v ∈ H_0(curl; Ω), (u, grad q)_{0,Ω} = (f, q)_{0,Ω}, q ∈ H^1_0 (Ω),

where a(·, ·) is defined by (5.1).

Theorem 5.6 Assume that σ > 0 or, when σ = 0, that ω^2με is not a Maxwell eigenvalue. Then, Problem 5.5 is well-posed.

Proof: By Remark 5.4 the bilinear form a(·, ·) satisfies the required inf-sup condition, and the claim follows from Lemma 4.9 and Theorem 3.3.

Boundary Conditions Above we have imposed only the divergence constraint weakly in terms of Lagrange multipliers, which still requires incorporating the boundary conditions into a discretization in H_0(curl; Ω). In order to treat them with the aid of Lagrange multipliers, we extend the bilinear form in (5.1) from Ω to □ as follows: For u, v ∈ H(curl; □), let as in (4.5)

a(u, v)_□ := (curl u, curl v)_{0,□} − ω^2μ ( ε + i σ ω ) (u, v)_{0,□}. (5.2)

The resulting variational problem then reads:

Problem 5.7 Given the triple (J, f, η) ∈ H_{per}(curl; □)^′ ×H^{−1}(Ω)×H^{− 1}2 (div_Γ; Γ), find a triple (u, p, λ) ∈ H_{per}(curl; □) × H^1_0 (Ω) × (H^{− 1}2 (div_Γ; Γ))^′ so that

a(u, v)_□ + (v, grad p)_{0,Ω} + ⟨v × n, λ⟩_Γ = (J, v)_{0,□}, v ∈ H_{per}(curl; □), (u, grad q)_{0,Ω} = (f, q)_Ω, q ∈ H^1_0 (Ω), ⟨u × n, μ⟩_Γ = ⟨η, μ⟩_Γ, μ ∈ (H^{− 12} (div_Γ; Γ))^′.

Let us start by the case σ > 0.

Corollary 5.8 Problem 5.7 is well-posed for σ > 0.

Proof: Again we wish to apply Theorem 3.3. On account of Lemma 4.12, it remains to verify the validity of the conditions (3.32) and (3.33) for the form a(·, ·)_□. Since by Lemma 5.2 the bilinear form in (5.2) is, in particular, coercive on H_{per}(curl; □), (3.32) and (3.33) obviously hold.

The question of well-posedness of Problem 5.7 for the non-conducting case σ = 0 turns out to be less straightforward since a(·, ·)_□ is no longer coercive. We assume throughout this section that that λ := ω^2με is not a Maxwell eigenvalue with respect to Ω in the sense of Definition 5.1. This is a reasonable assumption, since otherwise the original Maxwell problem would not be well-posed. However, since σ = 0, it may very well happen that the equation (curl u, curl v)_□ = λ(u, v)_□, u, v ∈ H_{per}(curl; □), has a non-trivial solution u ≠ 0 on □. We shall show that this can be avoided by judiceously choosing □.

Let us again assume that the problem is scaled in such a way that Ω ⊂ □ := (0, a)^3 for a sufficiently large a ∈ R.

Theorem 5.9 Suppose that λ := ω^2με is not a Maxwell eigenvalue with respect to Ω. Choose □ := (0, a)^3 such that λ ≠ 4π^2 a^2

(m^2 + n^2 + p^2) (5.3)

for all m, n, p ∈ N. Then, Problem 5.7 is well-posed.

Note that (5.3) can always be satisfied. In fact, if π^2/λ ∈ Q choose a ∈ R \ Q , otherwise some a ∈ Q such that Ω ⊂ □. In order to prove Theorem 5.9, we consider the following auxiliary problem:

Problem 5.10 Find u ∈ H_{per}(curl; □) such that

(curl u, curl v)_□ = λ(u, v)_□, v ∈ H_{per}(curl; □). (5.4)

Lemma 5.11 Suppose that λ > 0 is not a Maxwell eigenvalue. Then, Problem 5.7 is well-posed if Problem 5.10 has only the trivial solution u ≡ 0.

