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Chapter 0

Background Material

This chapter is a brief summary of some of the concepts from point set topology and geometry of
curves and surfaces that are, to a certain degree, assumed knowledge in the course.

0.1 Point Set Topology

The idea of point set topology has its origins in the analysis of limits of real numbers, and
especially continuity of functions. See [31] for a general introduction to topological spaces and
— among them — metric spaces, which will be of most interest to us in the following chapters.
The basic object is an open set. In IR, an open set is defined to be any union of open intervals
(including the empty set). In R" with its standard Euclidean distance function d(x,y) = |x —y|,
open intervals are replaced by open balls: Be(xg) := {x € R" | |x— x| < €}, is the open Euclidean
ball of radius € centered at xy.

Recall that a set U C IR is called open if, for any element xo € U, there exists some number € > 0
such that the open interval Bg(xp) is also contained in U. Notice that, with this definition, an
arbitrary union of open sets is obviously open. However an arbitrary intersection might not be:
the single point set {0} is a countably infinite intersection, Ny (— 1/n,1/ n) of open intervals,
but it is not itself open.

A topological space is a set X together with a collection 7 of subsets of X,

called open sets, such that
1. The empty set @ and X itself are both elements of 7.
2. Any union of elements of 7 is also an element of 7.
3. The intersection of any finite subcollection of 7 is also in 7.

The collection T is called a topology on X.
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Basic examples are:

1. The standard topology on R or IR", defined with the e-neighbourhood notion above.

2. The trivial topology on any set X, given by T = {X,0}.

3. Or the other extreme, the discrete topology, where T consists of all subsets of X.

0.1.1 Basis for a topology

In general, it might be difficult to describe explicitly all elements of a topology. Instead, one talks
about a basis for ‘T, that is, some sub-collection that generates 7 by taking arbitrary unions and
finite intersections.

A basis for a topology on a set X is a collection B of subsets of X such that

1. For each x € X there is at least one set B € ‘B such that x € B.

2. For any pair of sets By, By in B, if x € B; N B, then there exists a third basis element B3 such
that x € B3 C B1 N B,.

The toplogy ‘T generated by a basis ‘B is defined as follows: a set U belongs to 7 if, for each element
x € U, there exists a basis element B € ‘B such thatx € B C U.

|l EXERCISE 0.3

| | Find a basis for the standard topology on IR.

|l EXERCISE 0.4

| | Check that the “topology generated by a basis B” is, in fact, a topology.

|l EXERCISE 0.5

| | Let B be abasis for a topology 7 on X. Show that 7 is the collection of all unions of elements of B.

0.1.2 Second Countability

In manifold theory, the proof of some useful tools requires a certain degree of “finiteness” in
the topology, namely the second countability assumption. Recall that a set X is countable if its
elements can be enumerated, x1,x7,. .., or, more precisely, there is a bijection between X and the
natural numbers N := {1,2,3,...}.
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A topological space X is said to be second countable if there exists a countable

basis for its topology.

|l EXERCISE 0.7

| | Show that IR, with the standard topology, is second countable.

|l EXERCISE 0.8
| | Show that R, with the discrete topology is not second countable.

Any subset A of a topological space X can always be given the induced topology, or subspace
topology defined by declaring a set V C A to be open if V.= U NA, where U is some open subset of
X. In symbols: T4 := {UNA | U € Iy }. The subset A with this topology is called a (topological)
subspace of X.

Il EXERCISE 0.9

| | Prove that any subspace of a second countable topological space is also second countable.

0.1.3 Hausdorff topological spaces

One other reasonable condition on a topological space is the following:

A topological space X satisfies the Hausdorff condition if for any two distinct

points x and y in X there exist disjoint open sets U and V in X such thatx € U andy € V.

This property is already immediately satisfied by the standard topology in R” and by the metric
ball topology in any metric space. Since we will eventually model Riemannian manifolds via
chart domains in IR", the Hausdorff condition on the manifold topology is but a natural condition
to impose.

|||| EXERCISE 0.11
| | Prove that the standard topology in IR” satisfies the Hausdorff condition.

The Hausdorff condition does not follow from second countability:
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I EXERCISE 0.12

consider something like this set: X = IRU {x}, where = is an element not in R. And then declare a set
U open if and only if U N R is open and, moreover, if * € U, then (U NIR) U {0} is a neighbourhood

Construct a set with a topology that is second countable but not Hausdorff. Hint: You may want to
of 0 (i.e. an open set containing 0) in R.

0.1.4 Continuity

Recall that a function f : R — IR is defined to be continuous at a point x if, for any sequence
x, converging to x, the sequence f(x,) converges to f(x). For a general topological space, the
definition is given in terms of open sets:

A map f: X — Y between topological spaces is said to be continuous if for

any open subset V of Y, the pre-image f~!(V') is an open subset of X.

Even for metric spaces like IR, this definition is often much easier to work with: consider the
simple proof of the following fact:

|l Lemma 0.14 Ifg:Y — Zand f:X — Y are both continuous maps, then the composition

go f: X — Zis also continuous.

Proof. Let V C Z be open. Then g~!(V) is open by continuity of g, and hence f~!(g~1(V)),
which is the same as (go f)~!(V), is open in X. O

Il EXERCISE 0.15

Using Definition 0.13, prove that the map f : R — R given by f(x) = 2x is continuous. (Hint: one
way to start is to observe that if V C R is an open set then V can be written as a union Uy (dq, ba) of
open intervals.)

|l EXERCISE 0.16

Using again Definition 0.13, show that the map f : R — R given by

x forx<O0

Flx) = { (0.1)

x+1 forx>0

is NOT a continuous map.
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I EXERCISE 0.17

|l EXERCISE 0.18

In the vein of Definition 0.13, discuss the popular saying: "If you can draw the graph of a function

y = f(x) without lifting the pen from the paper, then f is continuous.

Again in the vein of Definition 0.13, show that f : R — IR is continuous if the following holds true
for all xp € R: There is an open interval I,, of R which contains xy and

f(x)=f(x0) +e(x—x9) forallxel, |, (0.2)

where € is an epsilon function in the defining sense that €(z) — 0 for 7 — 0.

A bijective map f from a topological space X into a topological space Y is

called a homeomorphism if both f and f~! are continuous maps.

I EXERCISE 0.20

| | Show that the map f : R — R given by f(x) = 2x is a homeomorphism.

0.2 Metric spaces

Some spaces admit a distance function:

Let X denote a non-empty set and suppose that the map d : X x X — Ry U{0}

satisfies the following conditions:
1. forall xand y in X, d(x,y) > 0, and d(x,y) = 0 if and only if x = y.
2. d(x,y) =d(y,x) forall xand y in X.
3. d(x,z) <d(x,y)+d(y,z) forall x, y, and z in X.

Then (X,d) is called a metric space with distance function d.

I EXERCISE 0.22
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Show that the following functions on IR? x R? are distance functions on IR?, where we use coordinates
x= (x',x?) and y = (y',y?) for points x and y:

1 di(xy) = |x' =y [+ [x* —»?|
2‘ dz(x’y) — \/(xl _y1)2+ (xZ_yZ)z'

3. d3(x,y) = max{|x' —y'|, |x¥* —y*|}

A metric space becomes a topological space via the following definition of open sets.

Let (X,d) be a metric space and U C X. We define U to be open in X if for

every x € U there exists €, > 0 so that the distance ball B (x) is contained in U. Here, the distance
ball of radius r > 0 centered at p € X is defined by the distance function as follows:

B.(p) = {xeX|d(x.p) <r}. 0.3)

The distance balls B,(p) in (X,d) are thence themselves open.
Il EXERCISE 0.24

| | Show that the distance balls of (X,d) constitute a basis for the topology defined by the open sets in
definition 0.23.

0.3 Curves in Euclidean spaces of 2, 3, and n dimensions

We will use the curvature of surfaces in 3-space to develop an intuition for curvature in more
general geometries. In turn, the curvature of surfaces can be defined and visualized using the
notion of curvature of plane curves.

A parameterized curve in R" is a differentiable map y: I — R”, from an

interval I C R, such that Y(7) # 0 forall 7 € I.

Note: Unless otherwise stated, the term differentiable will always mean differentiable infinitely
many times. One can take the interval / to be either open or closed, as needed. If closed, then the
derivatives are defined on the interior and should be continuously extendable to the end points.

Given a parameterized curve y: I} — R", where /; is an open interval, a

change of coordinates is a differentiable map: ¢ : I — I, to another interval I, C IR, such that
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Figure 1: Left: two plane curves with the same curvature at the point (0,0). Right: a curve in IR3.

1. ¢ is bijective (i.e. injective and surjective),

2. O/(r) #0forallt € 1) (equivalently: ¢! is also differentiable).

The map ¥: I, — R" given by

is called a re-parameterization of 'y with coordinate w.

lll Example 0.27

The plane curve v: (0,21) — R? given by y(¢) = 3(cos(t),sin(¢)) can be reparameterized as:
¥(s) = 3(cos(s/3),sin(s/3)), s € (0,6m).

Here the coordinate change is ¢ : (0,21) — (0,67) given by

o(r) =31,
with inverse ¢! (s) = s/3. Let’s check that ¢ satisfies conditions 1 and 2 of Definition 0.26:

1. ¢:(0,2m) — (0,6m) is surjective, since every element s € (0,6m) can be written s = 3¢ where
t € (0,2m), and ¢ is injective because whenever ¢(f;) = ¢(r,) we have t; = 1,.

2. We have ¢/(r) = 3 and this is non-zero for all z. (Equivalently, the formula for the inverse,
o~ !(s) = s/3 is differentiable).

Notice that the re-parameterized curve ¥ in the example above has the property that the norm of

the vector ¥ (s) = (cos(s/3),sin(s/3)) is one: ||¥ (s)|| = \/cosz(s/3) ~|—sin2(s/3)‘ =1
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Given a parameterized curve y: I — IR”, the tangent vector field to Y is the

map Y : I — R", given by ¥ (t) = $y(¢). The speed is the map: ||Y|| : I — R given at each ¢ by the
norm of Y (). The length of the curve is the integral of the speed over the whole interval:

L= [IV@)llar

Note that the speed of a curve depends on the parameterization. For example, for the curve in

Example 0.27, we have
Y (1)1 = [|3(=sin(7),cos(1))|| = 3,

but
1V (s)]] = ||(—sin(s/3),cos(s/3))|| = L,

The length however does not depend on the parameterization: for example with the curve above:

[iva= ["sa=ox
/IZHY'(S)Hds: /067t lds = 61

A parameterization Y(s) of a curve that has constant unit speed: || (s)|| = 1 is called an arc-length
(or unit speed) parameterization. The reason for the name “arc-length” is that, in that case:

S1 S1
simso= [ ds= [ (s)llas
S0 S0

is the length of the curve between sy and s;. So lengths on the interval / are the same as
corresponding arc-lengths on the curve.

and

|l EXERCISE 0.29

| | Prove that any regular curve y: [a,b] — IR” can be reparameterized by arc-length. (Hint: Set ¢(7) =

Ja 1Y ()] due).

Quantities like the speed that change if we reparameterize a curve are not considered geometric.
This is because the parameter ¢ is merely a way to reference the points on the curve in space.
But the points in space are the real geometric objects. We are therefore interested in geometric
quantities like the length L that do not change under reparameterization.

Another important geometric quantity of a plane curve is the curvature function x(t) which
measures by how much the curve deviates from being a straight line at the point y(z).
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Let y: I — R? be a plane curve, parameterized by arc-length, i.e., with

[IY (s)|| = 1 for all s € 1. The curvature function K : I — [0,00) is given by:

K(s) = 1" ()Il-

For a curve Y(¢) that is not necessarily parameterized by arc-length we can compute the curvature

function by the formula: (Y (1).v' ()
| det(Y(2),Y'(r)]
K= wor

Differentiating ||Y (s)||*> = ¥ (s) - Y (s) = 1, we have:

0=""(s)-7(s) +7(s)-¥"(s) =2/"(s) -/ (5),

so the vector Y/ (s) is orthogonal to the tangent vector Yy (s) at each point. At points where
K(s) # 0 we define the unit normal N to the curve by:

40
K(s)
Note that the unit tangent T (s) =Y (s) and unit normal N(s) = 7" (s) /x(s) are well defined up to

a change of sign. This is because there are two choices of arc-length parameterization, depending
on which direction you run along the curve. Such a choice is called an orientation for the curve.

N(s)

I EXERCISE 0.31

Compute the curvature function ¥ for each of the following curves:
1. v1(t) = R(cos(t),sin(r)) where R is a positive constant,
2. (1)
3. 13(1)

(t,12), te€R,

(t,13), teR.

0.4 The Frenet-Serret data for curves in R3

The local shape of a space curve is encoded into the following theorem/definition which — among
other things — extends the previous notion of curvature to curves in one higher dimension. One
of the purposes of these notes is to extend the relations below even further, namely to curves in
non-Euclidean manifolds. This is the topic of Chapter 5.
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|l Theorem 0.32 A regular space curve Y(r) with ¥ () # 0 for all 7 has curvature (), torsion

1(¢) and an associated orthonormal basis (the so-called Frenet-Serret vectors) at each point y(¢) defined
and found via the following expressions, where we have used the notation v(z) = ||Y(¢)|| > O:

O A0]

#0)
(0.4)
0= e whens() >0
=
sy = YOV ©05)

when k(¢) >0

N(t) =B(t) xT(t) whenx(r) >0

In these expressions, T'(¢) is the unit tangent vector to the curve, N(t) is that particular unit normal
vector to the curve which points in the curvature direction. The third unit vector B(z) is called
the bi-normal vector — it is orthogonal to the so-called osculating plane for the curve, which is
spanned by 7'(¢) and N(z).

|l Theorem 0.33  The Frenet-Serret vector functions satisfy the following ODE system:

T'(t) = V(1) (t)N (1)
N'(t) = =v(6)x(6)T (¢) +v(1)7(1) B(r) (0.6)
B(t)=  —v()1()N()

The ODE system (5.27) gives rise to a natural inverse problem: How to reconstruct the curve (or
at least just 7'(¢) from which an isometric version of the curve then follows by integration) from
knowledge about v(7), k(¢), and t(¢). This is solved by the fundamental theorem for space curves
— see the discussion and proof in [5]:

|l Theorem 0.34  Every regular curve in three-dimensional space, with non-zero curvature, has

its shape completely determined by its curvature and torsion
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0.5 Surfaces and their geometry

A surface in 3-space IR? is usually described either implicitly as the zero set of some real-valued
function g, that is S = {(x,y,z) | g(x,y,z) = 0}, or explicitly as a parameterized surface with two
parameters: S = {f(u,v) | (u,v) € U}, where f is a map from U — IR?, and U is an open subset
of IR?. For example, we can represent the unit sphere S either as the set

{(F+y+7-1=0},

or we can get most of the sphere as the image of the map f : (0,27) x (—n/2,7/2) — R given
by
f(u,v) = (cosucosv,sinucosv,sinv).

Il EXERCISE 0.35

Use a computer to plot the parameterization f(u,v) of the sphere $? given above. Find the subset of
(0,2m) x (—m/2,m/2) needed to plot just the upper hemisphere, that is {(x,y,z) € S|z > 0}.

0.5.1 The tangent space to a surface

The coordinate tangent vectors for a parameterized surface f(u,v) are given by f, := 3—{: and

fyi= a—{. The condition that f is a valid parameterized surface (that is regular) is that f,, and f, are
linearly independent vectors at each point (u,v) in the domain. This is equivalent to the statement
that the cross product f, x f, is non-zero. In this case, the vector subspace of IR? spanned by f,
and f, is called the tangent space to S at (u,v).

Figure 2: Left: the image of f(u,v) = (43,v,0). Right: the image of f(u,v) = (u?,u?,v).

If the cross product is zero at some point, it might just mean that your parameterization is no good
at that point - there may be another parameterization of the same image set which is regular.
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Il EXERCISE 0.36

Show that the map f: (—1,1) x (—1,1) — RR?, given by
f(u,v) = (u,v,0),

is not a regular parameterized surface (Figure 2, left). Write down an alternative map g : (—1,1) x

(—1,1) — IR that has exactly the same image set in IR? and is regular.
Depending on the purpose, we often allow our parameterized surfaces to have self-intersections

in the large but the regularity condition guarantees that if you restrict to a very small set in the
uv-plane, then the image of this set will be a smooth surface with no self-intersections.

|l EXERCISE 0.37

| | Calculate the tangent vectors for the above parameterized sphere, and the cross-product f,, X f,.

|l EXERCISE 0.38

| | Atwhich points on the sphere are our parameters invalid?

|l EXERCISE 0.39

Show analytically that g : (—1,1) x (—1,1) — IR? given by

g(uv) = (i)

(see Figure 2) is not a regular parameterized surface along the line {u = 0}. Is there a regular surface

with the same image as g?

|l EXERCISE 0.40

For which points in [—1,1] x [—1,1] is this a regular parameterized surface? (Show this using using

Plot the image set of the function /2: [—1,1] x [~ 1,1] — IR?, given by the formula A (u,v) = (u,v?,uv?).
the formula). Does this fit with the image you plotted? (Note: we allow a parameterized surface to

intersect itself).

|l EXERCISE 0.41

Using the set [0,27] x R as your parameter domain, give a parameterization of the infinite cylinder
S ={(x,y,z) € R3 | x> +y? = 4}. Plot this on an appropriate subdomain.
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0.5.2 Surfaces of revolution:

A curve in the xy-plane is given by a function y: (a,b) — IR3, from an open interval (a,b) C R,
of the form y(u) = (ot(u),B(u),0), with the condition that ¥ (u) # 0. The surface of revolution
obtained by revolving this curve around the x-axis is parameterized as

Sfu,v) = (o(u), B(u) cos(v), B(u) sin(v)),

where (u,v) € (a,b) x [0,27]. (The round cylinder of Exercise 0.41 is an example of revolving
the line (2,0,u), a curve in the xz-plane, about the z-axis.)

|l EXERCISE 0.42

Find a parameterization for the catenoid obtained by revolving the catenary y = cosh(x) about the

x-axis. Plot this on an appropriate domain.

0.5.3 The unit normal

The cross-product of any two vectors is orthogonal to both of them. Therefore, if f is a regular
surface, the vector f,, X f, is orthogonal to the tangent plane of the surface. The unit normal is the

unit length vector in this direction A = %

|l EXERCISE 0.43

|l EXERCISE 0.44

Find the unit normal as a function of u and v for the parameterized sphere of Exercise 0.35. Is the unit

normal pointing out of the sphere or into the center of the sphere?

Find the unit normal to the cylinder of Exercise 0.41 at the points (2,0,0) and (0,2,0). Find the unit
normal to the surface g of Exercise 0.39, as a function of u and v.

0.5.4 The first and second fundamental forms

Recall that lengths of vectors and angles between them are computed using the dot product:
Wi =vU-U, U-W =cos(8) - ||U|-[[W]].

It is the dot product that allows us to measure things in IR”. In integral calculus the above formulas
are used to compute lengths of curves, areas of surfaces, and volumes of regions.
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In order to measure things on a surface, we only need to know the value of the dot product restricted
to the tangent space. This restriction is called the first fundamental form. For a parameterized
surface, the tangent space is spanned by f, and f,, and so if we know the coefficients

E = fufu F=fufo G=/f-f,

we know the dot product of any tangent vectors. For an arbitrary pair of tangent vectors, 7 and
U, written as linear combinations of f, and f,, thatis: T = af, +bf, and U = cf, + df,, the dot
product is calculated by the matrix multiplication:

THHETIO

and 9 is the matrix of the first fundamental form matrix with respect to the given parameterization.
Notions such as lengths, areas and angles on the surface are all defined in terms of the first
fundamental form, and so the coefficients E, F and G come up in the formulae for these. Note
that E, F' and G will change if we change the parameterization of the surface.

To see how the surface is actually sitting inside IR3, we use the second fundamental form, which
is also a map which takes a pair of tangent vectors T = af, + bf, and U = cf,, +df, and gives a

T e M) e 5]

where F;; denotes the second fundamental form matrix with respect to the given parametrization,
i.e. if Al is the unit normal, then

L:fuu'N, M:fuv'N, N:fvv'N~ 0.3)

Since these coefficients take second derivatives of f and dot them with the normal, the second
fundamental form ;7 gives information about how the surface is bending away (in the direction
of A\) from the tangent plane; so, for example, if the surface is a plane then 4; is the zero matrix.
If a plane is bent into the shape of a cylinder, then ¥;; for the bent surface is not the zero matrix.

Another way to describe the geometric meaning of the second fundamental for is to observe that,
differentiating A - f, = 0 with respect to u we have: Ay« fi, + N+ fuu = 0, 50 fiue-N = =N - fu
and so on, to get:

L:_%'fu, M:_%'fv:_%'fu» N:_M'fv’ 0.9

so Fyr is simply how the unit normal vector field along the surface is varying in space, since it
contains all the information about the derivatives of A/.
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0.5.5 The principal curvatures and directions:

IfT =a- f,+b- f, is a unit vector in the tangent space, i.e. [a b]- ;- [a b]* =1, then
la b]-Fi-]a b]* (0.10)

is a number which tells you how fast a curve in the surface which is tangent to 7 bends away
from the surface. In other words, how curved the surface is in that direction. In general, (except at
special points, called umbilics), there are two special directions in the surface where this bending
is a maximum and a minimum respectively, at the point in question. These are called the principal
directions. A curve in the surface which is always tangent to a principal direction is called a
principal curve, or line of curvature.

These principal directions are the eigenvectors of the Weingarten matrix,

wW=7F" F. (0.11)

The eigenvalues are always real. At non-umbilic points, these eigenvalues are distinct, and are
called the principal curvatures, which we denote by k; and ;. To see why we have to use
the eigenvectors of 7/, not those of F;;, note that, if 7 is a unit length eigenvector of W/, with
W-la b]* =x-[a b|*, then

(@ 6] Fu-la b =la b]- 51 (7" Fu-la b)) =la b)-Fi-(x-[a b]") =x

so (comparing with equation (0.10)) the eigenvalue K says how fast a curve in the direction of T
bends away from the surface.

|l EXERCISE 0.45

The sphere, of Exercise 0.35 is a totally umbilic surface, that is, all points are umbilics, meaning
that all directions at all points are principal directions. Show this by calculating the eigenvalues and
eigenvectors of the Weingarten matrix.

I EXERCISE 0.46

Calculate the principal directions and the principal curvatures for the cylinder (Exercise 0.41). Plot
the cylinder again, this time displaying two principal curves through some particular point.

|l EXERCISE 0.47

Find the principal curvatures for the Catenoid (Exercise 0.42). What is special about the relationship
between the two principal curvatures?
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|l EXERCISE 0.48

| | Find the principal directions for the Catenoid, and plot some of the principal curves.

0.5.6 The Gauss and mean curvature:

The Gauss curvature of a surface is the product of the principal curvatures: K = K;K,. The most
important thing about the Gauss curvature is its sign: if K > 0 at a point then both principal curves
through that point are curving the same way, either into the direction of the normal, or away from
the normal direction. If K < 0 then the two principal curves are bending in opposite directions. A
special case is K = 0: if a surface has K = 0 everywhere, then it is called flat because it has the
special property that it can be obtained from a "flat piece of paper" by bending, but not stretching.
You can imagine this, because if K = 0 then one of the principal curvatures is zero, so in one
direction the surface is not bending. This means you don’t have to "stretch" the surface to bend it
back to a flat piece of paper.

M Even if the eigenvalues of W/ are not distinct (at umbilics) we still define the Gauss
curvature to be their product. For example, if there is one eigenvalue, k| = 3, with
multiplicity 2, then the Gauss curvature is 3 x 3 =09.

The important notions of Gauss curvature and the mean curvature will be developed
from scratch again and in fact also generalized considerably in Chapter 9.
lll EXERCISE 0.49

| | Find the Gauss curvature for the sphere, the plane [, v,0], the cylinder and the catenoid.

Il EXERCISE 0.50
| | Plot the catenoid, colored by Gauss curvature. What is happening to the surface as u grows large?

The mean curvature is the average of the eigenvalues of the Weingarten matrix (even if they are
not distinct), H = %(K] + Kz). In contrast to the Gauss curvature, the sign of the mean curvature
means nothing geometrically, because if you choose your unit normal to point in the opposite
direction (for example by interchanging the parameters u and v), the mean curvature changes
sign. (The Gauss curvature, on the other hand, does not depend on the choice of the unit normal
direction).



0.6. SUBMANIFOLDS OF EUCLIDEAN SPACE 23
|l EXERCISE 0.51

| | Calculate the mean curvature for the sphere, the cylinder, the plane and the catenoid.

I EXERCISE 0.52

0.6 Submanifolds of Euclidean space

Calculate the Gauss and mean curvature for the surface g of Exercise 0.39. What happens to the mean

curvature as u approaches 0?

0.6.1 Parameterized submanifolds

Recall that amap f : R” D U — R" is called regular if its derivative df (p) : R™ — IR" is regular at
every point p € U. In matrix form, the derivative is just the Jacobian matrix J;(p) = [0f"/dx/]|,
and an m X n matrix A is regular if it has the highest possible rank: Rank(A) = min(m,n).

Parameterized submanifolds of arbitrary dimension are defined in the same way as regular curves
in R":

Let n > m > 0 be integers. An m-dimensional parameterized submanifold of

IR" is given by an open subset U C IR" together with a regular smooth map f : U — R".

Note: we could add the condition that the map f be injective - however this is not very important
for the moment.

The difference (n—m) is called the codimension of the submanifold. We have already seen 1-
dimensional examples (regular curves in IR") and also 2-dimensional parameterized submanifolds
of R3.

|l EXERCISE 0.54

For each of f and h, check whether it defines a parameterized submanifold, and give the dimension
and codimension.

3 . —y 5 A u? + cos(v)
fR°=RY  fxyz)= e h:R\{(0,0)} = R* h(u,v) = 2
xX—z uv

For a parameterized submanifold f : U — IR", we can define the tangent space at a point p € U,
exactly as we did for parameterized surfaces: the fact that f is regular means that the columns:

0
fu,' = f

T du;’
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of the Jacobian matrix, are all linearly independent. Therefore they define at each point p an m-
dimensional vector subspace of IR”, the tangent space at p, denoted T,U := Span{ f,,|p, - - -, fu.|p}-
The first fundamental form (or the induced metric) can be defined exactly as for surfaces, namely
it is the inner product on 7,U obtained simply by restricting the dot product of IR":

(X,Y):=X-Y

where X,Y € T,M C IR". The matrix of the first fundamental form (the metric matrix) is computed
in the same way as for surfaces:

Gl‘j = <fui’fuj> :f’/‘i f”‘/

As with surfaces the first fundamental form allows us to define lengths of curves and volumes
of regions on a parameterized submanifold. As for curvature, this is a little more complicated to
define if the codimension n — m is greater than 1. We will, however, define curvature in a different
way later.

0.6.2 General submanifolds of Euclidean space

In general, a submanifold of Euclidean space is a set that looks like a parameterized submanifold
around every point. A classic example is the sphere defined by the position vectors x of unit
length in R": 8" := {x € R"*! | x-x = 1}. There is an open subset V of §” around every point
such that V is a parameterized submanifold of dimension m: for instance, the upper hemisphere,

M = {x €S™ | x,41 >0} can be parameterized as f: U — R™ ™!, where U = {u € R" | |[u]| < 1}
and

f(U):(u1,u2,...,um,\/l—u%_..._u’gﬂ)_

Similarly, for any x € 5", there is always a hemisphere, 57, = {x€ 8" | £x; >0} where an
analogous parameterization can be used. It is necessary that parameterizations are compatible in
the sense that there is a differentiable map from one to the other, and this will be discussed later.

We can give a precise definition of a submanifold of Euclidean space as follows, see [17, Chapter
2]

A subset M of R™ is called a k-dimensional submanifold of IR™ if: For each
p € M there exists an open neighborhood W of p in IR”, an open subset of U of 0 in R¥, and a map
¢ : U — R" with maximal rank of its Jacobian matrix in all of U, and such that ¢ : U — ¢(U) is a
homeomorphism with (U) = MNW.

In particular, such a map ¢ stemming from this definition, is then a local parametrization of M,
and ¢(U) is itself a parametrized submanifold of R".
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|l EXERCISE 0.56

| | Show carefully that the unit sphere " C IR”*! satisfies Definition 0.55.

25
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Chapter 1

Introduction

In this chapter we first give a short survey of notation and some fundamental concepts and results,
that we will use throughout these notes. The survey is mainly presented by simple examples
which already in this chapter lead to the introduction of metric tensor fields for local Riemannian
manifolds, i.e. the objects, that will play the key rdle throughout these notes.

A key motivation for this introduction is found in the fact that a great many — very
different — research works and disciplines study naturally appearing fields of ellipses
(or ellipsoids) in the plane and in space, respectively, see for example the figures 1.1,
1.2, and 1.3 below. In cartography, for example, they appear as the so-called Tissot
indicatrices, see Wiki: Tissot.

In this chapter we will see — in a first glimpse — how such ellipse (ellipsoidal) fields give
° rise to metric tensor fields, and vice versa: A choice of metric tensor field in the plane
1 gives us directly a field of ellipses in the plane, and a choice of metric tensor field in
3D space gives us a unique field of ellipsoids in space. We will refer to these geometric
ellipse- (ellipsoidal-) fields as the indicatrix set or fingerprint of their corresponding
metric tensor fields.

The main purpose of these notes is to show how the notion of curvature can be well-
defined from any given ellipsoidal field (in terms of its metric tensor field), and to
eventually be able to understand the meaning of curvature via its influence on the shortest
pathways through the ellipsoidal field.

1.1 Open sets

We begin by re-considering open sets 72 in (IR?, -), where the dot is used to make clear, that
initially we apply the usual dot-product in IR? and thence the usual Euclidean distance betweeen
points p and ¢ in IR?: If p has coordinates p = (p', p?) and ¢ = (¢',¢*) then

dg(p.q) = \/(ql—p1)2+(q2—p2)2 : (1.1)


https://en.wikipedia.org/wiki/Tissot%27s_indicatrix
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Figure 1.1: Left: Ellipses (in fact circles in this case) — the so-called Tissot indicatrices — from the
Mercator projection of the globe. Right: Indicatrices from the metric of color space, see [10].

Note that for example (p?)? is read out as follows: ["p two squared"]. At first sight it
@ may seem clumsy to use upper indices for the coordinates in this way, but it will become
* efficient later when we introduce and apply Einstein’s summation convention for tensor

calculus and tensor analysis.

Il EXERCISE 1.1

|l EXERCISE 1.2

Remember or look up in Chapter 0 what an open set in (IR?,-) is. Le. how is an open set defined in
(R2,-)?

Let ‘Zliz, i=1,2,3,4, denote the following subsets of R? and find out (with an argument) which ones
of these sets are open sets in (R?,):

U ={(x"FP)eR*| (') +(")’<7 }
W ={(" ) eR| (') +(E)’<1 }
‘113%:]R2—{(x1,x2)E]R2| =0 , <0

1 (12)
X }
‘Ufz{(xl,xz)elel ©2>0 , (x1)2+(x2)2§7 }

I EXERCISE 1.3

| | What is the corresponding definition of an open set U" in (R",-)?



1.2. COORDINATE EXPRESSIONS OF MAPS R" — R" 29

8/ 7

RO R W A A A
'E R EENY /AR EEALAE DS

' v | DI Js )’

|
\
»
~
N
-
-
-
»
0

EEE RN W/

y N

.
.

Figure 1.2: NMRI (Nuclear Magnetic Resonance Image) of a Corpus Callosum, see [13].

1.2 Coordinate expressions of maps R” — R”

Usually we will denote the coordinates in IR” by (xl, -+, x"), and if we need another copy of R”
we can then denote the coordinates there by (y',---,y"). This makes it possible to consider maps
¢ from an open subset " in one copy of IR" (with coordinates (x',---,x")) onto its image ¢(U")
in the other copy of IR” with coordinates (yl, -++,y"). Correspondingly we denote such mappings
as follows:

0 Ur— ¢(U)

1.3
O ) = (O (o ) ) = O y) L

where ¢/(x!,---,x") denotes the j’th coordinate y/ of the image point ¢(x',--- ,x").

lll Example 1.4

Let U denote all of IR? (which is itself an open set) and consider the map: ¢ : R? — R? defined by:
o(x'?) = (Ly?) = (4 [ )" (1.4)

where * denotes transposition and where A is a regular 2 x 2-matrix with elements a; ;, so that we can
write:

¢(x1,x2) = (yl,yz) = (a1 x4 aps X, ax o x! +a22-x2) . (1.5)

Such a map will be called a regular affine map. The image of IR? by the map ¢ is R?>. The map is a
bijection of IR? onto IR?.
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Burnéd by head fire

Wind direction: m

Burngd by back fire

Figure 1.3: A canonical ellipse for short time ignition of wildfires, and a simulation of the spread
of large wildfire frontals, obtained by ’integrating’ the short time indicatrices, see [21].

|l EXERCISE 1.5
| | Why is the map ¢ a bijection?
In particular, the map ¢ has a well-defined inverse ¢~ — with the property: If ¢(x',x?) = (y',y?) then
(x!,%%) = 01 (»',»?) and vice versa: If o~ (y!,y?) = (x!,x?) then (y',y?) = 0 (x!,x?).
The expression for the inverse map is in this example:

07 (') = () = (a7 ) (1.6)
where A~! denotes the inverse of the regular matrix A.

The map ¢ is smooth — all partial derivatives of ¢(x',x?) with respect to x! and x? exist — in particular,
the Jacobian matrix Jy is well-defined and is, when evaluated at (x',x%):

Jo(x'.x®)=A , forall (x',x*) . (1.7)

The inverse map ¢! is also smooth — all partial derivatives of 6! (y',y?) with respect to y' and y? exist
— in particular, the Jacobian matrix Jy-1 is again well-defined and is, when evaluated at (»',y?):

Jor 'y =A"" , forall (y',y*) . (1.8)

We note, that the two Jacobian matrices are constants, they are regular, and one is the inverse of the
other.

A more complicated (and more interesting and relevant) example is the following, which, however,
should also be well-known:
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lll Example 1.6

Let U denote the set ‘U32 from exercise 1.2, i.e. R? except the non-positive part of the x'-axis:

U=W=R>-—{(x'x*)eR*| »¥*=0 , x'<0 } , (1.9)

and consider the map: ¢ : U+ ¢(U) defined by:
o(x'.x%) = (')?) = ( (x1)2+ (x2)2, arg(x' +i-x2>) : (1.10)

where arg(z) € | — =, n[ denotes the argument (in that interval) of the complex number z. Correspondingly,
(x1)2 + (x2)2 is just the modulus of the complex number x! +i-x2. In other words, the map ¢ produces
the polar coordinates of the point (x!,x?). We will therefore refer to this map as the polar map. When

arg(x! +i-x?)) = arccos (xl /+/(x1)2 + (x%)? >, (which is not always the case, see exercise 1.7), we
can rewrite the expression for ¢ as follows:

o(xh ) = (' %)
= (9" (%), 9*(x', %)) | (1.11)
— < (x1)? + (x*)?, arccos (M)) g
Il EXERCISE 1.7

For which points (x!,x?) in € is it true that arg(x! +i-x?) = arccos (xl /v (x1)2 4 (x%)? ) ?

The image ¢(U) is the following subset of IR? (with the coordinates (y',y?)):

o(U)=V={("Y)eR|-n<y’<n , y' >0} . (1.12)

Il EXERCISE 1.8

| | Show that ¢(U) = ¥ is an open set in R?.

Claim: The polar map ¢ is a bijection of U onto V.

|l EXERCISE 1.9

In particular, the polar map ¢ has a well-defined inverse map ¢! : 9+ U, i.e. the inverse polar map.
The coordinate expression for the inverse polar map is:

Prove that claim.

07 (') = (')
(00", (020" ) (1.13)
(y'-cos(y?), y' -sin(y?))
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Note that in this example ¢! has a much simpler expression than 0.

G

Both the maps ¢ and ¢! are smooth in their respective domains 7/ and V. In particular, they have
well-defined Jacobian matrices. If we use the expression for ¢ in (1.11) we get:

1 2

N () W) I )2C 22 1 )26 22
B = [ i) ) ] = | VREE VR > (L18
axl ax2 (X])2+()C2)2 (x1)2+(x2)2
and similarly for the inverse map:
070y e )y .
Jor (0, %) = ﬁ%’lyl yz 7183/2}11 = [ cos(y”) —y'-sin(y?) 1 (1.15)
¢ (¢ gygy 5% I () gygy 5%) sin(y?)  y'-cos(y?)

