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Abstract— We present a decoding algorithm for algebraic-
geometric codes from regular plane curves, in particular the
Hermitian curve, which corrects all error patternes of weight
less than d* /2 with low complexity. The algorithm is based on
the majority scheme of Feng and Rao and uses a modified version
of Sakata’s generalization of the Berlekamp-Massey algorithm.

Index Terms—Decoding, algebraic-geometric codes.

1. INTRODUCTION

HE KNOWN algorithms for decoding codes from al-

gebraic geometry [1]-[4] do not correct all errors with
weight up to half the designed distance of the code, even
though Pellikaan [5] showed that this could be done.

Recently Ehrhard [6], Feng and Rao [7], and Duursma [8]
presented algorithms which correct all error patterns of weight
less than d* /2, where d* is the designed distance of the code.
These algorithms are based on Gaussian elimination and hence
have complexity O(n?®), where n is the length of the code.

In this paper we used a modified version of the algorithm
of Sakata [9] combined with the idea of Feng and Rao, such
that for algebraic-geometric codes from regular plane curves,
all error patterns of weight less than d*/2 are corrected with
low complexity. In particular, we extend the algorithm of [4]
such that for a class of codes from algebraic plane curves the
complexity of the decoding algorithm is O(n?/3).

The paper is organized as follows. In Section II we present
the codes from Hermitian curves and discuss the decoding
problem for those. Section III describes how Sakata’s algo-
rithm can be used to implement the idea of Feng and Rao
and Section IV presents the new algorithm. In Section V we
discuss the problem for general algebraic-geometric codes.

II. THE DECODING PROBLEM FOR A CLASS OF PLANE CURVES

Before studying the Hermitian codes we briefly recall the
setup from [4].
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Let F, be a finite field with ¢ elements and let C(z, y) be
a polynomial from F [z, y|.

The set of points (z, y), where z and y are in the algebraic
closure F of F,, for which C(z, y) = 0 is called an affine
curve. The points on the curve with both coordinates in [,
are the rational points. The curve is regular if the projective
closure is regular, in particular this implies that C(x, y) is
absolutely irreducible. If the curve is regular and C(z, y)
has degree m, then the genus g of the curve is given by
g = (m— 1)(m - 2)/2.

Let C(z, y) = 0 be the equation of a regular curve, and
let P, Ps,---, P, be rational points on the curve. Let j be
a natural number

m-2<j< [" = 1J
m
and let (p()(xa Z/)7 ¥1 (.’II, y)) B QDH(TL', y) denote the monomi-
als 2%y, ordered with respect to the graduated total degree
order <1 where (1, 0) <7 (0, 1), such that (a, b) <r (0, 7).
The code C*(j) is then given by the parity check matrix H

wo(P1) wo(Pr)
w1(Py) o1(Pr)

= : : (1)
ou(P1) ©u(Pn)

1t now follows from [1], that the code C*(;) has dimension
k=n-(mj—-g+1) and

dmin 2 d* =mj — 29 + 2.

The number d* is the designed distance of the code.

In the decoding situation we receive a word 7, which is the
sum of a codeword ¢ and an error vector e. We calculate
the syndrome Hrl. If we number the coordinates of the
syndrome vector, as we numbered the rows of H and the
errors occurred in the points with coordinates (z;, v;) i € I,
IC{1,2, --,n}, with values e;, it follows from (1) that

Sap = Zeix;-‘yf. 2)
il

We shall refer to the S,;’s as defined by (2) as a syndrome for
any a, b < g — 1, even if it is only possible to calculate those

directly from the parity check matrix if o + b < 7.
It now follows from [4, Section V] that if all syndromes
Sab @, b < g—1 are known then the error values can be found
by a fast transformation using of most (Cymqlog g+ Cam?q)
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additions and multiplications in F,. The problem therefore is
to determine the syndromes Sy for a + b > j.
We recall that a polynomial

fmy) = fyz'y’
%)
is said to give recursions among the S;;’s if

Zfijsa+ib+j =0
i3]
for all a, b, where the indices are calculated modulo ¢ — 1.
It is easy to see that the curve polynomial C(x, y) gives
recursions but usually we need more. We will use [4, Theorem
5] which we state here as
Theorem 1: Suppose that the curve polynomia! is of the
form

Clz, y) = Z Cupz'y® + 2™

l+k<m-—1

and that a polynomial

o(z,y) = Y ons'y"

I+k<h

where o,;, # 0 gives recursions among the Sg;’s.

