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?A@6BDCFE4GIH4CKJ:LNM!OQPSRUT6VXWXY6Z\[Q]6^�_�W`Y6a#bc_dbfegP ; PfhIbfijekilPfRU^menbfi
L

2(R)
OQPS[po

WXOqerM%WXY6ZUsD^tip[lPfWXY!sDbuY6a#Wv[QWXbuY6ODw4buY6^�bfh#[lPfWXY#O8P ; PShIbfi<erilPfRU^jerbfi
l
2(Z)
2/x Y"[Q]6WXO

PSip[QWXsDVX^<[Q]6WXOgW`a#^DPmWXOy^{z|[Q^DY6a#^caA[Qb�sDb~}�^tiyWXY�[Q^{ipiQ^DV`PS[QWXbuY#O�PfRUbfY6Z ; PfhIbSiyerilPSRU^DO
enbSig[Q]#^�erbu�%i/OpT4PSsD^DO

l
2(Z)
w
L

2([0; L])
PfY6a

C
L 2Kx [gWXOyOp]#bc_�YU]6bc_�[Q]#^>}fPSiQWXbu�#O[�M%TI^DO�bSe ; PShIbfi�erilPfRU^{OAP~iQ^�iQ^DV`P~[Q^ca�h�M�OQPSRUT6VXWXY6Z!PfY6a�TI^{iQWXb|a#WX�cP~[QW`bfY�PfY4a

]6bc_�Zu^{Y6^{ilPSVKa#�6PfVF_�W`Y6a#bc_�O>PfY4a�scPfY#buY6WXscPSVKa#�6PfVF_�WXY4a#bc_�O8PSiQ^mPfVXOpb�iQ^DV`PS[Q^Da
h�MjOQPfRUT#VXW`Y#Z8PSY4ajTI^{iQWXb|a#WX�cP~[QWXbuY6O 2N� bSipiQ^DOpTIbuY6a#WXY6Z<iQ^DOp�6Vv[QOKPShIbu�%[�[Q]6^N^{z%T4PfY%o
OpWXbuYmsDb�^{�Us{W`^{Y|[QO�bfe6er�6Y#s{[QWXbuY6O�_�WX[Q]jiQ^DOpTI^{s{[�[Qb�[Q]6^ ; PfhIbfi�erilPfRU^{OKPSiQ^NOp]6bc_�Y 2
= VXV�[Q]#W`OKsDPfYAhI^N�6Op^cajenbSiKe�PSOq[NY|�#RU^{iQWXscPfV�sDbfRUT6�%[lPS[QWXbuY�bfe4PfT#T#iQbcz%W`R\P~[QWXbuY6O�[Qb
_�WXY4a%b~_�OAPfY6a�^{z%T4PSY6OpWXbuY�sDb�^t�UsDWX^DY�[QOmerbfi�[Q]6^UWXY#�6Y6Wv[Q^{o�a#WXRU^DY#OpW`bfY4PSV ; PShIbfi
erilPSRU^DO 2N= Y�^{z#PfRUT#V`^8W`O�T%iQ^DOp^DY�[Q^ca 2

�I���S�/�/�-�8�<���g�/���8���
�t�'�c ¢¡m£6¤c�c¥§¦�¨§¡8©tªK¤~«4¬�¦�«4��c¥��®¢«4®¢¯>�~«\°"¥§¯~¦�¤~¡��~¡:±d¡�²�¨n³l´�¡�¥§¯S¡��µy¡�¤c¶�ªK¤S£6¬(¡�¯>·� K¤~«4®K¶I 
¸ £6¬�¹K¨�¥��K¶4º(» �I��¼l½K¾ £6�¢¯S¯~¡��¿¯c ¢«|À\¯\�c -£6�\®K�¢ÁK¡�¤�¦�¡�¤c�S£6¥���¦�«4�¢Á�¥��c¥§«4�¢¯�«4�¢¡Â¦|£6��«4µK�S£6¥��
£�ÃÂ£6µy«4¤AÄ�¤S£6¬(¡"Äp«4¤

l2(Z)
µ²�¯S£6¬�¹K¨�¥��K¶��c ¢¡"ÀU¥��¢ÁK«|ÀÅÄq®K�¢¦��c¥§«4�¿«6Ä:£�ÃÂ£6µy«4¤AÄ�¤S£6¬(¡

Äp«4¤
L2(R)

£6���c ¢¡�¥���~¡�¶F¡�¤~¯ � ª¢®K¤c�c ¢¡�¤c¬(«4¤~¡ ½ ¥���¥§¯"¯c ¢«|ÀU���c -£6���c ¢¡�¦|£6�¢«4�K¥§¦|£6¨8Á�®-£6¨
ÀU¥��¢ÁK«%À\¯�«6Ä8�c ¢¡Â�lÀA«�ÃÂ£6µy«4¤�Ä�¤S£6¬(¡�¯"£6¤~¡!£6¨§¯~«�¤~¡�¨Æ£6�~¡�Á�µ�²�¯f£6¬�¹K¨�¥��K¶ �
·� ¢¡�¹K®K¤c¹y«I¯~¡�«6Ä��c K¥§¯(£6¤c�c¥§¦�¨§¡�¥§¯��~«�¯~ ¢«|ÀÇ ¢«|ÀÈ£6�¢ÁÉ®K�¢ÁK¡�¤�ÀU K¥§¦~ Ê¦�«4�¢Á�¥��c¥§«4�¢¯
ÃÂ£6µy«4¤\Äq¤S£6¬(¡�¯�Äq«4¤"�c ¢¡ÂÄp«4®K¤"¯~¹-£4¦�¡�¯

L2(R)
½
l2(Z)
½
L2([0;L])

£6�¢Á
CL £6¤~¡!¥����~¡�¤D³

¤~¡�¨Æ£6�~¡�ÁËµ²Ì¯S£6¬�¹K¨�¥��K¶F¯�£6�¢Ád¹y¡�¤c¥§«�Á�¥�Í%£6�c¥§«4�¢¯ � ·� ¢¡�¯c¥��c®-£6�c¥§«4�Ë¥§¯�¯c ¢«%ÀU�Î«4�ÐÏ¢¶I®K¤~¡
�I���IÑ

L2(R)
sampling−−−−−−→ l2(Z)





y
periodization





y

L2([0;L]) −−−−→ CL

Ò ��Ó:���/ÔÖÕK�qÕK�U× ¡�¨Æ£6�c¥§«4�¢¯c K¥�¹Ø£6¬(«4�K¶É�c ¢¡¿Äp«4®K¤�Á�¥nÙ/¡�¤~¡���ÚÃ!£6µg«4¤
Äq¤S£6¬(¡�¯ �jÛ ¤c¤~«%À\¯��~«��c ¢¡"¤c¥�¶I �\¥��¢Á�¥§¦|£6�~¡'�c -£6��£�ÃÂ£6µy«4¤AÄ�¤S£6¬(¡'¦|£6�
µy¡�«4µK�S£6¥��¢¡�Á��c K¤~«4®K¶I �¯S£6¬�¹K¨�¥��K¶ ½ £6�¢Á�£6¤c¤~«%À\¯UÁK«|ÀU��¥��¢Á�¥§¦|£6�~¡"¹g¡u³
¤c¥§«�Á�¥�Í%£6�c¥§«4� �

·� ¢¡��~«4¹Ü£6¤c¤~«|ÀÝ«4�ÞÏ¢¶I®K¤~¡ �I��� ¤~¡�¹K¤~¡�¯S¡�����c ¢¡¿¤~¡�¨Æ£6�c¥§«4�ß¯c ¢«%ÀU�Þ¥��à» �I��¼l� ·� ¢¡
¤c¥�¶I ��c¬(«I¯c�!¤~¡�¨Æ£6�c¥§«4� ½ Äq¤~«4¬

l2(Z)
�~«

CL µ�²Ú¹y¡�¤c¥§«�Á�¥�Í%£6�c¥§«4�d¥§¯�£6¨§¯~«�¯c ¢«%ÀU�d¥��Ê» �I��¼
£6�¢Ád» �|á#¼l�
ª¢«4¤�¡|£4¦~ ¿¤~¡�¨Æ£6�c¥§«4��«4�¿Ï¢¶I®K¤~¡ �I���I½ �c K¤~¡�¡Â�t²�¹y¡�¯\«6Ä:¤~¡�¯c®K¨��~¯�£6¤~¡Â¹K¤~¡�¯~¡����~¡�Á Ñ
â �%ã �QÄ��c ¢¡�ÀU¥��¢ÁK«%ÀÇÄ�®K�¢¦��c¥§«4�Ê«6Ä'£*Ã!£6µg«4¤�Äq¤S£6¬(¡�¯S£6�c¥§¯DÏ-¡�¯(£�¦�¡�¤c�S£6¥��Ê¦�«4�¢Á�¥n³
�c¥§«4� ½ �c ¢¡��Ð£�¯S£6¬�¹K¨�¥��K¶�ä#¹y¡�¤c¥§«�Á�¥�Í%£6�c¥§«4�É«6Ä��c ¢¡(ÀU¥��¢ÁK«|À�¶F¡��¢¡�¤S£6�~¡�¯�£¿ÃÂ£#³
µg«4¤:Äq¤S£6¬(¡�ÀU¥��c (�c ¢¡\¯S£6¬(¡�¹-£6¤S£6¬(¡��~¡�¤~¯A£6�¢Á�Äq¤S£6¬(¡Uµg«4®K�¢ÁK¯jÄq«4¤�«4�¢¡U«6Äy�c ¢¡

å



���������	�
������������������������������������������������� ��!������#" $

«4�c ¢¡�¤"¯c¹-£4¦�¡�¯ � ·� ¢¡�¦|£6�¢«4�K¥§¦|£6¨jÁ�®-£6¨8ÀU¥��¢ÁK«|À\¯'«6Ä��c ¢¡��tÀ�«�ÃÂ£6µy«4¤�Äq¤S£6¬(¡�¯
£6¤~¡Â¯c¥�¬�¥�¨Æ£6¤c¨�²�¤~¡�¨Æ£6�~¡�Á�µ²�¯S£6¬�¹K¨�¥��K¶�ä#¹y¡�¤c¥§«�Á�¥�Í%£6�c¥§«4� �

â&% ã ª¢«4¤�Ä�®K�¢¦��c¥§«4�¢¯
f
¯f£6�c¥§¯DÄ�²�¥��K¶Ê£Î¤~¡�¶I®K¨Æ£6¤c¥��l²Å¦�«4�¢Á�¥��c¥§«4� ½ ¯c¥�¬�¹K¨§¡Ì¤~¡�¨Æ£6�c¥§«4�¢¯

 ¢«4¨§ÁK¯Uµg¡��tÀ�¡�¡��Ú�c ¢¡Â¡('�¹-£6�¢¯c¥§«4�Ú¦�«�¡()�¦�¥§¡����~¯�«6Ä
f
¥��Ú£(ÃÂ£6µy«4¤�Äq¤S£6¬(¡ ½ £6�¢Á

�c ¢¡!¡('�¹-£6�¢¯~¥§«4�Ú¦�«�¡()�¦�¥§¡���~¯"«6Ä:�c ¢¡�¯S£6¬�¹K¨§¡�Á-ä#¹g¡�¤c¥§«�Á�¥�Í|¡�Á�Ä�®K�¢¦��c¥§«4�Ú¥��¿�c ¢¡
¯S£6¬�¹K¨§¡�Á-ä#¹g¡�¤c¥§«�Á�¥�Í|¡�Á�Ã!£6µg«4¤�Äq¤S£6¬(¡ �

â&* ã �QÄ
f, γ
£6¤~¡ÚÁ�®-£6¨�ÀU¥��¢ÁK«%À\¯�«6Ä�£ËÃÂ£6µy«4¤(Äq¤S£6¬(¡�£6�¢Áß¯S£6�c¥§¯DÏ-¡�¯�£Ð¦�¡�¤c�S£6¥��

¦�«4�¢Á�¥��c¥§«4� ½ �c ¢¡�¯S£6¬�¹K¨§¡�Á-ä#¹y¡�¤c¥§«�Á�¥�Í|¡�Á�ÀU¥��¢ÁK«|À\¯U£6¤~¡�£6¨§¯~«�Á�®-£6¨-ÀU¥��¢ÁK«%À\¯A«6Ä
�c ¢¡Â¯S£6¬�¹K¨§¡�Á-ä#¹g¡�¤c¥§«�Á�¥�Í|¡�ÁÌÃÂ£6µg«4¤�Äq¤S£6¬(¡ �

·� ¢¡�«4¤c¥�¶I¥��-£6¨\¤~¡�¯c®K¨���¹K¤~¡�¯~¡����~¡�ÁÉ¥��Ø» �I�u¼ «4�K¨�²Ð ¢«4¨§ÁK¯�ÀU ¢¡�� �c ¢¡��c¥�¬(¡%ä%Ä�¤~¡,+�®¢¡��¢¦�²�³
¯c K¥nÄq�Â¹-£6¤S£6¬(¡��~¡�¤~¯�£6¤~¡(¦�«4¬�¹-£6�c¥�µK¨§¡�Äp«4¤!µy«4�c Ì�c ¢¡�¥��
-F«4¨.-F¡�Á ÃÂ£6µy«4¤'Ä�¤S£6¬(¡�¯ � ·� K¥§¯
¦|£6�dµy¡�« -F¡�¤~¦�«4¬(¡�µ²ÌÁ�¥�¨Æ£6�c¥��K¶¿�c ¢¡�Ä�¤S£6¬(¡(¡�¨§¡�¬(¡����~¯ ½ £6�¢ÁÌ�c ¢¡�¯~¡�¶F¡��¢¡�¤S£6¨�¥�Í%£6�c¥§«4�¢¯
£6¤~¡�¹K¤~¡�¯~¡����~¡�Á(£4¯:À�¡�¨�¨ � ·� ¢¡U«4�K¨�²�¤~¡,+®K¥�¤~¡�¬(¡������c®K¤c�¢¯�«4®K�j�~«"µg¡A�c -£6�j�c ¢¡�¹K¤~«�Á�®¢¦��
«6Ä:�c ¢¡Â¹-£6¤S£6¬(¡��~¡�¤~¯�¯~ ¢«4®K¨§Á�µg¡'¤S£6�c¥§«4�-£6¨ �
·� ¢¡�¯~¡'¤~¡�¯~®K¨��~¯�£6¤~¡Â�c ¢¡Â¬�£6¥��¿¤~¡�¯~®K¨��~¯ ½ £6�¢Á�£6¤~¡�£6¨�¨/¹K¤~¡�¯~¡����~¡�Á¿¥���¯S¡�¦��c¥§«4� * �
·� ¢¡A¤~¡�¯c®K¨��~¯�£6¨�¨§«%À\¯�«4�¢¡��~«"µK®K¥�¨§Á(£"¬�£6�c ¢¡�¬�£6�c¥§¦|£6¨¢¬(«�ÁK¡�¨¢«6Äy£'¦�«4��c¥��®¢«4®¢¯m¹K ¢¡u³
�¢«4¬(¡��-£ ½ ®¢¯c¥��K¶¿ÃÂ£6µy«4¤�Äq¤S£6¬(¡�¯�Äq«4¤

L2(R)
«4¤

L2([0;L])
½ £6�¢Á��c ¢¡��*¹y¡�¤DÄq«4¤c¬ �c ¢¡

��®K¬(¡�¤c¥§¦|£6¨¢À�«4¤0/�µ²�¦�«4¬�¹K®K�c¥��K¶�£6�(£6¹K¹K¤~« '�¥�¬�£6�c¥§«4���~«"�c ¢¡�¡('�¹-£6�¢¯~¥§«4��¦�«�¡()�¦�¥§¡���~¯
®¢¯c¥��K¶(¯f£6¬�¹K¨§¡�¯�«6Ä:�c ¢¡'Ä�®K�¢¦��c¥§«4�¢¯ �
·� ¢¡�¡�¤c¤~«4¤Â¥��Ì®¢¯c¥��K¶��c ¢¡�¡('�¹-£6�¢¯c¥§«4�Ð¦�«�¡()�¦�¥§¡���~¯�«4µK�S£6¥��¢¡�Á*Äq¤~«4¬ �c ¢¡�¯S£6¬�¹K¨§¡�Á
¯c²�¯c�~¡�¬�£4¯:£6��£6¹K¹K¤~« '�¥�¬�£6�c¥§«4���~«��c ¢¡m¡('�¹-£6�¢¯c¥§«4��¦�«�¡()�¦�¥§¡���~¯>Äq¤~«4¬à�c ¢¡m¦�«4���c¥��®¢«4®¢¯
¯c²�¯c�~¡�¬È¥§¯�¶I¥.-F¡���µ�²21�¤~«4¹g«I¯c¥��c¥§«4� * ��� 3 £6�¢Á * ��� 4�½ £6�¢Á¿¦�«4�¢¯~¥§¯c��«6Äj K¥�¶I �³pÄq¤~¡,+®¢¡��¢¦�²
¦�«�¡()�¦�¥§¡���~¯�µg¡�¥��K¶Þ£6¨�¥Æ£4¯~¡�Á �~«É�c ¢¡d¨§«|À�³pÄq¤~¡,+®¢¡��¢¦�²Å¦�«�¡()�¦�¥§¡���~¯ ½65 ®¢¯c��£4¯�¥��Å�c ¢¡
ª¢«4®K¤c¥§¡�¤D³l¦|£4¯S¡ �

7�«4¤~¡�« -F¡�¤ ½ ¯c¥��¢¦�¡��c ¢¡�¯S£6¬�¹K¨§¡�Á�ÃÂ£6µy«4¤�¯c²�¯c�~¡�¬  -£4¯m�c ¢¡"¯S£6¬(¡UÄq¤S£6¬(¡�µg«4®K�¢ÁK¯�£4¯
�c ¢¡"¦�«4��c¥���®¢«4®¢¯�«4�¢¡ ½ ¥���¥§¯ 5 ®¢¯c�A£4¯�¯c�S£6µK¨§¡ � ªN£4¯c����®K¬(¡�¤c¥§¦|£6¨<£6¨�¶F«4¤c¥��c K¬(¯�Äp«4¤UÃÂ£6µy«4¤
Äq¤S£6¬(¡�¯"Äq«4¤

CL ¡('�¥§¯c�~¯ ½ µg«4�c �Äp«4¤'¦�«4¬�¹K®K�c¥��K¶ÚÁ�®-£6¨jÀU¥��¢ÁK«|À\¯�£6�¢Á�Äp«4¤Â¦�«4¬�¹K®K�c¥��K¶
¡('�¹-£6�¢¯c¥§«4��¦�«�¡()�¦�¥§¡���~¯ �
�t�¿�c ¢¡!¨Æ£4¯~��¯~¡�¦��c¥§«4� ½ ¯~¡�¦��c¥§«4�98 ½ £6�¢«4�c ¢¡�¤"¯~¥�¬�¹K¨§¡�£6¹K¹K¨�¥§¦|£6�c¥§«4�Ì«6Äj�c ¢¡�¤~¡�¯c®K¨��~¯�¥��
¯~¡�¦��c¥§«4� * ¥§¯!¹K¤~¡�¯~¡����~¡�Á Ñ �t�!¥§¯!¯~ ¢«|ÀU�Ð ¢«%À �~«�£6¹K¹K¤~« '�¥�¬�£6�~¡��c ¢¡�¦|£6�¢«4�K¥§¦|£6¨AÁ�®-£6¨
ÀU¥��¢ÁK«%ÀÜ«6Ä>£�Ã!£6µg«4¤mÄ�¤S£6¬(¡\Äq«4¤

L2(R)
µ²�£'Ï¢�K¥��~¡���®K¬�µy¡�¤A«6Ä8ÃÂ£6µy«4¤�£6�~«4¬(¯mÄ�¤~«4¬

�c -£6�"Ã!£6µg«4¤�Äq¤S£6¬(¡ �
�t��¯~¡�¦��c¥§«4� % �c ¢¡�¤~¡,+�®K¥�¤~¡�Á�µ-£4¦:/�¶I¤~«4®K�¢Á(£6�¢Á��¢«4�S£6�c¥§«4��¥§¯>¹K¤~¡�¯~¡����~¡�Á � �l�>¥��¢¦�¨�®¢ÁK¡�¯
�c ¢¡\ÁK¡uÏ¢�K¥��c¥§«4�¢¯A«6Ä/�c ¢¡-I£6¤c¥§«4®¢¯m«4¹y¡�¤S£6�~«4¤~¯�®¢¯~¡�Á ½ ¦�«4¬�¬�®K�S£6�c¥§«4��¤~¡�¨Æ£6�c¥§«4�¢¯mµy¡��lÀA¡�¡��
�c ¢¡�«4¹y¡�¤S£6�~«4¤~¯ ½ ÀU¥��¢ÁK«|ÀÎ¦�¨Æ£4¯~¯~¡�¯�Äq«4¤/�c ¢¡�ÃÂ£6µg«4¤�Ä�¤S£6¬(¡�¯ ½ Ä�¤S£6¬(¡�¯8£6�¢Á�ÃÂ£6µy«4¤/Äq¤S£6¬(¡�¯
Äp«4¤\¡|£4¦~ �«6Ä:�c ¢¡'Äp«4®K¤\¯c¹-£4¦�¡�¯ �

% �<;>=@?%���Î��A<Ô¢�>�CB
·� ¢¡�Äp«4®K¤�¯~¹-£4¦�¡�¯�®¢¯~¡�Á�¥��(�c K¥§¯A£6¤c�c¥§¦�¨§¡ ½

L2(R)
½
L2(Z)
½
L2([0;L])

£6�¢Á
CL ¯c -£6¤~¡�¯

�tÀ�«�¦�«4¬�¬(«4��¹K¤~«4¹g¡�¤c�c¥§¡�¯ Ñ
â �%ã ·� ¢¡�²Ì£6¤~¡�£6¨�¨m´�¥�¨�µy¡�¤c��¯c¹-£4¦�¡�¯ � ·� K¥§¯!¥§¯!®¢¯~¡�ÁÌ�~«�£6¹K¹K¨�²Ì¦�«4¬�¬(«4�Î¤~¡�¯c®K¨��~¯
Ä�¤~«4¬ÖÄq¤S£6¬(¡Â�c ¢¡�«4¤c² ½ ¹K¤~¡�¯~¡����~¡�Á¿¥�� ¸ ¡�¦��c¥§«4� % �Xá�½ �~«(£6¨�¨/Äp«4®K¤\«6Ä8�c ¢¡�¬ �

â&% ã ·� ¢¡mÁK«4¬�£6¥��¢¯
R, Z, [0;L]

£6�¢Á
C
£6¤~¡A£6¨�¨�¨§«�¦|£6¨�¨�²!¦�«4¬�¹-£4¦�� Û µg¡�¨�¥Æ£6� âED@F ÛÂã

¶I¤~«4®K¹¢¯ â �c ¢¡!¥����~¡�¤0-4£6¨
[0;L]
ÀU¥�¨�¨8£6¨�À�£�²�¯�µy¡'�c ¢«4®K¶I �'«6Äj£4¯"£�¹-£6¤S£6¬(¡��~¡�¤D³

¥�Í%£6�c¥§«4�*«6Ä��c ¢¡��~«4¤c®¢¯ ½
T
ãu� 7�«I¯c�"«6Ä��c ¢¡��c ¢¡�«4¤c²¿®¢¯S¡�ÁÚ¥����c K¥§¯Â£6¤c�c¥§¦�¨§¡�¦|£6�

µg¡�ÁK¡uÏ¢�¢¡�Á�¯S«4¨§¡�¨�²�¥����~¡�¤c¬(¯�«6Ä D@F Û ³Q¶I¤~«4®K¹¢¯ � ·� K¥§¯A¥��¢¦�¨�®¢ÁK¡�¯A�c ¢¡�ª-«4®K¤c¥§¡�¤D³
�c¤S£6�¢¯DÄq«4¤c¬ ½ �c ¢¡��c¤S£6�¢¯c¨Æ£6�c¥§«4��³�£6�¢Á�¬(«�Á�®K¨Æ£6�c¥§«4��«4¹y¡�¤S£6�~«4¤~¯ ½ �c ¢¡'¯S£6¬�¹K¨�¥��K¶4³
£6�¢ÁÌ¹g¡�¤c¥§«�Á�¥�Í%£6�c¥§«4�É«4¹g¡�¤S£6�~«4¤~¯ ½ ÃÂ£6µy«4¤�¯c²�¯c�~¡�¬(¯�£6�¢ÁÐ�c ¢¡(¯c¹-£4¦�¡

S0
� ±d¡
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¯c -£6¨�¨:�¢«4�Â¶I¥.-F¡��c ¢¡ D F Û ³lÁK¡uÏ¢�K¥��c¥§«4� ½ µK®K�Â¥��¢¯c�~¡|£4Á*ÁK¡uÏ¢�¢¡�¡ -F¡�¤c²��c K¥��K¶�Äp«4¤
¡|£4¦~ �«6Ä:�c ¢¡'Äp«4®K¤\¯c¹-£4¦�¡�¯ �

% ���I� &�����	����
	����	���	����
������	����I) ·� ¢¡m¹K¤~«�«6Äp¯>¥����c K¥§¯:£6¤c�c¥§¦�¨§¡mÀU¥�¨�¨�¬�£ /F¡�Äq¤~¡,+®¢¡����
®¢¯~¡Â«6Ä -I£6¤c¥§«4®¢¯U�l²�¹g¡�¯�«6Ä:ª-«4®K¤c¥§¡�¤\�c¤S£6�¢¯DÄp«4¤c¬�£6�c¥§«4�¢¯ � ·� ¢¡�²�£6¤~¡!ÁK¡uÏ¢�¢¡�Á�µ�²

FR L1(R) → C0(R) : (Ff) (ω) =

∫

R

f(x)e−2πiωxdx

FZ : l2(Z) → L2([0; 1]) : (Ff) (ω) =
∑

k∈Z

f(k)e−2πikx

F[0;L] : L2([0;L]) → l2(Z) : (Ff) (k) =
1√
L

∫ L

0
f(x)e−2πikx/Ldx

FL : CL → CL : (Ff) (k) =
1√
L

L−1
∑

j=0

f(j)e−2πikj/L,

ÀU ¢¡�¤~¡
C0
¥§¯\�c ¢¡Â¯c¹-£4¦�¡!«6Äj¦�«4��c¥��®¢«4®¢¯�Äq®K�¢¦��c¥§«4�¢¯ -I£6�K¥§¯c K¥��K¶�£6�U¥���Ï¢�K¥��l² �

FR

¥§¯A�c ¢¡"ª¢«4®K¤c¥§¡�¤U�c¤S£6�¢¯DÄp«4¤c¬ ½ FZ

¥§¯U£�ª¢«4®K¤c¥§¡�¤\¯S¡�¤c¥§¡�¯ ½ F[0;L]
¥§¯�ª¢«4®K¤c¥§¡�¤U¦�«�¡()�³

¦�¥§¡����~¯A£6�¢Á FL
¥§¯m�c ¢¡�°"¥§¯~¦�¤~¡��~¡�ª¢«4®K¤c¥§¡�¤�·<¤S£6�¢¯DÄq«4¤c¬ � ·� ¢¡U�¢«4�S£6�c¥§«4��¬�¥�¶I ��A¯S¡�¡�¬ £

µK¥��" ¢¡|£,-�² ½ µK®K��¥��" ¢¡�¨�¹¢¯��~«�£,-F«4¥§Á*¦�«4��Äq®¢¯c¥§«4��ÀU ¢¡���¯~¡ -F¡�¤S£6¨:Á�¥nÙ/¡�¤~¡���'�c¤S£6�¢¯DÄp«4¤c¬(¯
£6¤~¡Â¥���-F«4¨.-F¡�Á �
·� ¢¡!ª-«4®K¤c¥§¡�¤��c¤S£6�¢¯DÄp«4¤c¬ FR

¦|£6��µy¡!¡('��~¡��¢ÁK¡�Á¿�~«�£�µg«4®K�¢ÁK¡�Á ½ ¨�¥��¢¡|£6¤ ½ ®K�K¥��S£6¤c²
«4¹y¡�¤S£6�~«4¤ ½ FR : L2(R) → L2(R)

� ±ß¥��c ¿�c K¥§¯"¡('��~¡��¢¯c¥§«4� ½ £6¨�¨<�c ¢¡!�c¤S£6�¢¯DÄp«4¤c¬(¯"£6¤~¡
®K�K¥��S£6¤c²�«4¹y¡�¤S£6�~«4¤~¯ �
ª¢«4¤AµK¤~¡ -�¥��l² ½ À�¡'¯c -£6¨�¨N®¢¯~¡��c ¢¡��¢«4�S£6�c¥§«4� F £6�¢Á f̂

Äq«4¤ FR

£6�¢Á FRf ����� �"! ·� ¢¡«4�c ¢¡�¤:�l²�¹y¡�¯>«6ÄNª-«4®K¤c¥§¡�¤8�c¤S£6�¢¯cÄq«4¤c¬�£6�c¥§«4��ÀU¥�¨�¨¢£6¨�ÀA£|²�¯:µy¡�ÀU¤c¥��c�~¡���ÀU¥��c (£�¯~®Kµ¢¯~¦�¤c¥�¹K� �

% � % � &����#��	����
�%$&�'�%��"�)(*����+,�,$&�'�%�&���-���
+.+,�/$&�'�%�&���0��1)�2	��'���*	��I) ÃÂ£6µy«4¤yÄ�¤S£6¬(¡�¯
Äp«4¤!�c ¢¡�Äp«4®K¤�¯c¹-£4¦�¡�¯�£6¤~¡�ÁK¡uÏ¢�¢¡�Ád¥��Ð�~¡�¤c¬(¯�«6ÄU�c ¢¡��c¤S£6�¢¯c¨Æ£6�c¥§«4� £6�¢ÁÌ¬(«�Á�®K¨Æ£6�c¥§«4�
«4¹y¡�¤S£6�~«4¤~¯�«4���c ¢¡!¯~¹-£4¦�¡�¯ �
�0�234�,��%��"�65/)&7N) ·� ¢¡Â�c¤S£6�¢¯c¨Æ£6�c¥§«4��«4¹y¡�¤S£6�~«4¤~¯ Ñ

Tt : L2(R) → L2(R) : (Ttf) (x) = f(x − t), x, t ∈ R

Tj : l2(Z) → l2(Z) : (Tjf) (k) = f(k − j), k, j ∈ Z

Tt : L2([0;L]) → L2([0;L]) : (Ttf) (x) = f(x − t), x, t ∈ [0;L]

Tj : CL → CL : (Tjf) (k) = f(k − j), k, j ∈ {0, . . . , L − 1} .

·� ¢¡Â¯c¹-£4¦�¡
L2([0;L])

ÀU¥�¨�¨<£6¨�ÀA£�²�¯\µy¡"�c ¢«4®K¶I �«6Ä�£4¯\£�¯c¹-£4¦�¡Â«6Ä>¹y¡�¤c¥§«�Á�¥§¦"Äq®K�¢¦u³
�c¥§«4�¢¯ ½ ¯c®¢¦~ *�c -£6�Â¥nÄ

f ∈ L2([0;L])
�c ¢¡��

f(x) = f(x + nL)
Äp«4¤!£6¨�¨

x ∈ R
£6�¢Á

n ∈ Z
�

�0�234�,��%��"�65/)85/) ·� ¢¡Â¬(«�Á�®K¨Æ£6�c¥§«4��«4¹g¡�¤S£6�~«4¤~¯ Ñ

Mω : L2(R) → L2(R) : (Mωf) (x) = e2πiωxf(x), x, ω ∈ R

Mω : l2(Z) → l2(Z) : (Mωf) (j) = e2πiωjf(j), j ∈ Z, ω ∈ [0; 1]

Mk : L2([0;L]) → L2([0;L]) : (Mkf) (x) = e2πikx/Lf(x), x ∈ [0;L], k ∈ Z

Mk : CL → CL : (Mkf) (j) = e2πikj/Lf(j), j, k ∈ {0, . . . , L − 1} .



���������	�
������������������������������������������������� ��!������#" �

·� ¢¡¿¯~¹-£4¦�¡
L2([0;L])

«4�K¨�²É¹y¡�¤c¬�¥���¬(«�Á�®K¨Æ£6�c¥§«4�¢¯�ÀU¥��c Þ¥���~¡�¶F¡�¤�¹-£6¤S£6¬(¡��~¡�¤~¯ ½
µy¡�¦|£6®¢¯~¡j�c ¢¡�¡('�¹y«4�¢¡���c¥Æ£6¨Äp£4¦��~«4¤>¬�®¢¯c�> -£,-F¡�¹y¡�¤c¥§«�Á

L
� ·� ¢¡j¬(«�Á�®K¨Æ£6�c¥§«4��«4¹y¡�¤S£6�~«4¤

Äp«4¤
l2(Z)
¥§¯�¹y¡�¤c¥§«�Á�¥§¦*¥��Å¥��~¯¿¹-£6¤S£6¬(¡��~¡�¤¿µg¡�¦|£6®¢¯S¡

e2πiωj = e2πi(ω+n)j Äp«4¤¿£6¨�¨
¥����~¡�¶F¡�¤~¯

j
£6�¢Á

n
� ·� K¥§¯U¥§¯/��¢«|ÀU�Ú£4¯U�c ¢¡�£6¨�¥Æ£4¯c¥��K¶(¹K ¢¡��¢«4¬(¡��-£ �

�0�234�,��%��"�65/)���) D ¡��
d > 0
� ·� ¢¡!Á�¥�¨Æ£6�c¥§«4��«4¹y¡�¤S£6�~«4¤~¯

Dd : L2(R) → L2(R) : (Ddf) (x) =
√

df(dx), ∀x ∈ R.

Dd : L2([0;L]) → L2([0;
L

d
]) : (Ddg) (x) =

√
dg(dx), x ∈ [0;

L

d
].