According to the chain rule, see proposition 1.11 and exercise 1.12 below, the two Jacobian matrices J,
and J,-1 are the inverses of each other. In order to verify this in the present concrete example we need to
apply the ¢-correspondence between the two systems of coordinates, so that the matrices, that we want
to compare, are expressed in the same coordinates. Specifically we have:

r A+l 2 —1
) = | VEREE VR
GH2+(x2)2 GH2+(2)2
(1.16)
| Vo
I S - 1
[ V)

In order to verify, that qul = Jy1 we insert (x',x*) = ¢~ '(y',»?) = (' - cos(y?),y" - sin(y?) in the
above expression for Jy- '(x!, x?) and get

cos(y*) —y'-sin(y?)
sin(y?)  y'-cos(y?)

Jo (" -cos(y?),y" -sin(3%))
(1.17)

=T (' y%) .
which shows indeed that qul((l)_l(yl,yz)) = Jo-1(»",»*) and, equivalently, Jo1(¢(x',x?)) =

Jq)_l(xl,xz).

Similarly, but redundantly, we could have substituted
¥l
oLy = o(x %) = (x1)2 4 (x2)2, arccos | ————— (1.18)

into the expression for Jq)__l1 (y',y?) and get:
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(1.19)

Xl x2
_ \/(x1)2+(x2)2' \/(xl)zi,(XZ)Z' ]

GH2+(2)2 GD2+(x2)2

= J¢(xl,x2) ,

which shows that Jq)_,ll (0(x", x%)) = Jy(x", x?) or, equivalently, Jo (¢~ (y',)?) = J(p_,ll (', y?).

1.3 Diffeomorphisms

The polar map and the regular affine maps are examples of diffeomorphisms:

A map ¢ from an open subset U" in (R”,-) onto its image ¢(U") in R" is
called a diffeomorphism if it is a smooth bijection of U" onto an open subset ¢(U") = V" of (IR",-)

with a smooth inverse map ¢! : " — U".

‘ Note that if ¢ is a diffeomorphism, then ¢! is also a diffeomorphism.

For a general smooth map ¢ : U +— ¢(7/) — as considered in (1.3) — the Jacobian matrix is:

aq)](_xl,...’xn) . aq)](_xl,...’xn)
( | n) ox! ox" (120)
Jq) X IR ’x — . . . .
a(])n(xl,m’xn) a(])n(xl,m’xn)
ox! ' ox"

The following general result, exemplified in the examples above, is a direct consequence of the
chain rule.
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||| Proposition 1.11  Let ¢ be a diffeomorphism from an open set 7" of R” into IR”. Then the

Jacobian matrix J, evaluated at (x!,---,x") is regular and it is the inverse of the Jacobian matrix of
0! evaluated at (y',---,y") = 0(x',--- ,x"):

oo ) = IO ) = IO ) (1.21)

|l EXERCISE 1.12

Remember, look up, or find out what the chain rule for sequences of mappings between copies of R”
is all about — and prove proposition 1.11. Hint: Use ¢~ (¢(x!, -, x*)) = (x,---, x").

well. And that is inedded true as expressed in the following celebrated Inverse Function

‘ At this point it is natural to think that the *inverse’ of Proposition 1.11 should hold true as
Theorem.

|l Theorem 1.13  (The Inverse Function Theorem.) Let ¢ : U — 9 = ¢(U) be an injective

smooth map from U C R" onto ¥’ C IR”. If The Jacobian of ¢ is everywhere invertible (has the maximal
rank ), then ' : () — U is smooth and injective, so that ¢ and ¢! are both diffeomorphisms.

Proof. Various proofs, interesting elaborations and applications are found in e.g. Wiki:IFT. [

|l EXERCISE 1.14

Let ¢ denote the map from IR? to IR? given by the expression:
o(x', %) = (3 )) = (& +22% 2 (1.22)

Show that ¢ is a diffeomorphism and find the Jacobian matrices Jy (x', x?) and Jo1 (y',y?). Show that

these Jacobian matrices are the inverses of each other.


https://en.wikipedia.org/wiki/Inverse_function_theorem#cite_note-16
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lll EXERCISE 1.15
Let ¢ denote the map from IR? to IR? given by the expression:

o(xh, 2 = () = (" +25 x +e") . (1.23)

Show that ¢ is a diffeomorphism and find the Jacobian matrices Jy(x',x*) and Jy-1 (y',y*). Show that
these Jacobian matrices are the inverses of each other.

|l EXERCISE 1.16

Let ¢ denote the map from IR3 to IR? given by the expression:
o(x', %) = Ly ) = (A 0 ) (1.24)

Show that ¢ is a diffeomorphism and find the Jacobian matrices Jy(x!, x%, x*) and Jo1 ', %, y?).

Show that these Jacobian matrices are the inverses of each other.

Il EXERCISE 1.17

Let ¢ denote the map from IR? into IR? given by:
o(xh, ) = () = (2, (D22 A?) (1.25)
1. Show that ¢ is NOT a diffeomorphism of IR? onto its image in IR%.

2. Show that ¢ is NOT a diffeomorphism of any open subset 7 C IR? onto its image ¢ ().

3. Find a function f : U — R and an open subset 7 C IR? so that the following modified map IS
a diffeomorphism of U onto the image y(U):

v(x, ) = f(xL ) -0 x?) , (L) eu . (1.26)

Construct an explicit expression for the inverse y~!(y',y?) and verify, that the corresponding
Jacobian matrices for y and y~! are also inverses of each other.

1.4 Parametrized surfaces in 3D space

In previous courses we have met an abundance of parametrized surfaces in 3D space. They are
typically expressed by a smooth regular map r from a parameter domain /% into R> (see also
Chapter 0):

Scr(xh?) = (F(xh 22, g(xh ), h(xL KP) L (LA eu (1.27)

where f, g, and & are given smooth functions of two variables, see the example below.
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The space IR? is used to coordinatize the points in Euclidean 3D space via a usual choice
D of a Cartesian coordinate system {O,x,y,z}, where O is the choice of origin of the
2 coordinate system in space, and x, y, z mark the positive oriented choice of pairwise
orthogonal coordinate axes.

We will pay special attention to the parameter domain U of a given parametrization of a given
surface (or a given part of a surface). But, if ¢ is a diffeomorphism, ¢ : U — ¥/, then we may
as well use v as the parameter domain of the same (part of the) surface: To be specific, let
o(x',x?) = (y',y?) as before. Then the following map p from 4 into Euclidean 3D space covers
precisely the same surface § as does the vector function r:

PO ) =r(07 (), (L) eV . (1.28)
For both p and r we have the corresponding well-known (from calculus) Jacobian matrices
Jr(x!,x?) and J, (y',y?)
/! /
or\* [or\" fa e
et =|(55) (52) | =8 & | - (1.29)

op\" /9 \”
- |(3) ()]

They are not to be confused with our previous Jacobian matrices of the diffeomorphisms ¢ and
¢~! between the coordinate domains U and 9. In the present case (of parametrized surfaces) the
coordinate domains are 2-dimensional, so J,(x!,x?) and J, (y!,y?) are (3 x 2)-matrices whereas
Jo(x',x*) and Jy-1 (y',y*) are (2 x 2)-matrices. However, the Jacobians are, of course, related;
from the chain rule we get:

L'y =107 (6 y7) T (01)7) (1.31)

and similarly directly:
(N ) = o (0(x %)) o (2% (1.32)

It follows naturally, that the map p is regular if and only if r is regular — see exercise 1.19 below.

lll Example 1.18

A (slit) paraboloid of revolution P is parametrized as follows via the domain U = ‘ll%, i.e R? minus the
non-positive part of the x'-axis: r : U~ R? given by the following expression:

r(xha?) = (L% (D)D) L () ea . (1.33)

Now let ¢ : U+ V = 0(U) denote the diffeomorphism that we analyzed in example 1.6, i.e.:

o(x',x*) = () = ( (x1)24 (x2)2, arg(x! +i-x2)> ) (1.34)
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Then the combined map r(¢~!) : ¥+ U+ R? with the concrete expression

P =r(07' (0" ) = (0" cos(3?). v sin(p?), (1)) L (P eV =¢(U) . (1.35)
is another regular parametrization of the very same (slit) paraboloid of revolution, see figure 1.4.

Il EXERCISE 1.19

How can we be sure, that the parametrizations in (1.33) and (1.35) are indeed regular? Express the
regularity-condition in terms of the Jacobian matrix J, for the vector function r.

b4 y

Figure 1.4: Portions of the same (slit) paraboloid of revolution parametrized in the two different
ways defined in example 1.18. The left hand display is constructed from a slit square as r(Q),
where Q) = UN (] —1,1[x] —1,1[) C U, whereas the right hand display is constructed from a
non-slit open rectangle in ¥ as p(A), where A = VN (]0,1[x] — 7, w[) C V. Note that the red
curve on the surface, which projects to the non-positive part of the x-axis, x <0, is not part of the
surface.

1.5 Curvesin U, in 1/, and on a surface

We consider a regular parametrized smooth curve yin 7> C R? with a given expression

v(t) = (v (1).v() . tel , (1.36)

where I denotes a specific 7-interval, e.g. I = [0,T] or I = [a,b], depending on the context.
Remember, that the curve Y is a regular curve if y/(7) # 0 for all t € I. The image of the curve
vy by a diffeomorphism ¢ from U onto ¥ = ¢(U) is then a regular curve 1 in V. We have the
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following expression for 1 in terms of the parameter ¢:

n(t) =o0(y(1)) = (0' (V' (1). Y(1)). (V' (1).Y())) . tel . (1.37)

Il EXERCISE 1.20
| | How can we be sure, that = 0(Y) is a regular curve?

Both of the two curves y and 1 are mapped onto the same curve on the surface § in (1.27) by r
and by p = r(¢~"), respectively, i.e. 7(y) = r(¢~'(n)) = p(n).

lll Example 1.21

In continuation of example 1.18 we now consider a very simple specific curve yin U and lift it (map it)
to the slit paraboloid via r, see figure 1.5.

v(t) = (cos(t),sin(z)) , te[-n/2,m/2] . (1.38)

Then
N =) , re[-n/2,n/2] , (1.39)

and the ensuing curve on the surface P is parametrized as follows:

r(v()) = r(0~'(n(1)) = p(n(r)) = (cos(r).sin(r).1) . re[-m/2,m/2] . (1.40)

Although we are considering one and the same curve on the surface, their representations Y and 1 in
their respective parameter domains U and v are quite different, see also figure 1.6.

y Y

Figure 1.5: The two different parametrizations of the slit paraboloid — now with the (blue) curve
r(?y), which, by construction, is the same curve as 7(¢~'(n)) = p(n), see example 1.21.
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-4 -4

Figure 1.6: The two curves y and 1 (in blue) in their respective parameter domains U and V
indicated — see definitions in example 1.21. Also shown are two other curves (in green). Those
green curves also have the same common image curve (not shown in figure 1.5) on P.

1.6 Length of curves

We are now ready to study the length of regular curves on a regular parametrized surface § — from
the viewpoint of the two different ¢-related parameter domains U and V for the surface.

Let y denote a smooth, regular, ¢ € [a,b]-parametrized curve in U withn = ¢(y) in V. The image
of vy on the regular surface S is then obtained via the regular surface map r, so that the length of
the curve on the surface is given by the usual formula for lengths of curves in Euclidean 3D space:

L) = [ 1 ra)ledr (Lan

where || X || denotes the Euclidean length of the vector X in (R3,-) with the usual dot-product.
For this we then calculate — using again the chain rule — and spelling everything out in detail:

Cr) = 00 (0.7 ()

= (wn- [ )0 T) (142
)"
)
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At this point we observe the (re—)appearance of the two tangent vectors in IR? to the coordinate
curves of the parametrized surface : a 2 and . When the parametrization is regular these two
vectors span the 2-dimensional tangent plane of the surface in IR? at the point r(xl,xz) — they
constitute a basis of the vector space of all tangent vectors to the surface at that point.

Suppose we introduce the two standard basis vectors e; and e, in IR%. Then Yy’ has the
following coordinates with respect to that basis:

YO =)' e+ () (1) ea= ()0 (F)(1) 0y - 143

Then the equation (1.42) (in its second line) simply says that the coordinates of y'(7)
with respect to the basis {e, e,} are exactly the same as the coordinates of %r((t))

Later, in Chapter 8, we will study surfaces in IR? that are — in a sense to be made precise
there — locally diffeomorphic to a parameter domain via suitable ’inverses’ of their local
parametrizations r(x',x?). Every regular smooth curve 6(¢) on the surface then has a
local unique pre-image curve Y(z) in the parameter domain. Moreover, to repeat, the
tangent vector 6’ (¢) of the surface curve at 6(¢) has the same coordinates with respect to
{ ;’1 . 5 911 a5 has the tangent vector Y (¢) with respect to {e; , e2}. And, not to forget, the

‘ with respect to the tangent plane basis {a T 5 91\ for the surface at the point r(Y(r)).

basis vectors { 3T 3 2} are simply obtained by applylng the Jacobian matrix J; (x xz)

to the basis vectors in {e], e2}, i.e. the basis vectors {2 T e 971 are the column vectors
of the Jacobian matrix.

We get then:

(Y () (1.44)

The matrix appearing in this expression is what we will call the metric matrix

function on U — in this case stemming from the surface S parametrized over U. We will denote it G¢;,
and when evaluated at a point (x!,x?) in U we write G¢;(x!,x?):

Or  Or  Or  Or

Gule' ) = [ §a e

a2l a2 a2

=7 (L)L () (1.45)
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Our paraboloid example will show an explicit expression for the metric matrix function G¢; at
(x!,x?) for this case:

lll Example 1.23

For the (slit) paraboloid P, parametrized over U, we have used the following parametrization:

r(xhx?) = (xh % ()2 ()P (1.46)
so that ()2 L
4x*)°+1  4x -x
1,2y _
Gy(x',x7) = a2 4241 . (1.47)

Il EXERCISE 1.24

| | Verify the expression for G¢;(x', x?) in (1.47).

In general, the length formula (1.41) — via (1.44) then reads in short form:

L) = [ Y- Galre) - (r() ar (1.4)

|l EXERCISE 1.25

| | Show that the metric matrix G¢; in (1.47) is not just symmetric but also positive definite.

Suppose that G (x!, x?) is given. What is then G (y', y?) when ¢(U) = v, where ¢ is a
diffeomorphism? The chain rule gives the answer:

are-) are") ar) are-))
1.2\ oyl oyl oyl 0y?
Gy y) = | ae) are ) are-) are-))
dy? oy! 0y? oy?

o (ol 2y, 1 2y, 1.2 (1.49)
_Jq)fl(y ’Y) G‘Zl(x ,)C) qul(y ay)

=Jo 1 (") - Gu(07 (0 0?)) e (057

In short we may — and will — write this relation as:

Gy=J; 1 Gy Ty . (1.50)
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|l EXERCISE 1.26

Verify the equations (1.49) — either in general, or just in the case of the slit paraboloid studied in the
previous examples — over the open sets U and V' — above.

Having shown (1.49) we also have the dual relation:
Gu(x!,x?) :Jg(xl,xz) Go(0(x' %)) - Jo(x', %) . (1.51)
In short we may — and will — also write this as:
Gy= J[g “Gy(d)-Jy . (1.52)

|l EXERCISE 1.27

Verify the equations (1.51) — either in general, directly from (1.49) (using proposition 1.11, or just in
the case of the paraboloid studied in the previous examples.

lll Example 1.28

For the (slit) paraboloid P parametrized over V by

p('.»*) = (3" -cos(y?), y' -sin(h?)) (1.53)
we get:
44N +1 0
Gy(y',»?) = (yéJr e (1.54)

Il EXERCISE 1.29

| | Verify this expression for G4, (y', y?).

In the general setting, the V-expression for the length of p(n) = r(¢—'(n)) is the following,
which then, of course, must be the same as the length of () since they are the same curve on the
surface in question:

b \
Le(p() = Le(r0™ (M) = [ y/n'(0)-Gon()- () ar . (159

I EXERCISE 1.30

Find the length of the blue curves in figure 1.5 by direct calculation of both Lg(r(y)) and
Le(r(071(n))) from the respective formulas (1.48) and (1.55) — using r, v, 1, ¢!, Gq;, and G
as presented in the previous examples and exercises concerning the slit paraboloid 2.
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I EXERCISE 1.31

Show that the blue curve in figure 1.5 is not the shortest curve between its endpoints. Hint: You
may want to use a circle, a parabola, or a broken straight line to connect the two endpoints in the
U-representation (or in the ¥ representation) of the blue curve and then calculate the competing
lengths via one of the formulas (1.48) or (1.55).

Observe, that the relations (1.50) and (1.52) do not refer to the actual surface — except via the
construction of G¢; in equation (1.51). In other words, given G¢; and the diffeomorphism ¢, we
can find the matrix G4, directly from this formula without knowing more about the surface than
what is encoded into G¢;.

Correspondingly there should be a more direct way to prove the relation (1.52) just from the key
property that G, and G¢; must give the same length of ¢-related curves y and n:
We let (¢) = ¢(y(¢)) as above. Then

(1) = (B (v()) - (V' (1)) =7'(t) - J5(n()) . (1.56)

I EXERCISE 1.32

The similarity between equation (1.56) and equation (1.42) is, of course, no coincidence.
Think about it!

I I Prove 1.56. Hint: The chain rule.

From the same-length-observation we have that the length integrands must be identical, otherwise
the lengths themselves, the integrals, cannot in general be the same:

V(1) Gu (1)) =n"(t) - Gp(0) - (n'(1))" . (1.57)

We insert ’(¢) from (1.56) on the right hand side of the above equation and get:

*

Y (1) G (¥(1)" = (J(1(1) - (¥ (1)) Go(0) - (o ¥(1)) - (¥ (1))")")
= (D) (Y (1)) Gr(0) -Jo (Y1) - (Y (1)) (158)
=Y(1): (Jq, Gq/<¢> o) (@)
and, since this holds independent of the choice of curve v, i.e. independent of the tangent vector

Y (), we get again:
Gu=J5-Gy(0)-Jo . (1.59)
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|l EXERCISE 1.33

We used the following claim: Two symmetric positive definite n X n matrices A and B are identical if
they satisfy
V-A-V*=V.B-V* for all vectors V:(vl,-~-,v”) ) (1.60)

Give an argument for this claim. Is symmetry of A and B an important assumption for this claim to be

true? Is positive definiteness of A and B an important assumption for the claim to be true?

1.7 Tangents to smooth curves in U

We are now ready to formalize the findings and notations from the above sections.

In general we will forget about the surfaces and their parametrizations r and only work in the
parameter domains U" and with given positive definite symmetric matrix functions G¢ on U".

Some of the matrix functions that we will consider are naturally inherited from surfaces
— as illustrated above with the slit paraboloid case — but not all. In this way we get the
freedom to study many more and higher dimensional geometries than just the ones that
come from surfaces in 3D space.

We first formalize precisely the tangent space of U" at a point p € U in the following way:

Since U" is a subset of R", the tangents of smooth curves in U through a

given point p form a vector space of the same dimension n. The canonical basis vectors of 7, U are
denoted by e1(p),-- -, en(p). The tangent vector ¢;(p) is the tangent vector at p of the coordinate curve
(pl,pz, <, pm L pi e, ptl .o p") at p. Every tangent vector V € T, U has unique coordinates
(v!,--,v"), so that

V=vle(p)+--+V"eip) . (1.61)

It is of importance to note, that each point in U in this way has its own tangent space and that any

given tangent vector is associated to precisely one of the tangent spaces — see figure 1.7.

|l EXERCISE 1.35

Let V = (3,2) in the tangent space 7,IR* where p = (1,1). Construct an infinite family of different
parametrized smooth curves y;, i = 1,-- - ,c0 in IR?, so that all the curves go through the point p and all
the curves have the same tangent vector V = (3,2) at p.
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Figure 1.7: Left: One tangent plane 7, 217 with canonical basis vectors e; and e> and a tangent
vector V. =v!.e; +1?-e;. Right: Tangent planes at various points in 1.

1.8 The metric tensor g from the matrix function G

Let G¢ be a positive definite symmetric n X n-matrix function on an open subset U" of R". In
each tangent space T), U we define the metric tensor g, as follows:

Let V and W denote arbitrary two vectors in 7, . Then the metric tensor g,
at p associated with the matrix function G¢; at p is the following real valued function of the pair V and
W:

gp(V.W)=V-Gy(p)-Ww* . (1.62)

The defining property of a tensor is multilinearity:

|l EXERCISE 1.37

Show that the function g, is linear in each of the two “entries’: For example, when W is kept fixed we
have
g(V+k-XW)=g,(V.W)+k-g,(X.W) . (1.63)

In the following we will often also use the following notation:

(V.W),=g,(V,W) forallVandW inT,U. (1.64)
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Since the matrix function G¢;(p) = Gy(x!,---,x") is assumed to depend

smoothly on the variables x' in I, the metric tensor 8(x!,....xn) 1s also smooth. The metric tensor
considered as a function of position is written as g or g¢; and is called the metric tensor field on U"
associated with the matrix function G¢;.

At this point we can now have a second view towards the general notion of indicatrices, which
was already illustrated and mentioned in figure 1.1, but now for any given metric tensor field g¢;
with its associated metric matrix function G¢; on U”". They will help us to understand intuitively
how the metric changes from point to point and eventually to understand some features of specific
vector fields in ‘U" equipped with the metric g¢;. The formal definition of an indicatrix will
be considered in definition 1.50 below. For now, the indicatrix of g¢; at a given point p is the
ellipse (or, in higher dimension, the ellipsoid) in the tangent space T), U which is traced out by the
gmu-unit vectors, i.e. every position vector V in T, U to a point on the indicatrix has g¢;-length
gu(V,V) =1, see figure 1.8. We will see briefly in section 1.12 below that if you know the
indicatrix at p, then you also know the metric matrix function value G¢; and thence the metric gq¢;

at p.

-4 -4

Figure 1.8: Left: One tangent plane with one indicatrix ellipse — the two green vectors have
g-length 1 in the tangent plane — see definition 1.50. The position vectors to the ellipse all have
g-length 1. Right: An indication of the full indicatrix field for the metric g¢; in U — stemming from
the slit paraboloid surface example 2 with its parametrization r(x!,x?) = (x!, x2, (x')2 + (x?)?),
see example 1.23.
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Figure 1.9: A first glimpse of a problem that we surely need to solve — and will solve in Chapter
3: Although the green vectors seem to be parallel transported versions of each other, they cannot
be parallel because they clearly have different lengths with respect to the underlying metric that is
represented by the respective ellipse indicatrices — and we want parallel transport of vectors to be
length preserving.

The usual Euclidean dot product in IR” will now be denoted by gr. For any two vectors
Vand U at p € R%, i.e. V and U in T,IR", with coordinates v’ and u/ with respect to the
standard basis {ej,- - ,e, }, we have:

i=n j=n
_ (A _ oA,
V—Zv e, U—Zu €;
i=1 j=1

(1.65)

k=n
gE(V’U):VU: Vk'l/lk:[vl v2 V”]E
k=1

ul’l

In other words, the constant metric matrix function Gg corresponding to gg is the (n X n)—
identity matrix E. The indicatrix at a given point p is the unit sphere S'I’_1 with radius 1
centered at p — or, more precisely, centered at the origin of the tangent space T,,IR" at p.
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1.9 Isometries and Local Riemannian Manifolds

Suppose now that we have two pairs (U",g¢;) and (9", g4) and a diffeomorphism ¢ such that
the two matrix functions G¢; and G, associated with gy and g4, are ¢-related as in equations
(1.50) and (1.52):

Gy =Jy1-Gu(0™") Jg1
and
Gu=1Jy Gy(0) Jy

Then they both produce the same right hand side of the length integrals in equations (1.41) and
(1.48):

Lg, (V) = /ab \/gfu(v’(t),v’(t))‘dt

= [ Vaw ) a (160
:qu/(n)

This common value we will from now on call the g-length of ¥, or more precisely, the g¢;-length
of . If we work in ¥ we call it the g,-length of 1.

Since the diffeomorphism ¢ in this way preserves g-lengths of curves if g¢;

and g, are ¢-related via (1.50) and (1.52), we will say that ¢ is an isometry between (U",gq¢;) and
(1", g4), in short: If such a diffeomorphism exists, then (U",gq¢;) and (7", g,) are isometric.

To be isometric is an equivalence relation, and we can therefore define

A Local Riemannian Manifold, LRM", of dimension »n is an equivalence

class of isometric open subsets in IR” with metric tensors, (U, gq).

|l EXERCISE 1.42

The main point of this abstraction is the following: If we want to calculate lengths of
‘ curves, areas or volumes of domains, and, as we shall see later, the curvatures of an LRM,

Look up, or find out, what equivalence relations and equivalence classes are all about, and show that

the above LRM’s are well-defined in this way.

then we can just do the calculations in any one of its representatives (U, g¢;) using the
corresponding particular metric tensor field.
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Note that every Local Riemannian Manifold can be represented by just one pair (U", gq;).
Any other (isometric) representation of the same LRM is obtained as (7, g4/), where
¢ is a diffeomorphism from the open set U onto ¥/, and where g, is the metric tensor
on ¥ associated with the smooth metric matrix function G, on ¥ constructed via
the equation (1.50) from the metric matrix function G¢; associated with the given
S - | metric tensor g¢;. In other words, every choice of an open set U in IR” and a smooth

Q symmetric positive definite matrix function G¢; on U defines a unique Local Riemannian
Manifold of dimension n which is represented by (U,g¢). And there are as many
(isometric) representatives of the same LRM as there are diffeomorphisms on U. The
set of diffeomorphisms on an open set is huge — it is infinite dimensional, see Wiki:
Diffeomorphism. If we are just given two matrix functions G¢;(x', x?) and G4, (y',y?) it
is usually difficult to decide if they are isometric via some diffeomorphism ¢.

”
~

Throughout these notes we will use the monographs [4] by M. P. do Carmo, [19] by J.
U Lee, and [29] by Robbin and Salamon, respectively, as our main references. They are
<2 crisp and modern introductions to Riemannian geometry and they cover a great many

geometric concepts, insights, and results that are beyond the scope of these notes.

1.10 Arc length (re-)parametrization

In this section we show in some detail how regular parametrized curves in a given Local Rieman-
nian Manifold (U, g) can be re-parametrized so that they become arc-length parametrized.

We let y(2), ¢ € I, denote a given z-parametrized curve in U, where I is an open connected interval
in R. We assume, that y(¢) is a regular parametrization, so that ||Y'(7)||¢ > 0 for all 7 € I. Now
choose a point y(#) on the curve Y and let S(7) denote the signed arc length of that segment of y
which is in between the two points y(zp) and y(7) on 7:

1
S(r):/ Y ()llgdu forallrel | (1.67)
Iy

Note that S(7) is positive for >ty and negative for t < ty. The function is obviously increasing
on the interval 1, so there exists an inverse function 7' (s) so that T (s(¢)) =t and S(T'(s)) =s.
The function 7T (s) is also increasing on the corresponding S-interval, S(7).

We now define the curve 1 as follows:
n(s) =v(T(s)) forallseS(I) . (1.68)

Obviously, the curve 1 then traces out the same path, the same curve, as Y and it is arc length
parametrized, because of the following observations:


https://en.wikipedia.org/wiki/Diffeomorphism
https://en.wikipedia.org/wiki/Diffeomorphism
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Since T'(s) and S(7) are each others’ inverse,
d
—T(S(r)) =1
a1 (8(0) (1.69)
S)-T'(s)=1

we get

)l =11 5006l
SO

= [T 1Ay (1.70
IT( WAV () e
T'(s)-S'(1)]
:1 ,
and therefore: S
:/0 N’ (w)||g du=s (1.71)

To illustrate what is at stake we consider the following simplest possible curve and the steps that
will reparametrize it to arc-length parametrization:

lll Example 1.43

A straight line in the Euclidean plane (IR?, gz ) is analyzed:

(1) =Br—1,3r-2,0),r€]—1,1]
v(t) =(3.3.0)
||y/(t)||85 :3\/5

t
S(1) :/ 3v2'du , from choosing 7o = 0 (1.72)
to=0
S(1) =32t
s
T(s)= ——= , theinverse
(5) 3v2

Insert 7'(s) for ¢ in y(¢). Then we get for all s €]S(—1),8(1)[ =] —3v/2', 321

1069 =T = (0710 -1, 37)-2.0
n(s) = (\F 7 “’)

‘ It is typically impossible to find one or both of the functions S(¢) and the inverse T (s)

(1.73)

expressed by known functions. Both functions can, however, be approximated to any
desired precision e.g. by spline functions.
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Figure 1.10: A planar curve in the Euclidean plane (IR, gg) is shown with at z-parametrization
indicated to the left — with constant time difference between the marked points. The corresponding
arc length parametrization for the same curve is indicated to the right — with constant arc length
difference between the marked points. In the middle: The two functions S(7) and 7 (s) for s and ¢
running through their respective intervals — both on the horizontal 'x’-axis.

|l EXERCISE 1.44

Let y() denote the following curve in (R?, gg).
¥(t) = (£,0,0) , r€R . (1.74)

Show that this curve is not regularly parametrized by ¢. Show that it can, nevertheless, be

reparametrized to become an arc length parametrized curve 1(s).

1.11 Angles, areas, and g-orthonormal bases

A metric tensor field g = g¢; gives us much more than just lengths of vectors in tangent spaces
T, U (and thence of curves in U), for example:

Let V and W be two vectors in the same tangent space T, U. The unique

g-angle £, (V,W) € [0,7] between the two vectors is then given by the relation:

. g(v.w)
cos (s lV- W) = o Wiy (47

where ||V ||, denotes 1/g(V,V).
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Let V and W be two vectors in the same tangent space T, U. The g-area

A, (V,W) of the parallellogram spanned by the two vectors in T, U is:

AV W) = \JIVIZ- W2 —g(v. W) . (1.76)

On the other hand, this powerful generality comes with a price. By now it should be clear, that we
cannot directly compare vectors with each other unless they belong to the same tangent space.

lll Example 1.47

Consider, the metric induced from the paraboloid in example 1.23:

1y2 1,2
Gaulx', ) = [ 4(x')*4+1 4xl-x ]

axt -2 42 +1 (L.77)

Then we have for lengths of the basis vectors e; (x', x*) and e, (x', x*) in the tangent space Tj,: ,2) U at
the point (x!,x?):
len (6, %) g = /4 (x)2 +1
(1.78)
lea(x! ) g = (/4022 + 1,

so they are clearly not (in general) g-unit vectors.

Il EXERCISE 1.48

Find in this example the g-angle between e; and e, and the g-area of the parallellogram spanned by
the two vectors. Express the angle and the area as functions of (x!, x?).

Of course there exist infinitely many pairs of vectors in each tangent space that are g-orthonormal
and they are obviously quite useful for many purposes.

Il EXERCISE 1.49

Following the example 1.47: Construct for every point (x!, x?) in U two g-orthonormal vectors
E;(x', x*) and E»(x', x?) in the tangent space T(y1 ) U, meaning that (with g = gq)):

IE\(x", ) |lg = [ E2(x". &*)[l; =1 . and
(1.79)
g(E (xl,xz), Ez(xl,xz)) =0

Express E;(x', x?) and E»(x!, x?) as a linear combinations of e; and e3,s0 that e.g.:

Ei(xL ) =k (xh x?) ey + K2 (x %) ey . (1.80)
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1.12 From metric to indicatrix — and back

There are many solutions to this problem. Solve it so that the coefficient functions are smooth functions
of (x!, x?).

In an open set U? in IR? we consider a given metric tensor g, at the point p = (x!, x*) € U. The
corresponding ellipse, ellipsoid, or indicatrix, in the tangent space T,U is then defined as follows:

Let g, denote the metric tensor corresponding to G (p). Then the indicatrix

of g at pis:
I(p)={VeT,Ulg,(V.V)=V -Gy V' =1} . (1.81)

Since Gy (p) is positive definite, i.e. g,(V,V) > 0 for all non-zero V in T, U, the indicatrix I(p)
is an ellipse.

|l EXERCISE 1.51

Prove that claim. Hint:

1
V. VrE=[l .| 81T 81z Y
gp(V,V)=V-Gu(p)-V v [gzl gzz] {Vz}
(1.82)

=gi1- (V)2 4+ 2812 v VP g20- (V)

so that g,(V,V) = 1 is a second order polynomial equation in the variables vl and v2. Since Gy is
positive definite, the solutions V = v! - | +v? - e, form an ellipse in the tangent space spanned by e;
and e;. More hints: See Math 1: See eNote 22: Quadratic equations.
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Figure 1.11: A comparison of the metric matrix fingerprints from 2 in U and V, respectively. In
both cases the green curve is clearly longer than the blue curve. The two green curves have the
same length and the two blue curves have the same length. (U, g¢;) and (7, g4/) are isometric
and represent the same Local 2-dimensional Riemannian Manifold.

|l EXERCISE 1.52

Let G¢; denote the following metric matrix (at some given point p):

Gu:[g ?} . (1.83)

Find an equation for the corresponding indicatrix I(p) (using tangent space variables v!' and v?). Find
a parametrization of the indicatrix ellipse (using ¢ as parameter) in the form V (¢) = f(¢) - e; +h(z) - e2,
where e; and e, are the canonical tangent space basis vectors at p and f and & are suitable functions
of 1.

|l EXERCISE 1.53

In a tangent space T, 1% with canonical basis vectors e; and e, a parametrized indicatrix is given as
follows:
V(t)=3-cos(t) ey +7-sin(t)-e; , t€[0,2n] . (1.84)

Find the corresponding metric matrix G¢; at p.
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|l EXERCISE 1.54

In a tangent space 7, 1% with canonical basis vectors e; and e, a parametrized indicatrix is given as
follows:

V()= (3-cos(t) —7-\/?T~sin(t)> -e1+ (3-ﬂ-cos(t) +7-sin(t)) ey, t€]0,2m] . (1.85)

Find the corresponding metric matrix G¢; at p.

|l EXERCISE 1.55

In a tangent space 7), 212 with canonical basis vectors e and e, and corresponding vector coordinates
vl and v?, an indicatrix is given by the following equation:

7-(WH2 460124+ (1) . (1.86)

Find the corresponding metric matrix G¢; at p.

1.13 The Poincaré disk and half-plane

We consider two important geometric models, the Poincaré disk- and half plane models:
The disk model is (U, gq;), where:

U={(".2%) e R?[ ((X')*+(x*)* <1}

A Lo (1.87)
Guld', ) = Lo 1]
(1—(x")2—(x2)?) 0 1
The half plane model is (7, g4), where:
V={("y)eR*y*>0}
. (1.88)
1 0
1.2y _ )
The corresponding fingerprints, the respective indicatrix fields, are shown in figure 1.12.
lll EXERCISE 1.56
Let v, and v, denote the following two curves in the disk model:
V() =(0,2:1) , te[-1/4,1/4]
(1.89)

yz(t):<;,2-t> , te[-1/4,1/4]
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Find the g¢; length of these two curves. Construct another curve that connects the two endpoints of Yy,
but is shorter than 7,.

Figure 1.12: The unique (scaled) fingerprint indicatrix fields for the Poincaré metric in a disk and
in a half plane, respectively. In these displays the two sets of unit fingerprints have been scaled
down by factors of 4 and 7, repectively.

The two models are isometric, i.e. they are representatives for the same Local Riemannian
Manifold (in fact it is a Global Riemannian manifold, because, as we shall see later, these models
are complete — they cannot be extended). The actual isometry ¢ from the half plane model to the
disk model is known as the Cayley transformation, see Wiki: Cayley Transform. It was shown
by David Hilbert, that the Poincaré metrics cannot be realized from any surface in 3D, see Wiki:
Hilbert’s Theorem.

The Cayley mapping is most elegantly expressed in terms of complex variables: Suppose z =
y! +i-y?, then the image by the Cayley map of z and thence of (y',y?) in the halfplane model is
(x',x?) in the disk model, which is likewise represented by the complex number w = x! +i - x?
defined as follows:

Z—1
w=Ca = — 1.90
Y(Z) z+1i ( )
The inverse mapping is then as simple:
1
z=Cay !(w) =i W (1.91)
I—w

1

In the real coordinates (y',y?) and (x!,x?) the expressions for Cay and Cay ! are thence the


https://en.wikipedia.org/wiki/Cayley_transform#Conformal_map
https://en.wikipedia.org/wiki/Hilbert%27s_theorem_(differential_geometry)
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~

Figure 1.13: An indication of the Cayley transform ¢! from the Poincaré half plane to the
Poincaré disk. The Cayley map is an isometry between the two models, see exercise 1.57.

following:

(y1)2+21+y2)2) (O 071, 201)

1 2)2) : (_2(’52)’ 1— (xl)z - (xz)z)

Cay(y',y?) = (

(1.92)
Cay '(x!',x?) = (

14+ (x! —x

In either case it is a fairly simple matter to show that Cay is indeed an isometry via the appropriate
Jacobian:

Gy(y',y") = Jeay (V' 3%) - Gu(Cay (y',3%)) - Jeay (0'37) (1.93)
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|l EXERCISE 1.57

In the next example we show, that the so-called pseudosphere surface is isometric to subsets of
the Poincaré models:

Use one of the expressions above for the Cayley transfom to reconstruct the figure 1.13 — using your

favorite graphics tool.

lll Example 1.58

The pseudosphere is the surface in 3D space obtained by revolving the following generator curve around
the z-axis:

() = (h(t). 0, f(t)) t=0 , (1.94)

where .

ho) = cosh(#) (1.95)
f(t) =t —tanh(r)

The simplest parametrization of the pseudosphere is then

r(t.v) = (h(t) -cos(v), h(t)-sin(v), f(t)) . t€]0,00] , vel[-ma] .  (1.96)

Note that
In(r)|| = tanh(z) (1.97)

so that the above parametrization of 1 is not regular at ¢+ = 0. Correspondingly, the pseudosphere cannot
be extended regularly to include negative values of the parameter 7.