If C(z, y) and o(z, y) do not have a common factor then
all S,3’s can be determined from S,pa + b < 7, using at most
A - m?q* additions and multiplications in F,.

The problem is then to find a polynomial o{z, y); this
is actually an error locator polynomial. In [4, Theorem 3]
we showed how a modified version of Sakata’s algorithm
[9] could be used to find such a o(z, y) provided that the
number of errors was bounded by d*/2 — m?/2. Moreover,
it also follows from {4, Theorem 3] that if all syndromes
Sq, 5, Where a + b < j + m, could be used as input to the
algorithm, then a polynomial o(z, y) of the proper form could
be determined, provided that the number of errors were less
than d*/2. Therefore, what remains to be done is, given the
number of errors is less than d* /2, to find a method for finding
the syndromes S, 5 j < a + b < j 4+ m, from the syndromes
Sa,5 a+ b < j. That this indeed is possible is the main result
of Feng and Rao [7], but their method has complexity O(n?).
In the next section we show how the algorithm of [4] can
be used to implement the idea of Feng and Rao with lower
complexity. In particular, we treat the codes C*(j) coming
from the Hermitian curves, that is where

Clz,y)=2"" -y —y (3)

where r is a power of a prime and g = r2. It is well known
{10] that this curve is regular and has r® rational points.

The equation of this curve has the form used in Theorem 1
with m = r + 1 and the corresponding recursion therefore is

Sa—l—m, b — Sa, b+m—1 + Sa, b+1 (4)

which in turn means that the syndromes we need to find are
the S;;’s where

i<a+b<ji+m, 0<a<m.
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III. FINDING THE NEEDED UNKNOWN SYNDROMES

In order to describe the method, we have to explain the algo-
rithm of Sakata in some detail. The algorithm was developed to
find recursions consistent with a given two-dimensional array.
More precisely, let

U = {tp,p, }

be an array of elements from some field F. We are then
interested in the set S of polynomials

f(m,y) =) fus'y" )
Ik

(p1, P2) <1 (@1, @2)

which give a linear recursion among the elements of the array
U, that is

> f kite, ke =0 ©

Lk

for all (a, 3) where (a + a, 8+ b) <7 (g1, g2) and z°y® is
the leading term of f(z, y) which means that

f(ac,y)= Z

(lv k)ST(a) b)

flkxlyk

and f ab ;é 0.
A minimal set for U is a set F' of polynomials from S

F={fO ... r
with leading terms xsgi)ysgi), such that

s> > 55 =0 and

0=s) <sP <. < s %)

and, if we define

A = {(h,r)|h < st and r < s{V
for some 7 where 0 < i < v} (8)

then no proper polynomial in S has leading term with exponent
in A,

Sakata’s algorithm generates a minimal set F' for a given
array U. A step in the algorithm consists reading the next
element of the array, with respect to the total order <z and
then finding a minimal set for the array of elements read so far.

At each step, the current set of polynomials in F' are tested
on the new element u, 5, and if some f (9) is not consistent,
that is if

Zf,(,j,zuHa, k+g # 0, where (sgj) +a, sgj) +8) =(a, b)

Lk
®
then the set F' is updated.
The details of the updating may be found in [9]. The
important fact here is the increase of the size of A set. We
denote the minimal set for the array :

U = {upy,p. }

as F, ; and the corresponding A set as defined by (8) as A4, 5.