·� ¢¡AÁ�¥�¨Æ£6�c¥§«4��«4¹g¡�¤S£6�~«4¤~¯�£6¤~¡A®K�K¥��S£6¤c²�«4¹y¡�¤S£6�~«4¤8Äq«4¤j£6¨�¨
d > 0
½ £6�¢Á��c ¢¡�Äp«4¨�¨§«|ÀU¥��K¶

¦�«4¬�¬�®K�S£6�c¥§«4�Ú¤~¡�¨Æ£6�c¥§«4�¿ÀU¥��c ��c ¢¡Â�c¤S£6�¢¯c¨Æ£6�c¥§«4�Ú£6�¢Á�¬(«�Á�®K¨Æ£6�c¥§«4�Ú«4¹y¡�¤S£6�~«4¤~¯\ ¢«4¨§ÁK¯ Ñ

DdMωTt = MdωT t
d
Dd
«4�

L2(R)
â&% ���%ã

DdMkTt = MkT t
d
Dd
«4�

L2([0;L])
â&% � % ã
�"«4�c¥§¦�¡\�c -£6�A�c ¢¡\¹-£6¤S£6¬(¡��~¡�¤�«6Ä��c ¢¡\¬(«�Á�®K¨Æ£6�c¥§«4��«4¹y¡�¤S£6�~«4¤A¥§¯m®K�¢¦S -£6�K¶F¡�Á�¥�� â&% � % ãu½
£4¯A«4¹K¹g«I¯S¡�Á(�~« â&% ���%ãu� ·� K¥§¯m¥§¯ 5 ®¢¯~��£6��¡uÙ/¡�¦���«6Ä��c ¢¡�ÁK¡uÏ¢�K¥��c¥§«4��«6Ä��c ¢¡\¬(«�Á�®K¨Æ£6�c¥§«4�
«4¹y¡�¤S£6�~«4¤ �
ª¢«4¤��c ¢¡2-I£6¤c¥§«4®¢¯(ª¢«4®K¤c¥§¡�¤��c¤S£6�¢¯DÄq«4¤c¬(¯�£6�¢ÁÉ�c ¢¡�¬(«�Á�®K¨Æ£6�c¥§«4�ß£6�¢ÁÉ�c¤S£6�¢¯~¨Æ£6�c¥§«4�
«4¹y¡�¤S£6�~«4¤~¯\�c ¢¡"Äp«4¨�¨§«|ÀU¥��K¶�¦�«4¬�¬�®K�S£6�~«4¤"¤~¡�¨Æ£6�c¥§«4�¢¯\ ¢«4¨§Á Ñ

FRMωTt = e2πitωM−tTωFR

«4�
L2(R)

â&% � * ã

FZMωTj = e2πitωM−jTωFZ

«4�
l2(Z)

â&% � 8 ã

F[0;L]MkTt = e2πitk/LM−t/LTkF[0;L]
«4�

L2([0;L])
â&% �XáFã

FLMkTj = e2πijk/LM−jTkFL
«4�

CLâ&% � 4Fã

% � * ��� �/��+,���	�2$&� �������I) Û ¯'£(¦�«4��-F¡��K¥§¡���ÂÀU¥��¢ÁK«%À�¦�¨Æ£4¯~¯�Äp«4¤��c ¢¡�Äq«4®K¤"Á�¥nÙy¡�¤~¡����
�t²�¹y¡�¯�«6Ä8Ã!£6µg«4¤mÄ�¤S£6¬(¡�¯�À�¡"¯c -£6¨�¨g®¢¯~¡\�c ¢¡"¯c¹-£4¦�¡�¯

S0(G)
½ /��¢«%ÀU��£4¯�
���������� ��� ����� �

� ��� ����� ��� ÀU K¥§¦~ Ø¦|£6� µg¡�ÁK¡uÏ¢�¢¡�ÁÜÄp«4¤ D@F Û ³Q¶I¤~«4®K¹¢¯ ½ » 8 ¼l� ª¢«4¤��c ¢¡ D@F Û ³Q¶I¤~«4®K¹¢¯
¦�«4�¢¯c¥§ÁK¡�¤~¡�Ád¥��Ì�c K¥§¯�£6¤c�c¥§¦�¨§¡��c K¥§¯Â¥§¯Â�c ¢¡�¯c¹-£4¦�¡�¯

S0(R)
½
l1(Z)
½ A([0;L])

£6�¢Á
CL �

S0(R)
£6�¢Á A([0;L])

ÀU¥�¨�¨�µy¡ÂÁK¡uÏ¢�¢¡�Á�¥��¿�c ¢¡"Äp«4¨�¨§«|ÀU¥��K¶ �
�0�234�,��%��"�.5y)� �) Û Äq®K�¢¦��c¥§«4�

g ∈ L2(R)
µy¡�¨§«4�K¶F¯��~«!
���������� ��� ����� � � ��� ����� � S0(R)¥nÄ

‖g‖S0
=

∫

R×R

∣

∣

∣

∣

∫

R

g(t)ϕ(t − x)e−2πitωdt

∣

∣

∣

∣

dxdω < ∞,

ÀU ¢¡�¤~¡
ϕ
¥§¯�¯~«4¬(¡ÂÀU¥��¢ÁK«%À�¥��¿�c ¢¡ ¸ ¦~ �ÀA£6¤c�cÍ�³l¦�¨Æ£4¯~¯Â«6Äj¯c¬(«�«4�c  ½ ¡('�¹g«4�¢¡����c¥Æ£6¨�¨�²¿ÁK¡u³

¦|£|²�¥��K¶�Äq®K�¢¦��c¥§«4�¢¯ �
°"¥nÙ/¡�¤~¡����ÀU¥��¢ÁK«%À\¯

ϕ
¥����c ¢¡UÁK¡uÏ¢�K¥��c¥§«4��«6Ä

S0
²�¥§¡�¨§ÁK¯�¡,+®K¥.-I£6¨§¡���m�¢«4¤c¬(¯ �

S0(R)¥§¯�¥��
-I£6¤c¥Æ£6���®K�¢ÁK¡�¤��c¤S£6�¢¯c¨Æ£6�c¥§«4� ½ ¬(«�Á�®K¨Æ£6�c¥§«4� ½ Á�¥�¨Æ£6�c¥§«4�Ê£6�¢ÁÐ�c ¢¡�ª¢«4®K¤c¥§¡�¤��c¤S£6�¢¯D³
Äp«4¤c¬ �

S0(R) ⊆ Lp(R)
Äp«4¤

1 ≤ p ≤ ∞ � ªK®K�¢¦��c¥§«4�¢¯�¥�� S0(R)
£6¤~¡(¦�«4��c¥���®¢«4®¢¯ �

·� K¥§¯ ½ £6¨§«4�K¶�ÀU¥��c �«4�c ¢¡�¤A®¢¯~¡uÄ�®K¨N¹K¤~«4¹g¡�¤c�c¥§¡�¯�«6Ä
S0(R)

¦|£6��µy¡UÄp«4®K�¢Á(¥��Ú»#" ¼ £6�¢Á�»%$ ¼l�
Û ¯c¥�¬�¹K¨§¡ ½ ®¢¯~¡uÄ�®K¨A¦�«4�¢Á�¥��c¥§«4�ÉÄq«4¤�¬(¡�¬�µy¡�¤~¯c K¥�¹ «6Ä

S0(R)
¥§¯��c ¢¡�Äp«4¨�¨§«|ÀU¥��K¶ Ñ �lÄ

f, f ′, f ′′ ∈ L1(R)
½ �c ¢¡��

f ∈ S0(R)
� ·� K¥§¯\¥§¯\¹K¤~« -F¡�Á¿¥��d» � * ¼l�

ª¢«4¤¿ÃÂ£6µy«4¤�Ä�¤S£6¬(¡�¯�«4�Ü�c ¢¡Ú¥����~¡�¤0-4£6¨
[0;L]
À�¡*¯c -£6¨�¨"®¢¯~¡Ú�c ¢¡�ÀU¥��¢ÁK«|À ¦�¨Æ£4¯~¯

S0([0;L]) = A([0;L])
«6Ä:Äq®K�¢¦��c¥§«4�¢¯�«4�Ú�c ¢¡�¥����~¡�¤0-4£6¨8 -£,-�¥��K¶�£6�Ì£6µ¢¯~«4¨�®K�~¡�¨�²¿¦�«4��³

-F¡�¤c¶F¡�����ª¢«4®K¤c¥§¡�¤�¯~¡�¤c¥§¡�¯ ½ A([0;L]) = F−1
[0;L]l

1(Z)
� A([0;L])

¥§¯�£'&U£6�-£4¦~ Ë¯~¹-£4¦�¡



���������	�
������������������������������������������������� ��!������#" �
ÀU¥��c ¿¤~¡�¯~¹g¡�¦��U�~«��c ¢¡'�¢«4¤c¬

‖f‖A([0;L]) =
∥

∥

∥
F−1

[0;L]f
∥

∥

∥

l1(Z)
,

£6�¢ÁË¥§¯�£ &U£6�-£4¦~ Ê£6¨�¶F¡�µK¤S£ÚÀU¥��c Î¤~¡�¯c¹g¡�¦����~«Ú¹g«4¥����D³QÀU¥§¯~¡�¬�®K¨��c¥�¹K¨�¥§¦|£6�c¥§«4� � �lÄ
g ∈

A([0;L])
�c ¢¡��

g
¥§¯�£�¦�«4���c¥��®¢«4®¢¯�Ä�®K�¢¦��c¥§«4� �

% � 8 � ����� 14$/�/����( 1)�2	��&��+,��� �'�%�&�"� ����+ �%���Ì� ���&�����"� �%�,�����'�%��"� ����	�� �,$�y)
·� ¢¡Â¹K¤~«�¦�¡�¯~¯\«6Äj¯S£6¬�¹K¨�¥��K¶(¥§¯\À�¡�¨�¨n³lÁK¡uÏ¢�¢¡�Á�«4�

S0(R)
Ñ

�0�234�,��%��"� 5/)��y) D ¡��
α > 0

£6�¢Á
a ∈ N
� ·� ¢¡"¯S£6¬�¹K¨�¥��K¶�«4¹g¡�¤S£6�~«4¤~¯U£6¤~¡�¶I¥.-F¡���µ�²

Sα : S0(R) → l1(Z) : (Sαf) (j) =
√

αf(jα), ∀j ∈ Z

Sa : l1(Z) → l1(Z) : (Saf) (j) =
√

af(ja), ∀j ∈ Z

Sα : C([0;αL]) → CL : (Sαf) (j) =
√

αf(jα), j = 0, ..., L − 1

Sa : CaL → CL : (Saf) (j) =
√

af(ja), j = 0, ..., L − 1
·� ¢¡�Äp£4¦����c -£6���c ¢¡�¯S£6¬�¹K¨�¥��K¶Ì«4¹y¡�¤S£6�~«4¤�¥§¯�£�µg«4®K�¢ÁK¡�ÁÉ«4¹y¡�¤S£6�~«4¤�Äq¤~«4¬

S0(R)¥����~«
l1(Z)
¥§¯Â¹K¤~« -F¡�ÁË¥��Þ»#" ½ ¨§¡�¬�¬�£ * � % ���I�u¼l� ·� ¢¡�ÄQ£4¦��~«4¤ √

α
£6¹K¹y¡|£6¤c¥��K¶�¥��Ð�c ¢¡

ÁK¡uÏ¢�K¥��c¥§«4��«6Ä¢�c ¢¡m¯S£6¬�¹K¨�¥��K¶'«4¹y¡�¤S£6�~«4¤<¶I¥.-F¡�¯8�c ¢¡m¯S£6¬�¹K¨�¥��K¶'«4¹y¡�¤S£6�~«4¤~¯<�c ¢¡�Äq«4¨�¨§«%ÀU¥��K¶
¥�¬�¹y«4¤c�S£6���¹K¤~«4¹g¡�¤c�c¥§¡�¯ Ñ

•
F «4¬�¹y«I¯c¥��c¥§«4�¿ÀU¥��c ÚÁ�¥�¨Æ£6�c¥§«4�¢¯ Ñ

SaDb = Sab
«4�

S0(R)
â&% � " ã

SaDb = Sab
«4�

C([0;L])
â&% ���Fã

• �lÄ f ∈ S0(R)
½ ‖Sαf‖l2 < C ‖f‖S0

Äp«4¤�¯~«4¬(¡
C > 0

¥��¢ÁK¡�¹y¡��¢ÁK¡���Â«6Ä
α
�

·� K¥§¯U¥§¯U¹K¤~« -F¡�Á�¥��d»%$ ½ ¹K¤~«4¹ �\�I�I���I� 8 ¼l�
�0�234�,��%��"�65/)
	�) ·� ¢¡Â¹y¡�¤c¥§«�Á�¥�Í%£6�c¥§«4��«4¹y¡�¤S£6�~«4¤~¯�£6¤~¡!¶I¥.-F¡��¿µ²

PL : S0(R) → A([0;L]) : PLg(x) =
∑

k∈Z

g(x + kL), x ∈ [0;L]

PL : l1(Z) → CL : PLg(j) =
∑

k∈Z

g(j + kL), j = 0, ..., L − 1

PM : A([0;ML]) → A([0;L]) : PMg(x) =
∑

k∈Z

g(x + kM), x ∈ [0;L]

PM : CML → CL : PMg(j) =
∑

k∈Z

g(j + kM), j = 0, ..., L − 1

·� ¢¡�ÄQ£4¦��!�c -£6� PL : S0(R) → A([0;L])
¥§¯�¹K¤~« -F¡�Ád¥��ß» á#¼ ¥��d�c ¢¡�¬(«4¤~¡�¶F¡��¢¡�¤S£6¨

¦�«4���~¡('���«6Ä D@F Û ³Q¶I¤~«4®K¹¢¯ �
·� ¢¡�Äp£6¬(«4®¢¯ 18«4¥§¯~¯~«4�É¯c®K¬�¬�£6�c¥§«4�ÎÄq«4¤c¬�®K¨Æ£Ú¦|£6�Î�¢«|À µy¡�¯c�S£6�~¡�ÁÎ£4¯�¤~¡�¨Æ£6�c¥§«4�¢¯
µy¡��lÀA¡�¡����c ¢¡>-I£6¤c¥§«4®¢¯Aª-«4®K¤c¥§¡�¤��c¤S£6�¢¯DÄp«4¤c¬(¯U£6�¢Á��c ¢¡"¯S£6¬�¹K¨�¥��K¶4³�£6�¢Á�¹y¡�¤c¥§«�Á�¥�Í%£6�c¥§«4�
«4¹y¡�¤S£6�~«4¤~¯ �
&������*	���� 5/)��g)� � ��� �  � � ��� ������� � �� ����� � ����� � � � � � � ��� � � ��� ��� � � � ���

PM = F−1
[0;M ]S1/MFR ��� S0(R)

â&% � $ ã

PM = F−1
M S1/MFZ ��� l1(Z)

â&% ��� 3Fã

PM = F−1
M SbF[0;L] ��� A([0;L])

â&% ���I�%ã

PM = F−1
M SbFL ��� CLâ&% ��� % ã



���������	�
������������������������������������������������� ��!������#" �
� � ��� ��� ·� ¢¡ S0(R)

¦|£4¯S¡�¥§¯�¹K¤~« -F¡�ÁÉ¥��Å»%$ ½ ¹ �Ê� 3Iá#¼l� ·� ¢¡�«4�c ¢¡�¤�¤~¡�¯c®K¨��~¯�¦|£6�Éµy¡
¹K¤~« -F¡�ÁÅµ²Ü¦|£6¤~¡uÄ�®K¨Â¬(«�Á�¥nÏ-¦|£6�c¥§«4�à«6Ä��c K¥§¯¿¹K¤~«�«6Ä � Û ¨��~¡�¤c�-£6�c¥.-F¡�¨�² ½ �c ¢¡*¤~¡�¯c®K¨���¥§¯
¹K¤~« -F¡�Á�Äp«4¤U¶F¡��¢¡�¤S£6¨ D@F Û ³Q¶I¤~«4®K¹¢¯�¥��d» �#¼ ÀU¥��c Ú¦�«4�
-F¡�¤c¶F¡��¢¦�¡!¥��

L2 �
�

% �Xá�� 	 	 �����2� ����	��.�/$��)�2	 � ��1,��� �2�I) ¸ ¥��¢¦�¡\À�¡UÀU¥�¨�¨-ÁK¡|£6¨KÀU¥��c �ÃÂ£6µg«4¤:Äq¤S£6¬(¡�¯jÄp«4¤
Äp«4®K¤�Á�¥nÙy¡�¤~¡�����¯c¹-£4¦�¡�¯ ½ ¥���ÀU¥�¨�¨Kµy¡�µg¡��¢¡uÏ-¦�¥Æ£6¨N�~«"Ï¢¤~¯c�j�¢«4�~¡UÀU -£6�m¦|£6�(µy¡U¯S£6¥§Á(£6µy«4®K�
Äq¤S£6¬(¡�¯�Äp«4¤U¶F¡��¢¡�¤S£6¨>´�¥�¨�µg¡�¤c�\¯c¹-£4¦�¡�¯ �
�0�234�,��%��"� 5y)��/) Û Äp£6¬�¥�¨�²�«6Äm¡�¨§¡�¬(¡����~¯ {ej}j∈J

¥��*£�¯~¡�¹-£6¤S£6µK¨§¡�´�¥�¨�µg¡�¤c�"¯c¹-£4¦�¡
H ¥§¯\¦|£6¨�¨§¡�Á�£�Äq¤S£6¬(¡Â¥nÄ:¦�«4�¢¯~�S£6��~¯ 0 < A ≤ B < ∞ ¡('�¥§¯c�\¯c®¢¦S ¿�c -£6�
â&% ��� * ã

A ‖f‖2
H ≤

∑

j∈J

∣

∣〈f, ej〉H
∣

∣

2 ≤ B ‖f‖2
H , ∀f ∈ H.