En passant we also note, that metric matrix function induced by the parametrization (1.96) is found to
be:
[ tanh?(z) 0

Gr(tv) = 0 1/ cosh?(z) (1.98)

A more interesting — and a bit more complicated — parametrization of the same surface is the following:

p(»',»?) = (h(arcosh(y*)) -cos(x'), h(arcosh(y*)) -sin(y'), f(arcosh(y?))) (1.99)

where now y? € |1,o0[ and y! € [—=,7]. Note that this parametrization clearly covers the pseudosphere
bijectively; here we have arcosh(1) = 0, so y? is necessarily constrained to | 1,c0[. With this parametriza-
tion p of the pseudosphere we obtain the following familiar metric matrix for the pseudosphere:

/(?)? 0
0 1/(?)?

Therefore the pseudosphere is isometric to the following (lifted) half strip in the Poincaré half plane:

Go(y'y?) = (1.100)
Vo={0'») e V=RxRy|y*>1} , (1.101)

and thence it is isometric to the *wedge’ Up = ¢! () in the Poincaré disk, where ¢! denotes the
isometric Cayley transform from 4 onto U, see figure 1.14.


https://en.wikipedia.org/wiki/Pseudosphere
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Figure 1.14: Left: The first of the two considered parametrizations of the pseudosphere — truncated
from above at z = 3. Middle to right: The pseudosphere is isometrically represented in the Poincaré
halfplane and in the Poincaré disk, respectively.

1.14 Isometric surfaces in 3D space

We have seen — at length — above in the main example 1.6 concerning the slit Paraboloid how a
surface in 3D in a natural way gives rise to a Local Riemannian Manifold of dimension 2. And
also indicated (via Hilbert’s theorem) that not every 2-dimensional Local Riemannian Manifold
can be so obtained from a surface in 3D space.

To complete the picture we now illustrate by example, how different surfaces in 3D can give rise
to the same Local Riemannian Manifold — so that these surfaces in this precise sense are locally
isometric surfaces.

lll Example 1.59
We let W denote the following open set in IR?
W={(x"P)eR| -n<x?<n} , (1.102)

and consider the following family of surfaces #, parametrized by (x!,x?) € W and t €] — &, [ as

follows:
H r,(xl,xz):(x,(xl,xz),y,(xl,xz),z,(xl,xz)) , (1.103)

where the 3 coordinate functions for the vector function r; are respectively:
x;(x!, x*) = cos(r) - sinh(x!) - sin(x?) + sin(z) - cosh(x!) - cos(x?) ,
yi(x!, x*) = —cos(z) - sinh(x!) - cos(x?) +sin(¢) - cosh(x') - sin(x?) , (1.104)

z:(x", %) = %% - cos(t) +x' -sin(z)
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Two of the surfaces, #Hy (the helicoid), Hy /o (the catenoid) and the intermediate surface # /4 are
displayed in figure 1.15. The boundaries that are not part of the surfaces are indicated in red —
corresponding to the two boundary components x> = =7 in the parameter domain 7. An animation
of the family can be found in Wiki: Catenoid. All members of the family are examples of so-called
minimal surfaces, see Wiki: Minimal Surfaces.

As already alluded to, all the surfaces #; are pairwise locally isometric — they are surface representations
of one and the same Local Riemannian Manifold (W, g4,) with the following metric matrix function
forallt €] —m, x:

Gay(x!,x*) = cosh?(x!) - [(1) (1)] . (1.105)

Il EXERCISE 1.60

Show that the metric matrix function for all members of the surface family in example 1.59 is
independent of ¢ and is given by (1.105).

Figure 1.15: Three members of the family of pairwise isometric minimal surfaces #;,t €] — 7, ©[.

|l EXERCISE 1.61

We consider again the same parameter domain as in example 1.59:
W={(x")eR* —n<x*<mn} , (1.106)

and consider the following simple family of (ribbon) surfaces Q; parametrized by (x!,x*) € % and


https://en.wikipedia.org/wiki/Catenoid
https://en.wikipedia.org/wiki/Minimal_surface
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t €]1,00] as follows:
Q ¢ (X)) =(t-cos(*/t)—t, t-sin(x*/1), x') . (1.107)

Show that all the surfaces in the family Q; are isometric to each other and give a geometric description

of the family.

°
1 Further experiments and results concerning ribbon surfaces are reported in [3] and [28].

1.15 Outlook: Statistics on a Riemannian manifold

Suppose a number of points are given on the paraboloid P as illustrated in figure 1.16. The
points are clearly distributed and elongated in the vertical direction along a meridian curve on the
paraboloid. This curve obviously carries great significance for the statistical analysis of the point

distribution.

Figure 1.16: Point set distribution on 2.

The elongated shape of the point set on 2 is, however, not immediate from its representations
neither in U nor in v/, see figure 1.17. Le. the usual Euclidean linear regression of the images in
the parameter domains does not work well. We need to take the respective metrics g¢; and gq/
into account in order to set up a proper notion of "linear" regression in the parameter domains.

If we include the indicatrix field fingerprints of the metrics g¢; and g4, in U and ¥ we get a first
visual indication of the elongation of the point set in the correct directions, see figure 1.18.

The ellipse indicatrices close to the point set are themselves elongated in the direction where the
Euclidean length is longer than the g-length of the vectors in the corresponding tangent spaces. In
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-4 -4

Figure 1.17: The U- and V-representations of the point set from figure 1.16.

the g-orthogonal direction (which in this particular setting corresponds to the Euclidean orthogonal
direction) the Euclidean length of tangent vectors are shorter than the g-length of the vectors.

If the point set is more or less circular distributed (in the Euclidean sense) — as is the case in both
U and V — it means, that the point set is actually elongated (in the g sense) in the direction which
is g-orthogonal to the direction of elongation of the g-indicatrices. This observation is then in
perfect accordance with the visual inspection of the point set on the paraboloid.

In the following chapters we will eventually be able to perform a correct "linear" regression on a
data set in a Local Riemannian Manifold. For example, the notion of center of mass of the set will
be generalized to the so-called Grove-Karcher mean or Frechet mean of the set, and, moreover,
the well-known Euclidean notion of Principal Component Analysis is generalized to Principal
Geodesic Analysisin Riemannian manifolds.

i One seminal example from real life showing the application of invariant analysis on

Riemannian manifolds for statistical purposes is in the paper by T. Fletcher et al.: [7].
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Figure 1.18: The respective indicatrix fields show clearly in both coordinate domains U and v/,
that the displayed point sets are metrically elongated in the radial direction.
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Chapter 2

Vector fields and the Lie derivative

2.1 Vector fields and their coordinate representations

We consider a Local Riemannian Manifold (U", g) represented by an open set U” in R” and a
given metric tensor field g = g¢; on U". Let V(p) denote a vector in the tangent space T, U at
p € U. Then V(p) is a linear combination of the canonical vectors e;(p),---, e,(p) that span
T, U, and the coefficients are called v'(p):

V(p) =Y v (p)-ep) = 0 (P D), @)

Suppose that we choose a vector V (x!,---, x*) in each tangent space T(1,... ) U for every point
(x!,---,x") € U. Then

Vixl,-- X" = Y Vil ) e(xh LX) (2.2)

We will say that V is a smooth vector field in U if the coordinate functions

vE(x!,- -, x") are smooth functions of (x!,---,x") forevery k=1,---, n.

The set of smooth vector fields on (U, g) is from now on denoted by X(U), and
the set of smooth functions on (U, g) is denoted by §(U).
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|| Proposition 2.3 Let ¢ denote an isometry between two representations (L, g¢;) and (¥, gq))

of the same LRM. If V € X(U) then (Jy-V*)* € X(7/). And vice versa, if W € X(7) then (Jy-1 -
W*)* € X(U). In other words, the smoothness property of a vector field is an isometry invariant
property (in fact a diffeomorphism invariant property).

Proof. Since ¢ and ¢! are diffeomorphisms, the Jacobian matrices Jo and Jy-1 are smooth
matrix functions on U and ¥ respectively. Therefore the product matrix functions (Jy - V*)* and
(Jo-1 - W*)* are also smooth. O

Note that the * notation for transposition of vector coordinates into a column

(respectively a row) matrix is in fact obsolete in the sense that when we calculate e.g. the vector
(Jo-V*)*, then it is clear that the matrix multiplication has to be done in precisely this way in order to
have the types of the matrices agree. Therefore, from now on we will in general — and without lack of
concensus — drop the explicit use of transpositions in the notation of such evaluations. For example,
in the case just considered we will write shorthand J -V and even (when no confusion is immediate)
Jo(V) (for (Jy-V*)*. To avoid the mentioned confusion, note that Jy(V) is then the image of V by
the Jacobian map between tangent spaces, whereas the notation Jy(p) is the Jacobian evaluated at the
point p.

lll Example 2.5

We use the Local Riemannian Manifold induced by the paraboloid ? in 3D space IR* — and represented
by (U?,g¢) — in the main example 1.6 from chapter 1, and consider the following vector field in U
given by its coordinate functions with respect to the canonical basis at each point:

V="', V(! a?)) = ( (x1)2+ (x2)2, »*-sin(x! —xz)) : (2.3)
‘{61»6’2}
Il EXERCISE 2.6

| | Show that this vector field V' is smooth in the open subset U. Hint: Note that U does not contain
(0,0).

The corresponding vector field W in 4/ is determined via ¢ by
WOy = o0 (1) - Ve ) (2.4)

Note that we need to apply ¢! in order to express the coordinate functions of W in (y',y?)-coordinates.
The two vector fields are displayed in figure 2.1.



2.1. VECTOR FIELDS AND THEIR COORDINATE REPRESENTATIONS

67

Both of the vector fields V in U and W in ¥/ are representatives of one and the same vector field V on
the paraboloid P, as illustrated in figure 2.2 and obtained via the P-defining vector function r in the

usual way:
v L) =y (2 2). or
(x',x7) =v (x',x%) 3
=W('y?)
or(e~")
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Figure 2.1: The vector fields V (left) and W (right) from example 2.5 by (2.3) and (2.4) represented
in U and in V.

Although the two vector fields V and W are ¢-related they look very different from the
Euclidean viewpoint. For example, it is evident, that the usual Euclidean divergence of
the two vector fields are quite different from each other. In order to define a consistent
divergence of vector fields on (Local) Riemannian Manifolds we therefore need to come
up with a definition that is coordinate invariant in the sense that it will give the same
result in every isometric representation of the LRM. This will be done — using the
invariant metric tensor g — in a later chapter.
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Figure 2.2: The lift to the paraboloid of the vector fields displayed in figure 2.1 from example 2.5.

2.2 \Vector fields as derivations of functions

The directional derivative X (f) of a smooth function f in the direction of a vector X at a point
p € U is well known:

|||| Definition 2.7 LetX = Y!=" v - ¢; be a vector field in X(U). Then the X-directional derivative

of f at each point p is:
i=n af

X (=Y V)55 (2.6)
i=1 Xl
In particular we have for each of the canonical basis vectors e; at each point:
of
alf)==5 - @.7)

In this sense, every vector is associated with a derivation of smooth functions at each point, where
the notion of derivation is defined as follows:

|| Definition 2.8 A derivation w at a point p is by definition a linear map w : F(U) — R

which satisfies the product-differentiation-rule:

w(f-h), = f(p)-w(h), +h(p) -w(g), (2.8)
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|l EXERCISE 2.9

| | Show that the directional derivative defined by a vector X as in (2.6) is a derivation in the sense of
definition 2.8.

There are no more derivations than there are vectors and vice versa:

|||| Proposition 2.10  Every derivation at p is a directional derivative by a unique vector at p

and vise versa, to every vector at p corresponds precisely one unique derivation.

Proof. We refer to [18, p. 53] for a fairly straightforward proof of this fact. The proof applies a
version of Taylor’s theorem which may be of independent interest. ]

Whenever convenient we will therefore write and use vectors as derivations in this sense — this is
a strong alternative to the more geometric conceptualization of a vector as a velocity vector (with
length and direction) for a motion along a time-parametrized curve through the point in question.
In short we write correspondingly:

Let X =Y,V -¢; € T,U. Then we write — see (2.6) and (2.7):

i=n a
&Zgﬂﬁaa- (2.9)

The following observation is immediate:

|l Proposition 2.12  Suppose that X € X(U) and f € F(U). Then X(f) is itself a smooth
function on U, i.e. X(f) € F(U).

|l EXERCISE 2.13

Let U2 =R? and let X € X(U?) and Y € X(U?) denote the following two vector fields in terms of
the canonical basis vectors ¢;, i = 1,2, in each tangent space T(xl ) of U?:

X(xl,xz) — ex2 ey + <x1)3 cer = <ex2’ (x1)3>

Y(xl,xz) =—x.e;+x'er= (—xz, xl)

(2.10)
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Let f € §(U) denote the following smooth function on R?:
fEL ) =xt? (2.11)

Calculate the following six functions on R? expressed in terms of the coordinates x! and x*:

X(f), Y (), X(X(f)), X(¥Y (f)), Y (X(f)), and Y (Y (f))-

2.3 Flows that preserve indicatrices

Some vector fields are constructed in such a way that — or have the property that — they ’respect’
the metric tensor field g of the LRM in the sense that if we push the g-indicatrix fingerprint in the
direction of the vector field and with the speed determined everywhere by the vector field, then
the indicatrix field, the full fingerprint field, is mapped onto itself. One of the purposes of the
present chapter is to make this special type of relation between the metric tensor and the vector
field precise. When such a relation holds we will naturally say that the vector field generates a
local isometry of (1, g) into itself — see section 2.7 below. Such a vector field is called a Killing
vector field after Wilhelm Killing.

ll Example 2.14

A first — and simple — example of a (to be shown below in exercise 2.39) Killing vector field on the
representations (1, g¢) and (V, g4 ) for the paraboloid example in chapter 1 is displayed in figure 2.3.
The vector fields are induced from the rotation of the paraboloid around its axis as illustrated in figure
2.5. The representation of the vector field is given in U as follows (using the canonical basis in all
tangent spaces T, U):

V(xl,xz) = (—xz,xl) , (2.12)

so that the corresponding expression in ‘V is (using the notational convention of deleting transpositions
and using the canonical basis in all tangent spaces T,7/):

WLy =0 () V(e O y) = (0.1) . (2.13)

Il EXERCISE 2.15

| | Show that the V-corresponding vector field W in ¥/ is indeed given by the simple expression in
(2.13).

In order to make precise how a given vector field actually moves the points around in U we need
to study its integral curves and its corresponding flow map.


https://en.wikipedia.org/wiki/Wilhelm_Killing
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Figure 2.3: The vector fields in U and ¥ generated by a rotation of the paraboloid P around its
axis of symmetry, see figure 2.5.

2.4 Integral curves and flow maps

Let V € X(U). A t-parametrized curve v, 7 € I, in U, is called an integral
curve of V if
Y (t)=V(y(t)) foralltel . (2.14)

In 2D and in U-coordinates it means explicitly that the coordinate functions of y(¢) = (Y!(¢), ¥*(t))
satisfy the first order ordinary differential equation system determined by the vector field V (x!, x?) =

(!, %), v (x!, x?)):

(,Yl)/(t) :vl(,yl(t)’:zz(t)) and (2.15)

(t)) forallte [

|| Proposition 2.17  As usual we let ¢ denote a diffeomorphism. If y is an integral curve of V in
U, then ¢ () is an integral curve of the corresponding vector field W = J -V in ¢(U) = V' — and vice

versa.
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Figure 2.4: The rotational vector field on P has these representations in U and in V. They are
studied in example 2.14 — here they are displayed together with the fingerprint indicatrix fields of
the metric tensors g¢; (left) and g,/ (right), respectively.

|l EXERCISE 2.18

For all positive values of k we let Y (t) = (k-cos(z), k-sin(t)), r €| — n, n[, k € R4. Show that all
the curves Y, k > 0, are integral curves of the vector field V = (—x2, x!) in example 2.14 and that
they all satisfy that y,(0) has zero second coordinate. Show that there are no other curves that are
integral curves 1(¢) of V and whose second coordinate function n?(¢) is zero for t = 0. Why are we

assuming that k > 0? Could we have considered k < 0?

The local flow map 6, generated by a smooth vector field X € X(U) on U is

the mapping determined locally by the integral curves a(z, p) of X, i.e. the integral curves defined by
o(0, p) = p for each p. The time domains of the integral curves are thus always assumed to contain
t=0.

0,(p) =oa(t,p) forallpe Uandforall —e<r<e |, (2.16)

where € is a sufficiently small value.

The mapping defined in definition 2.19 is the one that will be used to push open domains forward
along the vector field in . If p is held constant, then the mapping 7 — 6,(p) is just the integral
curve oz, p). On the other hand, if 7 is held constant then the mapping g — 6,(g) defines a
map which lets every point g of any given open subset of U flow for exactly time ¢, if only 7 is
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Figure 2.5: The rotational vector field on P whose representations in U and in ¥V are studied in
example 2.14

sufficiently small in absolute value. If this latter condition is not satisfied we may not be able to
flow the subset within U for all the time ¢.

The most fundamental observations about local flows 6;, that are generated by smooth vector
fields in this way, are contained in the following proposition. We refer to [18, pp. 212-214] where
the proof is developed in all necessary details.

|l Proposition 2.20

1. B¢ does not move anything — it is the identity map on U.

2. 05(0,) = 6,(65) = 05+, whenever s, ¢, and s+ are sufficiently small in absolute values. In other
words, you can flow for time s + ¢ by first flowing for time ¢ and then afterwards for time s.

3. At each point p € U, for sufficiently small ¢, the map 6; is a local diffeomorphism on a
sufficiently small open set Q) containing p with inverse map 6, ! = 6_; on 0;(Q)). This is the
most important property. It is based on the fact that integral curves never intersect each other
(why is that?). And it means in particular, that the flow map 0, for every allowed ¢-value has
well-defined Jacobians Jo, and Jo, U= Jy . respectively.




74 CHAPTER 2. VECTOR FIELDS AND THE LIE DERIVATIVE

|l EXERCISE 2.21

Suppose V is the vector field in U = R?\ {(x!,x?) € R? | x> =0, x! <0} from example 2.14:
Vil x?) = (=% xh) . (2.17)

Find the expression of the integral curve a(z, (x!, x?)) of V through the point (x!,x*) € U. Show that
Property 3 of Proposition 2.20 is satisfied.

|l EXERCISE 2.22

Let V be the following vector field in R?:

V(xl,xz):(a-x1+b-x2,c-xl+d-x2) , (2.18)
where
A= [ a Z } is a constant regular matrix . (2.19)
c

Find the expression of the integral curve a(z, (x!, x?)) of V through the point (x!,x?) € R? — either in

general for any choice of regular coefficient matrix A, or just for some example.

(-
w

) (%J Z\\\\\J

Figure 2.6: A blob (open set) is floating along the integral curves of a vector field. At each
instance of time ¢ the image of the blob is diffeomorphic to the original blob at time ¢t = 0. The
diffeomorphism is obtained directly by the flow map 6, which is generated by the vector field, see
definition 2.19.

IS

x!*
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2.5 Pulling back vectors along integral curves

We will use the flow map 6, for a vector field X € X(U) to move — and then compare — vectors
along integral curves for X.

We consider one integral curve 6; ( p), t € 1, and use the Jacobian Jy , of the inverse flow map
diffeomorphism 6_, at the point g = 6,(p) to give us a vector Jg_, (¥;) in T), U for every ¥, € T, U.
Observe that we are using short hand notation Jy_, (Y,) for the image of the vector ¥, by the
Jacobian Jy_, at g — as forewarned in the notation-box 2.4 above.

The vector ¥; = Jy_, (¥,) € T, is called the pull back (at p) of the vector

Y, € T,U (at g). So the vector Y, is pulled back from g to p by the backwards flow map 6_, associated
with the forward flow map 6, for the vector field X.

, The pulled-back vector 17[ can now (and only now) be compared with the value Y), of the

S - | vector field Y at p. This motivates V. I. Arnol’d’s metaphorical name, the fisherman’s

Q derivative, see [1], for the following derivative, which is actually named after Sophus
Lie:

We let 8, denote the local flow map around p € U for a vector field X € X(U)

and let Y € X(U) denote another smooth vector field on U. Then we define the Lie derivative of Y
along X at p as follows:

LyY, =lim Y=Y ) i Jo,(Yg) =Yy . (2.20)
l» 1—0

t t—0 t

The Lie derivative can be interpreted as a vector field, i.e. as a derivation on functions, namely as
follows (this identification is expressed explicitly in proposition 2.28 below):

The Lie bracket of two vector fields X and Y in X(U) at p is denoted [X, Y| R

and defined as follows:

X,Y](f) =X (f))—Y(X(f)) forallfunctions f € F(U) (2.21)

The Lie bracket is itself a derivation, i.e. a vector field, so that [X, Y] € X(U) whenever X and Y
are in X(U):


https://en.wikipedia.org/wiki/Vladimir_Arnold
https://en.wikipedia.org/wiki/Sophus_Lie
https://en.wikipedia.org/wiki/Sophus_Lie
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|l EXERCISE 2.26

Prove this claim, i.e. show — or give examples which illustrate — that whenever X and Y are two vector
fields in X(U) then there exists a vector field V € X(U) such that

[X.Y](f)=V(f) forall feF(U). (2.22)

Hint: See equation (2.32) or exercise 2.29 below.

The result of this exercise 2.26 is a bit surprising, because we should expect second
‘ derivatives of f to appear on the right hand side X (Y (f)) — Y (X(f)). But they cancel

each other — because with our general smoothness assumptions on f we have f/ iy = ; / N

for all i and j — and we are left with first order derivatives of f and thence a derivation.

The Lie bracket satisfies the so-called Jacobi identity that we shall need later:
X,[Y.Z]] +[V.[Z.X]] + 2. [X.Y]] =0 . (2.23)
lll EXERCISE 2.27

Show the Jacobi identity (2.23). Hint: Substitute the definition of the bracket and see that the resulting
12 terms cancel in pairs!

The Lie bracket is identical to the Lie derivative:

|l Proposition 2.28
Lyy =[X,Y] . (2.24)

In other words, LxY is itself a vector field in X(U), and
LyY =[X,Y]|=—[Y,X] = —LyX . (2.25)

Moreover, with coordinates v/ for X and u™ for Y we have:

== oV 0
LyY = [X, Y] :ZZ( 7 ax].)-axi , (2.26)

Proof. We only need to show the equivalence to Definition 2.24, i.e that (2.20) gives the same
vector field as (2.24). For that we expand everything around p (at x = 6,(p)) in terms of small
flow-time ¢. We first observe, that ¥; can be expanded in terms of the flow map via the Jacobian:

0™
Jo_, (x)(ei) = ax_tt( x)-em (2.27)
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and the coefficents of this Jacobian are obtained as follows (using the Kronecker delta 8", which

is 1 if i = m, else 0):

k
Y = Zum-em
u™(8(p)) =u"(p) +1 (;vk %(@) +e(r) -1
X(p) =2 (0)
0" (x) =x"+1-V"(x)+e(t) -t
0" "
e (0=~ G () .
Y"(p) = (Jo_, (x)(Y))"
=Y 2 )il

and therefore

LyY =lim [ 22— Yy
|p 1—0 t
(2.30)

p ou" avm> d

:ZZ(V o V) A

m i
On the other hand, from Definition 2.25 we immediately obtain the same coordinate expression
for [X, Y] which therefore proves the identity with LxY: We let X and Y denote the two vector
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fields in X () with coordinate functions v/, i = 1,---,n,and w/, j=1,---, n:
i=n a i=n
X = V- a— Z
i=1 =
= - (2.31)
Y — Z W - € ’
l:1 =
i=n ) ) p)
X, Y| = X(w)=-YH)) —
XY= Y () ¥ 00) 5
(2.32)

i=1
:i_"J:n(vj.a_Wi_ j'a_vi)_i

ox/ W ox/ ) oxi

so that the Lie bracket [X, Y] is indeed the Lie derivative LxY of Y with respect to X — and with
the claimed vector coordinates. O]

I EXERCISE 2.29

Returning to exercise 2.13: Find the vector-coordinates for the derivation [X,Y] determined by the
two vector fields given in that exercise:

X (x!, x? — e + ()3 e = ex2, X3
(W)= ee () e = (. () .
Y(x', %) = —x*-e1 +x! ey = (—x%, &)

Show by direct calculation of (LxY) (f) that (2.32) gives the same result as in exercise 2.13: that
(LxY) (f) =X(Y(f)) —Y(X(f)) for the function f given in that exercise.

Il EXERCISE 2.30

| | LetX andY be two canonical vector fields in U: X = e; and Y = e;. Show that [X,Y] = 0.

|l EXERCISE 2.31

Let X and Y be the following vector fields in 7/ = IR?> — {(0,0)} in terms of the canonical basis fields
e; and ej:

X(x'2?) = (x',x?)

Y(xl,x2) = (—xz,xl) 2.34)

Show that [X,Y] = 0.
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|l EXERCISE 2.32

We consider a diffeomorphism y of an open subset Q2 of R? onto y(Q) C IR? with a given expression
y(x!, x?) and inverse map y~!(y!,y?) . Let V and W denote the vector fields in y(Q):

(2.35)

Show that [V, W] = 0. Hint: Try out the claim for the well known diffeomorphism from Chapter 1:

o(x',x?) = (\/ (x1)2+ (x2)2, arg(x' +i-22)) (2.36)

where (x',x?) € Q) consisting of all points in IR? except the non-positive part of the x!-axis.

|l EXERCISE 2.33
Let X and Y be the following unit vector fields in Euclidean R? — {(0,0)}:
1 2
X(x',x%) = - 3 - ,
VED)ZH )2 ()4 (7)?
(2.37)
—x? x!
Y(x'x?) = s ,
VEDZH D2 V()4 (2)?
Show that in this case the Lie bracket is the following non-vanishing vector field:
2 1
X —X
X, Y| = , . 2.38
o) = (G s ) 239

2.6 Pulling back the metric tensor along integral curves

In the same way as above we can use the Jacobian of the flow map to define what we will call
the pull back tensor of the metric tensor. Again we ’pull back’ the metric tensor from the point
g = 6;(p) to the point p. But note, that we now do it by pushing forward given vectors V,, and
W, from the tangent space at p to the tangent space at g via the forward flow 6, and evaluate the
metric g, on the two (pushed-forward-) vectors at g. This evaluation gives a non-negative real
number, of course, which can then be compared with the evaluation of g, on V}, and W),. Formally,
it is all contained in the definition:

Again we let 6, denote the local flow map around p € U for a vector field

X € X(U) which maps p to ¢, and let g denote the given metric tensor field on U. The (pulled-back-)




80 CHAPTER 2. VECTOR FIELDS AND THE LIE DERIVATIVE

metric tensor g; at p is defined by its values on vectors V,, and W, in the tangent space 7, U at p as
follows:

8 (Vo Wy,) = g4(Jo,(Vy),Jo,(W,)) forallV,and W, inT,U . (2.39)

Note, that we use again shorthand notation Jg, (V,,) for the vector obtained by using the Jacobian map
Jo, at p on the vector V), at p, cf. the notation box 2.4.

The real values of g;(V,,W),) can freely be compared with the values g(V,,, W,,), and the following
limit is well defined and a clear measure of the change of the metric tensor field (and thence of
the indicatrix field) during the flow along the vector field X:

We define the Lie derivative of g along X at p in much the same way as we
defined LyY in definition 2.24:

: g — d .
Lx(g)|, = lim (g’gp> =%z . (2.40)

In coordinates we get the following expression for the Lie derivative of the metric tensor:

|| Proposition 2.36 Let (,g) be a Local Riemannian Manifold and let g; ;(x', -, x") denote

the components of the metric matrix function Gy, i.e. g;; = g(e;,e;) with respect to the canonical
basis vectors e;, i = 1,---,n, in each tangent space T, U. Let V € X (‘ll) be a vector field in U with
coordinates v€(x!,---,x"), k = 1,---,n. Then the Lie derivative of g has the following coordinate
expression for each choice of i and j:

k=n do: :

8i

L Lei) = k. 25t 4 g .
Ve = & (V axk S G T8 Gy

(2.41)

Proof. We consider the 7-dependent pulled back metric matrix function @ru, which, according to
equation (2.39) is the following — using shorthand x = (x!,--- ,x"):

~

Gu(x) = Jg (x) - Gu (6 (x) - Jo, (x) . (2.42)

In order to apply (2.40) to prove (2.41) we expand the factors on the right hand side in terms of ¢
to order 1 from O using the elements g,,, from G¢; and the Kronecker delta symbol 8" — compare
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with the strategy for the proof of Proposition 2.28:

V:ka-ek
k
V(p) = 240)

e
Jo, (ei) = Z};, (g) - e

(2.43)
0" (x) =x"+1-V"(x)+¢€(t) -t
0" "
axi (x) _81' +1- axl +8( )

gme(0:(p)) = gme(p (Zv agmg )) +e(t) -t

Using these expressions we now get the elements g;;(x) of the matrix G (x) for x close to p.
Remember that the indexed version of a product of three (n x n)-matrices Q = A - B - C with
elements ai, b, ¢, and cﬁ- respectively, can be expressed as follows:

q,J—ZZZa mgc . (2.44)

With this in mind we get the following where in the end we only collect terms with degrees of ¢
less than 2:

Gi(x 22<5m £ 20 (o) )
(gme(p) +t- <ka(p) ' 85;212 (P)) +€(1) 't> :

k

(2.45)
‘ v’
O +1-—
( + o +e(t) - >
; vk vk
=gij(p +t2( g’+ ,k-$+gik~$>+a(t)-t ,
which then gives (2.41) directly from (2.40). O]

2.7 Local isometries: Killing vector fields

We are now ready to define the notion of a Killing vector field as already alluded to in section 2.3:
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Let (U,g) denote an LRM and let V € X(U) denote a vector field on U.
Then V is called a Killing vector field on (U, g) if

Ly(g), =0 forallped . (2.46)

From the construction above it now makes perfect sense to say that the flow map of a Killing vector
field is an infinitesimal isometry, because we get directly from equation (2.40) that %Z;} =0 at all
points p € U.

Since the flow map 6; of a Killing vector field preserves the metric g in the sense of
equation (2.46), it’s Jacobian also preserves the indicatrix field of g in U, i.e. the indica-
trix at p is mapped onto the indicatrix at ¢ = 6;(p) by Jo,. Moreover, since the Jacobian

is just the linearized version of the flow map itself, it means that if we consider a small

blob (), C U, i.e. a small open subset of U around p which resembles/approximates
the indicatrix of g at p, then the images 6;(),) of the blob by the flow map will corre-
spondingly approximate the indicatrices of g along the flow path ;(p) — see the figures
2.7 and 2.10 below.

In coordinates we have, in consequence of the expression for the Lie derivative of the metric in
proposition 2.36:

||| Proposition 2.38 Let (,g) be a Local Riemannian Manifold and let g; ;(x',-- -, x") denote

the components of the metric matrix function G¢;. Let V € (U) be a vector field in U with coordinates

vk (xl, cee x”), k=1,---,n. Then V is a Killing vector field if and only if its component functions Wk
satisfy the following equation foralli=1,---,nand j=1,---,n:
k=n do: : a k a k
¢ 98ij v V
Z ) N i = 0 . 247
= (V Oxck +g]k Xt +glk 8x1> ( )

Below we will apply these equations to check if a given vector field is Killing or not in a given
Local Riemannian Manifold.

|l EXERCISE 2.39

Show that the vector field in example 2.14 is indeed a Killing field on the paraboloid U with the metric
tensor gq¢; determined by the usual metric matrix function:

4(x1)2+1 4xta?

dxt-xr 42 +1 (2.48)

Hint: Use that g, ; is precisely the (i, j)’th element in the metric matrix function and then apply (2.47).
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I EXERCISE 2.40

If you add two Killing vector fields, do you then get a Killing vector field? If your answer is [yes],
then prove it; if your answer is [no], then give a counterexample.

|l EXERCISE 2.41

|l EXERCISE 2.42

If you multiply a Killing vector field by a constant real factor do you then get a Killing vector field? If
your answer is [yes], then prove it; if your answer is [no], then give a counterexample.

| | Prove that the space of Killing vector fields on a given LRM is a real vector space.

A coordinate invariant version of the property of being Killing is also supplied by [24, p. 251]:

|| Proposition 2.43 A vector field X € X(U) on (U,g) is Killing if and only if
X((Y.,Z)=(X.,Y],Z)+(Y,[X.,Z]) forallY,andZin X(U) |, (2.49)

where we have used the notation (Y, Z) for g(¥,Z) etc.

° Killing vector fields obviously play a key role for the analysis of isometries of Rieman-
nian manifolds, but they are also important in General Relativity, e.g. for the proper
definition of static spacetimes, see e.g. [24] and [12].

We consider further examples of Killing vector fields in the following example/exercise — see
figure 2.7.

|l EXERCISE 2.44

We let U denote the open first quadrant of IR? and let g¢; be the metric tensor on ¢ with the following
metric matrix function — see figure 2.7

Gfuz((x‘)2+(x2)2)-[(1) (1)] . x'>0,%2>0 . (2.50)

The two vector fields X and Y on display in 2.7 are given by their coordinate functions as follows:

x! —x*
* ((x1)2+ (2)27 ()2 + <x2)2> 2.51)

Y

< (xlx):rz(xxzz)2 ’ ();)zzxjr_(;22 )2>
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Figure 2.7: Two Killing vector fields in a Local Riemannian Manifold (U, g), where U is the
open first quadrant of IR?, and the metric tensor is represented by its indicatrix field fingerprint,
see example 2.44.

Show that X and Y are Killing vector fields on (U,gq).

In general, let o, B, and k denote any set of three real constants. Show that all of the following vector
fields are Killing vector fields in (7L, gq):

Cfox B Bext —oa?
o= (G (o i (o)

(2.52)

Zp = (—=k-x*, k-x")

2.8 All Killing vector fields in the Euclidean plane

We want to find all the Killing fields in the Euclidean plane (]Rz, gE), where gg of course denotes
the Euclidean metric tensor which is the one associated with the simplest of all metric matrix
functions:

1
GU:[O (1)] . (2.53)
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Suppose that we consider an unknown vector field
Vixhx?) = (f(x'x?), h(x!, ¥%) (2.54)

where f and h are two unknown functions of the two variables x! and x*>. We then insert the
vector field V = (f,h) into the Killing equation (2.47) and get three coupled partial differential
equations for f and h:

_of
0=aT
df  oh
_ 9 o 2.55
0 ax2+ax1 ( )
oh
0=32

|l EXERCISE 2.45

Show that we get these three equations by inserting Vinto the Killing equation. Why are there only
three equations?

We conclude from the first and the third equation in (2.55) that f does not depend onx!,ie. f
only depends on x2, and that 4 does not depend on x2, i.e. & only depends on x'. The second
equation in (2.55) then shows that both of the derivatives a]; and a 5,7 are constant and that the
sum of these constants is 0.

|l EXERCISE 2.46

| | Why are these derivatives 2 e As and 5 oh 5,7 necessarily constants as claimed in the above reasoning?

From this we then have:

of

2 —C
2
o (2.56)
- —_C
ox!
We treat the situation in two cases:
Case 1: If C = 0 we get the vector solutions
V=V(x'x*)=(f,h)=(a,p) , whereoandp are constants. (2.57)

In short, any constant vector V' is a Killing vector field in the Euclidean plane. This is no surprise,
since pure translations in the Euclidean plane are well-known isometries. The integral curves are
parallel straight lines that are parametrized so that they all have the same tangent vector (¢, f3).
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Case 2: If C # 0 we get the solutions
V=vV(xLx*)=(C-(x*~b), —C-(x' =a)) , where aand b are constants. (2.58)

These vector fields generate rotations around the fixed point (a,b) — the integral curve through
p = (x4, x3) is the following, where t € [ = [, 7:

a(t,p) = (a,b) + (x} —a, x5 —b) -cos(C-t) — (b—x3, x} —a) -sin(C-1)) . (2.59)

In short, all Killing vector fields in the Euclidean plane stem from either parallel translations or
rotations around a fixed point.

|l EXERCISE 2.47

2.9 Killing vector fields on the 2-sphere in 3D space

Verity that equation (2.59) gives the correct expression for all the integral curves of the Killing field V

in equation (2.58).