(p1, p2) <r (a, b)
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The crucial fact is [9, Lemma 4] which we formulate here as

Lemma 2: Suppose fU) is not consistent with w,, ; then
every consistent f with leading term x*'y*? satisfies ¢; >
a—sgj)—{—lortz > b—sg])+1.

This implies that if we put

A(7) = {(t1, t2 t1<a—s(j) and t2<b—s(j) VAV
hS 1 = 2 ,
)]

then the increase of the size of the A set is at least |A(y)|.

In the decoding case it follows from [4, Theorem 1], that the
A set for the full array of syndromes S, 3 0 < a, b < g—1is
equal to the number ¢ of errors that have occurred. This fact,
combined with the bound on the increase of the size of the A
set at a given stage in the algorithm, puts restrictions on the
number of polynomials in F; ; that are not consistent. This,
as will be made precise below, enables us to determine the
syndromes S, , a + b < j + m. This observation is the main
idea of [7], translated into the language of the present setup.

Let us again consider the codes from the Hermitian curve.
We have already noted that the syndromes satisfy

11

Sa+m, b+ Sa, b+m—1 + Sa, b+1
or

Sa—{—m, b—m+1 = Sa,b + Sa,b—m+27 if b>m-1. (12)

Now suppose we have all the syndromes S,
(07 .7) <r (a’a b) <r (Q17 q2) <r (07 Jj+ m)

We will then show how S, 4, can be determined. We first
note that if ¢; > m, then S, 4, can be calculated using (11)
so we only need to consider the case where g1 < m. Let us
consider the polynomials in Fy, o, = { fO . f} where
we can assume without loss of generality the coefficients of
the leading terms are all 1. Suppose that for some 1 < ¢ < v
we can find @ > 0 and 8 > 0 such that o + sg“ = ¢; and
B+ s$) = gy. We can then form the sum

2.

I, k)<r (sgi) N sgi))

£ Sira ks = —v; (13)

and if by chance f() is consistent with Sy, o, the value of
v; is exactly Sg, q,- _
We will also consider the case where it is possible to find
a > 0 and § > 0 such that
a+s§i) =g +m and ﬁ—i—sg) =ga—m+1
and then form the sum

2

@, By<r(s{?, s8)

fl(l:)sl+a, k+8 — Sq1, qz—m42 = —wi.  (14)

Here if by chance (¥ is consistent with Sy, 4, ¢,—m+1 then
it follows from (12) that the value of w; is S, ¢,

In order to use (14) one should argue that the syndromes
that appear are all known, but this is the case since either

(I+a, B+Ek) <7 (11, )

or
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(I+a f+k)<r(@r+m,q—m+1)

in which case the involved syndromes can be calculated by
(11).

The remaining part of this section is devoted to estimate the
number of cases where (13) and (14) can be calculated and
compare this with the number of cases where the polynomials
are consistent. This will finally yield a method for determining,
under certain conditions, the correct values Sy, o, .

Let (q1, ¢2) satisfy g1 < m and

(0, 5) <T (g1, g2) <7 (0, j + m).

It follows from the structure of Sakata’s algorithm, that there

exists an ¢, 1 < 2 < v such that (13) can be calculated. On

the other hand, it can be shown that if j > 2m — 3 then there

exists an ¢, 1 < 4 < v, such that (14) can be calculated.
Now let

Kl:{(xvy)|0SxSQ1/\0Sy_<_q2}
K2:{(1'7y)|0§$<m/\0Sy§q2_m+1}

and put K = K1 U K. K5 can be empty (¢2 < m — 1), but
only in the case where j < 2m — 3. Let

A; = {(=, y)EK|m+s§i) S(h/\y"‘f’éi) < ¢}
Bi={z yeKlz+s’ <q+mny
+sP <gp-m+1}

K = <UA,-UBi) \Am.
i=1

Lemma 3: f j < g1 +¢2 < j+mand ¢ <m, then
d*—1
K|>2 .
|K| > [ 5 J

Proof: First, if Ky # &

and let

IK|=(q1+ (g2 +1)+(m—q1—1){g2 — m +2)
m(q +q2) —m? +3m—q — 1

>m(j+1)—m’+3m — (¢ + 1)