Proof: If Problem 5.10 has only the trivial solution u ≡ 0, the operator induced by a(·, ·)_□ is injective on H_{per}(curl; □) and thus the inf-sup-condition (3.33) is satisfied. Hence Lemma 4.9 and Lemma 4.12 show that Problem 5.7 is well-posed.

We shall next identify the non-trivial solutions of (5.4), i.e., eigenfunctions.

Lemma 5.12 There exists a family of eigenfields for the curl curl operator on C^∞_{per}(□) with eigenvalues λ_{m,n,p} := 4π^2 a^2

(m^2 + n^2 + p^2), m, n, p ∈ N. (5.5)

Moreover, this family is orthogonal and complete in L_2(□), i.e., the set of finite linear combinations of eigenfields is dense in L_2(□).

Proof: We rely on the identity curl curl = grad div−Δ, which is valid since we consider smooth functions. Define k_m := 2πm a , (5.6) where m ∈ N, and consider u^{(1)}_3 (x_1, x_2, x_3)_{m,n,p} := sin(k_mx_1) sin(k_nx_2) sin(k_px_3), (5.7)

where m, n, p ∈ N. In order to enforce u^{(1)}(x)_{m,n,p} := (u^{(1)}_1 (x)_{m,n,p}, u^{(1)}_2 (x)_{m,n,p}, u^{(1)}_3 (x)_{m,n,p}) to be divergence-free we set u^{(1)}_1 (x)_{m,n,p} := −^{mp}_{m2+n2} cos(k_mx_1) sin(k_nx_2) cos(k_px_3), (5.8) u^{(1)}_2 (x)_{m,n,p} := −^{np}_{m2+n2} sin(k_mx_1) cos(k_nx_2) cos(k_px_3). (5.9) It is easy to see that

Δu^{(1)}_i (x)_{m,n,p} = −

4π^2 a^2

(m^2 + n^2 + p^2) u^{(1)}_i (x)_{m,n,p}, i = 1, 2, 3. (5.10)

Hence u^{(1)}(x)_{m,n,p} is an eigenfield of curl curl with the desired eigenvalue. Define now

u^{(2)}_3 (x)_{m,n,p} := sin(k_mx_1) sin(k_nx_2) cos(k_px_3). (5.11) In the same manner as just outlined, one can choose the remaining components of u^{(2)}(x)_{m,n,p} so that it becomes divergence-free and is an eigenfield of the Laplacian, hence also for curl curl. Letting u^{(3)}_3 (x)_{m,n,p} := sin(k_mx_1) cos(k_nx_2) sin(k_px_3), u^{(4)}_3 (x)_{m,n,p} := sin(k_mx_1) cos(k_nx_2) cos(k_px_3), . . . . u^{(8)}_3 (x)_{m,n,p} := cos(k_mx_1) cos(k_nx_2) cos(k_px_3), one obtains for all components all necessary combinations of sines and cosines to form a basis for L_2(□). Because of the constants in (5.8,5.9), the basis is orthogonal, but not orthonormal. Since the family (u^{(1)}(x)_{m,n,p}, u^{(2)}(x)_{m,n,p}, . . . , u^{(8)}(x)_{m,n,p}), m, n, p ∈ N, (5.12) is just a scaled version of the canonical Fourier basis of L_2(□), it is complete in the sense that any function in L_2(□) can be approximated arbitrarily well by a finite linear combination of elements in (5.12).

Proposition 5.13 All eigenvalues of (5.4) are given by (5.5).

Proof: Let u_{m,n,p} be any of the eigenfunctions u^{(i)}(x)_{m,n,p}, i = 1, . . . , 8, arising in the proof of Lemma 5.12. Integrating by parts leads to

(curl curl u_{m,n,p}, v)_□ = (curl u_{m,n,p}, curl v)_□ = λ_{m,n,p}(u_{m,n,p}, v)_□, (5.13)

for all v ∈ H_{per}(curl; □) and hence the eigenvalues (5.5) are also eigenvalues of (5.4).