As for the Euclidean plane we can also find all the Killing fields on the sphere (of, say, radius 1)
in (]R3, gr) (where now g denotes the Euclidean metric tensor in 3D space).

The unit sphere S has the following parametrization:

S o r(xha?) = (sin(x") -cos(x?), sin(x!) -sin(x?), cos(x')) (2.60)

where (x!, x?) is restricted to the following open set in R?:

U={(x", ) eR*|0<x'<n and —-m<r’<m} (2.61)

The metric tensor induced in U from the unit sphere parametrization is then given by the following
metric matrix function:

G:u(xl,xz):{l 0 } : (2.62)

|l EXERCISE 2.48

Show that the metric matrix function for the unit sphere has the expression given in equation (2.62).
Check that it is positive definite for all (x!, x?) in U.

Every Killing vector field V on the sphere in 3D is induced by a rotation of the sphere around an
axis through its center. If the axis has direction vector r(x(l), x(z)) then the corresponding Killing

vector field is simply

VL) =r(xh, 3) xr(xh ), (L) eu (2.63)
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where x denotes the usual cross product in IR?. See examples in figure 2.8.

I EXERCISE 2.49

the direction r(x}, x3) gives rise to the velocity vector field V (x!, x?) in equation (2.63) at the points

1

Show that a rotation (with angular velocity 1) in 3D space around the axis through (0,0,0) defined by
r(x', x*) on the unit sphere S.

Figure 2.8: Killing vector fields on the sphere with various choices of (red) axes. The first three
from the left are generated by rotations around the x-axis, the y-axis, and the z-axis, respectively.
The rightmost field is generated by a rotation around the axis with direction vector (\/5 ,0, \/5 ) /2.

We now construct the corresponding Killing vector fields in U (for the first three leftmost vector
fields in figure 2.8 corresponding to the axis rotations in 3D around the x-axis, the y-axis, and the
z-axis, respectively — when the sphere is parametrized by the standard parametrization r(x!, x*)
as in (2.60).

The axis rotation Killing fields have the following representations in U with respect to the
canonical basis at each tangent plane in U:

Vi(x!, x*) = (—sin(x?), —cos(x?) - cot(x!))
Vy(x!, x*) = (cos(x?), —sin(x?) - cot(x")) (2.64)
Vz(xl,xz) =(0,1)

|l EXERCISE 2.50

Show that V,, V,, and V, are the representations in U of the following three axis rotation vector fields
on the sphere:
Vi(x!, x*) = (1,0,0) x r(x!, x?)
Va(x!, x*) = (0,1,0) x r(x', x%) (2.65)
V3(x!, x%) = (0,0,1) x r(x!, x?)
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| | Hint: Use the x'- and x>-derivatives of the vector function r(x', x*) to construct the vector fields on

the sphere in 3D — in the same way as in example 2.5.

The three vector fields Vy, Vj, and V; are displayed in figure 2.9.
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Figure 2.9: Representations in U of axis-Killing vector fields (plus a few of their integral curves)
from the corresponding rotations of the unit sphere as displayed in figure 2.8.

lll EXERCISE 2.51
| | Verify that the three vector fields in equation (2.64) all satisfy the Killing equations in (2.47).

The axis rotation vector fields for the sphere considered above in their U representations are fairly
simple examples of Killing vector fields stemming from the corresponding isometric rotations
of the sphere. The rotation about a non-coordinate-axis line through the center of the sphere
is shown in the rightmost display of figure 2.8 and gives rise to only a little more complicated
Killing field in U. See 2.52 — it is actually already on display in figure 2.6 above, where we show
a blob following the flowlines of the Killing vector field.

The flow map is an isometry, so the blob has constant area for all times along the flow. We claim,
that every Killing vector field on the sphere is a linear combination of the three axis-rotational
Killing vector fields in (2.64).
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Figure 2.10: The metric tensor fingerprint from the sphere in U together with the axis rotations
Killing fields in figure 2.9. The fingerprint is clearly mapped into itself when the individual
indicatrices are deformed along the flow maps of the vector fields. I.e. the flow maps are local (in
fact in this case global) isometries.

Here, in figure 2.12, we then insert the (finger print) indicatrix field obtained from the unit
sphere into figure 2.6 and observe, that the vector field flow map indeed does deform the blob in
accordance with the deformation of the indicatrices, so that the blob in particular is inspected to
keep its area invariant during the flow.

Il EXERCISE 2.52

In prolongation of exercise 2.50: Let W denote the following vector field on the unit sphere in

Euclidean IR® with center at the origin — as a function of parameters (x!,x?) in U:

W(xha?) =Axr(xx?) (2.66)
where A = (a,b,c) is a fixed vector in IR?.

1. Show that the vector field W is generated by a rotation of the sphere around the radial line with
direction vector A and with an angular speed given by the Euclidean norm of A.

2. Show that the corresponding vector field W in the parameter domain (7, gq) is a linear
combination (with the constant coefficients a, b, and c) of the axis rotation Killing vector fields
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Figure 2.11: The flow map of a blob generated by the vector field on the sphere corresponding to
a rotation around a skew axis, i.e. in this case not a coordinate axis.

Vi, Vy, and V; expressed in equation (2.64), so that

W=aVi+b-Vy+c-V. . (2.67)

3. Conclude, that W is itself a Killing vector field in (U, gq) for all vectors A.

4. Show that every Killing vector field in (U,gq) is a linear combination (with constant coeffi-
cients) of the axis rotation Killing fields displayed in equation (2.64), so that the set of Killing
vector fields on the sphere is a 3-dimensional vector space spanned by the basis {V,V,, V).
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Figure 2.12: The representation (in (U, g¢;)) of the flow mapping of a blob on the unit sphere
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generated by the vector field shown in figure 2.11.
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Chapter 3

The Levi-Civita connection

3.1 The acceleration problem

We consider a regular smooth curve 7 in the Euclidean plane (U = IR?, gg) with its Euclidean
metric tensor gg. Suppose Y is unit speed, 1.e. it is parametrized by arc length s measured with
sign from the point y(0) = p = (p', p?). Then we have:

vs)=(r'(). ¥(s) . seR .
¥'(s)= (")), (P)(s)

1Y/ (s)]lg;. =1 . sothatsis indeed the signed arc length from p: (.1)
N
s= [ 0) s
|l EXERCISE 3.1
A parametrized circle with center (0,0) and radius R in (IR?, gg) is given as follows:
Y(s) = (R-cos(s/R), R-sin(s/R)) , s€]—-R-mR-w . (3.2)

Show that the expression in equation (3.2) gives a unit speed parametrization of the circle.

In the Euclidean space (IR”,gg) we can — and very often do — compare two vectors in different
tangent spaces via the usual Euclidean parallel transport. For example, we can — in that particular
representation of the Local Riemannian Manifold — compare the tangent vector y/(so +17) in the
tangent space Ty, ) With v (s0) in the tangent space Ty(s,)- In fact, we can directly consider the
difference between the two vectors Y/ (so +¢) and ¥/ (so), divide that difference by ¢ and let 7 go to
0. Then we get the well known Euclidean acceleration of the parametrized curve v at y(sg), and
from this construction it is natural to name the result of this operation by ¥”(s¢). In the given
Euclidean setting we have:
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accy(so) = }%

Y (s0+1) = ¥(50)
< O t 0 ) (3.3)

=7"(s0) = ((¥')"(50), (+*)"(0))
|l EXERCISE 3.2

Let y be any regular arclength parametrized curve in (R?, gg ). Show that accy(so) is always orthogonal
to the tangent (velocity) vector Y'(so) for all so in the parameter interval / for y:

ge (acey(s), ¥'(s)) =0 , forallsel (3.4)

Hint: Note that gz (V, W) =V -W is just the usual dot-product in (R? gz) and consider the s-
derivative of both sides of the equation ||y (s)]7, = 1.

The acceleration problem is now the following: From chapters 1 and 2 it is evident, that we
cannot just subtract (the coordinates of) two vectors in different tangent spaces and hope to get
an isometry invariant and well defined acceleration from the second derivative of the coordinate
functions of the curve as done in equation (3.3). In other words, we need to define the important
notion of acceleration in a more refined way than equation (3.3), so that it becomes well defined
in every representation (7, gy ) for any given Local Riemannian Manifold.

The notion of acceleration of a motion along a given curve is of paramount importance

S~ - | for an abundance of applications — just think of Newton’s second law. So we need to

Q solve the ’acceleration problem’, so that the calculation of that important entity can be
done consistently in any representation of a given Local Riemannian Manifold.

As a dramatic illustration of this ’acceleration problem’” we consider again the polar map ¢ which
was introduced in the previous chapters:

lll Example 3.3

We consider the Euclidean plane and represent that LRM in two different — but isometric ways — (U, g¢;)
and (7,g4), respectively, corresponding to using ordinary Cartesian coordinates in the plane and
ordinary polar coordinates in the plane.

So, we let ¢ denote the polar map defined on the open set U = (RR?
which produces polar coordinates (y',y?) as follows:

minus the non-positive x-axis),

o) = (/)2 02 anglol +1-2) ) = 01%) 65

To repeat: In U we consider the Euclidean metric gg so that (U, gg) is then surely a direct representative
of the LRM, the Euclidean plane, that we are considering. (Note that this LRM is quite different from
the one constructed from the paraboloid 2 (with inherited metric from the ambient Euclidean 3D
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space) in chapter 1. The present (U, gg) is in the similar sense constructed from the Euclidean plane
r(x!, x?) = (x!, x%,0) in 3D.)

The metric matrix function in U is then simply:

GE(xl,xz):[(l) H . (3.6)

Now let % = ¢(U), the open half strip in IR? considered before:
V={0"y)|y'>0 and —-m<y*’<mn} . 3.7)

Then, in order for (‘V, gy ) to become a representative for the same LRM as (U, gg) we must define g,/
so that its corresponding metric matrix function is the following — see equation (1.15) in chapter 1:

Gy(y'.y*) =J5 1 Ge(97") - Jpmi

- J:g—l . Jq)—l

[ cos(y?) —y'-sin(3?)) ] [ cos(y?) —! .sm<y22>> (3.8)
y

(
| sin(y”))  y'-cos(y?)) sin(y?))  v'-cos(

10
= 2
[0 ()
The circle in exercise 3.1 is mapped by ¢ into a curve | with the ¢-induced parametrization:

N(s) = 0(4(s)) = 9 (R-cos (s/R) , R-sin(s/R))

(3.9)
=(R,s/R) , s€]-R-m,R-m ,
so that the tangent (velocity) vector along 1 is:
n'(s)=(0,1/R) . (3.10)

Note that by construction via ¢ — which is an isometry — the curve 1 is automatically parametrized by
arc length.

Il EXERCISE 3.4

Check that
In"(s)|lg, =1 forall s€]—R-m,R-7[ . (3.11)

Observe, that if we now just blindly calculate the second derivatives of the coordinate functions of the
parametrization 1(s) in ¥ we get

n"(s) =(0,0) . (3.12)
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whereas, if we calculate the (correct) acceleration of yin U we get

y,,(S):<—cos(s/1e) —sin(s/R)) | .

R ’ R

In other words, the two calculations are not in any way compatible — and we know the reason: The brute
force derivation of 1/(s) resulting in " (s) presumes the (forbidden) subtraction of tangent vectors from
different tangent spaces.

At this point you may think, that in the previous chapter we actually did compare vectors
in different tangent spaces, namely via the (Jacobian of the) flow map defined by a vector
field in U. However, in the present situation we only have one curve with its tangent
‘ vectors. It is not obvious how to extend these vectors to a vector field around the curve in
a consistent way, so that the corresponding flow map can be used for a proper definition
of the acceleration of the motion along the curve — in a way similar to the construction
of the Lie derivative.

The solution to the acceleration problem — which will eventually give the same acceleration
vector in every representation of a given LRM — is obtained via a clever modification of the
(forbidden, coordinate dependent) brute force differentiation of the coordinate functions of the
tangent vectors 1 along the curves 1) in question. The needed modification involves derivatives of
the metric matrix function. The key concept to be established for this to work is called covariant
differentiation of y" along :

3.2 Covariant differentiation of vector fields along curves

The tangent vectors y'(z), t € I, to a given curve Yy — not necessarily arc length parametrized — is
but one example of a smooth vector field along a curve.

Let vy denote a regular smooth curve in U". At each point y(), ¢ € I, we let V (¢)

denote a vector in the tangent space Ty, U and denote its coordinates with respect to the canonical
basis in Ty, (U) by v'(¢), i =1,--- ,n, so that

V(i)=Y vi(t)-e . tel . (3.14)

If all the coordinate functions v/(¢) are smooth functions of # in the interval I, then we will say that V
is a smooth vector field along . The set of smooth vector fields along y are denoted by X().

The tangent vectors Y’ along a smooth regular curve 7y clearly form a smooth vector field along Y,
so that Y € X(y).
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Note that if X is a vector field in 7L, i.e. X € X(U), then the restriction Xy of X to the smooth
regular curve Y is a vector field along 7, so that Xy € X(y). Conversely, if V € X(Y), then there
are several ways to extend the vector field along y to a vector field X € X(U).

Il EXERCISE 3.6

Let y denote a simple smooth closed curve in 7 = IR%. Simple means: without self-intersections. How
would you construct a smooth extension of a given V € X(y) along 7 to a vector field X € X(U) in all
of U?

As motivated above we want to define a vector derivative (with respect to ¢) of any smooth vector
field V along Y(7), ¢ € I, so that the vector derivative is itself a smooth vector field along Y and so
that the derivative gives the same result (modulo the isometry-diffeomorphisms) in any isometric
representation of the LRM, that we are considering. When we have done that, we have also solved
the *acceleration problem’ alluded to above.

Let (U, g) represent a Local Riemannian Manifold. A covariant derivative of

a vector field V along a given curve yin (U, g) parametrized by 7 € I is a mapping:

D

% X(y) — X(v) (3.15)

which satisfies the following natural derivation-conditions for all V, W in X() and for all smooth

functions f on I:
D D

D

= t Wi(t))=-=-VI(t — Wit

— (VD) +W () = V(1) +—W(r)
(3.16)

D D

S F@-V(@0) =f'@0)- V) +f()- V()

Moreover — and this is the key condition that we have been looking for — the covariant derivative must

be compatible with the metric in the following sense:

%g(V(t), W(t)) =g <ZV(I), W(t)) +g <v(z), ZW(I)) (3.17)

Il EXERCISE 3.8

Show by example that the usual time-derivative % does not satisfy all the three conditions in equations
(3.16) and (3.17) . Hint: You may want to use ingredients from example 3.3.

|l EXERCISE 3.9
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Show that if we consider the rare case that the metric tensor is Euclidean, i.e. g = gg, then the usual
time derivative does satisfy the three conditions in equations (3.16) and (3.17).

Therefore, in consequence of exercise 3.9, if we can show that covariant derivatives exist and are
unique — we shall introduce one more condition below so that this indeed will be the case — then it
must reduce to the usual time derivative when the metric in the LRM representation (U, g) is the
Euclidean g = gf.

3.3 Defining properties of the Levi-Civita connection

In order to nail down a unique covariant derivative (of vector fields along curves) we first define
a much more powerful and useful operator, the Levi-Civita connnection. It is the single most
important object in these notes and from here onwards we will refer to it again and again.

The Levi-Civita connection is a derivation of vector fields along vector fields. It satisfies conditions
which are similar to the requirements for covariant derivatives of vector fields along curves.

Let again (U, g) represent a Local Riemannian Manifold. The Levi-Civita

connection V on (U, g) is the following mapping:

Vo x(TU) x 2(U) — X(U)

3.18
(X , Y)—VyxY e

which satisfies the following conditions for all vector fields X, ¥, and Z in X(U) and for all smooth
functions f and 4 in §(U):

VirxinnZ=f-VxZ+h-VyZ (3.19)
V(Y +2) = Vx(Y) + Vx(2) (3.20)
Vx(f-Y)=f-Vx(Y)+X(f)-Y (3.21)
X(e(Y,2)) =g (Vx(Y), Z)+g (Y, VxZ) (3.22)
Vx(Y) = Vy(X) = [X,¥Y] =0 . (3.23)

Although this seems to be quite a massive set of non-transparent properties to meet, there are
several miraculous payoffs: As already alluded to in the formulation of the definition above, the
Levi-Civita connection mapping V always exists and it is unique! See the proof below. Moreover,
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it will give us a direct solution to the acceleration problem mentioned above. In the same vein it
will give us a well defined notion of parallel transport, of geodesics, and of curvature tensors. But
first, the most important theorem about the Levi-Civita connection:

|l Theorem 3.11  Given a Local Riemannian Manifold represented by (L, ¢). Then there exists

a unique mapping V which satisfies all the conditions in definition (3.10).

Proof. A slick and very nice coordinate-free version of the proof is given in [4, p. 55]. It is highly
appropriate to repeat it here — and we do that almost verbatim:

We assume initially, that such a connection V exists. We must then show that it is unique. From
the assumption on metric compatibility expressed in equation (3.22) we have:

X(g(Y.2)) =g(Vx(Y). Z)+g (Y, VxZ) (3.24)
Y(5(Z.X)) = g (Vy(Z), X) +(Z, VyX) (3.25)
Z(s(X.Y)) =g (V2(X), Y) + g (X, VzY¥) . (3.26)

Now add the two first equations (3.24) and (3.25) together and subtract the third equation (3.26).
Then use the symmetry expressed in equation (3.23) and obtain:

X(g(Y,Z2))+Y(g(Z.X))—Z(s(X.Y))

3.27
— (X Z.¥) +g([¥. 2. X) + (X, Y], 2) +2-¢(Z, VyX) G20
In consequence we therefore have:
1
g(Z, VyX) =2 (X(g(¥.2)) + Y (8(Z.X)) - Z(g(X.Y)))
2 (3.28)

_%.(g([x,z],Y)Jrg([Y,Z],X)Jrg([X,Y],Z))-

The expression in equation (3.28) shows that the connection V is uniquely determined by the
metric g. Hence, if it exists, then it is also unique. The existence follows from the same equation
(3.28) because we can use it as a definition of VyX and then show, that this specific definition
actually gives rise to a connection, which satisfies all the conditions in definition 3.10. ]

I EXERCISE 3.12

Think about the last lines in the proof above: Why does (3.28) show that the connection V is uniquely
determined by the metric g? What about the Lie brackets appearing in the expression?
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|l EXERCISE 3.13

Show that (3.28) actually can be used to construct a candidate for a connection, which satisfies all the
conditions in definition 3.10.

Although somewhat redundant (because V follows from g), we will from now

on write the representatives for a Local Riemannian Manifold as follows: (U,g,V) — in particular
when we make explicit use of the associated Levi-Civita connection V.

Equation (3.28) is obviously of instrumental importance for establishing the Levi-Civita connec-
tion. But it also gives us directly the coordinates of the connection map. We first define these
coordinates as follows:

We have at each point p in U:

k=n
(Veej)p= Y. Tii(p)-ex (3.29)
k=1

The coordinate functions I'¥ f (p) appearing in this linear combination of the basis vectors at p are called
the Christoffel symbols for V on (U,g,V).

Then, by insertion of X = ¢;, ¥ = e¢; and Z = ¢y into (3.28) and observing that all the Lie brackets

e;, e¢;| vanish (according to exercise 2.30 in chapter 2) we get, on the left hand side of equation
J g p g q
(3.28):
8 (Z’ VYX> =8 (ef’ Ve]‘ei)

k=n
— ey, er
g< L ];1 ji k) (3.30)

k=n
= Z F’;i-g(eg, ex) forall indices i, j, and ¢
k=1

Equating this with the right hand side of equation (3.28) we have:

k=n
¥ 1 slerer) = 3 (exlglepen)) +eslglenen) —edlslene))) . (33D

Using shorthand index notation for the elements g; ; in the metric matrix function G associated
with g in (U, g, V) we obtain:
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k=n
1
Y Uhigoe =5 - (eilgje) +ej(gn) —edlgif) (3.32)
k=1
and finally, using the derivation interpretation of e; = % we have equivalently:
k=n
1 0 d 0
k
I;rji'gfk: 5 (ﬁgﬂ‘i‘ﬁgéi_wgu) , (3.33)

In order to extract a pure formula (in terms of g and the derivatives of g) for the Christoffel
symbols we introduce the following

Since the metric matrix function G is positive definite it has an inverse G~

whose elements we call g'/, so that

= — 1 fori=j
Y g8 =8 = Y (3.34)
k=1 0 fori ?é ]

We can then multiply both sides of the equation (3.33) by G~! which amounts to the following:
{=n ' k=n .
Z g'm'zrji‘gzk :F%
(=1 k

=1
1 & 0 0 0 Im
- D) '2 1, (a igjg J jgﬂi 2 ggij> "8

(3.35)

In this way we have now isolated the calculation of the Christoffel symbols. One observation
from equation (3.35) is that since G and G~! are symmetric matrices, the Christoffel symbols are
also symmetric in the lower indices:

|l Proposition 3.17

ij — “ji T 2 = axigjf axjgfl axfg;] 8 o .

symbols vanish because all the entries of the metric matrix function are (the simplest

‘ Note that in any Euclidean Local Riemannian Manifold (U, gg, V) all the Christoffel
possible) constants!
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Before showing that the Levi-Civita connection produces a unique covariant differentiation along
curves we first note the following:

||| Proposition 3.18 Let V and W be two vector fields in (7, g, V). Then, in order to calculate

the vector VyW at some given point p in U, we do not need to know all the values of V — only the
value of V at p. This follows readily from the expression below, where we use:

= (3.37)

With these V and W we get:

(w@ﬁ»=§<2ﬁwwwww%@%HMM0ek. (3.38)

Note that equation (3.38) shows in particular, that (VyW),, only depends on the value
of V € T, U at the point p and on the values of W in the direction of V. In other words,

‘ we do not need a full vector field V € X(U) in order to evaluate the V-derivative of the
vector field W with respect to V' at p, but we do need the vector field W to be given in the

direction of V, in order to find and use the directional derivatives V,,(wk), k= 1,--- ,n.

Proof.
va :Zvi-Vei <ij-€j)
i J

=Y Vowl Ve + Y vioei(wl) e (3.39)
ij ij

k=n
=YY (v’-wf-rfj+V(wk)) er
ij k=1
which shows that (VyW), depends on v(p), w*(p), and the derivatives V,,(w) of the coordinate

functions wX by V at p. ]

In passing we note that Killing vector fields are characterized by the following property, which is
expressed in terms of the Levi-Civita connection:

|l Proposition 3.19 A vector field X € X() is Killing if and only if

g(VvX, W)+g(VwX,V)=0 forall vector fields V and W in X(U) . (3.40)
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Proof. This follows from the previous characterization of Killing vector fields in chapter 2:
X(g(V, W) =g([X,V],W)+g(V.[X.W]) , (3.41)
because this equation is equivalent to both of the following equations (using equation (3.23)):

0=g(VxV,W)—g([X,V],W)+g(VxW,V)—g([X,W],V)
(3.42)
0=g(WwX,W)+g(VwX,V)

3.4 Back to the covariant differentiation

The following result now shows that the Levi-Civita connection V determines a unique covariant
differentiation of vector fields along curves. This is not surprising in view of the massive
derivation-type conditions satisfied already by the connection V:

|| Proposition 3.20 Let V denote the Levi-Civita connection map of an LRM represented by

(U,g,V). Let y denote a regular smooth curve in U parametrized by 7 € I, and let V € X(y). Suppose
that V' is the restriction of a vector field W € X(U) to the curve y so that V() = W(y(¢)). Then there
is a unique covariant derivative % along v satisfying Definition 3.7, and it has the property:

D
EV(t) =VyW alongy |, (3.43)
where the left hand side makes sense at each point along 7y in view of proposition 3.18. In standard
coordinates in U with the induced standard basis fields {ej,---,e,} we get, for any vector field
V € X(y) with V(1) = XiZ" vi(t) - e; along y:
V0= Z +Zv ) TH((0) | -ex (3.44)
ij

Proof. Suppose first that we have found a covariant derivative 2 7 that satlsﬁes the conditions in
definition 3.7. Then we must show that it is unique. With V(¢) = Y'=" vi(z) - ¢; we get from
equations (3.16):

D = dv/
V()= ,Z’ —ej+ Z v/ (1 , (3.45)
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where — via equations (3.17) and (3.19) — for all index values j:

D

Eej = nylej = Vzi(yi)/,eiej

= Z(Yi)/'veiej (3.46)

=X)Ll

Inserting this into equation (3.45) we get:
D dvk . .
V(=Y (z Y- () (1) -rif,-<v<t>>> e (3.47)
k

This relation shows the uniqueness of the covariant derivative — stemming from the wanted
properties and from the existence and uniqueness of the connection V and its Christoffel symbols.
The existence is also guaranteed by the equation (3.47). In fact, we can again just define a
covariant derivative by this equation and then check that it satisfies the needed conditions. ]

I EXERCISE 3.21

In other words, the uniqueness and existence of the Levi-Civita connection induces the unique
existence of a covariant derivative along any smooth curve.

Show that if we define a candidate for a covariant derivative by equation (3.47), then it satisfies all the

conditions of definition 3.7.

3.5 The solution to the acceleration problem

At this point we have no other choice but to define the notion of acceleration of a motion along a
parametrized curve as follows:

Let (U,g,V) represent a given LRM, and let y be a t-parametrized curve in

U, t € 1. Then the acceleration vector for the corresponding motion along 7y is simply:

accy(t) = By (t) foralltel (3.48)

In terms of coordinates this definition is then equivalent to the following, using equation (3.47) with

() = (V) (0):

accv<’>‘27'<f>—2(dnv )+ L) (1)-T% (v()))-ek 649
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And it works! Let us have a look again at example 3.3:

lll Example 3.23

The Christoffel symbols of the Levi-Civita connection of (4, g4, V) are the following 8 functions on ¥
— calculated via the formula in proposition 3.17:

r% 1 (y 5y ) = O
r%l(yl’yz) =0
r%z()’lﬁyz) = rél()’la)’z) =0
1 (3.50)
1,0 =135, = o
T (') =—y!
I3,(3',5%) =0

|l EXERCISE 3.24
| | Check these identities for the respective Christoffel symbol functions.

We insert the Christoffel symbols into equation (3.49) and obtain the acceleration vector for the curve M
in ¥ — using, of course, that only two of the Christoffel symbols are non-zero:

accy (s) = (g) ce] = (‘%”) e =— (;) ‘o] = <—11€, 0> . (3.51)

Using the metric g, we see, that the acceleration vector has the correct length 1/R and, moreover, it is
isometrically ¢-related to the corresponding acceleration vector in (U, g¢;) that we previously calculated
in example 3.3:

Sy s(acen(s)) = | SSIR) Resin(o/R) | [ 4R ]

[ —cos(s/R) —sin(s/R) (3.52)
()

=accy(s) , s€|—R-m, R-7

— precisely as expected and as needed: The acceleration vector field along a parametrized curve is
invariant under isometric diffeomorphisms — we get the same acceleration in every representation of any
given Local Riemannian Manifold.

In prolongation of exercise 3.2 we now have in all generality, that if a curve is parametrized by
constant speed, then the acceleration vector is orthogonal to the curve:
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|l EXERCISE 3.25

Let y be any regular arclength parametrized curve in any representation of a given LRM, (U, gq;).

Show that acc,(s) is always orthogonal to the tangent (velocity) vector ' (s) for all s in the parameter
interval [ for v:

D
gu (accy(s), Y'(s)) = gu <dty’(s), Y’(s)) =0 , forallsel. (3.53)
Hint: Note that 4
58u(Y (). ¥ (s)) =0 . (3.54)

3.6 Gravity-induced accelerated motion on the paraboloid

The notion of acceleration plays a well-known and instrumental role in the study of analytical
mechanics and dynamical systems. We briefly illustrate the relevance of the covariant derivative
in this setting via a couple of examples:

lll Example 3.26

Suppose we consider again the paraboloid introduced in chapter 1:
P o) = (L2 D)2 . (3.55)

The tangent plane in R? to © at the point 7(x', x?) is spanned by the two tangent vectors:

)
ﬁr(xl x*) = (1,0,2-x")

g (3.56)
@r(xl,xz) = (O,l,2-x2)
A particle of mass 1 moving on the surface of P under the sole influence of gravity G = (0,0,—1) then
solves Newton’s second law: The acceleration of the particle on 2 is equal to the projection of G into
the surface (tangent plane) at each point along its track. This latter projection is obtained in as follows:
First we find the unit normal vector N to the surface at each point r(x!,x?):

1 X }"
N 2) = : (3.57)
Hr xr zHE

where || * || denotes the usual Euclidean norm in IR3. The result is

N(x'x?) = (=2-x', 72'x2,1)/\/1 —|—4(x1)2—|—4(x2)2‘ . (3.58)

The projection of G into the tangent plane of the surface at r(x!,x?) is then (using fat - for the usual
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dot-product in Euclidean R?):

proj(G) =G—(G-N)-N

1 (3.59)
_ (=2xt, 2 4 ()2 — 4. (x2)?
14+4-(x1)2+4-(x2)? (—2-x X (x') (x*)%)
The projection proj(G) is then a linear combination of v/, and r/,:
proj(G) =ou-rly +B-rly . (3.60)

Solving this equation for o and 3 gives the coordinates of the projection with respect to the induced
basis vectors in the tangent plane:

proj(G) = (OcaB){ o or

ol * ax2
1 (3.61)
= : _2 17 _2 2 r r
L+4-(x)2+4-(x2)2 (~2x )22y

. These coordinate functions can also be found (in a much simpler and more direct way via
S - the metric) as the coordinates of the negative g-gradient of the potential (height) function
Q z(x!,x?) = (x')? + (x?)? on the surface determined by the gravity vector (0,0,—1). The

g-gradient will be introduced below in section 3.10.1 — see exercise 3.57.

These coordinates are thence also the coordinates of the representation of the force vector in the standard
basis {ej,e2} of the Local Riemannian Manifold model (U,g,V) of the paraboloid — this identity
between coordinates of tangent vectors in 7, U and tangent vectors to the surface at r(p) was discussed
in section 1.4 in chapter 1.

The motion, the parametrized curve y(¢) = (Y!(¢), ¥*(¢)) must therefore satisfy:

—2.xl —2.x2
al al ) (3.62)

1) = 5

accy(t) <1 +4- ()2 +4-(x2)27 1+4-(x1)2+4-(x2)2 )
A=y (0.2 =P()

The equations of motion to be solved are then contained in the following second order ordinary differen-

tial equation system:

D / —2')6 )
, 3.63
l 1 1)2 2 X xl=y [’XZ_—yz t

with suitable initial conditions — to be chosen: y(0) = p and Y/ (0) = V.

These equations are a bit complicated — not least because the left hand side also contains the Christoffel
symbols when we write out the covariant derivative of y’ along 7.

We display the non-zero Christoffel symbol functions here — they are also useful for exercise 3.71 below.
Only four of the Christoffel symbols do not vanish, and they appear in pairs as follows:
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4. x!
1 1.2y _ 711 1.2\ _

(3.64)

2

I (%) =T3,(x' x%) = 144 ():)22_4, (x2)2

The solution curve (Y'(¢),y*(¢)) with initial conditions y(0) = (1,0) and ¥’ (0) = (1,1) can be obtained
by numerical solution and is displayed in the parameter domain in figure 3.1. The solution is then lifted
into the paraboloid (for various choices of duration of time) in figure 3.2. The boundedness of the
solution curve is a natural consequence of the preservation of total mechanical energy, i.e. potential plus
kinetic energy. This is but one example of the intimate relationship between differential geometry and
the theory of dynamical systems. A much simpler example is given in exercise 3.27.

Figure 3.1: See example 3.26. Gravity induces acceleration and makes the particle move around
the center point, which corresponds to the bottom point of the paraboloid — se figure 3.2.

Il EXERCISE 3.27

Repeat the steps in the above example 3.26, but now for an inclined plane instead of the paraboloid —
with the same gravity G = (0,0, —1) in the ambient 3D space. Le.:

P r(xl,xz) = ( L2, (x-xl) (3.65)

for some . This situation is considerably simpler than the setting in the paraboloid example above

because all the Christoffel symbols vanish! Find the exact solution to the motion problem with
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Figure 3.2: The solution curve from figure 3.1 is — for various durations of time — lifted into the
paraboloid considered in example 3.26.

given/chosen initial conditions for the case of any inclined plane, corresponding to any fixed value of
o. What happens if oo = 0? Find the exact solution to the motion problem with given/chosen initial
conditions for the case of a vertical plane (which needs a slight modification of the expression for its
parametrization).

3.7 Parallel transport of vectors along curves

The most general g-compatible notion of parallel transport of a vector V from a tangent space
T,U at p to a vector in another tangent space T, U at g is defined by:

||| Definition 3.28 Let (U,g,V) denote a Local Riemannian Manifold. Let y denote a regular

smooth curve in U from a point p to a point g, parametrized by 7 € I = [a,b], so that y(a) = p and
v(b) = q. Let V() denote a vector field along y, V € X(y). Then V is called a parallel vector field
along the curve 7y if and only if

D
EV(t) =0 forall rel=]lab] . (3.66)

In coordinates this is equivalent to the following condition via equation (3.47), where we use V(1) =

L (1) -ecand y(1) = (v (1), - ¥'(1)):

0=} (%Jrzvj(f) : (Yi)/'rfj(Y(f))> -y forallt € I=[a,b)]. (3.67)

k ij
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Moreover, we naturally say that the vector V (a) € T, U has been parallel transported to the vector
V(b) € T, U along .

I EXERCISE 3.29

of the usual process of keeping the coordinate functions for the vector field constant — completely

Show that in a Euclidean Local Riemannian Manifold (U, gg, V) parallel transport of a vector consists
independent of the curve along which the vector is transported. Hint: All the Christoffel symbols

vanish.

Il EXERCISE 3.30

Let (V,gq,V) denote Poincaré’s half plane model that we encountered in chapter 1. Le. we have
2
¥~ > 0and

1 [1 0
Gq/(yl,yz)=(y2)2[o 1] : (3.68)

Let 1 denote the horizontal straight line: n(¢) = (¢, 1) in % and let V; € Ty o)V denote the vector
Vo = (0, 1) in the tangent space at 1(0) = (0, 1). The vector Vj is parallel transported along 1 and
produces the vector V() at n(7) so that

D
Zv

ZV(H)=0 and V(0)=V=(0.1) . (3.69)

Find the coordinate functions v/(¢), i = 1,2, for V(t) = v!(¢) - el +v*(¢) - es.

In general, parallel transport depends on the curve along which we solve the transport problem:

lll Example 3.31

We let C denote a half-circle of radius R and center (0,0) in the half plane model (7, g,,V) as
considered in the exercise 3.30 above. The transport curve is then:

C : (@)= (R-sin(t),R-cos(t)) , tel=|—-n/2,n/2[ , (3.70)

and if we write V(¢) = (v'(¢) v?(¢)), then the first order differential equation system for V which
is equivalent to parallel transport of Vo = (a,b) along the half circle from point y(0) = (0,R) is the
following:

0— %vl (1) =v2(1) +tan(t) -v' (1)
J (3.71)
0= —v*(r) +v!(r) +tan(r) -v?(z)

dt
with the said initial condition: V(0) = Vp = (a,b).
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|l EXERCISE 3.32
| | Show that (3.71) are the equations for parallel transport in this setting.

The solution is fairly simple:

vi(r) = L (a+a-cos(2t)+b-sin(2r))
: (3.72)
vz(t):5-(b+b-cos(2t)—a-sin(2t)) , tel=]—-n/2,71/2]
Il EXERCISE 3.33

Verity, that the coordinate functions in (3.72) do solve the parallel transport problem under consid-
eration.

In figure 3.3 we display the parallel transport along a half circle for a specific choice of initial vector

V(0) = (a,b) so that the transport can be directly compared with another parallel transport along the
horizontal line between two given points on the half circle — as studied in exercise 3.30. It is apparent
from the figure, that parallel transport depend — in this case quite significantly — on the curve along
which it is constructed. The values of two vector fields are identical at the rightmost common endpoint
of the curves, but quite different at the leftmost common endpoint of the curves.

|l Proposition 3.34  Parallel transport preserves lengths of vectors and angles between vectors.