·� ¢¡!¦�«4�¢¯~�S£6��~¯
A
£6�¢Á

B
£6¤~¡Â¦|£6¨�¨§¡�Á¿¨§«%À�¡�¤"£6�¢Á�®K¹K¹y¡�¤UÄq¤S£6¬(¡Âµy«4®K�¢ÁK¯ �

·� ¢¡ � � � � � � ����� � � � ��«6Ä>£'Äq¤S£6¬(¡ {ej}j∈J

Äp«4¤A£�´�¥�¨�µy¡�¤c��¯c¹-£4¦�¡ H ¥§¯mÁK¡uÏ¢�¢¡�Á�µ²

S : H → H : Sf =
∑

j

〈f, ej〉H ej ,
â&% ��� 8 ã

ÀU ¢¡�¤~¡Â�c ¢¡�¯~¡�¤c¥§¡�¯\ÁK¡uÏ¢�K¥��K¶
Sf
¦�«4��-F¡�¤c¶F¡�¯�®K�¢¦�«4�¢Á�¥��c¥§«4�-£6¨�¨�²�Äp«4¤�£6¨�¨

f ∈ H �·� ¢¡U¦�«4�¢Á�¥��c¥§«4� â&% ��� * ã ¡��¢¯c®K¤~¡�¯j�c -£6�j�c ¢¡AÄq¤S£6¬(¡U«4¹g¡�¤S£6�~«4¤�¥§¯�µg«4�c �µy«4®K�¢ÁK¡�Á�£6�¢Á
¥���-F¡�¤c�c¥�µK¨§¡�«4� H �·� ¢¡�¥��
-F¡�¤~¯~¡�Ä�¤S£6¬(¡�«4¹g¡�¤S£6�~«4¤�¦|£6�Îµg¡�®¢¯S¡�Ád�~«Ú¶I¥.-F¡�£¿ÁK¡�¦�«4¬�¹y«I¯c¥��c¥§«4�É«6Ä�£6�²
Äq®K�¢¦��c¥§«4�

f ∈ H Ñ
â&% ���|áFã

f =
∑

j

〈

f, S−1ej

〉

ej , ∀f ∈ H.

·� ¢¡'Äq¤S£6¬(¡ {
S−1ej

} ¥§¯/��¢«|ÀU��£4¯U�c ¢¡!¦|£6�¢«4�K¥§¦|£6¨<Á�®-£6¨/Äq¤S£6¬(¡ �
·� ¢¡"Äp«4¨�¨§«|ÀU¥��K¶�¯c¥�¬�¹K¨§¡Â¨§¡�¬�¬�£�» % ½ ¨§¡�¬�¬�£ á�� * � * ¼ ¯c -£6¨�¨/µy¡Â®¢¯~¡�Á�Äq¤~¡,+®¢¡����c¨�² �
� ������� 5y)�	�)�
 ���

T
� � � � �  � � � �-� ����� � � � � ��� H � � �� � � ����� � � � � � {ej}

 � �
� � � � � � � � H � �� � � � � � � � ����� � � � � S �  � � � {Tej}

 � � � � � � � � � � � � � � H � �� �� � � � � � � � � � � � � � � �� � �
% � 4�� �-���)�*	 ��� � �������I) ÃÂ£6µy«4¤�¯c²�¯c�~¡�¬(¯�¦|£6�Þµy¡ÚÁK¡uÏ¢�¢¡�ÁÞÄq«4¤��c ¢¡¿Äp«4®K¤�¯c¹-£4¦�¡�¯
®¢¯c¥��K¶��c ¢¡�¦�«4¤c¤~¡�¯c¹g«4�¢Á�¥��K¶��c¤S£6�¢¯c¨Æ£6�c¥§«4�Ú£6�¢Á�¬(«�Á�®K¨Æ£6�c¥§«4�Ú«4¹y¡�¤S£6�~«4¤~¯ �
�0�234�,��%��"�65/)&7��/) ÃÂ£6µy«4¤\¯c²�¯c�~¡�¬(¯�Äp«4¤\¡|£4¦~ �«6Ä:�c ¢¡'Äp«4®K¤\¯c¹-£4¦�¡�¯ Ñ
L2(R)

Û ÃÂ£6µy«4¤\¯c²�¯c�~¡�¬
(g, α, β)

Äq«4¤
L2(R)

¥§¯U¶I¥.-F¡��¿µ²
â&% ��� 4Fã

(g, α, β) = {MmβTnαg}m,n∈Z
,

ÀU ¢¡�¤~¡
g ∈ L2(R)

£6�¢Á
α, β > 0

�
l2(Z)

Û ÃÂ£6µy«4¤\¯c²�¯c�~¡�¬ (
g, a, 1

M

) Äp«4¤
l2(Z)
¥§¯U¶I¥.-F¡���µ²

â&% ��� " ã (

g, a,
1

M

)

=
{

Mm/MTnag
}

m=0,...,M−1,n∈Z
,

ÀU ¢¡�¤~¡
g ∈ l2(Z)

£6�¢Á
a,M ∈ N

�
L2([0;L])

Û ÃÂ£6µg«4¤\¯~²�¯c�~¡�¬
(g, a, b)

Äq«4¤
L2([0;L])

¶I¥.-F¡��¿µ�²
â&% ��� �Fã

(g, a, b) = {MmbTnag}m∈Z,n=0,...,N−1 ,

ÀU ¢¡�¤~¡
g ∈ L2([0;L])

½
a, b,N ∈ N

£6�¢Á
L = Na

�



���������	�
������������������������������������������������� ��!������#" �

CL Û Ã!£6µg«4¤\¯c²�¯c�~¡�¬ÖÄp«4¤
(g, a, b)

Äp«4¤
CL ¥§¯U¶I¥.-F¡���µ²

â&% ��� $ ã
(g, a, b) = {MmbTnag}m=0,...,M−1,n=0,...,N−1 ,

ÀU ¢¡�¤~¡
g ∈ CL ½ a, b,M,N ∈ N

£6�¢Á
Mb = Na = L

�
·� ¢¡�ÁK¡�¦�«4¬�¹g«I¯c¥��c¥§«4�ÐÄq«4¤c¬�®K¨Æ£ â&% ���|áFã ¯c¥�¬�¹K¨�¥nÏ-¡�¯�ÀU ¢¡��Ð�c ¢¡�Äq¤S£6¬(¡(¥§¯�£ÚÃÂ£6µy«4¤
Äq¤S£6¬(¡ ½ µy¡�¦|£6®¢¯~¡��c ¢¡�¥���-F¡�¤~¯~¡�Äq¤S£6¬(¡�«4¹g¡�¤S£6�~«4¤�¦�«4¬�¬�®K�~¡�¯(ÀU¥��c Ê�c ¢¡��c¤S£6�¢¯~¨Æ£6�c¥§«4�
£6�¢ÁÎ¬(«�Á�®K¨Æ£6�c¥§«4�É«4¹y¡�¤S£6�~«4¤ � ·� K¥§¯�¬(¡|£6�¢¯��c -£6���c ¢¡�¦|£6�¢«4�K¥§¦|£6¨\Á�®-£6¨�Äq¤S£6¬(¡�£6¨§¯~«
 -£4¯(ÃÂ£6µy«4¤�¯~�c¤c®¢¦��c®K¤~¡ ½ ¥ � ¡ � �c -£6� (

S−1g, α, β
) ¥§¯��c ¢¡�¦|£6�¢«4�K¥§¦|£6¨\Á�®-£6¨AÄq¤S£6¬(¡�«6Ä

(g, α, β)
ÀU ¢¡�¤~¡

γ0 = S−1g
¥§¯/��¢«|ÀU�Ú£4¯U�c ¢¡ � � ����� �� � � � � � � �  �� � � �·� ¢¡¿ÃÂ£6µy«4¤�¦�«�¡()�¦�¥§¡���~¯�«6Ä"£6�

S0
³pÄ�®K�¢¦��c¥§«4�ÉÀU¥��c É¤~¡�¯c¹y¡�¦����~«*£6�

S0
³QÀU¥��¢ÁK«%À

µy¡�¨§«4�K¶F¯U�~«
l1
� ·� ¢¡'¹K¤~¡�¦�¥§¯~¡Â¤~¡�¨Æ£6�c¥§«4��Äq«4¤U�c ¢¡"Äp«4®K¤�¯c¹-£4¦�¡�¯�£6¤~¡�£4¯�Äp«4¨�¨§«|À\¯ �

� 	��*1 �*�%��%�&��� 5/)/7*7-)�� ����� � �� � �� � � ��� � � � � � � ��� �� � � � � �
S0(R)


 � �
g, γ ∈ S0(R) � �� α, β > 0 �  � � �

∑

m,n∈Z

|〈γ,MmβTnαg〉| < ∞

l1(Z)

 � �

g, γ ∈ l1(Z) � �� a,M ∈ N �  � � �
M−1
∑

m=0

∑

n∈Z

∣

∣

〈

γ,Mm/M Tnag
〉∣

∣ < ∞

A([0;L])

 ���

g, γ ∈ A([0;L]) � �� N, b ∈ N �  � � L = Na �  � � �
∑

m∈Z

N−1
∑

n=0

|〈γ,MmbTnag〉| < ∞

� � ��� ��� ·� ¢¡ S0(R)
¹-£6¤c��«6Ä<�c K¥§¯m¹K¤~«4¹y«I¯c¥��c¥§«4��¥§¯�¹K¤~« -F¡�Á�¥���»%$ ½ F «4¤ �U� % ���I��� % ¼ «4¤m¥��

»#" ¼l�
·� ¢¡ A([0;L])

³Q¹-£6¤c�"¥§¯U�c¤c¥.-�¥Æ£6¨��~«�¹K¤~« -F¡ ½ µg¡�¦|£6®¢¯S¡

〈γ,MmbTnag〉 = F[0;L](γTnag)(mb).
¸ ¥��¢¦�¡�µy«4�c 

γ, Tnag ∈ A([0;L])
½ F[0;L](γTnag) ∈ l1(Z)

½ ¯S«��c ¢¡�ÁK¡�¯c¥�¤~¡�ÁÌ¦�«�¡()�³
¦�¥§¡����~¯U¦|£6��µy¡�¡('��c¤S£4¦��~¡�Á�Ä�¤~«4¬Ç£ÂÏ¢�K¥��~¡��®K¬�µg¡�¤\«6Ä

l1
³l¯~¡,+�®¢¡��¢¦�¡�¯ � ·� ¢¡

l1(Z)
³l¦|£4¯~¡

 -£4¯�£�¯~¥�¬�¥�¨Æ£6¤�¯c ¢«4¤c�\¹K¤~«�«6Ä ½ ®¢¯~¥��K¶�£�¦�«4�
-F«4¨�®K�c¥§«4� �
�

�lÄ-£�ÃÂ£6µy«4¤<Äq¤S£6¬(¡�¥§¯>�¢«4�j£ × ¥§¡�¯~Ímµ-£4¯c¥§¯ ½ ¥��> -£4¯<¬(«4¤~¡��c -£6��«4�¢¡AÁ�®-£6¨�Ä�¤S£6¬(¡ � ·� ¢¡
Á�®-£6¨KÄq¤S£6¬(¡�¯��c -£6�m -£,-F¡�ÃÂ£6µy«4¤m¯c�c¤c®¢¦��c®K¤~¡�£6¤~¡\¦~ -£6¤S£4¦��~¡�¤c¥�Í|¡�Á�µ²F¡\�c ¢¡U±d¡('�¨§¡�¤D³ × £6Í
¤~¡�¨Æ£6�c¥§«4�¢¯ Ñ
&������*	���� 5/)&7 5y)��
	����	���������� ����� g � �� γ

� � � � � � � ��� � � ��� � � � � � � � ��� � � � � �
 ��� ��� �  �� ��� � ��!�" �  � ��� �  � � � � ����� � � � � � � � � �� � � � � � � � � � � � � � � � � �  �� � � � � � �� ����� �  �
L2(R) 1

αβ

〈

γ,Mm/αTn/βg
〉

= δmδn, m, n ∈ Z

l2(Z) M
a

〈

γ,Mm/aTnMg
〉

= δmδn, m = 0, ..., a − 1, n ∈ Z

L2([0;L]) N
b

〈

γ,MmNTnM/Lg
〉

= δmδn, m ∈ Z, n = 0, ..., b − 1

CL MN
L 〈γ,MmNTnMg〉 = δmδn, m = 0, ..., a − 1, n = 0, ..., b − 1

� � ��� ��� ·� ¢¡Ì«4¤c¥�¶I¥��-£6¨!¤~¡�¯c®K¨��¿Äq«4¤ L2(R)
£6�¢Á

CL ¦|£6�Åµy¡�Äq«4®K�¢Á ¥���» � 4#¼l� 7�«4¤~¡
¤c¥�¶F«4¤~«4®¢¯�¹K¤~«�«6Äp¯UÀU¥��c Ú£�¬�¥��K¥�¬�£6¨<¯~® )�¦�¥§¡����¦�«4�¢Á�¥��c¥§«4�*£6¹K¹g¡|£6¤~¯\¥��Ð» � 3�½ * ¼l�

�
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D ¡�¬�¬�£ D ¡�¬�¬�£ % � $�¯~ ¢«|À\¯��c -£6��¥nÄ\«4�¢¡�«4�Ð�c ¢¡(®K�K¥��S£6¤c²Ë«4¹g¡�¤S£6�~«4¤~¯ FR

½ FZ

½
F[0;L
½ FL
½
Dd
«4�

L2(R
ã £6�¢Á

Dd
«4�

L2([0;L])
¥§¯!£6¹K¹K¨�¥§¡�Á*�~«�¡|£4¦~ d¡�¨§¡�¬(¡����«6Ä

ÃÂ£6µy«4¤:Äq¤S£6¬(¡ ½ �c ¢¡�¤~¡�¯c®K¨���¥§¯�£6¶£6¥���£�Ä�¤S£6¬(¡�ÀU¥��c ��c ¢¡\¯S£6¬(¡AÄq¤S£6¬(¡�µg«4®K�¢ÁK¯ � 7�«4¤~¡u³
« -F¡�¤ ½ µy¡�¦|£6®¢¯~¡�«6Ä��c ¢¡�¦�«4¬�¬�®K�S£6�c¥§«4�Ë¤~¡�¨Æ£6�c¥§«4�¢¯ â&% ���%ãu½ â&% � % ã £6�¢Á â&% � * ã ³ â&% � 4Fãu½ �c ¢¡
¤~¡�¯c®K¨���¥§¯�¡ -F¡���£�ÃÂ£6µy«4¤�Äq¤S£6¬(¡ ½ £6¨�µg¡�¥��AÀU¥��c �Á�¥nÙ/¡�¤~¡����¹-£6¤S£6¬(¡��~¡�¤~¯ � ªK®K¤c�c ¢¡�¤c¬(«4¤~¡ ½
�c ¢¡!¦|£6�¢«4�K¥§¦|£6¨>Á�®-£6¨/Ä�¤S£6¬(¡�«6Ä:¯c®¢¦S Ú£(ÃÂ£6µy«4¤�Ä�¤S£6¬(¡! -£4¯�£�¯c¥�¬�¹K¨§¡Â¡('�¹K¤~¡�¯~¯c¥§«4� Ñ
� ��������5y)/7���) � � � � � � � � � � � � � ��� � �� ��� 
 � ���� ��� ��� � � � � � ��� � � �� �  � � �� ��� � �
FR

Ñ D ¡��
γ0 µg¡��c ¢¡�¦|£6�¢«4�K¥§¦|£6¨NÁ�®-£6¨¢ÀU¥��¢ÁK«%ÀÜ«6Ä (g, α, β)

½
g ∈ L2(R)

� ·� ¢¡
¦|£6�¢«4�K¥§¦|£6¨>Á�®-£6¨�ÀU¥��¢ÁK«%À�«6Ä

(FRg, β, α)
¥§¯ FRγ0 �

FZ

Ñ D ¡��
γ0 µg¡U�c ¢¡�¦|£6�¢«4�K¥§¦|£6¨-Á�®-£6¨-ÀU¥��¢ÁK«%Àß«6Ä (g, a, 1

M

) ½
g ∈ l2(Z)

� ·� ¢¡
¦|£6�¢«4�K¥§¦|£6¨>Á�®-£6¨�ÀU¥��¢ÁK«%À�«6Ä (FZg, 1

M , a
) ¥§¯ FZγ0 �

F[0;L]
Ñ D ¡��

γ0 µy¡��c ¢¡�¦|£6�¢«4�K¥§¦|£6¨�Á�®-£6¨jÀU¥��¢ÁK«|À «6Ä (g, a, b)
½
g ∈ L2([0;L])

�
·� ¢¡!¦|£6�¢«4�K¥§¦|£6¨>Á�®-£6¨<ÀU¥��¢ÁK«|À�«6Ä (F[0;L]g, b, a

L

) ¥§¯ F[0;L]γ
0 �

FL
Ñ D ¡��

γ0 µy¡��c ¢¡�¦|£6�¢«4�K¥§¦|£6¨UÁ�®-£6¨mÀU¥��¢ÁK«|ÀÇ«6Ä (g, a, b)
½
g ∈ CL � ·� ¢¡

¦|£6�¢«4�K¥§¦|£6¨>Á�®-£6¨�ÀU¥��¢ÁK«%À�«6Ä
(FLg, b, a)

¥§¯ FLγ0 �
Dd
«4�

L2(R) :
D ¡��

γ0 µg¡��c ¢¡�¦|£6�¢«4�K¥§¦|£6¨�Á�®-£6¨:ÀU¥��¢ÁK«|À�«6Ä (g, α, β)
½
g ∈ L2(R)