-1
ij—m2+3m=d*>2{d 5 J
Second, if Ky = J then g2 < m — 2 so
Kl=(q1+D(e2+1) 2 (@1 + (g2 + 1)

+(m_'q1—1)(qz—m+2)>2v*2_1J

as shown above. [ |
Lemma4: If j < g1 +¢92 < 7+ m and g; < m, then

|K/l > IKI — 2|AQ1<12|‘
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Proof: Suppose (z,y) € K, (z,y) ¢ K', and (z, y) &
Ag,q,> then for each 7 = 1,---, v we have
x+ sgi) Y+ sgi)

>q1 or > q2

and

:z:-l—sgi) >q;+m or y+s§i)>q2—m+1.

If (z, y) € K1, then the inequality z + s{” > ¢; is satisfied
for 2 = 1 but not for 7 = v, hence there exists a largest ¢ such
that m+s§z) > ¢ and x+s§z+1) < ¢, but then y+sgi+1) > qo,
and therefore (¢1 — %, g2 — ¥) € Agq,-

If (z, y) € Ko\ K1, then the inequality z + sgz) >q+m
is satisfied for ¢ = 1 but not for ¢ = v, so arguing as before
we get

(q1+m_$,q2"m+l_y)€AQ1Q2'

In this manner we have established an injective mapping from
K\(K'UAy,q,) into Ay, 4, and the lemma follows.

If we combine the two lemmas in the situation where the
number ¢ of errors, that has occurred, satisfy

d -1
t<
<[

with the fact that |Ag 4| < ¢ we get in particular that
K| > 1.

Now let ay, a2, -+, a, be the different values obtained by
either using (13) or (14) and let

Kj: UA'LU U Bz \Aquh? j:1a2""7p'
v1=a; Wi=aj
We then have

If for all j, 1 < j < p, we had a; # S,,4, then the next A
set, A’, would be increased with K’ by Lemma 2. But then

|A/| Z lAq1q2| + |KI| Z IAthqzl + |K| - 2|A¢11112|
by Lemma 4, and therefore
A > |K| = |Agq] 2 d" —t >t

in contradiction with the fact that |A'| < ¢.
This means that at least one of the a;’s, say ay, is equal to
Sq14.- Moreover, we have that the A set is increased with

p
K=K,
=2

and therefore |Ag, 4, | + |K1| < ¢, so

— d* 1
lKll <t- ]Alhqzl < ? - 'A41qzl < 5'K,,

by Lemmas 3 and 4, so

1
Kl > 51K
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This in general implies that if we put

Ky= U K;
IFY

then for the correct values Sg,4, we have |[K,| < 1|K'|
and for all the other values we have |K.,| > 1|K'| since
K. 2 K., so the correct value have the minimal |K | or
equivalently the maximal |K|.

These arguments show that the syndrome S;,, can be
determined by the following procedure: use (13) or (14) to
obtain the different values a1, --,a,. Put

U A; U U B; \Aqxqz'

Vi=ay Wwi=ajz

Kj =

Let «y be the value for which |K| is maximal. We then have
that Sg,q, = a.

On calculating (13) or (14) we often have freedom in
selecting (9. However, it can be shown that if

(Al n AJ')\AQNIz 75 %

f® and fU) give the same a;. This fact is useful in the
implementation of the algorithm.
We also note that the procedure described above can be

continued beyond the point (0, j+4m) in order to obtain all the

syndromes S, 1 a, b < ¢g—1. In this case, the corresponding F’
set is a Grobner basis of the ideal of error locator polynomials,
whose common zeros just coincide with the error locations.

IV. THE IMPROVED ALGORITHM

Let C*(j) be the code over F,, defined in Section II from
the Hermitian curve.

mr+1_y7‘_y:0

where r is a power of a prime and ¢ = r2. We also suppose that

n—1
2r —1 < | — .
T < [T+1J

1) Calculate the syndromes S, a +b < 3.