Precisely, we have the following: Let V € X(y) and W € X () be two parallel vector fields along y
parametrized by ¢ € I = [a,b]. Then

g(V(1). W (1)) = g(V(a),W(a)) = g(V(b),W(b)) forallrel. (3.73)

Proof. This is one of the fine consequences of the metric compatibility of the connection V and
thence of the covariant derivative. In fact, we can just calculate the relevant 7-derivative from
property (3.17):

d D

davo. W) = (EV@’ W(r)) e (vm, %W(x)) —0 . Gm

because 2V (t) =0and 2W(¢) =0, so that g(V (¢), W(t)) is constant along Y. O
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10

W,
\\ . A //::"

T~

Figure 3.3: Two parallel vector fields along two curves in the Poincaré halfplane. The green
vector field is parallel along the horizontal straight line — see exercise 3.30. The blue vector
field is parallel along the half circle — see example 3.31. Note that the blue and the green vector
fields agree at the right hand intersection point between the two curves but not at the left hand
intersection point.

|l EXERCISE 3.35

Each canonical basis vector field e, k € {1,---,n}, is always a member of the set X( ‘ll) If we
restrict ey to a regular smooth curve y parametrized by 7 € I in U we obtain a vector field e ()
along v, ie. an element in X(U). In general, none of these vector fields e (¢) is parallel along Y.
Moreover, as we have discussed at length, the vectors e; do not in general form a g-orthonormal
basis in any given tangent space of (U, g,V).

Why does this proposition show, that lengths of vectors and angles between vectors are preserved

under parallel transport?

Using parallel transport along 'y we now construct a very useful replacement of — or alternative to —
the canonical basis along :

Let v be a regular smooth curve in (7, g,V) parametrized by 7 € I = [a,b],

a<0<b. Let (Ei)Y(O)’ i=1,---,n, denote a g-orthonormal basis of the tangent space 7y) U. Then
construct parallel transports E;(¢) of all the vectors (E;),() along v, i.e.

D

EEi(t) =0 forallz€l,and E;(0) = (Ei)yo) - (3.75)
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From proposition 3.34 we infer, that the vector fields E; € X(y), i = 1,---n, form a g-orthonormal
basis in each tangent space 7y,) U along v, ¢ € 1. This n-tuple of vector fields is called a parallel frame
along .

Note that each choice of a g-orthonormal basis in the tangent space of U at y(0) gives
rise to a unique parallel frame along .

|| Proposition 3.37 Let V € X(y) and let E;, i = 1,---,n, denote a parallel frame along y

parametrized by ¢ € I. Then for each ¢ we obtain unique coordinate functions V'(¢) for V with respect
to the frame E;(¢),i=1,---,n, along y:

=Y Vi@)E@) . tel . (3.76)

If V is itself parallel along v, then every coordinate function V(¢) is constant.

Proof. The last claim follows directly from:

_ +ZV Ei(r) (3.77)
—Z E(t)

which implies that (V?)’(¢) = 0 for all t and all i — because the frame vectors E;(t) are, in
particular, linearly independent. We conclude, that V(¢) is a constant for each i. []

Il EXERCISE 3.38

Recall the construction of g-orthonormal bases from a previous exercise in chapter 1, or find out or

look up the procedure known as Gram-Schmidt orthonormalization.

Since parallel transport along curves in (7, g,V) will play a significant and

instrumental réle also in the following, we will introduce a special notation to keep track of the setting
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and what goes on. Suppose V () is obtained by parallel transport of Vj € Ty(s,) W along yin U. Then
we may consider V(7) as the result of the parallel transport operation on Vj and write as follows:

1"V =V(r) forallrel. (3.78)

N
\Q,

3.8 Pulling back vectors along curves via parallel transport

The mapping Hf(o’l from Ty ;,) U to Ty, U preserves the g-lengths of vectors according
to proposition 3.34 — in other words, it is a tangent space isometry.

The covariant derivative % and the Levi-Civita connection map V are both ’contained’ so much in
the concept of parallel transport along curves, that they can be reconstructed from it:

|l Proposition 3.40 Let (,g,V) denote a Local Riemannian Manifold. Let X and Y be vector
fields in X(U) and let y be a t-parametrized integral curve for X through p = () in U, ¢ € I. Then

(Vx¥)p = (Vy¥)p

(3.79)

where I'Ty'™ denotes parallel transport along y from y(t) to y(ty) = p. In this sense, then, this particular
parallel transport pulls back the vectors from 7y,) U to T, U along Y.

Proof. We just have to observe that the limit gives the covariant derivative of Y at p. For this we
choose a parallel frame E; along y— any such frame will do, i.e. a parallel frame determined by
any choice of a g-orthonormal basis E;(0) in Ty, U. Then

Y(t) =) Y'(t)-Ei(t) forallt€l, (3.80)
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and thence b
(EW) =Y. (v') (t0) - Eilto) (3.81)
t=tg i
On the other hand we also have
I (1) =L Y0 Eilw) 682
and _
Y, = Z Y'(to) - Ei(to) (3.83)
so that . .
I () =Y = ¥ (Y1) = Y'(1)) - Eilto) (3.84)

and therefore

15 (Y) =¥,

. D
li = YY) (1) - Ei(1o) = [ =Y (1 , 3.85
z»gr}o r—1ty Zl" ( ) ( O) l( 0) (dt ( ))t—lo ( :
which is what we wanted to show. ]

3.9 A first defining glimpse of geodesics

Geodesics are very important curves that will be discussed further in the next chapter. They are
special so-called autoparallel curves.

A given regular smooth curve yin (U, g, V) parametrized by ¢ € I is called an

autoparallel curve if its tangent vector field is parallel along the curve - in other words if its acceleration
vector field is O:

D
accy(t) = Ey’(t) =0 forallrel . (3.86)

||| Proposition 3.42 1f a curve is autoparallel, then it has constant speed.

Proof. Again, the metric compatibility of covariant differentiation gives:

SO A0 =26 (27070 ) =0 387
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A geodesic in (U, g, V) is an autoparallel curve whose constant speed is 1.

Note: it is common in the literature to define a geodesic to simply be any autoparallel curve.

The geodesic curvature of a unit speed curve yin (U, g,V) is then simply

the g-length of the corresponding acceleration vector, i.e. of the covariant derivative of the unit tangent
vector field along y. We call it K§ :

D /
iy (s) = lacey(s)llg = I ¥ () g - (3.88)

The following observation is immediate:

||| Proposition 3.45 Every geodesic has zero geodesic curvature.

A pre-geodesic is a regular smooth curve yin (U, g, V) that satisfies the
following condition:
Y (t)=p(t)-y'(t) forallzel, (3.89)

where p is a smooth function of z.

|l Proposition 3.47 A regular smooth curve yin (g, V) is a pre-geodesic if and only if it

can be reparameterized to a geodesic curve.

Proof. Suppose first that 7y is a pre-geodesic. Set:

0= [ Y 1)

Then, s’ (t) > 0, so s is an increasing function and s : I — J is a diffeomorphsim onto some interval
J, and we can consider the reparameterization o : J — U, o(s) := Y(z(s) ), or we may write:

(1) = ofs(7)),
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V()=o) = oL (T

Since 7Y is a pre-geodesic, we have:

PN (1) = V()
= VyuY ()
= VOV ar (s (& (s (0)]g)

= WOl (5 I7Ol) &6+ VOl T )

The last expression on the right hand side above is a decomposition into components that are
respectively proportional to Y (¢), and orthogonal to ¥(z), since o/(s(z)) is proportional, and
Va(s)® () is orthogonal to ¥ (¢). Comparing this with the left hand side, namely p(¢)Y (¢), it
follows that:

VO(/(S)(X/(S) =0,

in other words o.(s) is autoparallel. Since we have already parameterized it by arc-length, o is a
geodesic.

Conversely, suppose a regular curve M can be reparameterized as a geodesic. Then we have a
geodesic o with arc length parameter s € J, and a smooth increasing function % of u with h(u) = s,

such that () = a(h(u)). Then, since 20/(s) =0, and [|o/(s)|| = 1 for all 5, we get:

() = () - (h(u))

_ (1) n'(u or all u
= () W@ foratues

In other words, M is a pre-geodesic, with p(u) = A" (u) /|0’ (u)]|.

|l EXERCISE 3.48

| | Explain why Vg o(s) is orthogonal to ¥ (¢) as used in the first half of the proof of Proposition 3.47.

lll EXERCISE 3.49
| | Why does w(s) =n(s/c) give speed 1 if the speed of n(u) is ¢?

In figure 3.4 we illustrate that every circle in the Poincaré halfplane which interects the y!-axis
orthogonally is a pregeodesic: Tangent vectors are mapped into tangent vectors by parallel
transport. In other words, such half circles can be reparametrized so that they become (arclength
parametrized) geodesics.
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10 4

Figure 3.4: Parallel transport of a vector along the special half circle considered also in example
3.31. The vector field is everywhere tangent to the circle, so the circle can be reparametrized to
become autoparallel and hence geodesic.

3.10 Useful operators on Local Riemannian Manifolds

Before finishing this chapter on the — somewhat abstract — definition of the Levi-Civita connection,
we will consider some very useful operators on functions and vector fields, that are more or less
direct spin-offs from this connection. They are of instrumental importance for studying heat
kernels, spectral geometry, and a number of deep theorems in global geometric analysis.

3.10.1  The Gradient
We let (U,g,V) denote a Local Riemannian Manifold. Then we define:

Let f € F(U). Then the gradient vector field of f is defined as the unique
vector field grad(f) € X(U) which satisfies

g(grad(f), V) =V(f) forallV =Y v'-e; € X(U). (3.90)

Recall that V(f) = (d/dt) f(n(t)),_, = LV % for any curve n(z), 7 € | —&,€[, withn/(0) = V.

xl
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|l EXERCISE 3.51

I EXERCISE 3.52

Show that in any Euclidean setting (U, gg,V) the above definition gives the usual Euclidean coordi-
nates for the gradient of a given function f on U.

Show that in the general setting of an LRM (L, g, V) we have the following coordinate expression of
the gradient of a function f € §(U) at the point p = (x!,---,x"):

n d
grad(f)(p) = ), Zg“-a—ff e (3.91)

We consider a function f € §(U). A point p € U is a stationary point for f
in (U,g,V) if grad(f)(p) = 0.

|l EXERCISE 3.54

We consider a 2-dimensional LRM, (IR, g, V) with metric g whose metric matrix function is

1 1
Gl ) = { L 24y ] . (3.92)
Let f € §(U) be defined by
FOh ) = (D2 + () . (3.93)

Find all the stationary points for f in (1, g,V).

|l EXERCISE 3.55

Consider (U,g,V) and f € F(U). Show that p is a stationary point for f if and only if

a—f.:O forall i=1,---,n . (3.94)
ox!

N

-

Note that exercise 3.55 literally says that the notion of stationary point is completely
independent of the metric!




120 CHAPTER 3. THE LEVI-CIVITA CONNECTION
I EXERCISE 3.56

Consider (1,g,V) and f € U. Let X.(f) denote the following level set in U:

K(f)={qe U|f(qg)=c} . (3.95)

Let V € T, U denote a tangent vector to K..(f) at some point p (assuming that a tangent vector exists).
Show that

g(V.grad(f)(p)) =0 . (3.96)
Hint: The function f is constant along K. (f) so V(f) = 0.

I EXERCISE 3.57

Suppose f € F(U) is the potential function for some (conservative) force vector field F € X(U), then
by definition (of what it means to be a potential function):

F = —grad(f) . (3.97)

In example 3.26 the force vector field for the motion on the paraboloid is therefore — grad(h) (x!,x?),
where h(x!,x?) = (x')? + (x?)? is the height function potential restricted to the surface, i.e. it is the
third (z-)coordinate of the vector function that parametrizes the surface. Show that this claim is true,
i.e. show the second equation of the following line concerning example 3.26

—2.x! —2.x2
1+4-(x1)24+4-(x2)27 144 (x1)2+4-(x2)2

F = —grad(h)(x',2*) = ( (3.98)

Below in subsection 3.11.1 we shall use this much simpler method to construct the induced force field
(from the ambient gravitational field) on a torus and solve the acceleration problem on that surface.

3.10.2 The Hessian

Let f € F(U). Then the Hessian of f is defined as the following operator on
two vector fields X and Y in X(U):

Hess(f)(X,Y) =X(Y(f))— (VxY)(f) forall X andY in X(U) (3.99)
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|l EXERCISE 3.59

Show that
Hess(f)(X,Y) = g(Vxgrad(f),Y) . (3.100)

Hint: Use the metric compatibility of V for this:

X (g(grad(f), Y)) = g(Vxgrad(f), Y) +g(grad(f), Vx¥) , (3.101)

and then use the definition of grad(f).

|l EXERCISE 3.60
Show that if two vector fields V and W in X(U) are expressed as follows in terms of the basis vector
fields {ey, - ,en}, _
V= Zv’ -
i
. 3.102
W= ZWJ ej ( )
j
then we get:
Hess(f)(V.W) =Y Y v'-w/-Hess(f)(ei.e;) - (3.103)
i

Il EXERCISE 3.61

Show that Hess(f)(X,Y) = Hess(f)(Y,X). Thus Hess(f) is a symmetric quadratic form (like the
metric g). Show by example, however, that Hess( f) is not necessarily positive definit.

|l EXERCISE 3.62

Show that the coordinate expression for Hess(f)(V,W) in (U,g,V) is the following, where we use
againV =Y,V -e;, W = ijj-ej, and p = (x!,---,x"):

i

S 02 )
Hess(f)(V,W)(p) :ZZV’-WJ- <axfa]:ci -2 r{'(f'ai;) : (3.104)
J

lll EXERCISE 3.63
Suppose that p € U is a stationary point for f € F(U). Show that then we have:

Hess(f)(X,Y)(p) =X(Y(f))(p) - (3.105)
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A point p € U is called a strict local minimum point for f € F(U) if pisa

stationary point for f and Hess(f)(X,Y)(p) is positive definite, meaning that Hess(f)(X,X)(p) >0
for all non-zero X € T,U. Similarly, p is a strict local maximum point for f if p is a stationary point
for f and Hess(f)(X,Y)(p) is negative definite.

|l EXERCISE 3.65

Show that in any Euclidean setting (U, gg,V) the definition of Hess(f)(X,Y)(p) gives the usual
Euclidean matrix function for the Hessian of a given function f on U.

3.10.3 The Divergence

It follows from the definition 3.10 of the Levi-Civita connection V that for any given fixed vector
field V € X(U) the mapping
VvV  X+—VxV (3.106)

maps X € T, U to VxV € T,U at p € U linearly.

<M/ | Remember, that equation 3.38 shows that VxV only depends on the value of X at the
Q point p, i.e. we do not need a full vector field X in order to evaluate the V-derivative of
the vector field V with respect to X at p.

Note that the Hessian of a function f is clearly related to this mapping. Indeed, if we
choose V = grad f we get

V.grad(f) : X+ Vxgrad(f) . (3.107)
If we denote this particular linear map by H(f) = V. grad(f) we get:
‘ Hess(f) (X.Y) = g (H(f)(X). Y) (3.108)

and thus via equation (3.100) in exercise 3.59:

Hess(f)(ei,ej) =g (H(f)(ei). ej) - (3.109)

In general, whenever we are given a vector field V € X(U) the linear map (of the vector space
T, U into itself):
vv . T, U~—T,U (3.110)
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has a matrix representation with respect to the basis {e1, -+ ,en}, i.e. there exists a unique matrix
A with elements @/ such that
Vo,V=Yal-e . (3.111)
j

From this we get:

g(VeVier) =g (Zaf-ej,ek> =Y al gi (3.112)
‘ 7

j
Ye(VeVier) g =Y al -gjx-g" =Y af . (3.113)
k jk [
and thence y ,
Zzg(ve/"ﬂk) ‘g = Zaé
k ¢ l
= trace(A) (3.114)
= trace(V.V)
lll EXERCISE 3.66

As indicated by the last equality in equation (3.114), the trace of the linear mapping V.V is independent
of the chosen basis {ej,--- ,e,} in 7, U. Let {b1,---,b,} denote another basis in T, U, i.e. there is a
regular matrix D with elements d so that

ei=dl-b; . (3.115)

1

Suppose that B is the matrix of V.Y with respect to the basis {by,---,b,}. Show that trace(B) =
trace(A), so that, indeed, trace(V.V) is independent of chosen basis. Hint: Remember, look up, find

out, or prove that the matrices A and D! - A - D have the same trace.

The divergence div(V') of a vector field V € X(U) is the smooth function in
U defined by the invariant trace found above:
div(V) = trace(V.V)
=Y Y (Ve V.er) -6 G110
k 1

||| Proposition 3.68 If we use a g-orthonormal basis {E1,-- ,E,} at each tangent space T, U,

so that g;; = 5{ , then the expression for div(V) is naturally simplified as follows:

div(V) =Y ¢(VeV.Er) . (3.117)
l
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We are now ready to introduce the Christoffel symbols into the divergence formula and get two
explicit coordinate expressions for div(V), one of which, however, does not contain the Christoffel
symbols directly:

|l Proposition 3.69 In the coordinate-generated basis {ej,---,e,} in U, suppose V € X(U)

has coordinate functions v/, i =1,---,n,i.e. V = ¥,; v -¢;. Then
: Jd i
div(V) =} =5v'+ 3 ) T (3.118)
i T

In terms of the (determinant of) the metric matrix function G for g we also have the following short
expression for the divergence:

div(V) = ZM( Det(G)> : (3.119)

Det

Proof. We apply the definition 3.67 and equation (3.38):

V,V = ZZZ 8 v/ T +ep(V™)) - em
i
(3.120)
:ZZ (Vj 7+ ey )) “€m
J m
We insert into (3.116) and get:

div(V) =

Y)Y (V'i‘r?jJref(Vm)) -3, 3.121)

which is equivalent to equation (3.118) — modulo a suitable renaming of the indices. When
performing the differentiations of \/Det(G) that are needed for the expression (3.119), then the
Christoffel symbols will re-appear from there and show equivalence with (3.118). ]
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|l EXERCISE 3.70

We construct two isometric Riemannian manifolds (U2, g,V,) and (72,4, V) in the following way:
Let G denote the following given metric matrix function for the metric g in U:

G(x', %) = [ (1) 1+(()x1)2 ] (3.122)

and let ¢ denote the very simple diffeomorphism from U to V-
o(x',x?) = (—x%,xh) (3.123)

with inverse diffeomorphism:
oY) =067 (3.124)

The corresponding Jacobians are then:

Jo (')

I
—
— O
o |

—
.

o (3.125)
Ty (V') = [ 1o }

The metric / and its corresponding metric matrix function H(y',y?) are now constructed so that ¢
becomes an isometry:

H(y'\.y*) =750 0" - G0 (1y7) T (0'07) = [ 1+(()y2)2 (1) ] (3.126)
We consider a vector field V € X(U):
Vixha?) = (', 3.2 —x1) (3.127)
which is then ¢-related to the following vector field W € X(V):
W) =Je (07 ('%) V(0T (6hy?)) = By 5%y (3.128)

In order to calculate and compare the g-divergence of V and the A-divergence of W we finally need the
Christoffel symbols for g and 4, respectively.

Show that the non-zero Christoffel symbols for g are:

xl

(Te)3, = (o)}, = T o (Tg)y, = —x' . (3.129)

Show that the non-zero Christoffel symbols for 4 are:

(rh);lz(r,,)}zzm and ()7, =" . (3.130)
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Use these ingredients to show that
dive (V) (x',x%) = Sl(jfl();;;“ (3.131)
and 5. ()14
div,(W)(y',y?) = T OO (3.132)
and finally, that the two divergences therefore agree at corresponding points:
dive (V) (x',x%) = divy, (W) (0(x',2%)) . (3.133)

A computationally more complicated exercise relates to a previous wish (from chapter 2) along
the same lines:

|l EXERCISE 3.71

In chapter 2, example 2.5, figure 2.1, and figure 2.2 we considered two ¢-related vector fields V (x!, x?)
and W (y',y?) in their respective ¢-isometric representations of the Local Riemannian Manifold defined
by the standard paraboloid of revolution. Show that the divergences of the two vector fields agree at
corresponding ¢-related points. Hint: You can use the Christoffel symbol functions in (U, gq;, V) that
are on display in equation (3.64). The other useful set of non-zero Christoffel symbol functions, i.e.
the ones in (v, g4/, V), are the following:

4.y!
ity 2y = Y
ll(y 9y) 1+4(y1)2
1
() =13, = o (3.134)
1 1.2 —yl
rzz()’ >y )_

L4 (01)?




3.10. USEFUL OPERATORS ON LOCAL RIEMANNIAN MANIFOLDS 127
|l EXERCISE 3.72

Let f € §U) and V € X(U). Show that

div(f-V) = f-div(V) +g(grad(f),V) = f-div(V) +V(f) . (3.135)

3.10.4 The Laplacian

The Laplacian A(f) € F(U) of a function f € F(U) is defined by

A(f) = div(grad(f)) . (3.136)

Using standard coordinates in (U, g, V) with metric matrix function G, this definition is equivalent to
the following expressions (via Proposition 3.69 and exercise 3.74 below):

T of
A(f):ZZgj' (axiaxj_ - ri'(f'axk>

(3.137)
N of
.\ /Det(G) - ==
\/Det Zax’ (Z HE) ax1>
|l EXERCISE 3.74
Show that in coordinates in U we have the following expressions for the Laplacian:
A(f) = trace (V. grad(f))
_ZZg V. grad(f), e;) - g
= ZZg ¢i), ej)-g"
(3.138)

= ZZHBSS e,,e] g'j
_ i k af
~Tr e (7T )
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|l EXERCISE 3.75

Show the following general identities for any functions 4 and f in §(U) and for any vector field X in
X(U):
grad(f-h) = f-grad(h) + h-grad(f)

div(f-X)=X(f)+ f-div(X)

(3.139)

div(h-grad(f)) = h-A(f) +g(grad(f), grad(h))

A(f-h) =h-D(f)+f-A(h) +2-g(grad(f), grad(h))

3.11 Example: The standard torus in 3D

A torus 7 in 3D Euclidean space can be parametrized as follows:
T r(x"a?) = ((2+cos(x') -cos(x?), (2+cos(x') -sin(x?), sin(x")) ,  (3.140)

where (x!',x?) € U =] —x, %[ x ] — @, x[. The induced metric matrix function is then:

Gy = ! 0 (3.141)

0 (2+cos(x!))?

X

Figure 3.5: The torus 7 defined in equation (3.140).

The non-zero Christotfel symbol functions corresponding to the above choice of parametrization
of the torus are:

- 2+cos(xT) (3.142)

sin(x!
() =13, (x ) = -]
T, (xhx?) =sin(x!)- (2 +cos(x!))
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3.11.1  Gravity induced motion on the torus

The induced height function potential on the torus is
f(xt,x?) =sin(x!) . (3.143)
The gradient of the potential function is then
grad(f)(x",x*) = (cos(x'), 0)) . (3.144)

We apply the general observation from exercise 3.57, that the induced gravitational force in the

surface is
F(x',x?) = —grad(f) (x',%?) . (3.145)

Newton’s second law then gives the differential equations for the motion on the torus:

D
acey(t) = 2 ¥'(1) = V()Y (1) = —grad(£) (V1)) , 1€R (3.146)

that is — according to equation (3.49):

VoY (t) = (—cos(y'(1)). 0)) (3.147)

so that the two coordinate equations to be solved are

{ (D" () + i (V) () - (V) (1) -TH(v(r)) = —cos(y'()) (3.148)
()" () + Li;(¥) () - () (1) - T;(x(1)) =0
which reduces to the following, when we apply the non-zero Christoffel symbols:
{ () 0+ 0 (A0 Thx)  =—cos @) 0
()" () +2-(v")' (1) - (v?) (1) -Tir(v(2)) =0 ,
so finally we get:
{ (Y (1) + (3 (1) - (v*)' (1) - (2 +.COSI(YI(1‘))) sin(y'(1)) = —cos(v'(r)) (3.150)
(72)”(t) _9. (Yl)/(l‘) . (72)’(1‘) . % =0 .

Two solution curves (with two different initial conditions) are presented in figure 3.6. It is
a remarkable fact, that the solution curves to such geometric Newtonian systems can also be
obtained as geodesics of a suitable metric on the configuration space (the torus in the present
example) — see [26].
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X X

Figure 3.6: The torus 7 and two tracks of a particle moving (for the same duration of time) on
the torus under the influence of gravity — with two different initial conditions given by the yellow
initial velocity vectors at (1,0,0).

3.12 Example: Laplace’s equation on surfaces of revolution

We consider a general surface of revolution in 3D Euclidean space with smooth and regular
generator curve

v(s) = (h(s),0,q(s)) , seR (3.151)

and assume without lack of generality that (#'(s))? + (¢’(s))?> = 1, so that 7y is arc length
parametrized by s.

The corresponding surface of revolution is then itself parametrized as follows:
r(x',x%) = (h(x") -cos(x¥*), h(x") -sin(x?), g(x")) (3.152)
where (x!,x?) € U=Rx]—=,x|.

With this parametrization the surface has the following metric matrix function in U:

10
g= { 0 h(x))? } , (3.153)

and therefore the following non-zero Christoffel symbol functions — compare with the previous
examples above concerning the torus and the paraboloid:

1-.2 1’ 2 :Fz 1’ 2\
12()6 x) ZI(X x) h(xl) (3'154)

Tha(x!ix?) = —h(x')-H' (x')
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The Laplacian of a function u € U is then the following:

d%u 1 o%u 1 oh du

A ) = 50+ i) 302 TG ad ad

(3.155)

|l EXERCISE 3.76
| | Show the expression for the Laplacian of u presented in equation (3.155).

We now consider but one application of this specific expression for the Laplacian on general 2D
manifolds with a metric as given in equation (3.153).

3.12.1 Capacity and effective resistance

Laplace’s equation A(u) = 0 plays a fundamental role in an abundance of contexts — in applications
and in mathematics. One such context is that of electric potential theory on surfaces and more
generally on Local Riemannian manifolds (U, g,V) equipped with (or made of) a homogeneous
conducting material. For example, for the surface of revolution considered above we let () denote
the (annulus) domain given by

QR) = {(x'.*)|[p<x' <R} . (3.156)

Then Q) = )(R) has two (circular) boundary components 0C), and dQ)¢ corresponding to xl=p
and x' = R, respectively.

Suppose now that we engage an electric potential of value 0 on all of d(), and of value 1 on all of
dQg. This will then generate a potential function u in all of ) C U and a corresponding current
vector field grad(u) with zero divergence, i.e.

div(grad(u)) = A(u) =0 . (3.157)
Obviously, we would then like to find a potential function u(x1 ,x2) so that:

Alu)(x',x*) =0 for (x1,x*)eQ
u(x',x?) =0 atthe boundary 00}, (3.158)
u(x',x?) =1 atthe boundary dQkg

For surfaces of revolution there is a nice (and unique) solution u to this boundary value problem,
that only depends on x!, namely the following, where / is the function that defines the metric g in
equation (3.153):

J5 s dw
u(x!,x?) = ;Ri—)dw : (3.159)
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|l EXERCISE 3.77

| | Show that the function in (3.159) in fact does solve the PDE boundary value problem in (3.158).

|l EXERCISE 3.78

Show the claim above stating that the function u defined in equation (3.159) is the only solution to the
boundary value problem in (3.158). Hint: Assume that v is another solution different from u. Then
u — v is zero on both boundary components 0}, and 0Qg and A(u —v) = 0. Moreover, u — v must
have a maximum point (not necessarily a strict maximum point) or a minimum point (not necessarily
a strict minimum point) in the interior of (). This contradicts the famous maximum principle (for

regular elliptic operators), see e.g. [14, 9], so v cannot be a solution different from u.

The current / entering into () through the boundary component (), is then the length, 21 - i (p),
of that boundary times the constant component of the gradient of u in the direction of the inwards
pointing unit normal ¢; = (1,0) to the boundary, i.e.

1= 2 h(p) - glerad(u).er) yi_,
— 2m-h(p) - e1(u) i,

d
=2m-h(p)- ﬁ”(xl’xz)\xlzp
1

B (3.160)
=onehle) g | T

P h(w) W Kl =p
- 2n

prﬁdw

Since this current is obtained by a potential difference of 1 between the boundaries, the value of /
is called the capacity Cap(Q)) of (), and Regr(Q)) = 1/1 is called the effective resistance of the
domain ():

2
Cap(QR)) =
{’ h(W)R 1 (3.161)
Reff(Q(R)) = ﬁ o de

|l EXERCISE 3.79

Show that for any surface of revolution in 3D we have for any fixed value of the in-radius p:
Cap(Q)(R =0)) =0, i.e. the effective resistance of the portion )(R) of a surface of revolution
goes to infinity when R goes to infinity. Hint: Show first that 2(x') < h(p) +x!.
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Suppose we allow any positive function 4 in the fundamental metric matrix

(3.153) (so that the metric does not necessarily stem from a surface of revolution in 3D Euclidean
space). Such a manifold is called a warped product manifold of dimension 2 with warping function A.

|l EXERCISE 3.81

Find examples of functions / so that the corresponding capacity values Cap({)(c0)) are positive for
any fixed value of the in-radius p, i.e. so that the effective resistance to infinity is finite for such annuli

in warped product 2-manifolds.

|l EXERCISE 3.82

Show that the Poincaré disk — and thence also the Poincaré half plane — is isometric to the 2D warped
product which has warping function 4(x!) = sinh(x!), x' > 0. Note that there is a slight problem with
this setting at x! = 0 since there, at this pole point, the warped product metric degenerates. We can
so far neglect this, because here we are only interested in annuli with in-radii p > 0: Show that the
annulus () = Q) g has Cap(Q(R = o)) > 0 for every positive value of the in-radius p.
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Chapter 4

The Exponential map

Geodesic curves are of instrumental importance for the local and global geometric analysis of
Riemannian manifolds and of what goes on inside them. We first repeat the definition of a
geodesic:

4.1 Recap on geodesics

Let (U",g,V) denote (an isometric representation of) a Local Riemannian

Manifold. Let p be a point in U and Vj a g-unit vector in 7, U. The geodesic Yy, of length b issuing
from p in the direction Vj is the unique arc-length (unit speed) parametrized curve which solves the
initial value problem:

D
dszo() 0, w0 =p ., 0=V , sel=[0,b] . 4.1)

The key object in this definition is clearly the set of n coupled differential equations, which says
that Y = vy, is autoparallel — cf. chapter 3 —i.e. forallk=1,---,n

0=—v'(s) = Z(dzv Z 7)'(s) - T (v(s )))-ek. (4.2)

This equation is a second order ordinary — typically nonlinear — differential equation system.
We infer from the theory of such systems that there exists a unique solution to the initial value
problem (4.1) for sufficiently small values of b. We refer to [19] and [4] for thorough discussions
and proofs of these results.
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Before going into some concrete examples it is important to note that geodesics are pre-
M _ | served by isometries: If Yis a geodesic in the Local Riemannian Manifold (Wgu,Vu)
Q then ¢() is also a geodesic in any other isometric representation (‘V, g4, V) where
¢(U) = vV, and where g, is obtained via ¢ from gq; as in equation (1.41) in chapter 1,

and where V, is defined uniquely from g4, as in chapter 3.

The first example/exercise is trivial:

Il EXERCISE 4.2

Let (U= R2, ge,V) denote the standard Euclidean plane. All Christoffel symbols vanish, so the
geodesic equations are very simple. Find all geodesics 7y through the point p = (1,0) = y(0). Le. for
every 0 €] — 1, 1| find the geodesic Yy through this point which has initial direction vector of gg-unit
speed:

Y6(0) = (cos(0), sin(0)) . 4.3)

Make sure that the geodesics are parametrized by signed arc length s from p = 5(0) = (1,0).

The next example/exercise appears to be non-trivial, but it is not:

Il EXERCISE 4.3

We let (U,g,V) denote the Local Riemannian Manifold defined by U = {(x', x*) € R? | x' > 0}
with metric tensor g determined by the metric matrix function:

G(xl,xZ):[l 0 ] . (4.4)

Find all geodesics 7y through the point p = (1,0) = y(0). Le. for every 8 €] — 7, 7| find the geodesic
Yo through this point and with initial direction vector of g-unit speed:

1
[(cos(8)., sin(6))]],

Make sure that the geodesics are parametrized by signed arc length s from p = ¥5(0). A number of
solution geodesics — for various choices of initial directions — are shown in figure 4.1. Hint: You may
want to apply the diffeomorphism y on U defined by

(0) =

-(cos(B), sin(0)) . (4.5)

y(xh, ) = (x'-cos(x?), x!sin(x?)) ., (L) eu (4.6)

use coordinates (y', y?) € 9/ = y(U) and the following metric matrix function in 4/, which makes
VY an isometry:
Gy=J; -Gy ") Ty . (4.7)
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3
\
10 K—o—3 4 s ¢ /71 8
-3

Figure 4.1: Geodesics through p = (1,0) in the Local Riemannian Manifold that is studied in
exercise 4.3. All the geodesics — except one — are stopped at the blue curve so as to give them the
same g-length. The single one alluded to is stopped already at (0,0). Why?

lll Example 4.4

We consider again the paraboloid of revolution represented by (U, g,V) — as in the previous chapters —
with coordinates x!' and x?, i.e. the paraboloid is parametrized by r(x', x*) = (x', x?, (x')? + (x?)?).
In figure 4.2 we choose a point p = (1,1) € U and two g-unit vectors V, and W} in the tangent space
T,U. The two corresponding initial value problems (4.1) are solved numerically and displayed to the

left in figure 4.2. The corresponding lifted geodesic curves on the paraboloid itself are indicated to the
right in the figure.

4.2 The defining diffeomorphism

From the op. cit. references, [19], and [4], we can — and do without going into the details of proof
— extract much more useful information about the solutions to the initial value problem (4.1):

|l Theorem 4.5 Let (U,g,V) denote a Local Riemannian Manifold and let p € . Then there

exists an open set Zy(p) containing the origin (zero vector) in the tangent space T, 7, so that the
following map is a diffeomorphism of Ey(p) onto an open subset Q, C U containing p:

Exp,(0) =p and Exp,(v) =Yy (l[vlg) forall non-zerove £ C T,U, (4.8)
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Figure 4.2: Left: Two unit speed geodesics from point p € U for the paraboloid of revolution.
Right: The two geodesics are lifted into the paraboloid. The two initial vectors have the same
g-length. The two geodesic curves on the paraboloid also have the same curve length — they have
been constructed over the same s-interval I = [0,5].

where the curve Y denotes the unique geodesic starting at p with initial g-unit direction vector Vo (v) =
v/||v||, and with total length b = ||v|,.

||l Definition 4.6 The (local) diffeomorphism Exp, is called the Exponential map of (U,g,V)
from %, in the tangent space T, U at p into Q, in U.

The (local) inverse diffeomorphism Exp;l = Log, is called the Logarithmic map of (U,g,V) from U
into the tangent space 7, U at p.

Note that the Exponential map Exp,, is usually nor a diffeomorphism on all of T),U.
See figures 4.5, 4.6, 4.7 and their captions. The maximal domains in which Exp,, is a
S~ - | diffeomorphism is shown in this particular case as the subset of the tangent space at p

Q that lies above the gray boundary curve. Correspondingly, Log, is usually nor defined on
all of U, only for points that are not on the so-called Cut locus of p, which corresponds
to the gray barrier for the Exponential map.
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A metric ball By(p) of radius p in a given tangent space 7, U is defined as
follows:

Bo(p) ={veL,UllVlg<p} - 4.9)
The corresponding metric sphere of radius p in 7,, U is then correspondingly denoted as follows:

dBy(p) ={veT,Ul|vlg=p} . (4.10)

A geodesic ball Dy(p) of radius p in U is defined as follows under the assumption that By (p) is
contained in a domain %y of the Exponential map diffeomorphism Exp ,:

Dy(p) = Exp,(Bp(p)) - (4.11)

The corresponding geodesic sphere of radius p in U is:

dDy(p) = Exp, (3B, (p)) - (4.12)

In dimension 2 we permit ourselves to use the more natural words ’disk’ and ’circle’
instead of ’ball’ and ’sphere’ wherever relevant.

b

lll Example 4.8

In continuation of example 4.4 we consider a ball B, (p) in T, U which consists of the vectors v that
have g-length less than or equal to b. The value of b is assumed to be sufficiently small, so that B (p) is
contained in the open set £ guaranteed by theorem 4.5. Then we can display the image of B, (p) by the
exponential map Exp — both in U and in this case also lifted into the paraboloid, see figure 4.3. All the
shown geodesics have the same constant length b — which is only visually evident form the lifted image
on the paraboloid. However, this same-length property can be also displayed and indicated in U if we
superimpose the fingerprint of the metric tensor into the parameter domain as in figure 4.4.