On the other hand, assume now that (u, λ) is an eigenpair of (5.4), where λ ≠ λ_{m,n,p} for all m, n, p ∈ N. Then for any element u_{m,n,p} of the basis (5.12) one obtains λ(u, u_{m,n,p})_□ = (curl u, curl u_{m,n,p})_□ = (u, curl curl u_{m,n,p})_□ = λ_{m,n,p}(u, u_{m,n,p})_□. Since λ ≠ λ_{m,n,p} for every m, n, p ∈ N, u is perpendicular to the dense set of finite linear combinations of elements from (5.12), hence u = 0.

Proof of Theorem 5.9: If (5.3) holds, Lemma 5.12 and Proposition 5.13 imply that λ cannot be an eigenvalue of (5.4), i.e., Problem 5.10 and hence Problem 5.10 only have the trivial solution u = 0. Hence, by Lemma 5.11, Problem 5.7 is well-posed.

Acknowledgments. The authors want to thank Martin Costabel for fruitful discussions on the time-harmonic Maxwell’s equations. Furthermore, we are grateful to Ralf Hiptmair and Annalisa Buffa for valuable comments.

This paper was written when the second author was in residence at the Institut für Geometrie und Praktische Mathematik, RWTH Aachen. He was supported by the European Commission within the TMR project (Training and Mobility for Researchers) Wavelets and Multiscale Methods in Numerical Analysis and Simulation, No. ERB FMRX CT98 018T4. This paper was partly written when the third author was in residence at Dept. of Mathematics of the Utrecht University, The Netherlands and partly when he was in residence at the Institut für Geometrie und Praktische Mathematik, RWTH Aachen.

References

[1] A. Alonso and A. Valli, Some Remarks on the Characterization of the Spaces of Tangential Traces of H(rot; Ω) and the Construction of an Extension Operator, Manuscripta Math. 89 (1996), 159-178.

[2] C. Amrouche, C. Bernardi, M. Dauge, and V. Girault, Vector Potentials in Threedimensional Non-smooth Domains, Math. Meth. Appl. Sci. 21, (1998), pp. 823-864.

[3] F. Assous, P. Ciarlet Jr., and E. Sonnendruecker, Resolution of the Maxwell Equations in a Domain with Reentrant Corners, Math. Mod. Num. Anal. 32, no. 3 (1998), 359-389.

[4] E. Bänsch, P. Morin, and R.H. Nochetto, An Adaptive Uzawa FEM for Stokes: Convergence without the Inf-Sup, WIAS Berlin, preprint no. 662, 2001.

[5] F. Brezzi and M. Fortin, Mixed and Hybrid Finite Element Methods, Springer Verlag, 1991.

[6] A. Buffa and P. Ciarlet Jr., On Traces for Functional Spaces Related to Maxwells Equations Part I: An Integration by Parts Formula in Lipschitz Polyhedra, Math. Meth. Appl. Sci. 24 (2001), 9-30.

[7] A. Buffa and P. Ciarlet Jr., On Traces for Functional Spaces Related to Maxwells Equations Part II: Hodge Decompositions on the Boundary of Lipschitz Polyhedra and Applications, Math. Meth. Appl. Sci. 24 (2001), 31-48.

[8] A. Buffa, M. Costabel, and M. Sheen, On Traces for H(curl; Ω) in Lipschitz Domains, IAN C.N.R. Pavia, preprint no. 1185, 2000.

[9] P. Ciarlet Jr. and J. Zhou, Fully Discrete Finite Element Approaches for Time-dependent Maxwell’s Equations, Numer. Math. 82 (1999), 193-219.

[10] A. Cohen, W. Dahmen, R.A. DeVore, Adaptive wavelet methods II – Beyond the elliptic case, RWTH Aachen, IGPM Report no. 199, 2000. To appear in Found. Comp. Math.