2) Calculate the syndromes S, a + b < j 4+ m by using
either the procedure described in Section III or the equation
of the curve. The syndromes are calculated one at a time,
according to the total order, and after each calculation Sakata’s
algorithm is used to update the minimal set.

3) From the minimal set {f(), ..., ")} corresponding to
the array Sg; a+b < j+m, the polynomial f(*) by (7) has the
form needed to get, together with C(z, y), and using Theorem
1, all the syndromes S, 0 <a<¢g-1,0<b<qg—1.

4) Use a two-dimensional Fourier transform to obtain the
error values, as described in [4].

The step that determines the complexity of the algorithm
is step 2). It follows from the calculations in [4, p. 116]
with j + m substituted for j that the total number of F,
multiplications and additions is bounded above by A -r3j2. In
the interesting case where n ~ % we get A-n-n*/3 = A-n7/3,

The algorithm is implemented in the case r = 16, j = 57
which gives a (4096, 3146, 731) code over Fag. The details
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b

5 «®

4 & | d

3 6 al a']

2] & '] o0 a'?

1 o’ e’ | &2 | & a®

0] o | a* | a° o’ (5 o’ 1

0 1 2 3 4 5 6 a

Fig. 1. Syndromes S,; used as input.

can be found in [11]. We illustrate the algorithm here in the
example below.

Example: We consider the code C*(5) from the Hermitian
curve 5 + y* +y = 0 over F1¢. It has 64 points of the form
(of, o¥), where « is a primitive element of F 15, o*+a+1 = 0,
so we get a (64, 44, 15) code over Fig.

Let us consider a seven-error pattern where the errors are
located at the points

Pr=(z1,3)=(1, o)

P, = (22, y2) = (0, @®)

Ps = (z3, y3) = (o, &)

Py = (4, ya) = (042, aa)

Ps = (5, y5) = (', @)

Ps = (z6, y6) = (o, @®)
and

Py = (27, y7) = (™, @%).
The corresponding error values are e; = of, e; = af,
es=0",es=aq, e5s+ 1, eg = b, and e; = 9.

The known part of the two-dimensional syndrome array is
shown in Fig. 1. Here Sg ¢ and S5, 1 are calculated by using
the equation of the curve. When Sakata’s algorithm is used on
this array the output is

F={a+az+ally+a'zs? + zy + o2® + 2%y + 2%,
at+a’z + ay + o’z + a4xy + x2y,
ol 4 a8z + a13y+a1°xy+y2}

so |A] = 6.

This first unknown syndrome is S4 2. For this, estimates
can be obtained from all the polynomials in F’ and these yield
the same value o, which then is the correct value. It turns out
that for all syndromes until S5 4 there is only one possibility.
One obtains 33,3 = a3,.5’2,4 = 056,5175 = a4,50,6 =
o870 = Spa+ 821 = 08,8,1 = Si,5 + S1,2 =
a13,S5,2 = S(),s + 50,3 = q, and 5473 = a!° For 53’4
one gets a; = a, obtained from (2 and f(®) using (13) with
|K1| = 8 and as = o with |K3| = 1 obtained from f(1)
using (14).

The value for S3 4 is therefore S3 4 = . The F set, which
now is updated, becomes

F={y+y*+2° o* +a’z + ay + o®2? + a'zy + 2%y,
o't + a3z + oBy + a2y + 4}

and now |A| = 7.
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10 | o’

9 ¢12

8 |« @ | a2

70 (& |O |@&

6 | et e ] g | @2 | a2

5 aé ¢4 a‘lO a‘lZ d9 ¢12

4 aS a7 a& ® aN a5 all

3 “6 ad ¢7 ¢3 alO aS a14 aG

2 @ |a"]o je?|a [a | |& |af
1 0 a? “14 alZ “5 aS‘ ¢13 ¢10 0 “5
0 | |a"|a® | a

7 a2 aS 1 “8 ¢13 a‘lZ 0
0 1 2 3 4 5 6
Fig. 2. Syndromes after step 2).