4.3 Normal coordinates and polar coordinates

The local diffeomorphism Exp,, induces a lot of local coordinate systems in (U,g,V) in the
vicinity of any given point p, i.e. in the image U, = Exp,, (%o(p)) € U. Indeed, suppose that
{z!,7%,---,7"} is any given standard coordinate system in the vector space T, U with origin at the
zero vector, then the corresponding coordinates of a point g € Q,, are zi(Logp(q)), i=1,--,n,
and z'(Log ,(p)) = 0 for all i.
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Figure 4.3: Leftmost: The exponential map (plus a few of the defining geodesics) of a metric ball
By (p) from the tangent space T, U at p = (1,0) into the corresponding geodesic disk Dj(p) in
U. Middle and rightmost: The image of the exponential map of D, (0) lifted from U into the
paraboloid — seen from ’front’ and ’back’, respectively. Note that every geodesic reaches the
geodesic circle orthogonally — see lemma 4.22.

||l Definition 4.9  Suppose that {E},E,,--- ,E,} is a g-orthonormal basis of the tangent space

T,U at the point p € U with corresponding rectilinear Cartesian coordinates {z',---,7"} in T,4.
Then zi(Logp (g)),i=1,---n, are called the normal coordinates of g with respect to the chosen g-
orthonormal basis. The corresponding coordinate-induced basis vector fields in all of Q,, i.e. also
away from p, are still denoted by {E|,E,---,E, }.

b

Normal coordinates have very nice and useful properties at the base point p:

Note that in general {E},Ey,---,E,} is not necessarily g-orthonormal away from p.

|| Proposition 4.10  Let z/(Log(g)) denote normal coordinates at p. With respect to these

coordinates we get the following evaluations at p for all 7, j, and k:
8ij(p) = 8(Ei(p).Ej(p)) = &;
VEEj=0 , ie Tj(p)=0 (4.13)

d
5281 = Ex(gij) = Ex(g(Ei,Ej)) =0
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Figure 4.4: The image of the exponential map considered also in figure 4.3 — now with superim-
posed indicatrix field for the corresponding metric tensor. The fact that the geodesics, which mold
the image geodesic disk, have the same length is intuitively plausible.

Although normal coordinates at a given base point p are in general not so easy to construct
— because you need first to construct the Exponential map diffeomorphism Exp,, — they
are (by their mere existence) tremendously useful. For example for establishing tensor
S~ - | identities at any given point p, in particular when the identities involve the metric (and

Q its derivatives) and/or the covariant derivatives of vector fields and tensor fields. This
will be illustrated by a number of examples in Chapter 7. The point is, that once you
have established a tensor identity at p using normal coordinates, then that tensor identity
will be true at p when you express the identity in any other coordinate system.

Proof. The first equation in (4.13) is clear by construction of the basis vector frame at p.
The second follows from the fact that any geodesic yissuing from p has the form y(s) =Exp,,(s-V)
for a g-unit vector V = y'(s) in T, U and thence in z-coordinates for eachi =1,--- ,n:

Z(s) = zi(Logp(y(s))) = zi(Logp(Expp(s-V))) =Z(s-V) =5V . (4.14)

In consequence, the geodesic equations in normal coordinates now reads for each k:
0=(2)"(s) + L L) () (/) (s) - T1;(v(s)) = LY v/ - T5(¥(s)) (4.15)
rJ L

Since I'¥ j(y(O)) is common for all directions V, we have for all k and for all initial vectors V:

0=V T}(p) . (4.16)
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Figure 4.5: Left: An extended geodesic disk’ beyond the radius up to which the Exponential map
is a diffeomorphism in U for the paraboloid. The breaking of the diffeomorphism property is
clearly visible — also on the back’ side of the paraboloid itself which is shown in the rightmost
figure. In consequence, the inverse map, Logp, does not exist in the domain that is double covered
by the geodesics issuing from p.

The symmetric matrix Ff-‘ ; (p) with indices i and j (and any fixed k) therefore has eigenvalues that
are all zero. Hence
Ifj(p)=0 foralli, jandk . (4.17)

The third equation follows then immediately from this vanishing of Vg, E; at p and from the metric
compatibility of V:

Ek(g(Ei,Ej)) = g(VEkEi, Ej) —|—g(E,', VEkEj) =0 . (4.18)

]

Note that the radial coordinate p induced by the normal coordinates is determined by the radial
coordinate r in T, U as follows:

p(q)zr(Logp@):ﬁ(zi(Log,,(q)))z , (4.19)

which, of course, is nothing but the length of the geodesic from p to g in Q,,.

This radial coordinate may thus be completed to a system of polar, or spherical, coordinates
{p.0',6%,---,0"" !} in 0, — {p} by choosing appropriate (angle-) coordinates {¢',---,¢" "'} on
the metric ball B (p) — and thence on every metric ball By(p) — in T, U and by defining for each
i=1,-,n

0'(q) = ¢9'(Log,(q)) - (4.20)
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—

Figure 4.6: The geodesics (geodesic spray) from the red point p in front intersect along the blue
half-infinite segment of the meridian which is opposite p. The lowest start point of that segment
is the golden point (a so-called conjugate point for p) at some distance away from the bottom of
the paraboloid.

I EXERCISE 4.11

We consider a smooth regular parametrized surface in 3D Euclidean space:
a(x', ) = (x', 2, f(xLa) (4.21)

where f is a smooth function on ¥ = IR?. Find the induced metric matrix function on 7. Under
which condition(s) on f are the properties in (4.13) satisfied by the coordinates {xl ,xz} at p = (0,0).
Show, however, that {x',x?} are in general not normal coordinates at p = (0,0) with respect to the
standard basis {e;,---,e, } at p? Hint: See equation (4.14).

Obviously, the coordinate curves for a given system of normal coordinates at a point p are
the images via Exp,, of the straight line rectilinear Cartesian coordinate curves in the tangent
space T, U. Specifically, if {E1,E»,---,E,} is a g-orthonormal basis of the tangent space 7, U
at the point p € U with corresponding rectilinear Cartesian coordinates {zl, --,Z"'} in T, U.
Then the k’th Cartesian coordinate line in the tangent space through the point (z(l), .-+, z§) with
corresponding position vector

Py=Y 7 -E (4.22)
i
is parametrized by a vector function

Cr(t)=Py+t-Ex , teR . (4.23)
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Figure 4.7: In the green tangent plane to the paraboloid at p the maximal vectors indicate the
direction and the distance to the gray boundary beyond which the exponential map from p is no
longer a diffeomorphism. Precisely the same scenario is displayed in polar coordinates in the
right hand figure. The geodesics (geodesic spray) are red and the gray boundary curve is again the
boundary of the domain in the tangent space (to (1,0)) in which the exponential map from p is a
diffeomorphism.

The normal coordinate lines in U through the point Exp,, (Py) are therefore — foreach k= 1,--- ,n:
C (1) =Exp,(Ci(r)) = Exp,(Po+1-Ey) (4.24)

where 7 should necessarily be restricted by the condition that Py +1 - E; € Eo(p) where Exp ) 18
guaranteed to be a diffeomorphism.

As indicated, the notion of polar coordinates are already defined above:

Let {E,E», -+ ,E,} denote a g-orthonormal basis of the tangent space

T,U at the point p € U with corresponding polar coordinates {p,0',0%,---,0" 1} in T,U. Then
r(q) = p(Log,(q)), and ¢'(q) = 6'(Log,(g)), i = 1,---,n— 1, are called the polar coordinates of
g with respect to the chosen g-orthonormal basis and with respect to the choice of coordinates
{¢',---,0"" !} on the metric ball B;(p) in T,U. The corresponding coordinate induced polar basis
vector fields in U, i.e. away from p, are typically denoted e, g1, -, eg-1.
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Note that in contrast to normal coordinates there is for polar coordinates a choice to be
made for the functions {¢',---,¢"~!} on the metric ball B;(p) in T,U. In dimension
n = 2 this corresponds to a choice of parametrization of the unit circle; in dimension
n = 3 the parametrization of the unit 2D sphere can, as we have seen, be done in several
applications dependent ways — using geographic coordinates, Mercator coordinates,
stereographic coordinates, etc. Every choice must, however, be expressed in terms of the
g-orthonormal basis {E|,E»,---,E,}, so that the orientation of the metric ball By (p) is
thereby properly "anchored’ in 7, U.

As we will see below, both coordinate systems, normal coordinates and polar coordinates, are —
each in their own way — very useful auxiliary tools for the local analysis of Riemannian manifolds.
Although natural coordinates are not so easy to construct, their mere existence gives rise to

co
of
co

nsiderable simplifications when establishing various tensor identities point wise. This hinges,
course, mainly on the fact that all Christoffel symbols vanish at the base point of the normal
ordinates.

Example 4.13

Below in the sequence of figures 4.8-4.11 and (in the last section of this chapter) 4.18-4.21 we illustrate
systems of normal coordinates (and polar coordinates) on various surfaces in 3D and in the 2D Poincaré
models. In the case of surfaces we show the normal and polar coordinates both for the specific
choices of representations (7, g,V) of the surfaces and on the surfaces themselves, respectively. The
surface representations are by so-called Monge patches (for the paraboloid and the saddle surface) and
by Mercator’s parametrization (for the sphere); the corresponding coordinates will be called Monge
coordinates and Mercator coordinates.

Paraboloid:  p(x',x*) = (x'.x*,(x")? + (x*)?) forx' € Randx* € R

. 1.2y (.1 .2 N2 /.232 1 2
Saddle:  p(x'.x%) = (x'. 2%, ((x')* = (x*)?)/2) forx' € Rand > € R (4.25)

L) = (L), sinte)

: 1 1 2
Sphere:  u(x',x cosh(x1]* cosh(x1) tanh(x )) forx' € Rand x” €| — 1, 7|

The figures 4.8-4.11 induce several observations concerning the properties of normal coordinates. Firstly,
the two coordinate curves (red and blue) through the (yellow) base point are g-orthogonal geodesics
(easily inspected in the Poincaré models, where we know them). And the normal coordinate curves do
closely resemble the ordinary Cartesian coordinate grid close to the base point — but in general with
possible increasing deviations away from the base, cf. proposition 4.10. Figure 4.8 also shows clearly
that normal coordinates break down (to the left of the left hand display) if we extend them beyond the
region E(p) around p where Exp is a diffeomorphism.
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Il EXERCISE 4.14

Show or disprove the conjecture: The Euclidean spaces, the spheres and the Poincaré models
have the special property that every coordinate curve for any normal coordinate system in these
Riemannian manifolds has constant geodesic curvature. Hint: Presumably difficult(?)
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Figure 4.8: Normal coordinates on a paraboloid of revolution. Left: The coordinate curves are
shown on a background of Monge patch coordinates.

4.4 Locally shortest curves are pre-geodesics

We now show that within the image Q, C U of the Exponential diffeomorphism Exp,, the
following important statement holds. It shows that geodesics are indeed good candidates for being
shortest curves:

|l Theorem 4.15  Let (U",g,V) denote a Local Riemannian Manifold. Let n denote a regular

smooth curve from p to ¢ in Q,. We assume that 1 is g-arc-length parametrized by s € [0, L], so that
the length of the curve is L. If 1 is the shortest curve in Q,, between p and g in the sense that all other
curves with the same two end points are at least as long, then 1 is a geodesic.
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Figure 4.9: Normal coordinate curves on a saddle surface. Left: The coordinate curves are shown
on a background of Monge patch coordinates.

Note the assumption in the theorem above that 1 is assumed to be arc length parametrized.
As we have seen, every regular smooth curve Yy between two points p and g can be
arclength parametrized. It follows then from the theorem, that if vy is the shortest curve
between p and ¢ in the sense that all other curves with the same two end points are at
least as long, then Y is a pre-geodesic covering the same point set as 1. And thence Y can
be reparametrized to become a geodesic, see proposition 3.47.

Note also that this theorem does not tell us anything about the existence of shortest
curves — only that if there is one, then it must be a geodesic. The local existence is
guaranteed by the existence of geodesics (via theorem 4.5 and the Exponential map), as
we shall see in the next section.

Before going into the proof of this result we need a means to control nearby curves with the same
endpoints as 1.

In order to compare the lengths of neighboring curves to 1 and in order to

analyze what it means to be the shortest curve between two given points, we first define a one-parameter
family H,(s) — parametrized by u €] — €, €[ — of nearby regular smooth curves that are organized as an
(u,s)-parametrized smooth surface in Q,, so that:

Hy(s) =m(s) forallse[0,L] , and H,(0)=m(0)=p forallue]—e,¢[. (4.26)

The parametrized family of curves H is called a variation of the base curve 1. If, moreover, we also
have

H,(L)=n(L)=q forallue]—c¢,¢|, (4.27)
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Figure 4.10: Normal coordinatecurves on the sphere. Left: The coordinate curves are shown on a
background of Mercator coordinates.

then H is called a proper variation of the base curve 1.

The local linear transverse behaviour of the nearby curves is, for each s¢, obtained by the tangent
vectors to the u-curves Hy,(so) at u = 0:

||| Definition 4.17  In the above setting, the vector field V € X(7) defined by

d
V(s) = EH” ($)ju=0 (4.28)

is called the variation vector field along y induced by the variation H of .

Since H,(0) =1(0) for all u we have V(0) = 0. If H is a proper variation we also have V(L) = 0.

Note that although all the curves H, are parametrized by s, this parameter is not nec-

S - | essarily an arc length parameter along the curve — unless, of course, u = 0. Thus the

Q curves H(u) do not necessarily have the same length L as v. In fact, this is the main
point in the proof of theorem 4.15.

Theorem 4.15 will follow once we have established the following preliminary supporting theorem,
which itself is of independent interest. We simply consider the lengths £(u) of all the (competing)
curves H, in the variation, and then find the derivative of the length function with respect to u at
u = 0. Then this derivative must be non-negative if the length of | — corresponding to u = 0 —is
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Figure 4.11: Normal coordinate curves in the two Poincaré models. Left: Half plane model; Right:

Disk model.

smaller than or equal to the length of all other curves between the same endpoints as is assumed
in theorem 4.15. I.e. £ must have a stationary point at = 0. From there it then follows that 1
must have zero acceleration and thence zero geodesic curvature. We present the details of this
argument below. In section 4.8 we spell out in all details what is going on in the case of a concrete

horizontal straight line base curve 1 in the Poincaré half plane model.

|||| Lemma 4.18 Let H denote a variation of 1 as above. Then the g-length of H,, is:

c:/OL \/g (;sHu(s), aasHu(s)> @ .

The derivative of £(u) with respect to u at u = 0 is:

d

o LW =gV @)~ [ (V). Ty ) ds

where V is the variation vector field of H based on 1, and where

D,

V(o' (s) = Zom'(s) = acen(s)

is the acceleration of 1 — with norm || accy (s)|| = & (s), the geodesic curvature of 1.

(4.29)

(4.30)

4.31)
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not everywhere proportional to ¥/ (¢) — see Proposition 3.47.

Proof of lemma 4.18. Taking derivatives at u = 0 we have:

o tw=[5 <\/ (%Hm 2 H()) ) ds
-/ WO (2 aHa() abe))ds

n'(s)lle
LB () )

9 L :/L (v /(s)a}g‘bfs),n’@)) ds

3

=2 (V). 0) - [ (V). Vgn'(s)) ds

I EXERCISE 4.19

In the proof above we used that

2 (259)- 2 ()

See also the explicit calculation of this identity in [4, p. 68].

We can now prove theorem 4.15:

8{ Vn
LG5 0) 55

Suppose the endpoints of a non-geodesic arc-length-parametrized curve M are both
fixed in the above variation, so that also V(L) = 0, then, by choosing a vector field
V = f(s) - accy (s) with a smooth positive function f with f(0) = f(L) = 0, will give a
positive integral value in equation (4.30), and thence a negative derivative of £(u). This
means, loosely speaking, that by pushing the curve 1 in the direction of the acceleration
vector field (which is orthogonal to the curve) while keeping the endpoints fixed will
produce shorter curves between these endpoints. The same principle can be applied for
non-arc-length-parametrized curves Y(z) if only the curve (¢) is not a pre-geodesic so it
cannot be reparametrized to an arc-length-parametrized geodesic, i.e. if only accy(t) is

(4.32)

(4.33)

(4.34)

Why is this interchange of derivatives allowed? Hint: The relevant Lie bracket vanishes everywhere.
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Proof of theorem 4.15. Suppose 1 is shortest among all neighboring curves — in particular among
all the neighboring curves appearing in any given proper variation H of y. Then we have from
equation (4.30):

L
0= / g (V(s), Von'(s)) ds (4.35)
0
for all variational vector fields V € X(y) with V(L) = 0. This implies that
Vn/(sm'(S) —accy(s) =0 and kf =0 forallse[0,L] , (4.36)

because otherwise the integral in equation (4.35) could be made different from 0 by choos-
ing/constructing a variation vector field V in the direction of Vn/(s)n’ (s) where this latter field
is non-zero. Remember that the acceleration field is always g-orthogonal to the arc length
parametrized curve 1. We conclude from equation (4.36) that 1 is indeed a geodesic curve from p
to g — as was to be proved. ]

4.5 Geodesics are locally shortest curves

The converse to theorem 4.15 is also true:

|l Theorem 4.20  Let ydenote a geodesic from p to g in Q, and assume that ¢ is a point on the

geodesic sphere dD, (p) centered at p and with radius p. Then 7 is the shortest curve from p to ¢ in Q,
in the following sense: If 1 is any piecewise differentiable curve joining p and ¢ then

p=L(y)<L(n) . (4.37)

We take this opportunity to define the notion of distance between points that are sufficiently close.

In the setting of theorem 4.20 we define the distance between p and g to be

the length of the (shortest) geodesic between the points:

dist(p.q) = L(v) =p . (4.38)

Again we need an observation — known as Gauss’ lemma — before we can prove theorem 4.20:

||l Lemma 4.22  Suppose that H is a (non-proper) variation of a geodesic v as defined in the

previous section. If H is a variation through geodesics, so that H, is an arc length parametrized
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geodesic for every u €] —¢€, €], then the variation vector field V is everywhere orthogonal to the base
curve:

g (;tHu(s)u:o, y’(S)) =g(V(s),Y(s)) =0 forallse[0,L]. (4.39)

Proof of lemma 4.22. This follows readily from the variation formula (4.30): Since all the curves
in the H-variation are geodesics, now even of the same length L, then we have:

J

B E\uzo
(V). VL)~ [ 8(V). Vet () ds
(VD). Y (L)

and the lemma follows, because in this argument L can be substituted by any smaller value than
the one first chosen. So equation (4.39) holds for all s € [0,L]. O

0 L(u)

(4.40)

||| Corollary 4.23 It follows immediately from the Gauss’ lemma that every geodesic from a
point p intersects every geodesic sphere 0D, (p) orthogonally.

Proof of theorem 4.20. We use the Exponential map to compare the given geodesic from p to
g in 0Dy (p) with 7, i.e. we assume that g is an endpoint in the geodesic sphere of radius p
centered at p. The competing curve N can then be written as follows, where we use a choice of
parametrization of 1 so that(0) = p andn(1) = ¢

n(t) =Exp,(r(t)-v(t)) = f(r(t),t) ., tel=[0,1] , (4.41)

where v denotes a curve in 7, U with |[v(r)||, = 1 for all 7 € [0,1], and where r denotes the
geodesic distance of n(¢) to p, i.e. it is a piecewise differentiable function of 7 so that r(7) - v(z) =
Log,(n(t)), see the definition of the Log map in 4.6. Then we have, at points where 7 is
differentiable:

_of of

n'() = S r'(t) + % (4.42)

But here we can now use that || %—]: |¢ = 1 and from equation (4.39) that g(%—{ , %—]:) =0, so that :

IO =P +ILE > () . (443)
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In consequence we have:

L = [ @ledr> [ @la> [ rod=rm=p=tm . @

|l EXERCISE 4.24

Note that we have tacitly assumed in the above proof of theorem 4.20, that 7 is contained in Dy (p).
What happens with the argument if this assumption is not satisfied? Is the conclusion still true?

|l EXERCISE 4.25

Show that if there is equality in equation 4.37, i.e. if L(y) = L(n) — in that setting of theorem 4.20 —
then 1 can be reparametrized to become a geodesic curve, namely the same geodesic as 7.

4.6 The gradient of the distance function

Recall from definition 4.21 that the distance function p(x) = dist(p,x) from a fixed point p to
any point x € Q, is the length of the unique geodesic 7y, which connects p to x. By now it
should come as no surprise, that within Q, — {p} the gradient grad(p) of the distance function
at x is precisely the unit tangent vector y;,’x to the geodesic ¥, . at x. Indeed, it is the direction in
which the distance to p increases the most and the speed with which it increases is the arc length
speed of 1 away from p. Here is a precise recap of the statement together with some immediate
consequences:

|| Proposition 4.26  With the notation above we have for all x € Q, — {p}:

grad(p)), = 7,.(p(x)) . (4.45)

In particular we therefore have
| grad(p), || =1 forallx e Q,—{p}. (4.46)

and, since the metric spheres 0D, (p) by definition 4.7 are level surfaces for the distance function, we
get from exercise 3.56 that grad(p),, and thence, of course, v, .(p(x)) is g-orthogonal to Dy, (p) at
the point x.

Proof. We prove equation (4.45) via the first variation formula (4.30) in lemma 4.18. We let V
denote any vector in 7, U at x and only need to show that

Vp), =gV, 1. (p(x)) (4.47)
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because then, by definition 3.50 we get directly (4.45). So we let &(u), u € | —€,€[ denote any
curve in U with §(0) = xand §'(0) = V. Then

V(p), = P&, (4.48)

For each u € | — ¢, €[ the distance p(§(u)) is realized as the length £(u) of the unique geodesic
from p to §(u). These geodesics form a variation (in the sense of definition 4.16) of the base
geodesic, which is ¥, x, so equation (4.30) gives directly (since the base geodesic has acceleration

0):
VPl = 5uplE00), = 5 L) =¢(V.%u(p) 449

which proves the proposition. [

I EXERCISE 4.27

Let (U =1R", gg) denote the usual Euclidean n-dimensional space. Verify (by direct interpretation and
calculations) that the statements in proposition 4.26 hold true for that special manifold with Q, = R"

for all p.

4.7 Feynman’'s example

This example is a Riemannian illustration of Snell’s refraction law. We let our Local Riemannian
Manifold be (U,g,V) with 2 = R? and g is given by its metric matrix function

G(xl,xz):y(x1)~[(1) H , (4.50)

where u is a step-like function of x! with
(0
u(x') = pop(x') = 1+5-(1+tanh([3.x1)) . (4.51)
The function is essentially stepping up from 1 (for very negative values of x') to 1 + o for very

positive values of x!, the step being located sharply at x! = 0 for large values of B. See figure 4.12.
(Alternatively we could have used the error function erf instead of tanh to build such a function.)
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Figure 4.12: The "step function’ uy g(x') for various values of B.

The metric tensor g gives rise to the following Christoffel symbol functions:

o-B- (tanh?(B-x') — 1)

Hl(xl,xz) =
r%](xl,xz) =0
r%z(xl’xz) = r%l(xl’xz)
r%z(xl’xz) = rh(x1,xz)
r,(xhx?) =0
r%z(xl’xz) = —Fn(xl’x

20 tanh? (B - x!) 4 200+ 4

155

(4.52)

The corresponding geodesic equations have been solved numerically for o = 4 and = 7, and
segments of the corresponding geodesics are on display in figure 4.13.

We observe from the figure that the geodesics are almost straight lines on both sides of x' = 0.
This is consistent with the fact that for large values of B the Christoffel symbols become small —

except at x' = 0.

|l EXERCISE 4.28

| | Show that all the Christoffel symbols in (4.52) go to 0 for x! # 0 and p — oo.

We also observe from the figure that the geodesics change direction when they hit (or get close to)

the line x! = 0.
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Figure 4.13: Feynman’s example. Left: Four geodesics of the same length issuing from p =
(—2,0) in different directions towards positive x!-values, where the indicatrices are significantly
smaller than in the gray area to the left of x! = 0 due to the values of u(x'). Right: All points on
the blue geodesic circle have constant geodesic distance from p.

I EXERCISE 4.29

Assume that u is constant 1 to the left of the line x! = 0 and that u is constant 1 + o to the right of
the line x' = 0, so that the geodesics really are straight lines on both sides of x! = 0 in the local
Riemannian manifold (u,g,V) above. What is then the relation between the incoming angle of the
geodesic (coming from x! < 0) to the outgoing angle of the broken geodesic (going into x' > 0) when
both angles are measured with respect to the horisontal normal to the line x' = 0 at the break point?

Discuss what all this has to do with Snell’s law of refraction — see Snell’s law.

4.8 Shortest geodesic curves in the 2D Poincaré models

We are now able to return to the setting of exercise 1.52 in chapter 1, which read as follows:

Let > denote the following curve in the disk model:

1

Yz(t)z(E,Z-t) , te[-1/4,1/4] . (4.53)

The task was to find the g¢; length of the curve and to construct another curve that connects the
two endpoints of y, but is shorter than ;.


https://en.wikipedia.org/wiki/Snell%27s_law
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In fact, we will solve this second part of that exercise in all details. Since we now have the tools
to find shortest curves in any local Riemannian manifold, we can find the absolute shortest curve
that connects the endpoints p = (1/2,—1/2) and g = (1/2,1/2) of the straight line 5.

However, we will begin the construction of that shortest curve by finding all shortest curves, i.e.
all geodesics, in the Poincaré half plane model, see figure 4.14.

Mo

Figure 4.14: Geodesics from p = (1,1) with the same length define a geodesic disk and the blue
geodesic circle. All geodesics intersect the geodesic circle orthogonally, both with respect to
the Euclidean metric and with respect to the g-metric tensor field of the Poincaré half plane! As
is also indicated, all the geodesics — if extended past the boundary of the blue geodesic circle —
intersect the boundary line y> = 0 orthogonally. The Exponential map Exp,, from any point p in
the half plane model is a diffeomorphism from the corresponding tangent plane, 7V, and thence
the Logarithm map Log,, is also a diffeomorphism from all of 7 onto 7,V

We recall the metric of the half plane model in terms of its metric matrix function on V-
V={("y)eR*|y¥*>0}

4.54
L. 1 10 (39
Gq/(y,y)=(yT)2' 0 1
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The Christoffel symbols are the following:

1

r%l(yl’yz) - )ﬁ
1
F%Z(yl’yz)_rél(yl’yz):_)ﬁ (455)
I =T3,('.»*) =0
rohy?) =0
1

I—%Z(yl’yz) = _)7

Y (s) (4.56)

where the last equation is included to guarantee that the geodesics are unit speed pararametrized.

\ Note that the last unit-speed condition in (4.56) is automatically satisfied for all s if

S~ - | the first two autoparallel conditions are satisfied for all s and the unit speed condition

Q is satisfied for just one value of s. This follows from a previous result saying that all
autoparallel curves have constant speed.

|l EXERCISE 4.30

Show that the following curves are solutions to the geodesic equations (4.56) for every choice of
constants C, K, and B:

Yck(s) = (C-tanh(s) + K, C/cosh(s)) , seR

4.
¥8(s) = (B,e') , seR (4.57)

|l EXERCISE 4.31

Show that every geodesic solution in equation (4.57) considered as a point-set curve in the Euclidean
plane (IR?, gg) is either a (Euclidean) straight line gg-orthogonal to the half plane boundary y* = 0 or
a (Euclidean) half circle with center (K,0) and radius C.
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|l EXERCISE 4.32

Show that there are no other geodesics than the ones obtained in (4.57) and show that every pair of
geodesics has at most one point of intersection.

Since the disk model (U, gq¢;, V) is isometric to the half plane model — via the Cayley transform
¢~!, which we will spell out below — we also know, that all the geodesics in the disk model are
obtained as images of the geodesics just found in the half plane model. And they have the same
property: every pair of geodesics has at most one point of intersection.

In the disk model we want to find the geodesic segment which connects the two points p =
(1/2,—1/2) and ¢ = (1/2,1/2) because that segment is the absolute shortest curve connecting
the two points. But instead of finding the length of that geodesic segment in the disk model we
find the length of the corresponding geodesic segment in the half plane model — the two lengths
are identical by the isometry ¢, the inverse of the Cayley transform.

For this we first need to find the image of p and ¢ by 0.

The Cayley transform is defined as follow — using z = y!' +i-y*:

-1 Z—1
7)) =>"— 4.58
0= @58)
so that the inverse of the transform is — using w = x!' +i-x?:
1+i-w
= ) 4.59
o(w) = —— (4.59)

Therefore p = (1/2,—1/2)=1/2—i/2and ¢ = (1/2,1/2) = 1/2+i/2 are mapped into p
and g, respectively, where
p=0(p)=2+i=(21)
G=0(q) =—2+i=(-21)
By symmetry the geodesic half circle through these two points in the half plane model has center

at (0,0) and radius R = /5. The particular geodesic segment connecting the two points can thus
be parametrized (by angle) as follows:

(4.60)

n(r) = (V5 -cos(r), V5 -sin(r)) , € [arccos(2/V5), m—arccos(2/V5)] . (4.61)

so that

n'(t) = (—V/5 -sin(r), V5 -cos(t)) (4.62)

and
1

m (4.63)

()]l =
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|l EXERCISE 4.33

Finally we therefore have: The shortest curve between p and § in the half plane model — and
therefore the shortest curve between p and g in the disk model — has length:

Show that the metric gives this simple expression for the length of the tangent vectors along the circle

in equation (4.61).

n—arccos(2/V5) ]
L= — _dr=2In (2+\/§> ~2.89 . (4.64)
arccos(2/+/5) sm(t)

In other words, we have shown that the distance between p and § is
dist(, ) = dist((—2,0), (2,0)) = 2In (2 + \/§) . (4.65)

It is fairly obvious, that the horizontal straight line between p and § carries non-zero geodesic
curvature Kg —1.e. non-zero acceleration accg. In fact, let the straight line be denoted by

Er)= (1) , te[-2,2] . (4.66)

Then D
acc§(t):E§’(t):(0,l) , te[-2,2] . (4.67)

|l EXERCISE 4.34
| | Verify by calculations that equation (4.67) gives the acceleration of & along .

Below we want to consider a proper variation H of the line segment in order to show that a specific
variation of the segment gives curves in the variation with shorter lengths than the length of the
line segment. To set up the variation in the way we have done it in general in section 4.5, we first
parametrize the line segment by arc length. This is easy, because it is in fact already arc length
parametrized:

1€ (0)]lg=1 (4.68)

so we may, and do, replace the parameter 7 by s and refer to the line segment § as unit speed
parametrized. The total length of the line segment is then clearly

2 /
L:/_2 1E/(s) | ds =4 . (4.69)

We know already from the analysis of the geodesic circle between the same endpoints that the
shortest curve (that circle) has length approximately 2.9. We also expect that if we vary the
straight line in the direction of that circle — while keeping the endpoints fixed — then we should get
length values of the curves in the variation that are significantly shorter than 4 — but not shorter, of
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course. Such a proper variation of & is, for example, the one displayed in figure 4.16:

H,(s) =&(s)+ (O, U-Cos (s%))

:(s,l—i—u-cos<s-g)> , s€[-2,2] @70

The variation vector field along § is then in the direction of the acceleration vector acce (1) = (0, 1),
and that is what it takes to decrease the length of the curve:

V(s) = aHa”Lfs) _— (0. cos (s- g)) . @4.71)

According to equation (4.30) the curves H,, in the variation H satisfy:

9
ou [u=0

£y = [ 8(Vs). Vet () ds
== [ ((0- e (7)) T @) as
=~ [#((0-cos(+5)) . 0. ) s @72
Ry

~ —2.55

a| oo

The derivative of the length functional £(u) is negative — as expected. The variation really does
give shorter curves.

We can verify the above derivative by direct estimation of the lengths £(u) in this concrete case.
First we calculate 3
T T
S<H,(s) = (1, —u-sin (s- Z>> : (4.73)
so that

1,—u-g-sin<s~ )),(1,—u~g~sin<s-g>>> ds 4.74)
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The integrand in the last expression in equation (4.74) has the following u-derivative at u = 0:

out |u=0 14+ u-cos (s-%)

142 (5)2.sin2 (s-T)
J \/ ! (4) o (S 4) :—cos(s-g> , 4.75)

so that we do indeed recover the value obtained above from the general formula that we applied in
equation (4.72):

d B 2 T 8

Sas S0 = —/_2 cos (55 ) ds = —> = —2.55 (4.76)
A numerical evaluation of the expression for £(u) in equation (4.74) shows that the smallest
curve in the specific variation family H, that we have considered, is obtained for # ~ 1.31 and
that the length of the corresponding curve is £(1.31) & 2.92, which is quite close to the optimal
value represented by the geodesic circle segment with the exact length 2 - In(2 + V5 ) ~22.89, see
figure 4.16.

2.92

4
L(u) \ 291 L(u)
31

2.90

2.89

2.88

2.87

2.86

u
u 2.85

-1 1.25 1.30 1.35 1.40

Figure 4.15: Values of curve lengths of H,, u € [0, 1.5], in the variation H considered in (4.70).
The horizontal brown line indicates the optimal shortest curve length which is (only) almost
attained by the variation.

In prolongation of the concrete examples above we must mention the following general distance
formula:

|l Proposition 4.35 Let 5 = (5',5%) and G = (§',4?) denote two given points in the Poincaré

half plane model. Then the distance between the points is:

(@' —p")+ (@ —ﬁ2)2>

7 4.77)

dist(p,§) = arcosh <1+
(5.9) > 7 q
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Figure 4.16: Red: The shortest geodesic between the endpoints. Right: The variation cos-curves
applied for comparison with the shortest red curve. The green curve is the shortest among the
variation curves.

I EXERCISE 4.36

|l EXERCISE 4.37

Verify, that this equation gives the same result as we obtained above in the case of p = (2,1) and
g=(=21).

| | Prove the general distance formula that is expressed in (4.77).

With the distance function and the explicit construction of all geodesics in hand we can express
any Exponential map diffeomorphism Exp,, and Logarithmic map diffeomorphism Log,, in terms
of the canonical basis vectors e; and e, in Tp‘V and in terms of the coordinates y1 and y2 in V,
respectively.

Il EXERCISE 4.38
Given p and ¢ in V. Find 6 such that
Expp (diSt(p’ Q) ' VO) =9 (478)

where Vj is the unit vector in the direction of (cos(0),sin(8) in 7,,%. (Note that then we have:
Log,(¢q) = dist(p,q) - Vo.) Hint: Trigonometry.
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|l EXERCISE 4.39

Given p in v, d € Ry, and a g-unit vector V in the direction of (cos(0),sin(0)) in 7,. Find the
coordinates of ¢ in V' so that
Log,(q) =d-Vo . (4.79)

(Note that then we have: Exp,(d - V) = g and dist(p,q) = d.)

4.9 The Exponential map in the 3D Poincaré half space

We consider the following 3-dimensional extension of the Poincaré half plane. Let (‘V 3, gy, V)
be defined as follows:

y
0

4.80
0 . (4.80)
1

I EXERCISE 4.40

In 3 dimensions the number of Christoffel symbol functions I'¥ ;18 in general 18, when symmetry in
indices i and j are taken into account. Find the non-zero Christoffel symbol functions for the Poincaré
half space (13,g4,V) defined above.

Il EXERCISE 4.41

Show that every geodesic of (7, g4, V) is either a straight half line orthogonal to the plane y* = 0 or
a half circle with center on that plane and itself contained in a plane parallel to the y3-axis. Use this
property to show that two different geodesics have at most one intersection point.

The Exponential map Exp,, of (‘V3, gy,V),peV 3, is therefore — in consequence of exercise
4.41 — a diffeomorphism on all of Tpm3. The inverse, the Logarithm map Log,,, is thence also a
diffeomorphism on all of /3.

|l Proposition 4.42 Let 5= (p'.*. /") and § = (§'.3%§°) denote two given points in the

Poincaré half space model. Then the distance between the points is:

<1 =1N\2 4 (A2 =2\2 4 (A3 #3\2
(@' —p")+ (7 —p")+(q p)> @381)

dist(p,qg) = arcosh (1 +
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Figure 4.17: Geodesics (in red) from point p = (0,0, 1) of constant length in the Poincaré half
space. The corresponding geodesic sphere is indicated.

|l EXERCISE 4.43

Formulate the exercises 4.38 and 4.39 in the 3-dimensional setting of the Poincaré half space model —

and solve them.

4.10 Polar coordinates revisited

In a polar coordinate system based at p in U, the first polar coordinate r(g) of a point ¢ in U, is
just the length of the unique geodesic from p to ¢, i.e. the geodesic distance between p and ¢ in
the manifold. Correspondingly, the first coordinate curves are the geodesics issuing from p. In the
figures below the g-angle between two consecutive geodesics is constant.

The relative spread of geodesics is encoded into the respective Jacobi fields (introduced later in
these notes) based on each geodesic. The difference in the present figures is the representation of
the second polar coordinate curves, i.e. of the metric geodesic circles with equal distance between
two consecutive circles. Obviously it is much easier to construct the polar coordinate curves than
it is to construct the normal coordinate curves based at a given point.
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Figure 4.18: Polar coordinates on a paraboloid of revolution. Left: The coordinate curves are
shown on a background of Monge patch coordinates obtained as in the defining equation 4.25.