�
·� ¢¡!¦|£6�¢«4�K¥§¦|£6¨>Á�®-£6¨<ÀU¥��¢ÁK«|À�«6Ä (

Ddg, α
d , βd

) ¥§¯
Ddγ

0 �
Dd
«4�

L2([0;L]) :
D ¡��

γ0 µg¡:�c ¢¡�¦|£6�¢«4�K¥§¦|£6¨�Á�®-£6¨FÀU¥��¢ÁK«|ÀÎ«6Ä (g, a, b)
½
g ∈ L2([0;L])

�
·� ¢¡!¦|£6�¢«4�K¥§¦|£6¨<ÀU¥��¢ÁK«%À�«6Ä (

Ddg, a
d , b
) ¥§¯

Ddγ
0 �

� � ��� ��� ·� ¢¡(¹K¤~«�«6Äp¯�¦|£6�Ëµg¡(Äq«4®K�¢ÁÐµ²ÐÁ�¥�¤~¡�¦���¦|£6¨§¦�®K¨Æ£6�c¥§«4� � ·� ¢¡�²Ð£6¤~¡ -F¡�¤c²d¯c¥�¬�³¹K¨§¡ ½ £6�¢ÁË£6¨�¬(«I¯~��¥§ÁK¡���c¥§¦|£6¨ ½ �c ¢¡�«4�K¨�²dÁ�¥nÙ/¡�¤~¡��¢¦�¡�¥§¯�ÀU K¥§¦~ É«6Ä\�c ¢¡�¦�«4¬�¬�®K�S£6�c¥§«4�
¤~¡�¨Æ£6�c¥§«4�¢¯ â&% ���%ãu½ â&% � % ã £6�¢Á â&% � * ã ³ â&% � 4Fã �~«(®¢¯~¡ � ·� ¢¡!Ï¢¤~¯c�\¤~¡�¨Æ£6�c¥§«4��£6¹K¹y¡|£6¤~¯'£4¯!»%$ ½
4�� * 4#¼l�

�

* �<;'ÔK����Ô¢Ô-�Ê� A�Ô ?�� =/�gÔ ?�
* ���I� 	 	 �"�

L2(R)
���

l2(Z)
) &A²d¯S£6¬�¹K¨�¥��K¶Ú�c ¢¡(ÀU¥��¢ÁK«%À Äq®K�¢¦��c¥§«4�Ë«6Ä�£�ÃÂ£6µy«4¤

Äq¤S£6¬(¡�Äq«4¤
L2(R)
½ �c ¢¡��Ì®K�¢ÁK¡�¤�¦�¡�¤c�S£6¥��d¦�«4�¢Á�¥��c¥§«4�¢¯�«4�¢¡�«4µK�S£6¥��¢¯�£¿ÃÂ£6µy«4¤"Ä�¤S£6¬(¡

Äp«4¤
l2(Z)
� ·� ¢¡�¯S¡!¦�«4�¢Á�¥��c¥§«4�¢¯\ÀU¥�¨�¨�µy¡'¹K¤~¡�¯~¡����~¡�ÁÚ£6�¢Á�Á�¥§¯~¦�®¢¯~¯S¡�Á�¥����c K¥§¯�¯~¡�¦��c¥§«4� �

&������*	���� ��)/7-) 
 � �
g ∈ S0(R) � M,a ∈ N � �� � � ����� �'� � � � (g, a, 1

M

)  � �
� � � � � � � � � � � � � L2(R) � �� � � � ����� �� � � � � � � �  �� � � γ0 � � � � (S1g, a, 1

M

)  � � � � � � � � � � � � � � � l2(Z) � �� � � ��� � � � � � � � � � � � � �� �
� � � � � �����  � � � � � � � �  � � � � S1γ

0 �
·� K¥§¯U¤~¡�¯~®K¨��\¥§¯U«4¤c¥�¶I¥��-£6¨�¨�²�¹K¤~« -F¡�Á�¥��Ë» �I�u¼l� �l���c ¢¡!£6¤c�c¥§¦�¨§¡ ½N¾ £6�¢¯~¯~¡���ÀA«4¤0/�¯�ÀU¥��c 
¨§¡�¯~¯�¤~¡�¯c�c¤c¥§¦��c¥.-F¡*¦�«4�¢Á�¥��c¥§«4�¢¯��c -£6� ¨�¥§¯c�~¡�Áß ¢¡�¤~¡ ½ �c ¢¡*¯~«6³l¦|£6¨�¨§¡�Á ¦�«4�¢Á�¥��c¥§«4� × £6�¢Á
¦�«4�¢Á�¥��c¥§«4� Û��

F «4�¢Á�¥��c¥§«4� × ¥§¯�£�¤~¡�¶I®K¨Æ£6¤c¥��t²Ð¦�«4�¢Á�¥��c¥§«4� ½ �c -£6��¤~¡,+�®K¥�¤~¡(�c ¢¡(Ä�®K�¢¦��c¥§«4�Î�~«� -£ -F¡
¯~«4¬(¡*¯c¬(«�«4�c K�¢¡�¯~¯�£6�¢Á ÁK¡�¦|£�²Å£6¤~«4®K�¢ÁÅ¯S£6¬�¹K¨�¥��K¶É¹g«4¥����~¯ � �t��¥§¯�¬�®¢¦~ ÅÀA¡|£ /F¡�¤
�c -£6��¤~¡,+�®K¥�¤c¥��K¶��c ¢¡�Äq®K�¢¦��c¥§«4�Î�~«�µy¡�¥��

S0
� 7Ú«I¯~��¤~¡�¬�£6¤0/I£6µK¨�² ½ ¥���ÁK«�¡�¯��¢«4��¤~¡u³

+�®K¥�¤~¡Ú£6��²��c K¥��K¶É«6ÄÂ�c ¢¡�Äq®K�¢¦��c¥§«4�Þ¥��Þµy¡��lÀA¡�¡��ß�c ¢¡Ú¯S£6¬�¹K¨�¥��K¶Ð¹y«4¥���~¯ � �l�(¥§¯��c ¢¡
«4�K¨�²*¤~¡,+�®K¥�¤~¡�¬(¡�����~«¿¹K¤~« -F¡(�c -£6� (S1g, a, 1

M

)  -£4¯��c ¢¡�¯S£6¬(¡(Ä�¤S£6¬(¡(µg«4®K�¢ÁK¯�£4¯
(

Sg, a, 1
M

) � �t�Ì» � % ¼ ¥��U¥§¯U¹K¤~« -F¡�Á¿�c -£6�\¦�«4�¢Á�¥��c¥§«4� × ¥§¯U¯S£6�c¥§¯DÏ-¡�Á�Äp«4¤�£6¨�¨yÄq®K�¢¦��c¥§«4�¢¯
¥��

S0(R)
Äp«4¤�£6¨�¨<¯S£6¬�¹K¨�¥��K¶�Á�¥§¯~�S£6�¢¦�¡�¯ �

·>«�¹K¤~« -F¡��c -£6�
S1γ

0 ¥§¯!�c ¢¡�¦|£6�¢«4�K¥§¦|£6¨�Á�®-£6¨ ½ �c ¢¡�£4ÁKÁ�¥��c¥§«4�-£6¨ F «4�¢Á�¥��c¥§«4� Û ¥§¯
�¢¡�¡�ÁK¡�Á � �l�\ÁK¡�¹y¡��¢ÁK¯�«4���c ¢¡Â¹-£6¤S£6¬(¡��~¡�¤~¯

α, β
½ £6�¢Á�¥§¯U¥��¿¶F¡��¢¡�¤S£6¨� -£6¤~Á¿�~« -F¡�¤c¥nÄ�² �



���������	�
������������������������������������������������� ��!������#" �

·� ¢¡�¡|£4¯c¥§¡�¯c��ÀA£�²Ë«6Ä�¯S£6�c¥§¯DÄq²�¥��K¶Ú¥�� ½ ¥§¯��~«�¤~¡,+®K¥�¤~¡��c ¢¡(Äq®K�¢¦��c¥§«4�Î�~«¿µy¡�¥��
S0(R)
�

·� K¥§¯U¥§¯\¹K¤~« -F¡�Á¿¥��Ë»%$ ¼l�
·� K¥§¯\¦�« -F¡�¤~¯\�c ¢¡!¯f£6¬�¹K¨�¥��K¶�«6Äj£�ÀU¥��¢ÁK«%ÀØÄq®K�¢¦��c¥§«4�

g ∈ S0(R)
£6���c ¢¡'¥���~¡�¶F¡�¤~¯ �

·� ¢¡'Äp«4¨�¨§«|ÀU¥��K¶��c ¢¡�«4¤~¡�¬ ¶F¡��¢¡�¤S£6¨�¥�Í|¡�¯��c ¢¡Â¯c¥��c®-£6�c¥§«4� Ñ
&������*	���� �/) 5/) 
 � �

g ∈ S0(R) � α, β > 0 �  � � αβ = a
M � � � � � � �

M,a ∈ N �
� � � � � ����� � � � � � (g, α, β)

 � � � � � � � � � � � � � � � L2(R) � �� � � � ����� �� � � � � � �
�  �� � � γ0 �  � � � (Sα/ag, a, 1

M

)  � � � � � � � � � � � � � � � l2(Z) � �� � � � � � � � �

� � � � � � � � �� � � �� � � ����� �� � � � � � � �  �� � � Sα/aγ
0 �

� � ��� ��� &A² D ¡�¬�¬�£ % � $�£6�¢Á D ¡�¬�¬�£ % ��� * (
Dα/ag, a, 1

M

) ¥§¯�£�ÃÂ£6µy«4¤\Äq¤S£6¬(¡!Äp«4¤
L2(R)

ÀU¥��c !Ä�¤S£6¬(¡jµy«4®K�¢ÁK¯
A
£6�¢Á

B
£6�¢Á!¦|£6�¢«4�K¥§¦|£6¨�Á�®-£6¨ÀU¥��¢ÁK«|À

Dα/aγ
0 ��� ¯c¥��K¶

·� ¢¡�«4¤~¡�¬ * ��� �c ¢¡Â¤~¡�¯c®K¨��UÄp«4¨�¨§«|À\¯ ½ µg¡�¦|£6®¢¯~¡'µ�² â&% � " ãuÑ S1Dα/ag = Sα/ag
�

�

·� ¢¡�Äp«4¨�¨§«|ÀU¥��K¶�¹K¤~«4¹y«I¯c¥��c¥§«4�¿¦|£6��µg¡�®¢¯~¡�Á��~«�¤~¡�¨Æ£6�~¡"�c ¢¡Â¡('�¹-£6�¢¯~¥§«4��¦�«�¡()�¦�¥§¡���~¯
c(m,n)

«6ÄA£(Ä�®K�¢¦��c¥§«4�
f
¥��Ì£�ÃÂ£6µg«4¤�Äq¤S£6¬(¡!Äp«4¤

L2(R)
ÀU¥��c �Á�®-£6¨:ÀU¥��¢ÁK«%À

γ
�~«

�c ¢¡"¡('�¹-£6�¢¯~¥§«4��¦�«�¡()�¦�¥§¡���~¯
d(m,n)

«6Ä<�c ¢¡'¯S£6¬�¹K¨§¡�Á�Äq®K�¢¦��c¥§«4� Sα/af
¥���£�ÃÂ£6µy«4¤

Äq¤S£6¬(¡'Äp«4¤
l2(Z)
ÀU¥��c �¯S£6¬�¹K¨§¡�Á�Á�®-£6¨�ÀU¥��¢ÁK«|À Sα/aγ

�
� 	��*1 �*�%��%�&��� �/) �/) 
 ���

f, γ ∈ S0(R) � α, β > 0 �  � � αβ = a
M � � ��� � � �

M,a ∈
N ��� �� �

c(m,n) = 〈f,MmβTnαγ〉L2(R) , m, n ∈ Z,

d(m,n) =
〈

Sα/af,Mm/MTnaSα/aγ
〉

l2(Z)
, m = 0, ...,M − 1, n ∈ Z

� � � �
d(m,n) =

∑

j∈Z

c(m − jM, n), ∀m = 0, ...,M − 1, n ∈ Z

� � ��� ��� &A² 1�¤~«4¹g«I¯c¥��c¥§«4� % ���I� �c ¢¡�� ∑
j∈Z

c(m − jM, n)
¥§¯\¦�«4��-F¡�¤c¶F¡��� �

F «4�¢¯c¥§ÁK¡�¤
∑

j∈Z

c(m − jM, n) =
∑

j∈Z

〈

f,M(m−jM)βTnαγ
〉

L2(R)
.

� ¯c¥��K¶��c ¢¡Â®K�K¥��S£6¤c¥��t²�«6Ä
Dα/a
£6�¢Á â&% ���%ãuÑ

∑

j∈Z

c(m − jM, n) =
∑

j∈Z

〈

Dα/af,Mm/M−jTnaDα/aγ
〉

L2(R)

=
∑

j∈Z

∫

R

Dα/af
(

Mm/MTnaDα/aγ
)

(x)e2πijxdx

=
∑

j∈Z

FR

(

Dα/afMm/MTnaDα/aγ
)

(j) .

�t�¿«4¹g¡�¤S£6�~«4¤��~¡�¤c¬(¯ ½ �c ¢¡'¨Æ£4¯c�\¨�¥��¢¡�¦|£6��µg¡'ÀU¤c¥��c�~¡��*£4¯
∑

j∈Z

c(m − jM, n) =
(

F−1
[0;1]S1FR

(

Dα/afMm/MTnaDα/aγ
)

)

(0)

¸ ¥��¢¦�¡
Dα/afMm/MTnaDα/aγ ∈ S0(R)

½ �c ¢¡�¨Æ£4¯~��¨�¥��¢¡�¦|£6�Úµy¡!¤~¡�ÀU¤c¥��c�~¡��*µ²��c ¢¡
18«4¥§¯~¯~«4��¯~®K¬�¬�£6�c¥§«4�¿Äp«4¤c¬�®K¨Æ£ â&% � $ ã £6�¢Á â&% � " ãuÑ



���������	�
������������������������������������������������� ��!������#" å��

∑

j∈Z

c(m − jM, n) =
(

P1

(

Dα/afMm/MTnaDα/aγ
))

(0)

=
∑

k∈Z

(

Dα/afMm/MTnaDα/aγ
)

(k)

=
〈

Sα/af,Mm/MTnaSα/aγ
〉

l2(Z)

= d(m,n).

�

·� ¢¡�«4¤~¡�¬ * � % ¯c ¢«%À�¡�ÁË�c -£6��¥nÄ
γ
¥§¯��c ¢¡�¦|£6�¢«4�K¥§¦|£6¨AÁ�®-£6¨�ÀU¥��¢ÁK«%À «6Ä

g
½ Sα/aγÀU¥�¨�¨-£6¨§¯~«!µg¡A�c ¢¡\¦|£6�¢«4�K¥§¦|£6¨-Á�®-£6¨-ÀU¥��¢ÁK«|Àß«6Ä Sα/ag

� ·� K¥§¯j¤~¡�¨Æ£6�c¥§«4�� ¢«4¨§ÁK¯j�¢«4��«4�K¨�²
Äp«4¤m�c ¢¡�¦|£6�¢«4�K¥§¦|£6¨gÁ�®-£6¨gÀU¥��¢ÁK«|À ½ µK®K�m¥���Äp£4¦��mÄq«4¤ Û D#D Á�®-£6¨gÀU¥��¢ÁK«|À\¯

γ ∈ S0(R)
�

� 	��*1 �*�%��%�&��� ��)  <) 
 ���
(g, α, β) � g ∈ S0(R) � α, β > 0 � �� � αβ = a

M � � � � � � �

M,a ∈ N � � � � � � � � � � � � � � � � � L2(R) � �� � ��� γ ∈ S0(R)
� � � � � � � �  �� � � � � � � Sα/aγ

 � � � � � � �  � � � �6� � (Sα/ag, a, 1
M

) �
� � ��� ��� °'¡uÏ¢�¢¡ c ∈ l2(Z × Z

ã £6�¢Á
d ∈ l2({0, ..., a − 1} × Z)

µ�²

c(m,n) =
〈

γ,Mm/αTn/βg
〉

L2(R)
, m, n ∈ Z,

d(m,n) =
〈

Sα/aγ,Mm/aTnMSα/ag
〉

l2(Z)

=
〈

S1/Mβγ,Mm/aTnMS1/Mβg
〉

l2(Z)
, m = 0, ...,M − 1, n ∈ Z

�t�U¥§¯UÀ�¡�¨�¨#/��¢«%ÀU� ½ �c -£6�\¥nÄ
g, γ ∈ S0(R)

½
(g, α, β)

£6�¢Á
(γ, α, β)

 -£4¯�Ï¢�K¥��~¡Â®K¹K¹y¡�¤
Äq¤S£6¬(¡�µg«4®K�¢ÁK¯ ½ ¯~¡�¡�¡ � ¶ � »%$ ½ F  -£6¹K�~¡�¤ 4#¼l� ¸ ¥��¢¦�¡

g, γ
£6¤~¡�Á�®-£6¨�ÀU¥��¢ÁK«|À\¯ ½ �c ¢¡�²

¯S£6�c¥§¯cÄ�²��c ¢¡Â±d¡('�¨§¡�¤D³ × £6Í�¦�«4�¢Á�¥��c¥§«4��Äp«4¤
L2(R)
½ ·� ¢¡�«4¤~¡�¬ % ��� % Ñ

1

αβ
c(m,n) = δmδn, m, n ∈ Z.