For Sy 5 -+ 8,10 it turns out that these three polynomials
give the same value, so when step 2) of the algorithm is
finished we have the syndrome array shown in Fig. 2.

Step 3) in the algorithm now uses the polynomial C(z, y),
ie., y + y* + z° together with f® = o + o"3z + o3y +
a%zy + y? to get the full array as shown in Fig. 3.

To illustrate step 4) in the algorithm we calculate the error
value at the point (1, ). This is found as

14 14 14
D Sw(1)™ (@) =D > Sw
a, b=0 b=0 a=0
=a % af+atl - a"+a?-af+a3
+o a0 ta b ol 40 8. 02407 o3
a8 +a? 1+a 0. qgt+a1.g2
+a 2 +a B .ot +a . of =ab.

V. GENERAL ALGEBRAIC GEOMETRY CODES

Feng and Rao consider codes Cq(D, G) from a general
nonsingular curve x over F,, where the divisor D is D =
P; + Py + .- -+ P, with the P;’s are rational points on x and
G = a - @, where @ is another rational point. We have only
treated the corresponding codes from the Hermitian curve of
degree r+1, with @ = P, and a = (r+1)j. The restriction on
the number q is not important, the algorithm is easily modified
to cover all a’s. However, in order to use the two-dimensional
version of Sakata’s algorithm it is crucial that the space L(aQ)
has a basis of the form ¢'4*, where the orders of ¢ and ¢
at their pole @ are coprime integers (c, d). This is indeed
the case for the Hermitian curve. Other cases as considered
in [13] and [14] can also be handled by our algorithm if
one chooses the total order defined by (¢, d) instead of the
graduated total degree order, the details of this can be found in
[15]. We also note that the method can be extended to decode
up to half the Feng and Rao distance, see [16], which is better
then the estimate given here when j < 3/2m. Furthermore,
it is shown in [3] that the space L(aQ) always has a basis
of the form (,olf wﬂg (with N < g¢), and hence any one-
point AG code can be decoded by the N-dimensional version
of Sakata’s algorithm (but with higher complexity than in the



SAKATA et al.: FAST DECODING OF ALGEBRAIC-GEOMETRIC CODES

Fig. 3.
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b
140 |a2 | Ja]|1 [ | [a?fa* &' |0 |a& [a“]a [ o
13 alf! ¢14 “2 a13 aS “9 a? @ 1 a‘l] aZ 0 aB “12 ¢7
12 a"[asfo |a”|o Ja®]a* [a®|a |& & [a®fa® |21 [a
11 (g Ja* (& |& [a |a* |a® ja® {0 [a® |a” |[a |a° |a?]|af
10 a7 “9 1 a2 a} “6 a'lO “3 aﬂ al} ¢8 ¢12 a7 aA aIO
9 1 alZ al‘l aé aé “5 “4 a& a'ld a13 aS a‘l] ¢9 aZ 0
8 a9 a? “12 a& “7 a3 a4 “11 “10 aﬁ “7 0 a3 ¢7 all
7 0 ® [} a2 « aS a‘lA aB all alO a7 a5 “3 alO a3
6 “11 a14 aﬂ aZ a‘lZ a7 ¢3 1 0 a? a? all alB “7 a9
5 aG a4 “10 “12 ¢9 alZ aS “13 “3 ¢4 a13 a7 aZ alti alO
4 a5 a7 aé « a14 aS ald a} a? 1 alO a8 aai a12 a]2
3 aS a4 “7 a3 a'lO aS a'hl as ¢5 a7 0 0 al3 GZ 5
2 a9 all a12 aG « a‘) “3 ¢6 ¢3 all 1 a13 “5
1 [} a? a‘l«i a12 aS aS a'l3 alO 0 aﬁ a13 ¢6 aS aZ ¢7
0 a? a14 aS i “7 a2 aS 1 ae a13 “12 0 a2 “12 ag alO
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 a

The full syndrome array.

two-dimensional case). Such cases are treated in [17] and [18],
and in general in [19].
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