Figure 4.19: Polar coordinates on a saddle surface. Left: The coordinate curves are shown on a
background of Monge patch coordinates, cf. equation 4.25.
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Figure 4.20: Polar coordinates on the sphere. Left: The coordinate curves are shown on a
background of Mercator coordinates as in the defining equation 4.25

W
RS

Figure 4.21: Polar coordinates in the two Poincaré models. Left: Half plane model; Right: Disk
Model.



168 CHAPTER 4. THE EXPONENTIAL MAP
4.11 Outlook recap: Statistics on Riemannian manifolds

In chapter 1 we saw how a slightly upwards elongated distribution of points on the standard
paraboloid of revolution did not have good statistical representations in the parameter plane, at
least when we used (rectilinear or polar) Monge parameters for the representation of the surface.
The Log map polar or normal coordinates give much better representations in the tangent plane
of the surface at the base point for the Exponential map. There will always be discrepancies in
between internal distances when projecting a non-flat background into the plane.

We indicate how a Riemannian center of mass can be well defined for a distribution which is not
too "wide’ in the sense that it is supported in a neighbourhood E, of some point p so that the
exponential map is a diffeomorphism and so that we have access to normal coordinates (and polar
coordinates) in the neighborhood.

The idea is the following: Suppose the point set () is ’catched’ by the Log map Log,, into a
tangent space T, U. Then calculate the center of mass Cy of the image Log,, (Q}) — using the
standard Euclidean metric in 7, U. We denote the corresponding position vector also by C; and
next consider the normal coordinate system in U with the new base point p» = Exp(Cj); we
then find the Euclidean center of mass ; of Log ,, (Q)) and continue the process. It is intuitively
reasonable to expect that this construction of points py,-- -, p,, converges to a point p. which then
should be called the Riemannian center of mass. This expectation holds true and has been proved
and applied in e.g. [11], [15], [25].

The center of mass is just the very first significant statistical information about a given
distribution. The classical principal component analysis also suggests the determination
of best fitting lines — which in the context of distributions on Riemannian manifolds

should be the best fitting geodesics, see e.g. [7]. One useful generalization of normal

coordinates in this respect is the concept of Fermi coordinates, see [20]. They are
also rectangular and have vanishing Christoffel symbols not just at a point but along a
geodesic — for example along the geodesic from the Riemannian center of mass which
best describes the elongation of () on the paraboloid considered here.

lll Example 4.44

In the figures below we illustrate the images Log, (Q2) and Log,, (Q2) for the beginning of the
construction of the center of mass of a given point set on the paraboloid — with initial point
p1 = (0.65,0.65) (with respect to the Monge patch coordinates for the paraboloid).
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Figure 4.22: A point distribution () on the paraboloid and two normal coordinate systems with
base points off the center of mass and at the center of mass, respectively. These two base points
are given by their Monge patch coordinates (0.65,0.65) and (1.3,1.3), respectively.
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Figure 4.23: The images Log, (()) and Log,,, () in their respective tangent spaces, based at the
points (0.65,0.65) and (1.3,1.3) corresponding to figure 4.22.
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Figure 4.24: Metric fingerprints for the paraboloid in normal coordinates based at points (expressed
in Monge patch coordinates) (0,0), (0.65,0.65), and (1.3,1.3), respectively — the two last ones
is for direct comparison with figure 4.23 above. From the standard finger print indicatrix field
interpretation it is evident, that when all indicatrices are almost identical to the unit circle indicatrix
at the base point as in the rightmost figure, then this supports a better and faster determination of
the center of mass.



Chapter 5

Helices, circles, and the Frenet-Serret
apparatus in 3 dimensions

We have previously discussed various types of curves in Riemannian manifolds (U, g,V) — such
as the time-parametrized tracks of Newtonian particles in a gravitational field and geodesics. And
we have discussed briefly the general notion of acceleration of a given time-parametrized curve in
the manifold. The key instrument for these concepts is the Levi-Civita connection V and the cor-
responding covariant derivation together with the ensuing notion of parallel transport along curves.

In this chapter we will introduce a more involved and intricate application of parallel transport of
g-orthonormal frame fields {Ej, E», E3} in 3-dimensional Riemannian manifolds and generalize
what is known classically as the so-called Frenet-Serret apparatus for a given curve in Euclidean
3-space.

5.1 The classical helices in R?

The classical standard helix in standard position in ordinary Euclidean 3-space

(R3,gg) with the usual coordinates {x!,x?>,x*} and the corresponding induced basis vector fields
{e1,e2,e3} is the following unit speed parametrized curve:

N q N N
N e R O I € =) ) LU

where a > 0 and b are constants and / is any connected open interval in R.
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|l EXERCISE 5.2

Show that the standard helix 7y in the above definition 5.1 is unit speed parametrized by s i.e.
IV (s)|lge =1 for all s € I. Show that if I =]a, B[, with finite (possibly negative) values of o < f3,
then the Euclidean length of the curve y(I) is f — a.

Two examples of helices are displayed in figure 5.1. One (to the right in the figure) has b > 0,
it is a right handed helix, it has positive torsion and positive helicity. The other (to the left in
the figure) has b < 0, it is a left handed helix, it has negative torsion and negative chirality. The
torsion of the helix is defined via the exercises below:

lll EXERCISE 5.3
Show that y has constant geodesic curvature in the Euclidean 3-space, where we use shorthand x8 for
K
Kg = = = " = 7a 5.2
(5) = (5) = llacey () = V() = 15 - 52)
where we have applied the purely Euclidean identity | VY (s)[| = ||v" (s)]|.
Note explicitly, that here we may write % instead of Vy and % — since they are all
identical operators in Euclidean space — all the Christoffel symbols vanish.
—
’/\ x3 \/\/\\
e

Figure 5.1: Helices; with positive torsion (right) and negative torsion (left).
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We now define three unit vector fields along the helix, 7, N, and B in X (y) as follows:

T(s) =7 (s)
Vo) = () 70 = () O 53)
B(s) =T(s)xN(s) ,

where we have used the standard Euclidean cross-product, X, in R3.

|l EXERCISE 5.4

The pairwise orthogonal unit vector fields {T'(s),N(s),B(s)} along 7y constructed in this way
is called the Frenet-Serret apparatus for the helix along y in IR?. We claim that the following
identities hold true for the helix:

Find the explicit expressions for T'(s), N(s), and B(s) for the helix curve defined in equation (5.1),
and show that {7 (s),N(s),B(s)} is a gg-orthonormal basis for Ty, IR* for all s.

T'(s) = K8 -N(s)
N'(s) = —x%-T(s) +15-B(s) (5.4)
B'(s) = —t-N(s) ,

where K& and 18 are unique curvature constants for the helix with values:

¢ b

=02

k=2
a’+b?

|l EXERCISE 5.5

| | Show the identities in (5.4) using the expressions for ¢ and k® in (5.5) for the given helix curve in
(5.1).

The constant T8 appearing in (5.5) is the torsion of the helix. It appears in this way as the second
curvature constant for the curve.
We note the following obvious shorthand notation for the identities in equation (5.4):

T'(s) 0 ¥ 0 T(s)
Ns) =] -x¢ 0 18 |-| N(s) ) (5.6)
B/(s) 0 -t 0 B(s)

Each one of the equivalent equations (5.4) and (5.6) is a coupled first order differential equa-
tion system which has unique solutions 7'(s), N(s), and B(s) whenever k¥ and T8 are given
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constants and when initial conditions are specified for the three vector fields. But once the unit
vector field T (s) is found as a vector function solution, then the unit speed curve y(s) also follows
uniquely from an integration of 7' () if only one point on the curve, y(so), is also given in advance.

Any solution curve to (5.6) is called a helix with curvature k% and torsion ¢ in the 3D Euclidean
space. Although the (initial standard positioned) helix curve yin (5.1) is surely a solution to the
differential equation system (5.6), it is clearly not the only solution, since other initial conditions
T (s0), N(s0), B(s0), Y(s0) give different solutions with the same values of ¥ and 18 that are
positioned differently in 3-space.

|l EXERCISE 5.6

Show that every helix curve solution 1) to (5.6) with length L = B — o, curvature k¢ = a/+/a* + b* and
torsion 8 = b/+/a? + b?* is ambient isometric to the standard curve y defined in (5.1) in the following
sense: There is an orientation preserving rotation R and a translation A in R? so that = R(y) + A.

5.2 Riemannian helices and circles

Motivated by the classical helix constructions above we now define arc length parametrized
Riemannian helices as follows:

Let k& > 0 and 18 denote two constants and let Y denote a smooth regular curve

parametrized by arc length. Then 7is called a Riemannian helix in (7, g, V) with (constant, positive)
curvature k¥ and (constant) torsion 8 if 7 = 7y’ is member of a positively oriented g-orthonormal frame
field {T (s),N(s),B(s)} that satisfies the following system of vector differential equations:

VY/T(S) = K N(S)
VN (s) = —K¢ - T(s) + - B(s) (5.7)
VyB(s) = —t-N(s) ,

Obviously, we then call {7 (s),N(s),B(s)} the Riemannian Frenet-Serret frame for the Riemannian
helix v.

In particular, helices without torsion give rise to the following:

An arc length parametrized Riemannian circle in (U3, g,V) is an arc length

parametrized Riemannian helix with torsion t¢ = 0 (and constant curvature x¥).

Note that a Riemannian circle is not necessarily a geodesic metric circle as we have
' defined those previously — in chapter 4 — via the Exponential map. Moreover, as we shall
see by example below, a Riemannian circle is in general not even a closed curve.



5.2. RIEMANNIAN HELICES AND CIRCLES 175

Arc length parametrized Riemannian circles must then necessarily satisfy the following properties:

|||| Observation 5.9 Let k¢ > 0 and let Y denote a smooth regular curve parametrized by arc

length. Then vy is a Riemannian circle in (3, g,V) with constant positive curvature 8 if 7 =7y
together with the induced orthogonal unit vector field N along 7y satisfies the equations:

VyT(s) =x5%-N(s)

VyN(s) = —x5-T(s) &

Note that we may now — and will — generalize the notion of circles even further and consider (5.8) as the
defining properties of a Riemannian circle in any Riemannian manifold (U",g,V) of any dimension
n>?2.

|l EXERCISE 5.10

The system (5.7) is translated directly into (5.4) if we apply an auxiliary g-orthonormal parallel
frame field {E\,E,E3} along v in which we express the vector functions 7', N, and B. Indeed, as
we know from chapter 3, if V is a vector field along y with coordinate functions v'(s) with respect
to the parallel frame {E1, E»,E3}, then

VyV(s) =) (V) (s)-Ei(¥(s)) . (5.9)

i

Show that a Euclidean helix in (R?, gg) with vanishing torsion and curvature k¢ > 0 is an ordinary

Euclidean circle with radius 1/x3.

and thence, if we denote the coordinate columns for 7', N, and B with respect to {Ej, E», E3} with
the same capital letters, we get precisely the system (5.4).

The main difference, however, is that we do not in advance know a parallel frame along 7y since
we do not, of course, know the curve in advance. Therefore we have to solve the parallel transport
problem for each E; along y simultaneously with the Frenet-Serret differential equations.

To be a bit more concrete, we let E lk (s) denote the k’th coordinate function of E; with respect to
the standard fixed basis {e},e2,e3}. Then

Y(s)=T(s)-Ef(s)-ex (5.10)

and the condition for E; to be parallel along y now reads for each k = 1,2,3, i.e. a total of 9

equations:
O T EE L) T0) E(0) T () =0 5.1

In this way we end up with a system of (nonlinear) coupled differential equations for the parallel
frame fields involving both the unknown vector field 7' (s) and the curve Y itself (via the Christoffel
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symbols). This system is then coupled with the Frenet-Serret differential equations for 7', N,
and B in the coordinate form of (5.4). In total we get a coupled system of 21 equations, i.e
9 for the coordinates of E; and 9 for the coordinates of 7, N and B respectively, and finally 3
for the coordinates of y. They are then solved from a corresponding set of 21 initial data, in-
cluding the initial starting point of v, etc. A couple of examples are displayed in figures 5.2 and 5.3.

See also the references [23] and [6], where the latter may indicate an interesting application of

Riemannian helices to the study of the van Allen belts around the Earth. These belts consists of
spiralling charged particles that are trapped in the Earth’s magnetic field.

== —
\\%//,

Figure 5.2: Two helices in the Poincaré half space with different initial conditions at (0,0, 1).

|l EXERCISE 5.11

We let (U3, g,V)) denote the Riemannian manifold with metric matrix defined in the half space U
of R* where x! > 0 as follows:

1 0 O
G= {0 (x1)? o] ) (5.12)
1

Let Yo denote the following simple curve in 7I° for any fixed choice of R > 0:

Yo(s) = (R, s/R,0) , seR . (5.13)

a) Show that Yy is arc length parametrized by s in (1°,¢,V)).
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b) Show that g is a Riemannian circle in (%, g,V)).
¢) Determine the constant curvature K of Yo.
More generally, let kX € IR be a constant and let 1, denote the following curve segment in 7°:
n(t)=(R,t, k-t) , te€]—mnn[ . (5.14)
d) Find an arc length re-parametrization 7 of 1.
e) Show that y; is a Riemannian helix in (23, g,V)) for every k € R.
f) Determine the constant curvature K‘,f and the constant torsion Tf of Vi .

g) Find an isometry W of an open set of (7, g, V) into Euclidean space (IR?,gr) and show, that
(i) is a segment of a standard helix in standard position in (R?,gg). Hint: You may want to
have a look at the 2D isometry in example 3.3 in chapter 3.

that we have only used isometry-invariant concepts to define the Riemannian helices and

‘ Note that the last question in the above exercise 5.11 is but a strong token of the fact,
circles, so it is only natural that they are themselves invariant under ambient isometries.

5.2.1 The Feynman wall

Suppose we have already constructed an interesting 2-dimensional Riemannian manifold (‘Uz, g,V g),
with a given metric g with matrix function G. Then we can easily extend the manifold to a 3-
dimensional Riemannian manifold (7>,k,V)) by a simple extension of the old metric to the
following:

g1 812 0O
H=1] g1 g2 0 . (5.15)
0 0 1

I EXERCISE 5.12

The above metric / induces (in principle, i.e. without using symmetry) 27 Christoffel symbol functions
for Vj,in (U3, h,V},). They are clearly related to — and can be expressed in terms of — the (in principle)
8 Christoffel symbol functions for V in (1U2,g, V,). Find these expressions/relations, either in general
or just for the simpler, more concrete, metric 4 given in equation (5.16) below.

One interesting and non-trivial 2-dimensional Riemannian manifold is Feynman’s example in
section chapter 4. Choosing the metric g from there we get the following extended metric matrix
function for a metric 4 in U = R>:

pi') 0 0
H=| 0 ukx') o0 : (5.16)
0 0 1
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where u is again governed by two positive constants o and 3 as follows:

o
,u(xl):,umﬁ(xl):1+§-(1+tanh(ﬁ-x1)) . (5.17)
In chapter 4 we noted how geodesics were bent/broken (according to Snell’s law) when penetrating
through the soft/hard (beach/water-) line x! = 0. Similarly we will refer to the plane x' = 0 in R3
as the ’soft Feynman wall’. The softness of the wall is clearly governed by the choice of constants
o and P for the function g g(x').

For the displays in figure 5.3 we have chosen values o« =4 and p = 7.

Figure 5.3: Left: A helix in a Poincaré ball. Middle and right: A standard helix approaches from
x! < 0 a soft "Feynman wall’ at x! = 0 orthogonally and is then during penetration through the
wall bent into an ’elliptic helix” with another angle to the wall; In the top view in the right hand
display, the classical helix approaches the wall from the right x! < 0; the bending angle is clearly
dependent on the direction of first impact with the wall.

|l EXERCISE 5.13

a standard circular (cross sectional) appearance whereas the transmitted helix (after the wall) has an
elliptic (cross sectional) appearance. Hint: The metric matrix is almost constant away from the wall:

Explain the fact, which is clearly visible in figure 5.3, that the approaching helix (before the wall) has
u(x') = 1 for x!' << 0and u(x!) ~ 5 for x' >> 0.

5.3 The Frenet-Serret apparatus for general curves

Suppose now that v is a smooth arc length parametrized curve — not necessarily a helix —in a
3-dimensional Riemannian manifold (7,¢,V). And suppose that the geodesic curvature i (s)
is positive for all s. Then Y still admits a unique Frenet-Serret frame {7 (s),N(s),B(s)} which
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satisfies the Frenet-Serret system equations as in (5.8), but now obviously with varying curvature
function k8 (s) = 1 (s) and varying torsion function t8(s):

|l Proposition 5.14  Let y be a unit speed parametrized curve (7l,g,V) with positive

geodesic curvature K‘};(S) > (0. Then, along v, there is a positively oriented g-orthonormal frame
field {T'(s),N(s),B(s)} with T'(s) = ¥'(s) and a smooth torsion function 8 (s), so that:

VyT(s)= K8(s) - N(s)
VyN(s) = —x8(s)-T(s) +7%(s) - B(s) (5.18)
VyB(s) = —t8(s)-N(s) ,

The frame field {7'(s),N(s),B(s)} together with the functions k¥(s) and

8(s) is called the Frenet-Serret apparatus for the curve Y.

Conversely, the fundamental theorem of curves in (3D) Riemannian geometry states:

|l Theorem 5.16  Suppose x2(s) is a given positive smooth function of a parameter s € [0, ]

and that 8 (s) is a given smooth function of 5. Let {7y, No, By} denote a positively oriented basis of
T, in a 3-dimensional Riemannian manifold (7, g, V). Then there exists (for sufficiently small
value of /) a unique unit speed parametrized curve y(s) with Y(0) = p and with Frenet-Serret apparatus
({T(5),N(s),B(s)}, K%(s),75(s)} so that {T(0),N(0),B(0)} = {To,No,Bo}-

The proof of this theorem clearly again hinges on the existence and uniqueness of solutions to
(typically nonlinear) ordinary differential equation systems (21 equations and 21 initial conditions)
— a topic which is still beyond the primary scopes of these notes.

Except from the existence and uniqueness statement in theorem 5.16 there is one
more obvious question to think about: The g-orthonormality of the vector fields
{T(s),N(s),B(s)} generated along the solution curve Y is clearly satisfied by assumption

at s = 0, since it is part of the specified initial conditions. But why and how does (5.18)

guarantee by itself, that they stay orthonormal for all s? Hint: The structure matrix on
the right hand side of (5.18) is skew symmetric. In a parallel frame field along 7 this
means that it is closely related to the s-derivative of an s-dependent rotation matrix. And
rotation matrices keep orthonormality.
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lll Example 5.17

Let k8(s) = s, 7%(s) = 0 and {Ty,No,Bo} = {e1,e2,e3} at p = (0,0,0) in Euclidean 3-space (R3,gg).

The curve with these Frenet-Serret (initial) data (and given initial point) is displayed in figure 5.4. This

is the famous Euler spiral, which is much used in the design and construction of roads and other smooth

pathways, see that Wikipedia posting. With the methods introduced above we can study and use similar
curves and their properties in the much wider context of Riemannian manifolds, see figure 5.5.

|l EXERCISE 5.18

Show that the planar Euler spiral in figure 5.4 with initial data as given in example 5.17 can be
expressed analytically by the following explicit parametrization:

yc(s):(/scos(uz/Z)du,/ssin(uz/Z)du,O> . SER . (5.19)
0 0

|l EXERCISE 5.19

Explain how negative curvature can be allowed and well defined and used for planar curves — like for
the Euler spiral in example 5.17, where we have k8(s) = s for all s € R, i.e. including the negative
values of s and thence of k¥ (ss). Hint: Only in the plane, or more generally in an oriented 2-dimensional
Riemannian manifold, is it possible to define anti-clockwise (positive) turning of the tangent vector
field T to a given curve corresponding to positive curvature, and clockwise (negative) turning of the

tangent vector field corresponding to negative curvature of the curve.

As a converse to the construction of curves via given curvature and torsion functions we finally
present the following constructive method for finding the Frenet-Serret apparatus for a given
curve Y in a 3-dimensional Riemannian manifold without assuming, that the curve is arc length
parametrized.

For this we shall use an invariant g-version of the cross product operation:

Let V and W denote two linearly independent vectors in a given tangent

space T, 2 for a 3D Riemannian manifold (,g,V). The cross product V x ¢W of V.and W is then
defined as the unique vector in ), U which satisfies the following (natural) conditions:

g(Vx,W,V)=0

g(Vx, W, W)=0

The triple {V,W,V x, W} is a positively oriented basis for T, U
IV xg Wllg = [[VIlg-[Wllg-sin(<g(V.W)) .

(5.20)



https://en.wikipedia.org/wiki/Euler_spiral
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e

Figure 5.4: The planar Euler spiral in Euclidean space.

INEEEEE

Figure 5.5: An Euler spiral with k8(s) = s on a saddle surface.
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where the angle <, (V,W) denotes the unique angle 6 in [0, 7] with

g(V.w)
)= >~ 5.21
08 (®) = W], B2

|l EXERCISE 5.21

Show that the conditions in definition 5.20 determine a unique cross product X, in 7,7. Hint:
Introduce a g-orthonormal basis {E}, E>, E3} and apply the coordinates of V and W with respect to
that basis.

|l Theorem 5.22 Let(z), € I, be a smooth regular curve in (7/%,g,V). In particular we need

regularity, i.e. Y'(¢) # 0. The z-parametrized Frenet-Serret apparatus for y can then be obtained as
follows:

Firstly, we define the speed of the curve parametrization:
() =V (@)llg >0 . (5.22)

Secondly, remember that we have previously (in chapter 3) defined the acceleration of the ¢-
parametrized curve as the following vector field along 7:

D
accy(t) = a'y’(t) =V (1) (5.23)

Thirdly, we will also apply the double covariant derivative of Y'(z), i.e.

D
— accy(t) = Vy (VoY (1)) . (5.24)

Fourthly, we apply the following shorthand notation for the ’space product’:
[V,W,U]g:g(V xgW,U) . (5.25)

With these ingredients we then generate the Frenet-Serret apparatus in the following way (note the
appearance of the condition k8 (z) > 0):
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1
t

(1) = W-Y’(I)

Kg(t) — HT([) Xg aCCY(Z)Hé’

v2(t)

[T (1), accy(t), 2 acey(r)] .

(1) = v(t) - I T(2) x4 accy(t)]|2

for k(1) >0

_ T (1) x4 accy(t)
I7(2) g acey(r)ll

B(1) for k%(¢) >0

N(t)=B(t) x, T(t) forx®(r)>0
Note that 7'(¢) and B(z) is — most effectively — calculated before N(t).

proposition 5.14:

VyT(t) = v(t)kE(¢)N(r)
VyN(t) = —v(t)x(¢)T (t) +v(1)%(t)B(¢)
VyB(1) = —v(t)T8(¢)N(1)

{{T(),N(1),B(1)}, k(1) (1)}

(5.26)

The Frenet-Serret vector functions 7'(¢), N(¢), and B(t) and the curvature and torsion functions x5 (r)
and t8(r) then satisfy the following system of equations, which is precisely the general z-version of

(5.27)

In this way we have then constructed the general 7-version of the Frenet-Serret apparatus
for any given smooth regular curve parametrized by ¢ and with x%(r) > 0 for all 7, i.e.

The statements in this theorem 5.22 are not surprising — in view of our previous discussion of
helices. Moreover, the proof is also fairly straightforward — in particular if everything is expressed

in coordinates with respect to a parallel frame field along .

We ’illustrate’ the methods involved in the general construction of the Frenet-Serret apparatus via

the following exercises:

|l EXERCISE 5.23

v(t) = (a-cos(t), a-sin(t), b-1r) , t€R

parameter ¢.

We consider the #-parametrized helix (without reparametrization) in Euclidean 3-space:

(5.28)

Apply theorem 5.22 directly and re-find the Frenet-Serret apparatus for 7y as functions of the given




184CHAPTER 5. HELICES, CIRCLES, AND THE FRENET-SERRETAPPARATUS IN 3 DIMENSIONS
Il EXERCISE 5.24

Consider the t-parametrized curve in Euclidean 3-space:
(i) =(r,*, ) , teR . (5.29)

Apply theorem 5.22 and find the Frenet-Serret apparatus for vy at the point y(0), i.e. for # = 0. Note
that even for this simple curve it is not a simple matter to first find an arc length parametrization of the

curve.

|l EXERCISE 5.25

We let (73, g,V) denote the half-space in R? with x! > 0 and with the previously encountered metric
— from exercise 5.11:

1 0
G=|0 (x? 0 : (5.30)
0 1
Suppose now that a smooth regular t-parametrized curve is given in 7> by the following simple

parametrization:
u(t) = (1, cos(r), sin(r)) , reR . (5.31)

Apply theorem 5.22 and find the curvature and torsion for u as functions of the given parameter ¢.



Chapter 6

Curvature

The curvature of a Riemannian Manifold M = (U, g, V) at a point p € U is a measure of the local
deformation of the tangent space T, U that is performed by the Exponential map Exp,, when it
maps a metric ball By (p) into U.

Remember that Exp, maps the straight radial lines (i.e. the straight lines in 7, U through the
origin in 7, U) into radial geodesic curves in U issuing from p. In figures 6.1 and 6.2 we display
two geodesic variations H in two very different 2-dimensional Riemannian manifolds. All the
geodesics in both cases have the same length, p, so they define geodesic circles of that same
radius p centered at the respective base points. It is visibly clear that the corresponding orthogonal
variation vector fields V (in light blue) — based on the green geodesics — have different length
functions ||V (s)]|¢, s € [0,p]. The g-length of the variation vector field along the base geodesic
is a measure of how fast the geodesics spread apart from each other, respectively how fast they
re-approach each other.

The purpose of this chapter is to show how that behaviour of nearby geodesics in a geodesic
variation is determined by the curvature tensor, to be defined below: If the curvature is large and
positive then the geodesics in a geodesic variation issuing from p will tend to converge back to
the base geodesic of the variation; if the curvature is very negative, then the geodesics will tend to
diverge away from the base geodesic of the variation.

6.1 The curvature operator

Since the variation vector field V of a geodesic variation H is already a first order derivative,
the development of V along the base geodesic —i.e. its convergence or divergence — must be
determined by an operator which contains some combination of second order derivatives of H
that are invariant under isometries. The curvature operator is precisely designed for this purpose:
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10

3 x1

Figure 6.1: A geodesic variation in the Euclidean plane. The variation vector field is indicated in
light blue along the green base geodesic of the spray. The simple (scaled) indicatrix field of the
metric tensor is also indicated along the base geodesic.

Let M" = (U",g,V) denote a Riemannian manifold. Let X and Y denote

smooth vector fields in X(U). Then the curvature operator R(X,Y) is a smooth mapping which acts
on vector fields Z € X(U) and produces a fourth vector field in X () as follows:

R(X.Y)Z=VxVyZ—-VyVxZ~-VixyZ forallZe X(U) . (6.1)

Since, as claimed, R(X Y )Z is a vector field in U, it has coordinates with respect to the canonical
basis vector fields ey, - -, e,. We will see how these coordinates unfold in proposition 6.3 below.
For this to work we need to know first, that the curvature operator is tensorial in the following two
senses:

|| Proposition 6.2  The curvature operator R is bilinear over §( ) in its first two arguments, X

and Y:
R(f-Xi+h-Xo, Y)Z=f-R(X\,Y)Z+h R(X, Y)Z 62
RX, f-Yi+h-¥2)Z=Ff-RX,"NZ+h-R(X,Y,)Z '
for all f and 4 in §(U) and all X;, X,, Y1, and ¥, in X(U).
And R is linear over §(U) in its third argument, Z:
R(X.Y)(Z+W)=R(X,Y)Z+R(X,Y)W 63)

R(X.Y)(f-Z)=f-R(X.Y)Z

forall fin§(U) and all X, Y, Z and W in X(U).
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-2 -2 ~2

Figure 6.2: A geodesic variation in a Local Riemannian Manifold with (stereographic) metric
given as in exercise 6.10 below. The variation vector field is indicated in light blue along the
green base geodesic of the spray. The simple (scaled) indicatrix field of the metric tensor is also
indicated along the base geodesic. See also figure 6.3.

Proof. We only prove the last identity, R(X,Y)(f-Z) = f-R(X,Y)Z. For this we calculate:

VxVy(f-Z)=Vx(f-VYZ+Y(f)-Z)

6.4
[V Z4 (X() ez (X)) Vez+ (X (v ()2 O
so that
VxVy(f-Z) - VyVx(f-Z) = 6.5)
f-(VxVy —=VyVx)Z+ (XY —YX)(f))-Z '
and thence
ROCY)(2) = [ VX2 [ Y2 (K1) 2 Vi = (B0 2
= f-R(X.,Y)Z '
O

Using the linearity of the curvature operator, we can now express the vector field value of R(X,Y)Z
in coordinates:

|| Proposition 6.3  With respect to the canonical basis ¢; we denote the coordinate functions
for X, Y, and Z as follows:

X:Zui-ei , Y:Zvj-ej , Z:Zwk-ek . (6.7)
i j k
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Then we have directly from the linearity of the curvature operator established in proposition 6.2 that
there exist unique coefficient functions R}, so that
RX.Y)Z=Y Rl-u'-v/-whee, (6.8)
ijkm
The coefficient functions R, = R} ,(x!, -+, x") are determined from the Christoffel symbol functions
as follows: 3
Tk = 35 gk~ a =T, +Zr rn=Yr,. (6.9)
N

Proof. The coefficient functions can be generated by calculating R(e;, e;)ex:

R(eiej)ex =Y, Rl -em
ijkm

= VeiVejek — VejVeiek — V[e,-,ej]ek
= VeiVejek - VejVe,.ek

= Ve, (%) = Ve, (T - em)
(6.10)
— e (Wk) cem—ej (T) -em+ ) Ui Ti-em— Y Ti- T - em
S S
(e,-( ﬁ)-ej( ?7{)+Zfik'r?'§—2f?k‘r’}2) “em
S S
d d
(5 (T) ~ 5 () + XT3 T - LT ) o

6.2 The curvature tensor

The curvature operator gives rise to the curvature tensor as follows:

Let M" = (U",g,V) denote a Riemannian manifold. Let X, Y, Z, and U denote

smooth vector fields in X(U). Then the Riemannian curvature tensor & _ is defined as follows:

R(X.Y.ZU)=g(R(X,Y)Z, U) . (6.11)
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Figure 6.3: The example considered in figure 6.2, with a stereographic parametrization, but
now with a full angular spray of geodesics of length p in all directions from the initial point
(x!,x%) = (0,1). Obviously, the geodesics tend to re-focus at the (antipodal) point (0,—1)
“outside’ the blue boundary geodesic circle. This phenomenon of having geodesics refocusing at a
well defined antipodal point is well known from the sphere surface in 3D. See also the zoomed-in
version of this figure in figure 6.2.

In coordinates we therefore get the following expression for the coordinate functions of the
curvature tensor via the coordinate functions for the curvature operator:

Rijkm= YR i &sm
S

9 P ) ) (6.12)
_ N N A N
=2\ 37— g T LT T = LT Ty | - &om
s p p
The curvature operator and curvature tensor carry the following symmetry properties:
||| Proposition 6.5 LetX,Y,Z, and U denote smooth vector fields in X(7I). Then
R(X.Y)Z=—R(Y.X)Z
R(X.Y)Z+R(Y,Z)X+R(Z,X)Y =0 G

K(ny’Z’U):_K(ny’UaZ) ‘
R (X,Y.Z,U) =R (Z,U,X.Y)
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Il EXERCISE 6.6

Prove these symmetries. Hint: See [4, p. 91], but beware of the sign difference in do Carmo’s
definition of the curvature operator.

The coordinate functions for the curvature tensor therefore satisfy the following symmetries:

g{.ijkm = _g{.jikm = _Rijmk
Rijkm = Rimij (6.14)
0=Rijkmt Rikmj+ Rimjk

In particular, in dimension n = 2 there is essentially only one coordinate function for the curvature
tensor — all other non-zero coordinate functions can be obtained from it via an application of one
or more of the above symmetries; it is represented by

R 1221 = R (e1,e2,e2,e1) = g(R(e1,e2)ez, €1) . (6.15)

Il EXERCISE 6.7

I EXERCISE 6.8

Il EXERCISE 6.9

Verify, that in 2D the curvature tensor is determined in the way explained by the coordinate function

expressed in equation (6.15).

We consider the Euclidean plane (U, g,V) with the usual Cartesian coordinates and g = gg, the

Euclidean metric tensor. Find the coordinate function & {,,; for this Riemannian manifold.

Consider the Poincaré half plane (U, g,V) with g represented in the usual way by the metric matrix

function (we use now coordinates (x!,x?) instead of the previously used (y!,y?)):

2
G(xl,xz):<xlz> [(1) (1)] . (6.16)

Find the coordinate function &_,,(x',x?) for this Riemannian manifold.

I EXERCISE 6.10

Consider the Local Riemannian Manifold (U, g, V) with g represented by the metric matrix function
G below. Note that it is not the Poincaré disk — it is the metric matrix function associated with the
stereographic parametrization of the sphere:

1 .2\ 1 X xl xz_ X] 2 x22
r(x ,x)—<1+(x1)2+(x2)2> (26,22, 14 ()2 + (2)2). 6.17)
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o) = (rrpsr) Lo 1) 618

Find the coordinate function R ;,,,(x!,x?) for this Riemannian manifold.

6.3 Sectional curvature

In higher dimensions than 2 we can consider several two-dimensional sections in each tangent
space T, U of a local Riemannian manifold (", g,V). To each such section spanned by two
linearly independent vectors in the tangent space we associate a curvature, the sectional curvature
of the section as follows:

Let X, and ¥, denote two linearly independent vectors in 7,U. Then the

squared area spanned by the two vectors is
Areas (X, Yy) = X3 1¥[13 — (8 (X,.¥,))* (6.19)
g\Ap>Lp plig 1Ipllg p>tp : g
Note that in dimension n = 3 the squared area is
Areal(X,,Y,) = ||1X, X Ypll2 (6.20)

The sectional curvature of M at p is then defined to be the following real value, which is well defined
since the curvature tensor only depends on the point wise values of X and Y:

R (Xp. Yp. Yp. Xp)

K(X,.Y,) =
(Xp.Yy) Area; (X,,Y,)

(6.21)

If X and Y are everywhere linearly independent vectorfields in X(U), then the sectional curvature
function is a smooth function in F(U):

X,Y,Y, X
K(x.y) = REL.1.X) 622)
Areag(X,Y)
|l EXERCISE 6.12
Show that if X, and Y}, span the same 2-plane as U, and V), in T,,U, i.e.
span{X,,Y,} = span{U,,V,} , (6.23)

then
K(Xp,Yp) :K(UP,VP) . (6.24)
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|l EXERCISE 6.13

We consider again the three metric tensor fields considered in exercises 6.8, 6.9, and 6.10. In these 2D
examples there is only one two-plane to choose in each tangent space, namely the tangent plane itself
which is spanned by e; and e;. In consequence K(X,Y) = K(ej,ez) is in each case a smooth function
on U. Find these respective sectional curvature functions associated with the given three metric tensor
fields.

lll Example 6.14

For surfaces in IR? we would of course like to recover the Gaussian curvature as the sectional curvature
associated with the induced metric tensor on the surface. We illustrate that this is indeed the case by
considering a graph surface over U = R:

Sap : r(x' %) = (', ¥, a- (M) +b- () (6.25)
where a and b are constants in IR. The metric matrix function induced in U from the surface is:

[ 14+4-@* (") 4ab-xR?

- 2
G doa-bxtx® 14452 (:2)? (6.26)

The Gaussian curvature function of such a surface is classically known to be the following — see Chapter
0 or Chapter 9 or [27, 32, 5].

4-a-b
1+4-a2- (x1)2+4.b2. (x2)2)2

K(x',x*) = ( (6.27)
In particular, the curvature is positive when a and b have the same sign, negative when a and b have
opposite signs and K is zero if one or both of a and b is zero. See figure 6.4.

Il EXERCISE 6.15

Show that the function K in equation (6.27) is precisely the sectional curvature function of (U, g,V)
— computed directly from the surface induced metric matrix function. Observe, that this is actually
a direct proof of the pointwise identity between the two curvature functions, since every surface
can be locally represented (by Taylor expansion to 2. order) by a graph of a function f(x!,x?) with
grad(f)(0,0) = (0,0) as in (6.25). Se Chapter 8 for an elaboration on this latter fact. The most
general and direct proof of the identity between K and the sectional curvature of any smooth regular
surface is postponed to Chapter 9.