[11] F. Collino, P. Joly, and F. Millot, Fictitious Domain Method for Unsteady Problems: Application to Electromagnetic Scattering, J. Comp. Phys. 138 (1997), 907-938.

[12] M. Costabel, A coercive bilinear form for Maxwells equations, J. Math. Anal. Appl. 157, no. 2 (1991), 527 - 541.

[13] M. Costabel and M. Dauge, Singularities of Electromagnetic Fields in Polyhedral Domains, Arch. Rat. Mech. Anal. 151 (2000), 221-276.

[14] M. Costabel and M. Dauge, Singularities of Maxwell Interface problems, Meth. Model.

Numer. Anal. 33, no. 3 (1999), 627 - 649.

[15] S. Dahlke, W. Dahmen, and K. Urban, Adaptive wavelet methods for saddle point problems — Optimal Convergence Rates, RWTH Aachen, IGPM preprint no. 204, 2001.

[16] S. Dahlke, R. Hochmuth, and K. Urban, Adaptive wavelet methods for saddle point problems, Math. Model. Numer. Anal. 34, No. 5 (2000), 1003-1022.

[17] W. Dahmen, Wavelet methods for PDEs – Some recent developments, J. Comp. Appl.

Math., 128 (2001), 133–185.

[18] R. Dautray and J.L. Lions, Mathematical Analysis and Numerical Methods for Science and Technology, Springer Verlag, 1993.

[19] P. Degond and P. Raviart, An Analysis of the Darwin Model of Approximation to Maxwell’s equations, Forum Math. 4 (1992), 13-44.

[20] P. Fernandes and G. Gilardi, Magnetostatic and electrostatic problems in inhomogeneous anisotropic media with irregular boundary and mixed boundary conditions, Math. Models Methods Appl. Sci. 7, no. 7 (1997), 957–991.

[21] V. Girault and P.-A. Raviart, Finite Element Methods for Navier-Stokes-Equations, Springer Verlag, 2nd edition, 1986.

[22] R. Glowinski, T.W. Pan, R.O. Wells, and X. Zhou, Wavelet and Finite Element Solutions for the Neumann Problem using Fictitious Domains, J. Comp. Phys. 126 (1996), 40-51.

[23] A. Kunoth, Wavelet Techniques for the Fictitious Domains - Lagrange Multiplier Approach, preprint, University of Bonn, 2000, to appear in Numer. Alg.

[24] R. Leis, Exterior Boundary-Value Problems in Mathematical Physics, in H. Zorski (ed.), Trends in Applications of Pure Mathematics to Mechanics, vol. 11, Pitman, London, 187- 213.

[25] P.G. Lemarié-Rieusset, Analyses multi-résolutions non orthogonales, Commutation entre Projecteurs et Derivation et Ondelettes Vecteurs à divergence nulle (in french), Rev. Mat. Iberoamericana 8 (1992), 221-236.

[26] J-C. Nedelec, Acoustic and Electromagnetic Equations, Integral Representations for Harmonic Problems, Applied Mathematical Sciences 144, Springer Verlag 2001.

[27] J-C. Nedelec, Mixed Finite Elements in R^3 , Numer. Math. 35, (1980), pp. 315-341. [28] J-C. Nedelec, A New Family of Mixed Finite Elements in R^3 , Numer. Math. 50 (1986), pp.

57-81.

[29] M. Pedersen, Functional Analysis in Applied Mathematics and Engineering, Chapman & Hall CRC 2000.

[30] K. Urban, Wavelet bases in H(div) and H(curl), Math. Comp. 70 (2001), 739-766. [31] K. Urban, Wavelets in Numerical Simulation: Problem Adapted Construction and Applications, Springer Lecture Notes in Computational Science and Engineering, Vol. 22, 2002.

[32] K. Yosida, Functional Analysis, Springer Verlag, 6th Edition, 1980.