±d¡�ÀU¥§¯c ��~«�¯c ¢«|ÀÜ�c -£6� Sα/ag
£6�¢Á Sα/aγ

¯f£6�c¥§¯DÏ-¡�¯m�c ¢¡�±d¡('�¨§¡�¤D³ × £6Í"¦�«4�¢Á�¥��c¥§«4�
Äp«4¤

l2(Z) :

M

a

〈

S1/Mβγ,Mm/aTnMS1/Mβg
〉

l2(Z)

=
M

a
d(m,n)

= δmδn, m = 0, ..., a − 1, n ∈ Z
&A²�·� ¢¡�«4¤~¡�¬ * � % ½ (Sα/ag, a, 1

M

) £6�¢Á (Sα/aγ, a, 1
M

) £6¨§¯~«" -£4¯8Ï¢�K¥��~¡A®K¹K¹g¡�¤8Äq¤S£6¬(¡
µy«4®K�¢ÁK¯ � &A² 1�¤~«4¹g«I¯c¥��c¥§«4� * � * Ñ

M

a
d(m,n) =

∑

j∈Z

1

αβ
c(m − ja, n)

=
∑

j∈Z

δm−jaδn

= δmδn, ∀m = 0, ..., a − 1, n ∈ Z.
·� K¥§¯8¯c ¢«|À\¯<�c -£6� Sα/ag

£6�¢Á Sα/aγ
¯S£6�c¥§¯DÏ-¡�¯>�c ¢¡�±d¡('�¨§¡�¤D³ × £6Í�¦�«4�¢Á�¥��c¥§«4��Äp«4¤

l2(Z)
½

£6�¢Á��c ¢¡�¤~¡uÄp«4¤~¡Â�c ¢¡�²�£6¤~¡!Á�®-£6¨�ÀU¥��¢ÁK«%À\¯ �
�

·� ¢¡�¤~¡�£6¤~¡'�tÀ�«�¤~¡�¬�£6¤0/�¯�«4� 1j¤~«4¹g«I¯~¥��c¥§«4� * � 8�£4¯\¦�«4¬�¹-£6¤~¡�Á��~«(·� ¢¡�«4¤~¡�¬ * � % Ñ



���������	�
������������������������������������������������� ��!������#" åcå
â �%ã �l��·� ¢¡�«4¤~¡�¬ * � % �c ¢¡'«4�K¨�²�£4¯S¯c®K¬�¹K�c¥§«4���¢¡�¡�ÁK¡�Á�ÀA£4¯

g ∈ S0(R)
½ µg¡�¦|£6®¢¯~¡

�c K¥§¯'¥�¬�¹K¨�¥§¡�¯
γ0 ∈ S0(R)

� �l��1j¤~«4¹y«I¯c¥��c¥§«4� * � 8�À�¡��¢¡�¡�Á*�~«�¥�¬�¹g«I¯S¡��c K¥§¯
£4¯�£�¯~¡�¹-£6¤S£6�~¡!¦�«4�¢Á�¥��c¥§«4� �

â&% ã(Û �:Ï¢¤~¯c� 1j¤~«4¹y«I¯c¥��c¥§«4� * � 8�¯S¡�¡�¬(¯m£"¶F¡��¢¡�¤S£6¨�¥�Í%£6�c¥§«4��«6Ä/·� ¢¡�«4¤~¡�¬ * � % ½ µK®K�j¥��
¥§¯��¢«4� � ·� ¢¡\¬�£6¥���¯c�c¤~¡��K¶I�c �«6Ä/·� ¢¡�«4¤~¡�¬ * � %�â µy¡�¯c¥§ÁK¡�¯m�c ¢¡\Äq¤S£6¬(¡Uµy«4®K�¢ÁK¯
¤~¡�¨Æ£6�c¥§«4�¢¯ ã ¥§¯��c ¢¡�ÄQ£4¦����c -£6� Sα/aγ

0 ¥§¯�¥§ÁK¡���c¥nÏ-¡�Áß£4¯�£�¹-£6¤c�c¥§¦�®K¨Æ£6¤�Á�®-£6¨
ÀU¥��¢ÁK«|Àß«6Ä Sα/ag

½ �-£6¬(¡�¨�²��c ¢¡\¦|£6�¢«4�K¥§¦|£6¨NÁ�®-£6¨ � ·� K¥§¯m£6¨�¨§«%À\¯�Äp«4¤�¡()�¦�¥§¡���
£6¹K¹K¤~«,'�¥�¬�£6�c¥§«4��«6Ä�¦|£6�¢«4�K¥§¦|£6¨yÁ�®-£6¨-ÀU¥��¢ÁK«|À\¯ ½ ¨�¥./F¡\�c ¢¡\¬(¡��c ¢«�Á(¹K¤~¡�¯~¡����~¡�Á
¥�� ¸ ¡�¦��c¥§«4�98 � 1j¤~«4¹y«I¯c¥��c¥§«4� * � 8(ÁK«�¡�¯U�¢«4��«6Ù/¡�¤U�c K¥§¯ /�¥��¢Á�«6Ä�£6¹K¹K¨�¥§¦|£6�c¥§«4� �

* � % � 	 	 �"�
L2(R)

���
L2([0;L])

) ·� ¢¡�¤~¡�¯~®K¨��~¯'Ä�¤~«4¬ �c ¢¡�¹K¤~¡ -�¥§«4®¢¯�¯~¡�¦��c¥§«4�Ð¦|£6�
µy¡�¡|£4¯~¥�¨�²�¡('��~¡��¢ÁK¡�Á��~«"¹K¤~« -F¡� ¢«|ÀÞ£'ÃÂ£6µg«4¤8Äq¤S£6¬(¡�Äq«4¤

L2([0;L])
¦|£6��µg¡A«4µK�S£6¥��¢¡�Á

Äq¤~«4¬ £�ÃÂ£6µy«4¤�Ä�¤S£6¬(¡ÂÄq«4¤
L2(R)

µ�²�¹y¡�¤c¥§«�Á�¥�Í�¥��K¶(�c ¢¡ÂÀU¥��¢ÁK«|ÀàÄ�®K�¢¦��c¥§«4� �
ÃÂ£6µy«4¤�Äq¤S£6¬(¡�¯�Äq«4¤

L2([0;L])
£6¤~¡��¢«4�\£4¯�ÀU¥§ÁK¡�¨�²�¯c�c®¢Á�¥§¡�Á�£4¯\ÃÂ£6µy«4¤mÄq¤S£6¬(¡�¯�Äq«4¤

L2(R)
� ªK¤~«4¬Ö£'¹K¤S£4¦��c¥§¦|£6¨g¹g«4¥�����«6Ä -�¥§¡�À ½ �c ¢¡�²(£6¤~¡\¥����~¡�¤~¡�¯c�c¥��K¶�µy¡�¦|£6®¢¯~¡��c ¢¡�²�¦|£6�

µy¡'®¢¯~¡�Á��~«�¬(«�ÁK¡�¨<¦�«4��c¥���®¢«4®¢¯�¹K ¢¡��¢«4¬(¡��-£�«6Ä>Ï¢�K¥��~¡�Á�®K¤S£6�c¥§«4� �
�t��~¡�¤c¤~¡�¨Æ£6�c¥§«4�¢¯jµy¡��lÀA¡�¡���±ß¥�¨§¯S«4��µ-£4¯~¡�¯8Äp«4¤

L2(R)
£6�¢Á

L2([0;L])
£6¤~¡�ÁK¡�¯~¦�¤c¥�µy¡�Á

¥��d» �F½ F «4¤~«4¨�¨Æ£6¤c² $ � * � 4#¼l�
&������*	���� ��) �/) 
 � �

g ∈ S0(R) � α, β > 0 � �� � αβ = b
N � � ��� � � �

N, b ∈ N � ��
� � � � � � � � � � (g, α, β)

 � � � � � � � � � � � � � � L2(R) � �� � � � ����� �� � � � � � � �  �� � �
γ0 �  � � � (Pb/βg, α, b

)  � � � � � � � � � � � � � � � L2([0; b
β ]) � �� � � � � � � � � � � � � �

� � � �� � � �� � � ����� �� � � � � � � �  �� � � Pb/βγ0 �
� � ��� ��� &A² D ¡�¬�¬�£ % � $�£6�¢Á D ¡�¬�¬�£ % ��� * ½ (Fg, β, α)

¥§¯U£6¨§¯~«�£�ÃÂ£6µg«4¤AÄq¤S£6¬(¡�Äq«4¤
L2(R)

ÀU¥��c ¿Ä�¤S£6¬(¡'µy«4®K�¢ÁK¯
A
£6�¢Á

B
£6�¢Á�¦|£6�¢«4�K¥§¦|£6¨>Á�®-£6¨�ÀU¥��¢ÁK«%À Fγ0 �

¸ ¥��¢¦�¡
ĝ ∈ S0(R)

½ ·� ¢¡�«4¤~¡�¬ * � % ¦|£6� µg¡�®¢¯~¡�Á Ñ (Sβ/bFg, b, 1
N

) ¥§¯(£dÃÂ£6µy«4¤
Äq¤S£6¬(¡�Äp«4¤

l2(Z)
ÀU¥��c ßÄ�¤S£6¬(¡Úµy«4®K�¢ÁK¯

A
£6�¢Á

B
£6�¢ÁÞ¦|£6�¢«4�K¥§¦|£6¨ÂÁ�®-£6¨"ÀU¥��¢ÁK«|À

Sβ/bFγ0 �
&A² D ¡�¬�¬�£ % � $�£6�¢Á D ¡�¬�¬�£ % ��� * ½ (F−1

[0; b
β
]
Sβ/bFg, a, b

) ¥§¯8£"ÃÂ£6µy«4¤<Äq¤S£6¬(¡�Äp«4¤

L2([0; b
β ])
ÀU¥��c ÂÄq¤S£6¬(¡jµy«4®K�¢ÁK¯

A
£6�¢Á

B
£6�¢ÁÂ¦|£6�¢«4�K¥§¦|£6¨�Á�®-£6¨FÀU¥��¢ÁK«|À F−1

[0; b
β
]
Sβ/bFγ0 �

&A²*�c ¢¡ 18«4¥§¯~¯~«4�É¯c®K¬�¬�£6�c¥§«4�ËÄq«4¤c¬�®K¨Æ£ â&% � $ ãu½ F−1
[0; b

β
]
Sβ/bF = Pb/β

£6�¢ÁÌÄq¤~«4¬
�c K¥§¯U�c ¢¡!¤~¡�¯c®K¨��UÄp«4¨�¨§«|À\¯ �

�

� 	��*1 �*�%��%�&��� ��) 	/)�
 ���
f, γ ∈ S0(R) � α, β > 0 �  � � αβ = b

N � � � � � � �
N, b ∈

N ��� �� �

c(m,n) = 〈f,MmβTnαγ〉L2(R) , m, n ∈ Z

d(m,n) =
〈

Pb/βf,MmbTnaPb/βγ
〉

L2([0; b
β
])

, m ∈ Z, n = 0, ..., N − 1

� � � �
d(m,n) =

∑

j∈Z

c(m,n − jN), ∀m ∈ Z, n = 0, ..., N − 1.

� � ��� ��� &A² 1�¤~«4¹g«I¯c¥��c¥§«4� % ���I� �c ¢¡�� ∑
j∈Z

c(m,n − jN)
¥§¯\¦�«4��-F¡�¤c¶F¡��� �

F «4�¢¯c¥§ÁK¡�¤
∑

j∈Z

c(m,n − jN) =
∑

j∈Z

〈

f,MmβT(n−jN)αγ
〉

L2(R)
.



���������	�
������������������������������������������������� ��!������#" å $
� ¯c¥��K¶��c ¢¡Â®K�K¥��S£6¤c¥��t²�«6Ä

Dα/a
£6�¢Á â&% ���%ãuÑ

∑

j∈Z

c(m,n − jN) =
∑

j∈Z

〈

Db/βf,MmbTn/N−jDb/βγ
〉

L2(R)

=

〈

Db/βf,MmbTn/N

∑

j∈Z

T−jDb/βγ

〉

L2(R)

=

∫

R

Db/βfMmbTn/N





∑

j∈Z

T−jDb/βγ



 (x)dx.

·� ¢¡ËÄq®K�¢¦��c¥§«4�
MmbTn/N

(

∑

j∈Z
T−jDb/βγ

) ¥§¯*¹y¡�¤c¥§«�Á�¥§¦ËÀU¥��c  ¹y¡�¤c¥§«�Á
1
£6�¢Á

µy«4®K�¢ÁK¡�Á�µy¡�¦|£6®¢¯~¡
Db/βγ ∈ S0(R)

� ¸ ¥��¢¦�¡
Db/βf ∈ L1(R)

£6¨§¯~«

Db/βfMmbTn/N





∑

j∈Z

T−jDb/βγ



 ∈ L1(R),

£6�¢Á�¥��m¥§¯��c ¢¡�¤~¡uÄq«4¤~¡�¨§¡�¶£6¨g�~«�¯c¹K¨�¥����c ¢¡�«4®K�~¡�¤c¬(«I¯~��¥����~¡�¶I¤S£6�c¥§«4��¥���¹-£6¤c�~¯�£6�¢Á�¥����~¡�¤D³
¦S -£6�K¶F¡�¯c®K¬�¬�£6�c¥§«4�Ú£6�¢Á¿¥���~¡�¶I¤S£6�c¥§«4� Ñ

∑

j∈Z

c(m,n − jN)

=
∑

k∈Z

∫ 1

0






Db/βfMmbTn/N





∑

j∈Z

T−jDb/βγ










(x − k) dx

=
b

β

∫ 1

0

(

∑

k∈Z

f(
b

β
x − b

β
k)

)

e2πimbx
∑

j∈Z

γ

(

b

β
x − b

β

( n

N
− j
)

)

dx

=

∫ b
β

0

(

∑

k∈Z

f(x − b

β
k)

)

e2πimβx
∑

j∈Z

γ

(

x − b

β

( n

N
− j
)

)

dx

=
〈

Pb/βf,MmbTnαPb/βγ
〉

L2([0; b
β
])

.

�

� 	��*1 �*�%��%�&��� �/)��N) 
 ���
(g, α, β) g ∈ S0(R) � α, β > 0 � �� � αβ = b

N � � � � � � �

N, b ∈ N
� � � � � � � � � � � � � � � � � L2(R) � �� � ��� γ ∈ S0(R)

� � � � � � � �  �� � � � � � � Pb/βγ
 � � � � � � �  �� � � � � (Pb/βg, α, b

) �
� � ��� ��� ·� ¢¡�¹K¤~«�«6Ä� -£4¯��c ¢¡�¯S£6¬(¡�¯~�c¤c®¢¦��c®K¤~¡�£4¯��c -£6��«6Ä<1j¤~«4¹y«I¯c¥��c¥§«4� * � 8 ½ ®¢¯c¥��K¶
1j¤~«4¹y«I¯c¥��c¥§«4� * � 4 £4¯U�c ¢¡Â¬�£6¥��¿¥��K¶I¤~¡�Á�¥§¡���� �

�

* � * � 	 	 �"�
L2([0;L])

���
CL ) Û ÃÂ£6µg«4¤�Ä�¤S£6¬(¡¿Äq«4¤ CL ¦|£6�Þµy¡�«4µK�S£6¥��¢¡�Áßµ²

¯S£6¬�¹K¨�¥��K¶��c ¢¡�ÀU¥��¢ÁK«%À�Äq®K�¢¦��c¥§«4�d«6Ä�£¿ÃÂ£6µy«4¤"Ä�¤S£6¬(¡�Äp«4¤
L2([0;L])

� ·� ¢¡�¹K¤~«�«6Äp¯
£6¤~¡>-F¡�¤c²�¯c¥�¬�¥�¨Æ£6¤A�~«��c ¢¡�¹K¤~«�«6Äp¯�¹K¤~¡�¯S¡���~¡�Á�¥���¯~¡�¦��c¥§«4� * ��� Äp«4¤��c ¢¡

L2(R) → l2(Z)¦|£4¯~¡ �



���������	�
������������������������������������������������� ��!������#" å �
&������*	���� ��)��/) 
 � �

g ∈ A([0;L]) � L,M,N, a, b ∈ N � �� � L = Mb = Na
� � � � � � � � � � � � � (g, a, b)

 � � � � � � � � � � � � � � � L2([0;L]) � �� � � � �����  � � � � � � �
�  �� � � γ0 � � � � (S1g, a, b)

 � � � � � � � � � � � � � � � CL � �� � � � � � � � � � � � � � � � � �� � � ��� � �����  � � � � � � � �  ��2� � S1γ
0 �

� � ��� ��� ·� ¢¡�¹K¤~«�«6Ä�¦|£6�Ìµy¡�Äq«4®K�¢Á*µ�²�¦|£6¤~¡uÄq®K¨�¨�²Ú¬(«�Á�¥nÄq²�¥��K¶��c ¢¡�¹K¤~«�«6ÄA¥��Ê» �I�u¼ Äp«4¤�c ¢¡
L2(R)
³l¦|£4¯S¡ � ·� ¢¡�¬(«�Á�¥nÏ-¦|£6�c¥§«4�¢¯�¦�«4�¢¯c¥§¯c�~¯'¥��Ð¤~¡�¹K¨Æ£4¦�¥��K¶¿¥���~¡�¶I¤S£6�c¥§«4�É« -F¡�¤

RÀU¥��c ¿¥����~¡�¶I¤S£6�c¥§«4�¢¯�« -F¡�¤
[0;L]
£6�¢Á¿¯~¥�¬�¥�¨Æ£6¤\¦~ -£6�K¶F¡�¯ �

�

·� K¥§¯'¦�« -F¡�¤~¯'�c ¢¡�¯S£6¬�¹K¨�¥��K¶�«6ÄA£�ÀU¥��¢ÁK«|À Äq®K�¢¦��c¥§«4�
g ∈ A([0;L])

