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Cross country training on a hillside
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Finsler geometric analysis

Finsler manifolds

Definition

A Finsler manifold is a pair (M", F) consisting of a smooth manifold M
and a real valued nonnegative function F(p, y) on the tangent bundle TM,
pe M,ye T,M, such that
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pe M,ye T,M, such that

Q@ Fis C>®on TM — {0}
@ For each p € M the function FlTpM is a Minkowski norm on the
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Minkowski norms

Definition

A Minkowski norm on a vector space V = T,M is a nonnegative function
F : V — [0, 00 with the following properties:

Q@ Fis C®onV—{0}
Q@ F(A\-y)=A-F(y)forall A\ >0andforally € V
© For every y € V — {0} the following symmetric bilinear form g, (u, v)

is positive definite:
1 2 T
gy(u,v)=u- 5 Hess, F<(y) | - v

102
© 2050t|s0.1-0

FP(y+s-u+t-v)
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Finsler geometric analysis

The ovaloid indicatrix construction of Minkowski norms

Theorem

If a given ovaloid containing 0 € V' has positive sectional curvature in V,
then the corresponding F is a Minkowski norm on V.
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Finsler geometric analysis

The ovaloid indicatrix construction of Minkowski norms

Oval indicatrix for Minkowski norm in V = R2
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Finsler geometric analysis

The ovaloid indicatrix construction of Minkowski norms

Oval indicatrix construction of F and F? extensions in V = R2
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The Finsler length functional

Definition (Finsler length)

A curve «(t), t € [0, T], has direction dependent F—length defined directly
by

]
£y) = /0 F(v(2).5(2)) dt
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Finsler geometric analysis

The fundamental tensor and some sputniks

Definition
The positive definite symmetric bilinear form g, considered as a function
on TM is called the fundamental tensor on (M, F):

1 2

gii(p,y) = 20y70y7 F?(p,y) , (fundamental tensor)
I ’

Cik(p,y) = ZW"— (p,y) , (Cartan tensor)

gi(p,y) = (gi(p.y))

1 Ogm; , Ogim _ 0gj

Ni(p.y) =7y = Ci-vie-y - y°

Geodesic Sprays (First Principles) DTU Compute NCM 2016 23 /75



More sputniks

Definition

The Chern connection is defined by the following Christoffel symbols:

o
P96 B:
jk — ayjayk g ikl )
where ac (9C
ik 1 ik Al
B; = ik G
k(P y) ol Y ay
/ / I
= Gk - Ni — Cige - Nj — Gy - Ny
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Finsler geometric analysis

The flag curvature

Definition (Intermediate)

: Il . 926! . 92G! dG" 9GI
R! =2. = 2G - _ _ _ .
i 0 p
Rylp = Ri(p,y) - op @dp"lp : TpM— T,M
gy]p:gy(p,y)-dpi|p®dpi\p . TpMx T,M—R
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Finsler geometric analysis

The flag curvature

Definition (Flag curvature)

8y (Ry(u), u)
gy (v, y) - gy(u,u) — (gy(y,u))?

K(o,y) = , (the flag curvature)

where o = span{y, u} € T,M is a 2D y-flag in the tangent space at p.
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Finsler geometric analysis

Geodesic equation

Definition (Geodesic spray)
The geodesic spray coefficients are

G'(p.y) =v(py) -y -y* |

and the geodesic equations thereby

&(t)+ 26 (c(t), ¢(t)) =0
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Finsler geometric analysis

Geodesic equation

The geodesic equations stem directly from the first variation formula:

b
£0) =~ | ez (0. ) + 26 e(e). £(0)-VE de
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Finsler geometric analysis

Geodesic equation
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Wildfires
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Wildfire templates
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Wildfire templates

H Joint effects of slope and wind
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Wildfire templates

Fire spread in canyons — Large Table
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Ignition polnt
----- Fire perimeter 0.5 hour after Ignition|.

Fire perimeter 1 hour after Ignition
Jklipmater, Scale

=S

Figure 4. Free-burning fire growth projected for conditions similar to those experienced during the 1991 Tikokino Fire using the Field Guide.
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Wildfire templates

A vinscusasn

Area Burned by Head Fire

Arna Busned by Flank Fire
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Wildfire templates

Wind direction:
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Wildfire templates

Wind direction:

Burngd by back fire
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Wildfire templates
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Fields of pointed ovaloids

Non-constant ellipse field
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Non-constant oval field
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Fields of pointed ovaloids

Non-constant oval field
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Fields of pointed ovaloids

Non-constant oval field
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Non-constant oval field
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Fields of pointed ovaloids

Non-constant ellipse field
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Huygens' principle

Constant oval field

Huygens' Principle
Any fire front 7, (s) at time t; is the envelope of the point-ignited wildfires
of duration t; — tp from the points on the previous fire front 7¢,(s) from

time ty.
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Constant oval field




Huygens' principle

Non-constant ellipse field
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Non-constant ellipse field
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Huygens' principle

Non-constant ellipse field
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Non-constant ellipse field




Richards’ equations

For (non-contant) ellipse fields

Theorem (G.D. Richards, 1990)

An elliptic wildfire y(s, t) = (u(s, t), v(s, t)) with ellipse data a(u, v),
b(u,v), C(u,v) = (c1(u,v), c2(u,v)), and 0(u, v) is determined by the
following equations:

/

ulsin(0) + vl cos(6)) — b?sin(0) (u’ sin() + v, cos(6))

(
a2 (ul sin(#) + v, cos())? + b2 (i, cos(h) — v.sin(h))?
+c1 cos(8) + ¢ sin(6)

, a® cos(f
u; =

v = —a?sin(#) (v sin(0) + v, cos(#)) — b2 cos(0) (v sin(6) + v. cos())

Va2(ulsin(0) + v/ cos())2 + b2(u cos(8) — v.sin(0))2
—cy sin(#) + ¢ cos(h)
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Finsler spray solutions

For (non-contant) ellipse fields

Theorem

Richards’ equations are equivalent to the following two Hamilton conditions

for the wildfire (s, t) = (u(s, t), v(s, t)) with respect to the Finsler metric
F whose indicatrix field is the given ellipse field:

(s, O)llF = 1 (1)
Ye(s:t) Lr mlst) (2)

where V LW is defined in each tangent space T,M as follows:

10
go,v(V, W)= 5@[’:2(\/ + tW)]jt=0 =0
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Finsler spray solutions

For every template field

Theorem

Huygens' principle for any (smooth, strongly convex) template field is
equivalent to the Hamilton conditions for the wildfire

(s, t) = (u(s, t), v(s, t)) with respect to the Finsler metric F whose
indicatrix field is the given field.
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Finsler spray solutions

For every template field

Theorem

The wildfire Hamilton conditions are solved by the geodesic sprays of the
corresponding Finsler metric.
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Finsler spray solutions

For every time-dependent template field

Theorem

A regular v(s, t) in U is a Hamilton conditioned wildfire in the rheonomic

Lagrange manifold (M, F) if and only if each ray v(t) = ~y(so, t) is a forced
geodesic in the following sense:

IV(B)l[F=1 , and
S (59(0) + 269 (£.4(1), 4(0) + 2M5(£,(D).4(2)) &5 ox A(2)

J
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The Crampin—Mestdag example, 2014
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Finsler spray solutions

The Crampin—Mestdag example, 2014
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Work in progress

@ Hybrid model for fire front straightening
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Work in progress

@ Hybrid model for fire front straightening
@ Cut locus issues
© Higher dimensional examples

@ Benchmarking
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Summing up

Thank you for your attention!
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