£6���c ¢¡�¥���~¡u³
¶F¡�¤~¯ � ·� ¢¡ÂÄq«4¨�¨§«%ÀU¥��K¶��c ¢¡�«4¤~¡�¬È¶F¡��¢¡�¤S£6¨�¥�Í|¡�¯��c ¢¡!¯c¥��c®-£6�c¥§«4� Ñ
&������*	���� �/)�	�) 
 � �

g ∈ A([0;L1])
� L2,M,N, a2, b ∈ N � �� � L1 = Na1

� ��
L2 = Mb = Na2 �

� � � � � �'� � � � (g, a1, b)
 � � � � � � � � � � � � � � � L2([0;L1])

� �� �'� � �����  � � � � � � � �  � � � � γ0 � � � � (SL1/L2
g, a2, b

)  � � � � � � � � � � � � � � � CL2 � �� � � � � � � � � � � � � � � � � �� �
� � � � � �����  � � � � � � � �  � � � � SL1/L2

γ0 �
� � ��� ��� &A² D ¡�¬�¬�£ % � $�£6�¢Á D ¡�¬�¬�£ % ��� * ½ (

DL1/L2
g, a2, b

) ¥§¯�£ÚÃÂ£6µy«4¤!Äq¤S£6¬(¡
Äp«4¤

L2([0;L2])
� ªK¤~«4¬ â&% ���Fã £6�¢Á¿·� ¢¡�«4¤~¡�¬ * ��� �c ¢¡Â¤~¡�¯c®K¨��UÄp«4¨�¨§«|À\¯ �

�

� 	��*1 �*�%��%�&��� ��)&7��/) 
 ���
f, γ ∈ A([0;L1])

� L2,M,N, a2, b ∈ N �  � � L1 = Na1� � � L2 = Mb = Na2 � �
�� �

c(m,n) = 〈f,MmbTna1
γ〉L2([0;L1])

, m ∈ Z, n = 0, ..., N − 1

d(m,n) =
〈

SL1/L2
f,MmbTna2

SL1/L2
γ
〉

CL , m = 0, ...,M − 1, n = 0, ..., N − 1
� � � �

d(m,n) =
∑

j∈Z

c(m − jM, n), ∀m = 0, ...,M − 1, n = 0, ..., N − 1

� � ��� ��� ·� ¢¡\¹K¤~«�«6Ä/¥§¯ -F¡�¤c²(¯c¥�¬�¥�¨Æ£6¤��~«��c -£6��«6Ä 1j¤~«4¹y«I¯c¥��c¥§«4� * ��� 3�½ ®¢¯c¥��K¶�£!Á�¥nÙy¡�¤~¡����-F¡�¤~¯c¥§«4�Ú«6Ä8�c ¢¡ 18«4¥§¯~¯~«4��¯c®K¬�¬�£6�c¥§«4��Äp«4¤c¬�®K¨Æ£ ½ â&% ���I�%ãu�
�

� 	��*1 �*�%��%�&��� �/)/7*7N) 
 � �
(g, a1, b) g ∈ A([0;L1])

� L2,M,N, a2, b ∈ N �  � �
L1 = Na1

� �� L2 = Mb = Na2
� � � � � � � � � � � � � � � � � L2([0;L1])

� � �
� ��� γ ∈ A([0;L1])

� � � � � � � �  ��2� � �  � � � SL1/L2
γ

 � � � � � � �  �� � � � �
(

SL1/L2
g, a2, b

) �
� � ��� ��� ·� ¢¡�¹K¤~«�«6Ä� -£4¯��c ¢¡�¯S£6¬(¡�¯~�c¤c®¢¦��c®K¤~¡�£4¯��c -£6��«6Ä<1j¤~«4¹y«I¯c¥��c¥§«4� * � 8 ½ ®¢¯c¥��K¶
1j¤~«4¹y«I¯c¥��c¥§«4� * ��� 3 £4¯U�c ¢¡Â¬�£6¥��¿¥��K¶I¤~¡�Á�¥§¡���� �

�

* � 8 � 	 	 �"�
l2(Z)

���
CL ) ¸ ¥�¬�¥�¨Æ£6¤c¨�²��~«��c ¢¡�¤~¡�¯c®K¨��~¯Â¹K¤~¡�¯S¡���~¡�ÁÌ¥��*�c ¢¡�¹K¤~¡ -�¥§«4®¢¯

¯~¡�¦��c¥§«4�¢¯ ½ «4�¢¡�¦|£6�Ð«4µK�S£6¥��Î£�Ã!£6µg«4¤�Ä�¤S£6¬(¡�Äp«4¤
CL µ²*¹y¡�¤c¥§«�Á�¥�Í�¥��K¶Ú�c ¢¡(ÀU¥��¢ÁK«%À

Äq®K�¢¦��c¥§«4��«6Ä�£(ÃÂ£6µg«4¤\Ä�¤S£6¬(¡"Äp«4¤
l2(Z)
�

&������*	���� ��)/7'5y) 
 ���
g ∈ l1(Z) � M,N, a, b ∈ N �  � � Mb = Na = L � ��

� � � � � �!� � � � (g, a, 1
M

)  � � � � � � � � � � � � � � � l2(Z) � �� � � � ����� �� � � � � � � �  �� � �
γ0 �  � � � (PLg, a, b)

 � � � � � � � � � � � � � � � CL � �� � � � �!� � � � � � � � � � � � �� � � ��� � �����  � � � � � � � �  ��2� � PLγ0 �



���������	�
������������������������������������������������� ��!������#" å �
� � ��� ��� &A² D ¡�¬�¬�£ % � $É£6�¢Á D ¡�¬�¬�£ % ��� * ½

(FZg, b, a)
¥§¯�£ÉÃÂ£6µy«4¤�Äq¤S£6¬(¡ÚÄq«4¤

L2([0; 1])
ÀU¥��c �Äq¤S£6¬(¡Uµy«4®K�¢ÁK¯

A
£6�¢Á

B
£6�¢Á(¦|£6�¢«4�K¥§¦|£6¨NÁ�®-£6¨-ÀU¥��¢ÁK«|À FZγ0 ½ £6�¢Á

¯c¥��¢¦�¡
g ∈ l1(Z)

�c ¢¡�� FZg ∈ A([0; 1])
�

� ¯c¥��K¶�·� ¢¡�«4¤~¡�¬ * � $ ½ (S1/LFZg, b, a
) ¥§¯!£¿ÃÂ£6µy«4¤"Ä�¤S£6¬(¡�Äp«4¤

CL ÀU¥��c *Äq¤S£6¬(¡
µy«4®K�¢ÁK¯

A
£6�¢Á

B
£6�¢Á�¦|£6�¢«4�K¥§¦|£6¨>Á�®-£6¨/ÀU¥��¢ÁK«|À S1/LFZγ0 �

&A² D ¡�¬�¬�£ % � $�£6�¢Á D ¡�¬�¬�£ % ��� * ½ (F−1
L S1/LFZg, a, b

) ¥§¯A£�ÃÂ£6µy«4¤mÄq¤S£6¬(¡\Äp«4¤
CL ÀU¥��c �Äq¤S£6¬(¡'µg«4®K�¢ÁK¯ A £6�¢Á B

£6�¢Á�¦|£6�¢«4�K¥§¦|£6¨>Á�®-£6¨<ÀU¥��¢ÁK«|À F−1
L S1/LFZγ0 �

� ¯c¥��K¶*�c ¢¡ 18«4¥§¯~¯~«4�Ê¯c®K¬�¬�£6�c¥§«4�ÞÄq«4¤c¬�®K¨Æ£ â&% ��� 3Fãu½ F−1
L S1/LFZg = PLg

£6�¢Á
¯c¥�¬�¥�¨Æ£6¤c¨�² F−1

L S1/LFZγ0 = PLγ0 �
�

� 	��*1 �*�%��%�&��� �/)/7���)�
 ���
f, γ ∈ l1(Z) � M,N, a, b ∈ N �  � � Mb = Na = L �

� �� �

c(m,n) = 〈f,MmbTnaγ〉l2(Z) , m = 0, ...,M − 1, n ∈ Z

d(m,n) = 〈PLf,MmbTnaPLγ〉
CL , m = 0, ...,M − 1, n = 0, ..., N − 1,

� � � �
d(m,n) =

∑

j∈Z

c(m,n − jN), ∀m = 0, ...,M − 1, n = 0, ..., N − 1

� � ��� ��� ·� ¢¡Â¹K¤~«�«6Ä:¦�¨§«I¯S¡�¨�²�Äp«4¨�¨§«|À\¯��c -£6��«6Ä 1�¤~«4¹g«I¯c¥��c¥§«4� * � 4��
�

� 	��*1 �*�%��%�&��� ��)/7� �) 
 � � (
g, a, 1

M

)

g ∈ l1(Z) � M,N, a, b ∈ N � �� � Mb =

Na = L � � � � � � � � � � � � � � � � � l2(Z) � �� � ��� γ ∈ l1(Z)
� � � � � � � �  �� � � � � � � PLγ

 � � � � � � �  �� � � � � (PLg, a, b) �
� � ��� ��� ·� ¢¡�¹K¤~«�«6Ä� -£4¯��c ¢¡�¯S£6¬(¡�¯~�c¤c®¢¦��c®K¤~¡�£4¯��c -£6��«6Ä<1j¤~«4¹y«I¯c¥��c¥§«4� * � 8 ½ ®¢¯c¥��K¶
1j¤~«4¹y«I¯c¥��c¥§«4� * ��� * £4¯U�c ¢¡Â¬�£6¥��¿¥��K¶I¤~¡�Á�¥§¡���� �

�

* �Xá�� 	 	 �"�
L2(R)

���
CL ) ±Ü¥��c ��c ¢¡�¤~¡�¯c®K¨��~¯�Äq¤~«4¬ �c ¢¡�¹K¤~¡ -�¥§«4®¢¯Â¯~¡�¦��c¥§«4�¢¯ ½ £6�²

ÃÂ£6µy«4¤�Ä�¤S£6¬(¡ÚÄp«4¤
L2(R)
½

(g, α, β)
ÀU¥��c 

g ∈ S0(R)
£6�¢ÁÜ¤S£6�c¥§«4�-£6¨!¯S£6¬�¹K¨�¥��K¶ ½

αβ ∈ Q
½ ¦|£6�Îµy¡�¯S£6¬�¹K¨§¡�ÁÊ£6�¢ÁÎ¹g¡�¤c¥§«�Á�¥�Í|¡�ÁÎ�~«Ú«4µK�S£6¥��Þ£*ÃÂ£6µy«4¤�Äq¤S£6¬(¡�Äq«4¤

CL
ÀU¥��c �¦�«4¤c¤~¡�¯~¹g«4�¢Á�¥��K¶�¯f£6¬�¹K¨§¡�Á�£6�¢Á�¹y¡�¤c¥§«�Á�¥�Í|¡�Á¿¦|£6�¢«4�K¥§¦|£6¨8Á�®-£6¨�ÀU¥��¢ÁK«|À Ñ
&������*	���� �/)/7 �y)�
 ���

g ∈ S0(R) � αβ = a
M = b

N
� � � Mb = Na = L � �� �

a, b,M,N,L ∈ N � � � � � � � � � � � � � (g, α, β)
 � � � � � � � � � � � � � � � L2(R) �  � �� � �����  � � � � � � � �  ��2� � γ0 � � � � (PLSα/ag, a, b

)  � � � � � � � � � � � � � � � CL �  � � � � � � � � � � � � � � � � � �� �
� � � � � �����  � � � � � � � �  � � � � PLSα/aγ

0 �
� � ��� ��� F «4¬�µK¥��¢¡�·� ¢¡�«4¤~¡�¬ * � % £6�¢Á¿·� ¢¡�«4¤~¡�¬ * ��� % � ªK®K¨�¨�²�ÀU¤c¥��c�~¡���«4®K�

(

PLSα/a

)

g(j) =

√

α

a

∑

k∈Z

g
(α

a
(j − kL)

)

, j = 0, ..., L − 1.

� �¢ÁK¡�¤��c ¢¡�£4¯S¯c®K¬�¹K�c¥§«4�¢¯(«4�É�c ¢¡�¹-£6¤S£6¬(¡��~¡�¤~¯ ½ �c ¢¡�� PLSα/a = Sb/β/LPb/β
«4�

S0(R)
� ·� K¥§¯U¯c ¢«%À\¯U�c -£6�Uµy«4�c �ÀA£�²�¯\«4��Ï¢¶I®K¤~¡ �I��� ¹K¤~«�Á�®¢¦�¡'�c ¢¡Â¯S£6¬(¡'¤~¡�¯c®K¨�� ½ ¯S«

£6��£6¨��~¡�¤c�-£6�c¥.-F¡�¹K¤~«�«6Ä:¥§¯��~«�®¢¯~¡Â·� ¢¡�«4¤~¡�¬ * �Xá £6�¢Á¿·� ¢¡�«4¤~¡�¬ * � $ �
�

¸ ¥�¬�¥�¨Æ£6¤c¨�² ½ �c ¢¡m¦�«�¡()�¦�¥§¡���~¯:«6Ä-£�Äq®K�¢¦��c¥§«4�
f
¥���£�ÃÂ£6µy«4¤�Äq¤S£6¬(¡:Äp«4¤

L2(R)
¦|£6��µy¡

£6¹K¹K¤~« '�¥�¬�£6�~¡�Á�µ²�¯S£6¬�¹K¨�¥��K¶�£6�¢Á(¹y¡�¤c¥§«�Á�¥�Í�¥��K¶
f
£6�¢Á�¦|£6¨§¦�®K¨Æ£6�c¥��K¶��c ¢¡�¦�«�¡()�¦�¥§¡���~¯

¥���£�Ã!£6µg«4¤�Äq¤S£6¬(¡'Äp«4¤
CL Ñ



���������	�
������������������������������������������������� ��!������#" å �
� 	��*1 �*�%��%�&��� ��)&7 	/)�
 � �

f, γ ∈ S0(R) � α, β > 0 � �� � αβ = a
M = b

N
� L =

Mb = Na � �� � a, b,M,N,L ∈ N � � �� �

c(m,n) = 〈f,MmβTnαγ〉L2(R) , m, n ∈ Z

d(m,n) =
〈

PLSα/af,MmbTnaPLSα/aγ
〉

CL , m = 0, ...,M − 1, n = 0, ..., N − 1,
� � � �

d(m,n) =
∑

j,k∈Z

c(m − kM,n − jN), ∀ = 0, ...,M − 1, n = 0, ..., N − 1.

� � ��� ��� F «4¬�µK¥��¢¡ 1j¤~«4¹ � % ���I� £6�¢Á 1j¤~«4¹ � * � * ½ «4¤�£6¨��~¡�¤c�-£6�c¥.-F¡�¨�² 1j¤~«4¹ � * � 4 £6�¢Á
1j¤~«4¹ � * ��� 3��

�

Û ¯"ÀU¥��c *·� ¢¡�«4¤~¡�¬ * ���|á�½ �c ¢¡�Äp«4¨�¨§«|ÀU¥��K¶�¹K¤~«4¹g«I¯c¥��c¥§«4�Ì¦|£6�Ìµy¡�¹K¤~« -F¡�ÁÌµ²�¦�«4¬�³
µK¥��K¥��K¶(�c ¢¡!¹K¤~¡ -�¥§«4®¢¯U¤~¡�¯~®K¨��~¯ �
� 	��*1 �*�%��%�&��� ��)/7 �N) 
 ���

(g, αβ) � αβ = a
M = b

N
� �� Mb = Na = L � �� �

a, b,M,N,L ∈ N
� � � � � � � � � � � � � � � � � L2(R) � ��-� ��� γ ∈ S0(R)

� � � � � � �
�  �� � � �  � � � PLSα/aγ

 � � � � � � �  ��2� �6� � (PLSα/ag, a, b
) �

8 ����� = � ������� =��/���8���
Û ¯�£6� £6¹K¹K¨�¥§¦|£6�c¥§«4�Ê«6Ä<1j¤~«4¹y«I¯c¥��c¥§«4� * ��� 4 «4�¢¡�¦|£6�Î¦|£6¨§¦�®K¨Æ£6�~¡¿£6¹K¹K¤~« '�¥�¬�£6�c¥§«4�¢¯
�~«��c ¢¡�¦|£6�¢«4�K¥§¦|£6¨8Á�®-£6¨�ÀU¥��¢ÁK«%À

γ0 «6Äm£(ÃÂ£6µg«4¤\Ä�¤S£6¬(¡ (g, α, β)
Äp«4¤

L2(R)
®¢¯c¥��K¶

Ï¢�K¥��~¡u³lÁ�¥�¬(¡��¢¯c¥§«4�-£6¨8¬(¡��c ¢«�ÁK¯ � ·� ¢¡'¥§ÁK¡|£�¥§¯U�~«(®¢¯~¡Â·� ¢¡�«4¤~¡�¬ * ���|á ÁK¡�¯S¦�¤c¥�µK¥��K¶(�c ¢¡
¤~¡�¨Æ£6�c¥§«4�¢¯c K¥�¹Ðµg¡��tÀ�¡�¡��

γ0 £6�¢Á*�c ¢¡�¦|£6�¢«4�K¥§¦|£6¨�Á�®-£6¨jÀU¥��¢ÁK«%À PLSα/aγ
0 ∈ CL «6Ä

£*ÃÂ£6µy«4¤�Äq¤S£6¬(¡ (PLSα/ag, a, b
) Äp«4¤

CL � ·� K¥§¯�ÀU¥�¨�¨A¶I¥.-F¡�¯S£6¬�¹K¨§¡�Á -I£6¨�®¢¡�¯�«6Ä"£
¹y¡�¤c¥§«�Á�¥�Í%£6�c¥§«4�Ú«6Ä8�c ¢¡!¦|£6�¢«4�K¥§¦|£6¨8Á�®-£6¨�ÀU¥��¢ÁK«|À

γ0 �
·>«�«4µK�S£6¥�� £�¦�«4��c¥���®¢«4®¢¯�Ä�®K�¢¦��c¥§«4�

γ0
M,N

£6¹K¹K¤~«,'�¥�¬�£6�c¥��K¶
γ0 Äq¤~«4¬ �c ¢¡(Ï¢�K¥��~¡

¯~¡,+�®¢¡��¢¦�¡ PLSα/aγ
0 ½ ¯~«4¬(¡ /�¥��¢ÁË«6Ä\¥����~¡�¤c¹g«4¨Æ£6�c¥§«4�Ê¯~¦S ¢¡�¬(¡�¥§¯��¢¡�¡�ÁK¡�Á � �l�Ü» � % ¼l½

�"«4¤cµg¡�¤c���!£6¥�µK¨�¥��K¶F¡�¤�®¢¯~¡�¯ &m³l¯~¹K¨�¥��¢¡�¯�£6�¢ÁÞ¯~ ¢«|À\¯(�c -£6���c K¥§¯(¥§¯�¯c® )�¦�¥§¡�����~«Ì¶F¡��
¦�«4��-F¡�¤c¶F¡��¢¦�¡�¥��

S0
â £6�¢Á��c ¢¡�¤~¡uÄp«4¤~¡�£6¨§¯S«

L2(R)
�

·� ¢¡\Äq«4¨�¨§«%ÀU¥��K¶�¤~¡�¯c®K¨��~¯�®¢¯~¡�¯�£6�¢«4�c ¢¡�¤�¯c¥�¬�¹K¨§¡�¥���~¡�¤c¹y«4¨Æ£6�c¥§«4��¯~¦S ¢¡�¬(¡ Ñ � ¯~¥��K¶!�c ¢¡
ÃÂ£6µy«4¤�Äq¤S£6¬(¡

(g, α, β)
¥��~¯~¡�¨nÄ �

·� ¢¡�¤~¡�¯c®K¨��'¥§¯"¹K¤~¡�¯~¡���~¡�ÁÌ«4�K¨�²�Äq«4¤
M,N

µy¡�¥��K¶�¡ -F¡�� � ·� ¢¡�¡('��~¡��¢¯c¥§«4�*�~«�«�ÁKÁ
M,N
¥§¯U�c¤c¥.-�¥Æ£6¨ �

&������*	����  �)/7-) 
 ���
g ∈ S0(R) � α, β > 0 �  � � αβ = a

M
� �� � � ����� � � � � �

(g, α, β)
 � � � � � � � � � � � � � � � L2(R) � �� � � � ����� �� � � � � � � �  �� � � γ0 �
 � � � � ��� ����� � M,N ∈ N

��� ���'� � � � L = Mb = Na � �� � a, b, L ∈ N � � ��� � �� � � � � �����  � � ��� � � � �  �� � � � � (PLSα/ag, a, b
) � � ϕM,N � � ��� � � dM,N ∈ CM×N

� � dM,N (m,n) = 〈ϕM,N ,MmbTnaϕM,N 〉
CL

� �� γ0
M,N ∈ S0(R)

� �

γ0
M,N =

N/2−1
∑

n=−N/2

M/2−1
∑

m=−M/2

dM,N (m,n)MmβTnαg.
â 8 ���%ã

 � � � γ0
M,N → γ0 � � M,N → ∞ �

� � ��� ��� °'¡uÏ¢�¢¡ c ∈ l1(Z × Z)
µ²

c(m,n) =
〈

γ0,MmβTnαγ0
〉

L2(R)

� ·� ¢¡��

γ0 =
∑

m,n∈Z

c(m,n)MmβTnαg.
â 8 � % ã



���������	�
������������������������������������������������� ��!������#" å �
·� K¥§¯U¥§¯\�c ¢¡!¯c�S£6�¢Á¢£6¤~Á�Äq¤S£6¬(¡!¡('�¹-£6�¢¯c¥§«4� ½ ¯c¥��¢¦�¡

γ0 £6�¢Á g
£6¤~¡!Á�®-£6¨�ÀU¥��¢ÁK«%À\¯ �

&A² â 8 ���%ã £6�¢Á â 8 � * ã µg«4�c 
γ0 £6�¢Á γ0

M,N

¦|£6�Üµy¡ÚÀU¤c¥��c�~¡��Å®¢¯c¥��K¶Ë�c ¢¡ÚÄq¤S£6¬(¡
(g, α, β)

� ¸ ®KµK�c¤S£4¦��c¥��K¶��c ¢¡�¬ ¶I¥.-F¡�¯

γ0 − γ0
M,N =

∑

m,n∈Z

rM,N (m,n)MmβTnαg,

ÀU ¢¡�¤~¡

rM,N (m,n) =











c(m,n) − dM,N (m,n)

¥nÄ − M
2 ≤ m ≤ M

2 − 1
£6�¢Á

−N
2 ≤ n ≤ N

2 − 1

c(m,n)
«4�c ¢¡�¤cÀU¥§¯~¡

&A²21j¤~«4¹g«I¯~¥��c¥§«4� * ��� 4�½
â 8 � * ã

dM,N (m,n) =
∑

j,k∈Z

c(m − kM,n − jN),

Äp«4¤'£6¨�¨ −M
2 ≤ m ≤ M

2 − 1
£6�¢Á −N

2 ≤ n ≤ N
2 − 1
� ·� K¥§¯'¶I¥.-F¡�¯'�c ¢¡�Äp«4¨�¨§«|ÀU¥��K¶

¡('�¹K¤~¡�¯~¯c¥§«4�¿«6Ä:�c ¢¡Â¤~¡�¯c¥§Á�®-£6¨
r
Ñ

rM,N(m,n)

=











−∑j,k∈Z\{0} cM,N (m − kM,n − jN)

¥nÄ − M
2 ≤ m ≤ M

2 − 1
£6�¢Á

−N
2 ≤ n ≤ N

2 − 1

c(m,n)
«4�c ¢¡�¤cÀU¥§¯~¡

¸ ¥��¢¦�¡��c ¢¡��c¤S£6�¢¯c¨Æ£6�c¥§«4�Þ£6�¢ÁÎ¬(«�Á�®K¨Æ£6�c¥§«4�Ê«4¹g¡�¤S£6�~«4¤~¯�£6¤~¡�®K�K¥��S£6¤c² ½ À�¡�¶F¡����c ¢¡
Äp«4¨�¨§«|ÀU¥��K¶�¡�¯c�c¥�¬�£6�~¡ �
∥

∥γ0 − γ0
M,N

∥

∥ ≤ ‖g‖
∑

m,n∈Z

|rM,N (m,n)|

≤ ‖g‖
N/2−1
∑

n=−N/2

M/2−1
∑

m=−M/2

∑

j,k∈Z\{0}

|cM,N (m − kM,n − jN)| +

+ ‖g‖
∑

m/∈{−M
2

,..., M
2
−1}

∑

n/∈{−N
2

,..., N
2
−1}

|c(m,n)|

�t�¿�c ¢¡!¨Æ£4¯~�\�~¡�¤c¬ ½ «4�K¨�²��c ¢¡�¦�«�¡()�¦�¥§¡����~¯"«4®K�~¯~¥§ÁK¡!�c ¢¡!¤~¡�¦��S£6�K¶I¨§¡�¥��¢ÁK¡('K¡�Á¿µ²
m ∈

{

−M
2 , ..., M

2 − 1
} £6�¢Á

n ∈
{

−N
2 , ..., N

2 − 1
} £6¹K¹g¡|£6¤~¯ ½ £6�¢ÁÊ�c ¢¡�²Ê£6¨�¨"£6¹K¹y¡|£6¤

�tÀU¥§¦�¡ � ªK¤~«4¬È�c K¥§¯
∥

∥γ0 − γ0
M,N

∥

∥ ≤ 2 ‖g‖
∑

m/∈{−M
2

,..., M
2
−1}

∑

n/∈{−N
2

,..., N
2
−1}

|c(m,n)|

±Ü ¢¡��
M,N → ∞ ½ �c ¢¡'¨Æ£4¯c�U�~¡�¤c¬ ¶F«�¡�¯U�~«(Í|¡�¤~« � �

·� ¢¡��c¤c¥.-�¥Æ£6¨A¦~ -£6�K¶F¡��¢¡�¡�ÁK¡�ÁdÄp«4¤�«�ÁKÁ
M
«4¤

N
¦�«4�¢¯~¥§¯c��¥��Ë¤~¡�¹K¨Æ£4¦�¥��K¶ −M

2

µ²
−M−1

2

£6�¢Á M
2 − 1

µ² M−1
2

£6�¢Á�¯c¥�¬�¥�¨Æ£6¤c¨�²�Äp«4¤
N
�

¸ ¥��¢¦�¡�¡|£4¦S 
γ0

M,N

¥§¯<£�Ï¢�K¥��~¡j¨�¥��¢¡|£6¤>¦�«4¬�µK¥��-£6�c¥§«4��«6Ä¢ÃÂ£6µy«4¤<£6�~«4¬(¯/Äq¤~«4¬
(g, α, β)

½
�c ¢¡�²Ì¥��K ¢¡�¤c¥���¹K¤~«4¹g¡�¤c�c¥§¡�¯�Äq¤~«4¬

g
Ñ ¸ ¥��¢¦�¡

g ∈ S0(R)
�c ¢¡��Î¡|£4¦~ 

γ0
M,N ∈ S0(R)

�
¸ ¥�¬�¥�¨Æ£6¤c¨�² ½ ¥nÄ

g
«4¤

ĝ
 -£4¯\¡('�¹y«4�¢¡���c¥Æ£6¨8ÁK¡�¦|£�² ½ �c ¢¡��Ú¯~«�ÁK«�¡�¯

γ0
M,N

«4¤
γ̂0

M,N

�
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������������������������������������������������� ��!������#" å �
·>«Â®¢¯~¡��c K¥§¯�¬(¡��c ¢«�Á ½ �c ¢¡\�lÀ�«�¬�£6¥�����®K¬(¡�¤c¥§¦|£6¨N¦|£6¨§¦�®K¨Æ£6�c¥§«4�¢¯��~«Âµg¡U¦|£6¤c¤c¥§¡�Á�«4®K�
£6¤~¡��c ¢¡(¥��
-F¡�¤~¯c¥§«4�Î«6Ä��c ¢¡�Ä�¤S£6¬(¡(«4¹y¡�¤S£6�~«4¤!Äp«4¤

(gM,N , a, b)
£6�¢ÁÐ�c ¢¡(¦|£6¨§¦�®K¨Æ£6�c¥§«4�

«6Ä��c ¢¡�¦�«�¡()�¦�¥§¡����~¯
dM,N ∈ CM×N ��Û ¨�¶F«4¤c¥��c K¬(¯!µ-£4¯S¡�ÁÌ«4�Ðª:ª8·>¯�£6�¢ÁÌ¬�£6�c¤c¥ '�³

ÄQ£4¦��~«4¤c¥§¯S£6�c¥§«4�¢¯'¦|£6�Úµy¡ÂÄp«4®K�¢ÁÚ¥��Î» � 8 ¼l� ·� ¢¡�¯~¡�¦|£6¨§¦�®K¨Æ£6�c¥§«4�¢¯Â¦|£6��µy¡!¹y¡�¤DÄq«4¤c¬(¡�ÁÚ¥��
O (Lq) + O (NM log M)

½ ÀU ¢¡�¤~¡ q
p

¥§¯'�c ¢¡(« -F¡�¤~¯f£6¬�¹K¨�¥��K¶¿ÄQ£4¦��~«4¤ÂÀU¤c¥��c�~¡��Ë£4¯!£6�
¥�¤c¤~¡�Á�®¢¦�¥�µK¨§¡!Ä�¤S£4¦��c¥§«4� �

� Ô���Ô¢�/Ô¢�<�gÔ ?
�����	� PSW�LgWv[p[QY6^ti 2�
 WXVXOpbuYÌh6PfOp^DO�buY�[Q]#^�WXY|[Q^tiQ}uPSV 28x Y�8PfY#O 2 ;�� ^DWXsl]|[QWXY#Zu^{i�PfY6a . ]6bfR\PfO
3 [piQbu]6RU^ticw�^Da#Wv[QbfiQODw����������������� �� �!" ����$#%�&� '����(!*)*+-,. Qw�sl]4PST#[Q^{i0/|w�T4PSZu^DO � /2143-52525 2
LgWvi�6|]$7S�6Op^{icw$5�8�829 2

� 5 �.: VX^ � ]#iQWXOq[Q^DY#Op^DY 2 ���<;=�>)?�@�4#�ACB�)?!D���E)F�.GH�@��,JI( K����#.LM!FI( ONKP&�Q RI( 2 LgWvi�6%]>7f�#Op^{icwS5Q82829 2
� 9 � x Y6ZfiQW`a 9 PS�6hI^Dsl]6WX^DODwT� 2 U#2-1 PfY6a6Pf�wNPfY4aWVI^DT6] 1 PfY6a6Pf� 2-; PfhIbSi�[QWXRU^{o§eriQ^4X��#^DY6s{M�V`PS[p[QWXsD^DO
PSY4a�[Q]#^ 
 ^{z%VX^{ipo 0 PS�/W`a#^DY�[QWv[�M 2CY ��A-�(�$�2�S�@Z[G\��A-�=!FI(�M���$�2� �Q =!* �����#]�_^�^�� !?B=�Q)?!D���> Qw �2`?acb(d a 92143
a /2e%w$/�f 2

� a�� �8PfY6O 2 ;g� ^DWXsl]|[QWXY#Zu^{i 2 : YmP�Y6^{_ 3 ^DZ�PSV%PfVXZu^Dh%ilP 2�h ���$��)? @+>I"Z()iIHZ(j-� h ��)*+CI(,k��)?!mlSw2/�5 `?acb(d 5�n�/o3
5Qe2/%w � /�e � 2

� f � �8PfY6O 2 ;p� ^DWXsl]|[QWXY#Zu^{i�PfY6a 
 ^tiQY6^{i � bu�D^R6 2 : TI^{ilPS[QbSiqX|�6PfY�[QWX�cPS[QWXbfY�buY 1��y= ZfiQbf�6T#O 2�x Y
� ^{W`sl]�[QWXY6Zu^ti<PfY4a 3 [piQbu]#RU^{i � n � w#st]6PfT#[Q^ti&1|w4T6PfZf^DO&5�92943r5Qn2n 2

� n � �8PfY6O 2 ;� ^DWXst]�[QWXY6Zf^{i<PfY6a . ]#buR\PfO 3 [piQbu]#RU^{icw|^ca%WX[QbSiQO 2 �M��������������� �� �!" s����#q�&� '����=!")*+-,q 2
LgWvi�6|]$7S�6Op^{icw � /�/2e 2

� 1 � �8PfY6O 2 ;t� ^DWXst]�[QWXY6Zf^{i8PfY4a ; ^DbfiQZuVIWXRURU^{iQR\PfY#Y 2%= LyPSY4PSst]ÂOpT6PfsD^�bfe¢[Q^DOq[�er�6Y6st[QW`bfY6O>PfY6a
; PShIbfi>PfY6PfVvM%OpW`O 26x Y � ^DWXst]�[QWXY6Zf^{i>PfY6a 3 [piQbf]6RU^{i � n � w6st]6PfT%[Q^{i�9%w#T4PSZu^DO � 5Q9o3 � 1�8 2

� e �	� P~iQV`]#^DWXY6� ; i�vfst]#^DY6WXZ 2I= OpTI^Ds{[QO�bSe ; PShIbfi8PfY6PfVvM%OpW`O<buYÂVXb�scPSVXVXM'sDbuRUT6Pfs{[ = hI^DVXWkPSYÂZfiQbf�6T6O 2
x Y � ^DWXsl]�[QW`Y#Zu^{i<PSY4a 3 [piQbu]#RU^{i � n � w6sl]4PST#[Q^{i�n|w4T6PfZu^{O�5 �2� 3r5�9 � 2

� / �	� P~iQV`]#^DWXY6� ; i�vfst]#^DY6WXZ 2 G\��A-�$#���)?!D���C q�@Zkwx!",JI�y*GH��I{z�A>I(��B��|���$�2� �� �!" 2 LgWvi�6%]>7f�#Op^{icw�5Q828 � 2
��� 8 � =�2 U%2 ,/2 }~U PfY#OpOp^DY 29 �6PfVXWv[�M�PfY6a�h#WXbfip[Q]6bfZubfY4PfVXWv[�M!erbfi 
 ^tM#VvoF�8^{W`Op^{Y%hI^tiQZ�ekilPfRU^DO 2TY ��A-�=���2�

�@Z�G\�QAr�=!FI(�����$�2� �� �!" K����#.��^2^�� !DB���)?!D���C Qw ��`?a�b(d a 82943 a 92n%w � /2/2f 2
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