6.4 Derivatives of variation vector fields

As already alluded to in the introduction to this chapter, the curvature operator appears naturally
in the second order analysis of a (geodesic) variation H in (‘Zl, g, V). In order to see this, we first
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Figure 6.4: From left to right, three surfaces from example 6.14: Sy 1, S1,0 and S;,_1 with positive,
zero, and negative sectional (and Gaussian) curvature functions, respectively.

repeat the notion of a general variation from Chapter 4 — in particular with a view towards the
inclusion of the curvature operator into the analysis.

||l Definition 6.16  We define a one-parameter family H of regular smooth curves that are

organized as an (u, s)-parametrized smooth surface in Q, so that:
H(0,s) =n(s) forallse[0,L] , and H(u,0)=n(0)=p foralluec]—e,e[. (6.28)

The parametrized family of curves H is then a variation of the base curve 1 with one fixed endpoint p.

The local linear transverse behaviour of the nearby curves close to 1 is, for each s¢, obtained by
the tangent vectors to the u-curves H(u,sg) at u = 0:

||| Definition 6.17  In the above setting, the vector field V € X(y) defined by

0
V(s) = EHO"S)IM:O (6.29)

is called the variation vector field along y induced by the variation H of 1.

The vector field V is naturally generalized to a vector field along every (longitudinal) curve
H (up,s) in the variation as follows:

0
V(ug,s) = EH(M,S)WZMO : (6.30)
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In the next section we shall consider this extended field in the special case of a geodesic variation,
i.e. where all the longitudinal curves in the variation are geodesics issuing from the same point

p=n(0).

The extended variation vector field V along the longitudinal curves in H is but one example of a
general vector field along H itself:

We consider a Local Riemannian Manifold M" = (U, g,V). Let H denote a

variation based on a given arc length parametrized regular smooth curve 1, so that H (u,s), u €| —€, €|,
s €]0,L[, defines a regular smooth surface in U". A smooth vector field W along H is then defined
as a smooth choice of vector W (u,s) in each tangent space Ty (u,s) U for all u and s in their respective
parameter domains. We write as follows: W € X(H).

association of a vector (in 7 U) to each point g on the surface without demanding that

‘ The vector field W along the variation surface H in €U is thus to be thought of as an
the vector lies in the tangent space of that surface.

The natural (coordinate) tangent vectors to the surface H along H itself are, of course, then the
following two fields X and Y in X(H):

X (u,s) = iH(u,s)
du 6.31)
0

Y(u,s) = gH(u,s)

Since X and Y are coordinate vector fields on H we have [X,Y]| = 0 and thence the following
relation from the definition of the curvature operator:

|l Lemma 6.19  With the notation above we get for all W € X(H):

VxVyW —VyVxW =R(X, Y)W . (6.32)

6.5 The Jacobi equation

Suppose now that the variation H considered in the previous section is a geodesic variation, i.e.
every curve H,, u €| —¢€, €[, is a geodesic issuing from the common point p = H (u,0) for all u.
Then we have for all « and all s, using our short hand notations X and Y for the coordinate vector
fields on H:

VyY =0 (6.33)
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and thence
VxVyY =0 , (6.34)
so that lemma 6.19 therefore gives
0=VxVyY
=VyVyY +R(X,Y)Y (6.35)

=VyVyX —|—R(X,Y)Y R

where we have also used the previously observed fact, that for the X and Y defined in (6.31) we
have [X,Y] = 0, so by the definition of the Levi-Civita connection, 3.10 we can interchange the
two covariant derivations:

VxY =VyX . (6.36)

For geodesic variations we choose to denote and name the variation vector field as follows:

Let H be a geodesic variation in U based on a geodesic y parametrized by arc

length s € [0,L]. The corresponding variation vector field along 7 is then denoted as follows:

ad
J(s) = aH(u,s)‘uzo =X(0,s) . (6.37)

Using this expression for J in (6.35) — restricted to the base geodesic Y- we get for all s € [0, L]:

D2
VyViXi,—o = Vy¥T = 557(5) (6.38)

D2 / / .
0==5J(s) +R(J(s). ¥ (5))¥'(s)

Let v be a geodesic in U. A vector field J € X(y) is called a Jacobi vector

field along 7y if it stems from a geodesic variation H as described above, or, equivalently, if it is a vector
field along 1 that is g-orthogonal to y and satisfies the equation (6.38), with J(0) = 0. The equation
(6.38) is called the Jacobi equation along .

Note the two claims contained in the definition above. Firstly, that if J stems from a
variation H, then it is g-orthogonal to the base curve (we knew this already from the
Gauss lemma in chapter 4), but secondly also, that if J is a vector field along Yy which
is g-orthogonal to Y and satisfies the Jacobi equation with J(0) = O then there exists a
variation H that produces the vector field as the variation vector field of H, see e.g. [4, p.
113].
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In this sense we are now on the road to actually see what was claimed in the introduction,
S - | e.g. that positive curvature will make nearby geodesics re-converge back to the base
Q geodesic in a geodesic variation. The length function ||J(s)||, of the Jacobi field will

give us a measure of this convergence — or lack of convergence.

A first observation concerning Jacobi fields is the following, which is well-known from other
linear second order ordinary differential equation systems:

Il Proposition 6.22  Any Jacobi field along a given geodesic y is determined by its initial
conditions, J(0) and £2(0) at y(0).

Proof. Let{E|(s), - ,E,(s)} denote a parallel orthonormal frame field along 7, and let us define
unique coefficient functions as follows for all indices i and j:

I(s) = Y £i(5) Ejs)

20(s) = LAS) Es(s)
o j (6.39)
D) =L A(s) Ei(s)
aij = 8 (R(E(s). Y (5)Y (5). Ef(5)) = R (Ei(5), ¥(5), 7' (5). Ef(5))
Then
DZ
D) = L fs) Eils) (640

and

The Jacobi equation is then equivalent to the following system of equations
fj’»'(s) +Zf,~(s) -a;j(s) =0 forall j=1,2,---,n , (6.42)
i

which is a linear differential equation system of second order. Given initial conditions as in the
proposition there is thence a unique solution to the Jacobi equation as claimed. ]

A second fundamental observation relates directly the behaviour of geodesics close to a point p to
the curvature tensor — in fact to the sectional curvature of two-plane sections in 7, U at p, see [4,
pp- 114-115]:
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|l Theorem 6.23  Let ydenote a geodesic in U and let J(s) denote a Jacobi field along y with
initial conditions J(0) = 0 and 22(0) = w. Then the Taylor expansion of ||J(s)||* at s = 0 is given by:

1
()l =5* = 3R.(w, ¥(0), ¥(0), w)-5* +e(s)-s* (6.43)

where €(s) is an epsilon function of s, i.e. €(s) — 0 for s — 0.

Proof. We use shorthand notation as follows: J' = J'(s) = 2J(s), J' = J"(s) = %22](5) etc.
Moreover we will also denote g(X,Y) by (X,Y), so that we can write as follows — evaluating
derivatives at s = O in the usual way when setting up Taylor’s formula:

(1) =2-(J.J) =0
GI)"'=2-J0) =2-J"0)+2-J Iy =2-(w,w) =2
G =2-J0" 0 +2- 7Y =2-J" ) +6-J',J)=0
. J>//// —9. <J/// J) (J”,J/>/ (6.44)
2" I8 (I T+ 6- (" J")

Z—&«(LYWYM>’

where — to get the last expression — we have used that J'(0) = w and that J(s) satisfies the Jacobi
equation,

J"(s) = =RU(s).Y' ()Y (s) . (6.45)
so that
J"(s) == RU )Y ()W) (6.46)
and, at s = 0:
J"(0) = —R(J(0).Y'(0))¥'(0) =0 . (6.47)

At this point we need the following identity, which holds for any W € X(vy):
D
<$(R(J,v’)v’),W > = ((RUY)Y) W)= RU"Y)W.W) . (6.48)

Indeed, we have — using the symmetries of proposition 6.5 and the rules for covariant differentia-
tion:
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<%(R(J,v’)v’),W> = %<R(J,v’)v’,W> —(R(LY)Y. W)
= SRWAY.S) 0 640
= <%(R(W,v’)v’),f > +(RUY)Y.W)
= (R(J.Y)Y. W)
Therefore, inserting into the last expression in equation (6.44), we get:
()" = =8-((RI.Y)).w) = =8-R (w. ¥'(0), V(0), w) . (6.50)
Using Taylor’s theorem for h(s) = (J,J)(s) at s = 0 then gives the theorem as stated. O
Note that if w is g-orthogonal to ¥’ (0) with ||w||; = 1 we get from ||Y'(s)||, = 1 that
R.(w, 7'(0), Y(0), w) = K, (Y (0),w) (6.51)
and thence the following consequence from theorem 6.23:
|| Corollary 6.24
(6)IE = = 5 Ko (7 () ) s* +e(s) -5* 652)
and therefore, in fact:
(5}l =5~ KoY (0)w) -5 +e(s) -* 653)

In ’continuation’ of the previous figures 6.1 and 6.2 where the (sectional) curvature functions are
constant zero and constant positive, respectively, we must also show a corresponding example of
constant negative curvature, see figure 6.5 below.

6.6 Constant curvature

We say that a Local Riemannian Manifold M" = (1,g,V) has constant

curvature k if all sectional curvatures of M are identical, i.e. K,(X,Y) =K(X,Y) =k forall p e U
and for all pairs of linearly independent vectors X and Y in every tangent space T, U.

The Jacobi fields of geodesic variations in constant curvature manifolds are quite simple:
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10

XI

Figure 6.5: A geodesic variation in the Poincaré half plane. The variation vector field is again
indicated in light blue along the green base geodesic of the spray. The simple (scaled) indicatrix
field of the metric tensor is also indicated along the base geodesic. In contrast to the previous
figures 6.1 and 6.2 the indicatrix circles become smaller and smaller as they approach the boundary
of the half plane. Although the Euclidean length of the displayed Jacobi field goes to a constant
the g-length of the field becomes exponentially large when it approaches the boundary x> = 0 — in
precise accordance with the equation (6.53).

|| Proposition 6.26 Let M" have constant curvature k and suppose that J(s) is an orthogonal

Jacobi field along a geodesic ¥ in M, parametrized by s € [0,L]. Let w € X(y) denote a parallel vector
field along y with w(0) = 22(0) and ||w(s)||; = 1. Then

sin(s-\/F)

7 -w(s) ifk>0
J(s)=qs-w(s) ifk=0 (6.54)
SV E) w(s) ifk<0

Proof. Since K(X,Y) = k for all X and Y, we also have that R (X,Y,Y,X) = k for all orthogonal
vectors X and Y with || X|| = ||¥|| = 1 — since then Area®(X,Y) = 1. In the notation of the proof
of proposition 6.22 we therefore have

ifi— i
aij(s) :k-ﬁl’j: {k 1 ! J (6.55)
0 ifi£j

so that the Jacobi equation becomes equivalent with

fi(s)+k-fi(s)=0 forall j=12,---,n . (6.56)
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However, by choosing E; (s) = w(s) only fi(s) is non-zero, because
D /
aJ(O) = Z £i(0)-E;(0) =w(0) . (6.57)
J

Finally we therefore just need to solve

J(s) = fi(s)-E1(s) = fi(s) -w(s)

6.58
0= fl(s) +k-fils) (€29

with f1(0) =0 and f{/(0) = 1. The unique solutions are precisely the ones given in equation
(6.54). [

I EXERCISE 6.27

Suppose M" has constant curvature k. Show by explicit calculation from (6.54) that ||J(s)|| can be
expressed as follows for small s. Hint: Apply Taylor expansion of ||J(s) Hf, at s = 0 and compare as in
Corolllary 6.24.

l7(s) g :s—ék-s3+8(s)-s3 . (6.59)

6.7 Sectional geodesic circles

In a given tangent space T, U of (1,g,V) we consider a 2-plane section 6 spanned by two
g-orthogonal vectors v and w, 6 = span(v,w). The exponential map Exp , Testricted to G is — in
a sufficiently small 2-dimensional metric disc Bg(p) around the origin in ¢ — a diffeomorphism
onto the image geodesic disc D$(p) = Expp(Bg(p)) in U. We use, for example, in accordance
with previous notation:

By(p) ={Veo||Vlg<p} . (6.60)

We can— and will — consider Dg(p) as a geodesic variation surface based on any one of the
geodesics Yy issuing from p in Exp(0) in the direction of cos(0) - v+ sin(0) - w for any given
0 c|]—m, x.

The boundaries of the two discs B (p) and D (p) will be called the sectional metric circle in
T, U and the sectional geodesic circle in U, respectively. They will be denoted by aBg(p) and
aD3(p).

We want to compare the g-length of the sectional metric circle with the g-length of the sectional
geodesic circle. First, we observe that

L(9B,(p))=2-m-p . (6.61)
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|l EXERCISE 6.28

Show that the length of the metric circle of radius p in ¢ is indeed given by equation 6.61. Hint: The
metric circle is an ellipse determined by the constant metric g, in T, U restricted to ©. The ellipse is
the intersection of ¢ with the indicatrix I, of g at p. The exercise is to show that the length of that
ellipse with respect to that constant metric — which thus defines it — is precisely 2 - - p. Better hint:
Express/parametrize the metric circle in a g-orthonormal basis in G.

For each radial base geodesic Yy the geodesic variation H gives a Jacobi field of length ||Jo(s)||
along v, s € [0, p]. Since this is the orthogonal transverse variation vector field of the variation
surface, the length of the sectional geodesic circle of geodesic radius p from p is:

0=n

L@DY(P) = [ [Jop)lcd0 . (6.:62)

Inserting the Taylor series estimate of ||Jo(p)||o from (6.53) we get, in terms of the sectional
curvature at p — for small p:

L(D5(p)) =2-m- (p - éKp(v, w)-p’+e(p) -p3> (6.63)

In short, we have shown the following infinitesimal comparison theorem:

|l Theorem 6.29  Using notation as above, we can construct the value of the sectional curvature

K,(0) = K, (v,w) as follows — using only the values of the lengths of small sectional geodesic circles

centered at p in U:
2np — L(dDS
K,(c) = lim <3) ( i ( p(P))) . (6.64)

p—0 \ TC [Z)3

|l EXERCISE 6.30

length L(aD%(p)) of the geodesic circles in M} for each k, all p, all p, and all two-plane sections Gy
Show that your expression gives back the respective values of k£ when the expression is inserted into

Suppose that M} = (U, g,V) has constant sectional curvature k. Find the exact expression for the
equation (6.64).

6.8 From sectional curvatures to the curvature tensor

In the previous section we have seen how all the sectional curvatures of a Local Riemannian
Manifold can be obtained very concretely — simply from first sampling lengths of small geodesic
circles and then comparing them with the lengths of standard metric circles of the same radii. It is
now natural to ask if the sectional curvatures themselves give "access’ to more information about
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Figure 6.6: Geodesic circles (in blue) in metrics of constant curvature — from the left: Constant
curvature —1, 0, and 1, respectively. Although all three geodesic circles have the same radius,
p = 3, they have dramatically different total lengths, cf. equation (6.63) and exercise 6.30.

the full curvature tensor & _. The following result shows that indeed they do. In fact, two curvature
tensors cannot have the same sectional curvatures without being identical. Moreover, we display
an interesting — but somewhat lengthy — explicit formula which gives the curvature tensor in terms
of sectional curvatures:

||| Proposition 6.31 Let M" = (7,5,V). Let R denote a multi-linear mapping at p with the

same symmetry properties as X _, see propositions 6.2 and 6.5. Suppose that the two mappings give
rise to the same sectional curvatures for all two-plane sections ¢ in 7,7, i.e. K(6) = K(c). Then
R =R,ie.

R(X,Y,Z,U)=R(X,Y,Z,U) forallX,Y,Z,andU inT,U . (6.65)

In fact, the value of X (X Y, Z,U ) can be spelled out directly in terms of addends of sectional-curvature-
like values of the following bi-quadratic function:

K(X,Y) =R (X.Y.Y.X) . (6.66)
The expansion of R (X,Y,Z,U) in terms of « follows:

6-R(X,Y,ZU)=x(X+U,Y+Z)-k(X,Y+Z)—x(U,Y+Z)—x(Y+U,X +Z)
+xk(Y,X+Z)+x(U,X+Z)-k(X+U,Y)+x(X,Y)
+x(U,Y) —x(X+U,Z) +x(X,Z) +x(U,Z) 6.67)
+x(Y +U.X)—k(¥.X)
-x(U.X)+x(Y+U,Z)
—x(

Y,Z)—x(U,Z)
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The proofs of these results are fairly simple and purely algebraic applications of the common
symmetry properties of the curvature mappings. See [4, p. 95] and [16, pp. 252—-253] for direct
and crisp accounts.

in a Riemannian manifold of any dimension, then we can extract the curvature tensor

‘ In consequence: If we know the lengths of all sufficiently small sectional geodesic circles
from these lengths.

6.9 Two dimensions; more examples

We finish this chapter with a few illustrations, which show (in the same way as in the above
figures) wedges of geodesic sprays, Jacobi fields along chosen geodesics, and the corresponding
(sectional) geodesic circles for two-dimensional Local Riemannian Manifolds M? = (U2,g,V).
These examples typically have variable curvature — like the surfaces S, in example 6.14, but
there are nice benefits to harvest in the low dimension.

In dimension 2 the Jacobi equation is particularly simple. First we observe, that since the Jacobi
fields are orthogonal to their base geodesic, they are automatically proportional to the unigue
vector field w € X(y) which is everywhere orthogonal to Y and having g (52(0),w) =1 :

J(s)=f(s) -w(s) . (6.68)
In this simple setting the Jacobi equation (with initial conditions) reduces to:

') +K(s)-f(s)=0 , f(O)=0 , f(0)=1 , (6.69)

where K is the sectional curvature of M? along 7:

(6.70)

|l EXERCISE 6.32

The surfaces S, 5, that were studied in example 6.14, have curvature functions as given in equation
(6.27). Given a and b, show that the coordinate curves M;(¢) = (¢,0) and M (¢) = (0,7) can be
reparametrized to geodesic curves v; (s) and Y2 (s) with 3 (0) = 12(0) = (0,0) in (U, g, V). Let J;
and J, denote the corresponding Jacobi fields along y; and 7y, respectively. Show that for any given
a and b there exists a positive exponent o so that - - ||/ (s) ||y and & - [|/2(s) || approach constant
values when s goes to infinity. Extra: What is the smallest value of o that will work for a given pair
(a,b)?
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Figure 6.7: Geodesic variations and Jacobi fields in the (U, g, V)-representations of three surfaces
Sa.p from example 6.14. From the left: a positive and b zero; a positive and b negative; a and b
both positive. The surfaces and the corresponding lifted geodesic variations and Jacobi fields are
displayed in figure 6.8 below. Note that the Jacobi fields are not necessarily Euclidean-orthogonal

to the base curves in (U, g, V) — they are g-orthogonal to the base curves. Compare with figure
6.8 below.

Figure 6.8: Geodesic variations and Jacobi fields on three surfaces S,; from example 6.14.
From the left: a positive and b zero; a positive and b negative; a and b both positive. The
corresponding displays in the respective parameter domains with the surface induced metric tensor
fields are shown in figure 6.7 above. Note that the Jacobi fields are visually orthogonal to the base
curves in the Euclidean metric inherited by the surfaces from the ambient Euclidean space. The
orthogonality is represented as g-orthogonality in (U, g,V), see figure 6.7.



Chapter 7

Tensor fields

We have already encountered two tensor fields — and already named them so: The metric tensor
field g in a Local Riemannian Manifold (‘ll”, g,V), and the ensuing curvature tensor field X .
They deserve the name of tensors because they are pointwise multilinear maps of vector fields in
X(U) into F(U) in the sense already established for these two particular tensor fields:

7.1 The tensor property

Let X1,X,- -+, X, denote ¢ > 1 vector fields in X(U). A tensor field T of type
g is a multilinear mapping from ¢ copies of X(U) into F(U):

T X(U) x X(U) x - x X(U) — F(U) (7.1)

which means that 7' (Xj, - - -, X,) is a smooth function on U which is linear at each point and in each of
the g arguments as illustrated here:

TX1, - fY+hZ, - X)=fTXp,, Y, X)+h-T(X, -, Z, -, X,) (7.2)

for all functions f and & in F(U).

It is important to note, that once the tensor field is given, then the evaluation of the

real value T'(X,,---, f-Y+h-Z, --- ,X,) at a given point p € U can be obtained from

<M _ | knowing only the vector values of the vector fields in 7}, U and the values of the functions

Q f and h at the point p. It is not needed to know the vector values or the function values

in a neighborhood around p — as it would have been needed if the tensor evaluation had

been depending on, say covariant derivatives of the vector fields or derivatives of the
functions.
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The set of smooth tensor fields of type g on U is denoted by T,(U), g > 1.

b

The metric tensor field g of (U, g,V) is indeed a tensor field of type 2, since it was already "born
as a pointwise 2-linear mapping on each pair of vectors from the tangent space 7, U. So we can
write g € Tr(U).

The curvature tensor field K _is a tensor field of type 4, i.e. R € T4(U). Indeed, we just have to
recall the multilinearities of the curvature operator R from chapter 5:

||| Proposition 7.3  The curvature operator R is bilinear in its first two arguments, X and Y:

R(f-Xi+h-X2,Y)Z=f-R(X1,Y)Z+h-R(X,,Y)Z

RX, f-Yi+h-)Z=f-RX,V\)Z+h-RX,Y,)Z i)
for all f and hin §(U) and all X, X,, Y1, and ¥> in X(U).
And R is linear in its third argument, Z:
R(X,Y)(Z+W) =R(X.Y)Z+R(X.Y)W o

R(X.Y)(f-Z)=f-R(X.Y)Z

forall fin §(U) and all X, Y, Z and W in X(U).

It follows in particular therefore that R (X,Y,Z,U) = g(R(X,Y)Z,U) satisfies all the tensor
properties as illustrated here:

K(Xl,,fY-l-hZ, '~~,X4) =
f'R(XI,"‘,Y,"',X4) (7.5)
—i—h-R(Xl,---,Z, ---,X4)

One could think, that we might be able to produce a tensor field of type 3 out of the
‘ covariant derivative operator as follows:

C(X,Y,Z)=g(VxY,Z) forallX,Y,ZinX(U). (7.6)

But this C is not a tensor field, see exercise 7.4.
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|l EXERCISE 7.4

| I Show that the mapping C defined in equation (7.6) is not a tensor field.

|l EXERCISE 7.5

Show that the mapping defined by
B(X,Y,Z)=g(g(X,Y)-Z,X) forallX,Y,andZin X(U) (71.7)

is not a tensor field.

|l EXERCISE 7.6

Let W denote a fixed given vector field in X(U). Show that the mapping defined by
Q(X)=g(W.,X) forallXinX(U) (7.8)

is a tensor field of type 1.

|| Proposition 7.7 Let f denote a smooth function in (). The Hessian of f was introduced
in chapter 3, definition 3.51:

Hess(f)(X,Y) =X(Y(f))— (VxY)(f) forall X andY in X(U). (7.9)

The Hessian Hess(f) is a symmetric tensor field of type 2, i.e. Hess(f) € %,(U). It has also the
following useful expressions:

Hess(f)(X,Y) = g(Vx grad(f),Y) = g(X,Vygrad(f)) . (7.10)

Proof. We first observe, that

(VxY) (f) = (V¥X) (f) + (X, Y]) (/) (7.11)
= (VyX) (f) +X (Y () =Y (X(f))
so that
Hess(f)(X,Y) = X(Y(f)) — (VxY) (f
=X(Y(f)) = (VyX) (f) = X(Y () + Y (X(/)) (7.12)
=Y (X(f)) = (VyX) (f)

which means, that the operator Hess(f) is symmetric.
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To establish the tensor property of Hess(f) we recall the definition of the gradient of f:

Y(f) =g(grad(f),Y) forallY e X(U) . (7.13)
Therefore
X(Y (1)) =X (e(erad(7).¥)) = &(Vxzrad(1).¥) + glerad ().VaY)
= g(Vxgrad(f).Y) + (VxY)(f) . '
so that

Hess(f)(X.Y) = g(Vx grad(f).Y) + (VxY)(f) — (VxY)(f) = g(Vx grad(f).Y) . (7.15)

Since VxZ is linear in the X-argument, and since g is linear in both of its arguments, we see that
Hess(f) is in fact linear in both of its arguments, so that it is a tensor field of type 2. ]

7.2 Tensor coordinates

As was the case for the metric tensor field g and for the curvature tensor field &, every tensor field
in T,(U) is uniquely determined by its smooth coefficient functions with respect to the canonical
basis vector fields {ej,---,e,} in U:

||| Proposition 7.8  Let T be a tensor of type ¢ in " and let X; = Y ul - e; for g given vector

fields X;,i =1,---,q. Then u{ , j=1,---,n, are the coefficient functions for X;, and we have directly
from the multilinearity of 7':

hi=n Jg=n
T(Xl,"',Xq)ZT Zuil'ejl’”" Zuilq'ejq

J1=1 qul
:ZZ”'Z”{I"“”éq'T(ejw”"ejq) (7.16)
J1 J2 Jg
i J
= ZZ- . -Z u'{l .. .uqq . E],""jq
J1 2 Jg
The functions T (e 519°°° o jq) =Tj,....j,» where all the g indices ji run independently through all values
1,2,---,n, are called the components of the tensor field T with respect to the canonical basis vector

fields {e1, - ,en}.
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Note that the last expression in equation (7.16) is most conveniently written without the
summation signs

J
i W' g Ty, (7.17)

~ -

Q which is allowed by Einstein’s summation convention, i.e. summation is tacitly active
whenever the expression in question contains an upper index and a lower index with the
same name. Sometimes, however, it can be relevant to use the explicit summation signs
as a redundant support for the reading.

In general there are n? component functions for a tensor of type ¢ in a Riemannian manifold of
dimension n. Compare with the number of component functions for g and & — in practice the
number of effectively different component functions can often be reduced due to the symmetries
of the tensor fields in question.

lll Example 7.9
The coordinate functions of the metric tensor field g in (U,g,V) with respect to the canonical basis
fields {ej,--- ,ey,} are clearly the functions
g(eiaej) =8ij > (7.18)

so that we (still) have:

gXx.Y)=Y Y u-w.g; forallX =Y u'-eandally =) v/ e;. (7.19)
i J

i

The coordinate functions for the curvature tensor are likewise:

R (eiej.exem) = R;jkm (7.20)

so that
R(X.Y,Z,U) ZZZZM VW R (7.21)

forall X =Y,u'-e;,Y :Zjvf-ej,Z:ka cep,and U =Y, " -ey.

7.3 The Ricci curvature and the scalar curvature

Let {E},---,E,} denote any choice of a g-orthonormal basis in each tangent

space T, U in a Riemannian manfold (71, g,V) and let X and Y denote two vector fields in X(U). The
following mapping of (X,Y) into F(U) is then well-defined:

n n
Ric(X.Y) =) R(X.E.E.Y)=) R(E.X.Y.E;) forallX andY inX (). (7.22)
i—1 i=1
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|| Proposition 7.11  The mapping Ric is a symmetric tensor field of type 2, i.e. Ric € T,(U)
and Ric(X,Y) = Ric(Y,X) forall X and Y in X(U). It is called the Ricci tensor field of (7, g,V).

Proof. The symmetry and multilinearity of Ric follow directly from these properties of the
curvature tensor & . We must then also show that Ric (X ,Y) is independent of the choice of
g-orthonormal basis, that is used for its construction. First we observe the following identities
which again follow from the symmetries of X and from its construction from the curvature
operator R — we assume that X and Y are fixed and given vector fields in X(U):

R (X,E,E;,Y) = R (E;,X,Y,E))

= &(R(EX)V. ) "
Now consider the map (still with X and Y fixed and given):

R(Z) =R(Z,X)Y forallZin X(U)) , (7.24)
which, for each point p € U is a linear map from the vector space I,d into T), U. Expressing this
map in any basis {ai,--- ,an} of T, U gives a matrix representation hlj of R:

R(a;) =Y hl-a; . (7.25)
J

The trace of the matrix representation is thus:

trace(R) = Y I . (7.26)

i
The trace of the matrix representation hlj is independent of the choice of basis {ay, - - - ,a,}
of T),U. Therefore we can just write it like trace(R). The invariance of the trace follows

from the well-known result in matrix linear algebra: trace(D~!-A-D) = trace(A).

We begin to extract the said trace as follows:
g(k(“i),ak) = Zhlj'g(aj,ak) . (7.27)
J

At this point we now choose any g-orthonormal basis {aj,---,a,} = {E1,---,E,} as in the
statement of the theorem. Then

g(R(E).Ex) =Y bl -8 =h (7.28)
7
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where as usual

1 forj=k
E Ex) =0k = (7.29)
8(Ej-E0) I {O forj £k .
It follows that
Y s(R(E:).E;) =) _hi = trace(R) (7.30)
i i
independent of choice of g-orthonormal basis {E},- - ,E,}. In conclusion we have therefore now
shown that
trace Z g(R
= Z g(R(E;,X)Y ,E;)
= Zﬂt (Ei.X.Y,E;) (7.31)
i
= ZK(X,Ei,Ei,Y)
= Ric(X.,Y)
— independent of the choice of g-orthonormal basis, which is what we wanted to show. ]

|||| Proposition 7.12 The coordinate functions of the Ricci tensor with respect to the canonical

basis vector fields {ej,--- ,e,} are determined via the coordinate functions of the curvature tensor as
follows:
Ric; = Ric(e;, ex) ZZKUM , (7.32)

or, alternatively, using the symmetry of R _:

Ric;,, = Ric(e;,en) ZZQ{,M : (7.33)

We have again applied the notation g”/ for the elements of the inverse of the metric matrix function
associated to g with respect to the canonical basis.

Proof. We make use of the trace expression in equation (7.26) for Ric(X,Y) (from the proof of
proposition 7.11):
Ric(X,Y) = trace(R Zh’ , (7.34)

which now, in the setting of this proposition, specializes to, with X = e,, and Y = ey:

Ric(ey. eq) th : (7.35)

where /X, is now determined by the following version of equation (7.25) — choosing the canonical



212 CHAPTER 7. TENSOR FIELDS

basis {e1,---,e,} for {ay, - ,a,} and Z = ¢;:

=Y e, (7.36)
k
with
R(e;) = R(ej,ey)eq (7.37)
which means
R(eiew)eq =Y hf-er (7.38)
k

and thence

g (R(Ei,ew)Ed, em) - lwdm - (Zh ek9 em) = th 'gkm s (739)
k

and
Y Rivan-& =Y. Y 1 gkm-¢" =H (7.40)
m m k
so that finally:
Y'Y Riwam 8™ Zh’ Ric(ew,eq) (7.41)
j m
which shows the coordinate identities in the proposition. ]

The Ricci tensor value Ric(X,Y) can be obtained from knowledge about Ric solely on identical
arguments, like Ric(Z,Z), via polarization:

Ric(X +Y. X+ Y) = Ric(X,X) —|—Ric(Y,Y) +2. Ric(X,Y) , (7.42)
so that for all vector fields X and Y we have:

Ric(X,Y) = = - (Ric(X +Y,X +¥) —Ric(X,X) —Ric(Y,Y)) . (7.43)

| =

Let X € T,U denote a g-unit vector and let {Ej,--- ,E,} denote any choice

of a g-orthonormal basis. Then the following real value

Ric(X,X) Z:/{ (X,Ei,E;,X) (7.44)

is called the Ricci curvature (at p) in the direction X.

The Ricci curvature Ric(X,X) in any g-unit vector direction X is the sum of sectional curvatures
of orthogonal 2-plane sections which contain that direction:
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|l Proposition 7.14
n
Ric(X.X) =Y K(X.H;) , (7.45)
i=2
where {H, = X,H,,--- ,H,} is a (special) choice of g-orthonormal basis, where, as indicated, H; = X
and the other (n— 1) g-unit vectors in the basis are g-orthogonal to X and pairwise g-orthogonal.

Proof. The statement follows directly from the definition of sectional curvatures in chapter 5.
Note that the squared area Area’ (X, H;) to be used for the calculation of K (X, H;) is automatically

1 for all i = 2,--- ,n when using sections spanned by vectors from the orthonormal basis {H| =
X’HZ"“’HH}~ D

In other words, the Ricci curvature in direction X is the sum of the sectional curvatures of n — 1
pairwise g-orthogonal 2-planes which contain X.

Finally we define the scalar curvature:

The scalar curvature of a Local Riemannian Manifold (U, g, V) is the function

SeF( ‘ll) which is obtained as the sum of Ricci curvatures in orthonormal directions, i.€.:
S =) Ric(E;,E;) =) ) R(E;E;,E.E;) , (7.46)
J joi

where again {E|,---,E,} is any choice of g-orthonormal basis in each tangent space 7, U.

The scalar curvature is clearly a sum of Ricci curvatures, namely, for any choice of orthonormal
basis {Ey,---,Ep}:
S=Y Ric(E,Ej) . (7.47)
J

And thence the scalar curvature is also a sum of sectional curvatures:

S=Y Y K(E.E;)=2-Y K(E.E;) . (7.48)

i A i<j

|| Proposition 7.16  With respect to the canonical basis {ey,--- ,e,} we get from the expression

of the Ricci curvatures in (7.32):

S=Y Y Ricij-g/ =Y Y Ricjx-g/ =YY VY R;jpm-&"-8" . (7.49)
i j k j k i m

J
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Proof. We represent the Ricci tensor (quadratic form) via a linear map B as follows
Ric(X,Y) =g(B(X),Y) forall X andY in X(U) (7.50)

with B(a;) = Y t{‘ -ay, where tl-k are the coefficient functions of B with respect to any chosen basis
{ai1,---,an}, so that

Ric( al,aj (Zt - ay, a]> :Zt{‘-gkj . (7.51)
J
Consequently

ZZRlc ai,aj)- g/ —ZZZt 8k g/ Z = trace(B). (7.52)

Since the trace is independent of the chosen basis we get:

ZZRIC eiej) - ”—ZRIC ELE)=S , (7.53)

Obviously, in dimension 2 the Ricci curvature and the scalar curvature reduce to the sectional
curvature function:

||| Proposition 7.17  Let (72, ¢,V) be a 2-dimensional Riemannian manifold. Then

Ric(X,X) =K(Y,Z) for all g-unit X and any g-orthonormal pair ¥ and Z

7.54
§=2-K(Y,Z) forany g-orthonormal pair Y and Z (759

Similarly we have:

|| Proposition 7.18  Let (U",g,V) be an n-dimensional Riemannian manifold of constant

(sectional) curvature k. Then

Ric(X,X) = (n—1)-k for all g-unit vector fields X

. (7.55)
S=n-(n—1)-k , ie.constanton all of U
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7.4 Covariant derivatives of tensor fields

In this section we consider the obvious question of how to use the Levi-Civita connection to define
and study the covariant derivatives of tensor fields — as we have previously done only for vector
fields.

We let T denote a tensor field on (U, g, V) of type r and let X denote a vector

field in X(U). The covariant derivative Vx T of T with respect to X is then a tensor of the same type r
determined by its operation on r vector fields Yy, - - - , Y, as follows:

(VxT)(11,---.Y,) = VT (Y1, Y. X) (7.56)

where VT is shorthand for the following tensor field of type r + 1, called the total covariant derivative
of T:
(VT)(YI, ’YraX) :X(T(Yl’ aYr)) _T(VXYI’ ’Yr)

7.57
— . —=T(Y1,--,VxYy) (7.57)

Note that with this definition we get immediately the standard derivation properties including:

|| Proposition 7.20  Let f € F(U). Then

(V(f-T)(1,--- .Y X) =X(f) - T(N1,--- . Y,) + f-(VT) (11, . Y X) . (7.58)

|||| EXERCISE 7.21
| | Show the claim, i.e. equation (7.58).

This invariant definition is somewhat complicated, but it reduces considerably to something
quite reasonable if we calculate it in the following natural setting: Let a(7) denote a smooth
curve in (U, g,V) with a(0) = p and o/ (r) = X (0ou()), so that — in effect — we assume o is an
integral curve of the vector field X through p. As another hugely simplifying assumption we will
use {E|(t),---,E,(t)}, a parallel frame field (of g-orthonormal vector fields) along o, for the
expression of the covariant derivative of 7. The restriction of the tensor field 7 to the curve o has
tensor coordinate functions along o, that we denote by shorthand as follows:

T(Ej ((1)),--- . Ej (a(t)) = T(Ej, (2),---  Ej, (1))

(7.59)

Then — by the definition of VxT — we get:

(VxT)(Ej (t), -+ Ej.(t) = X(Tj,..;, (t)) = T(VxEj (t),--- . E}.(t))

(B ) )
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Since E (1) are all parallel along y we have VxEj, (1) = 0 and therefore:

(VxT) (Ejy (1), Ej (1)) = X(Tj,..,(¢)
d (7.61)

=150

which thus constitutes a ‘reasonability check’ for the definition 7.19.

The general coordinate expression for the covariant derivative of 7 is then:

||| Proposition 7.22  Let T (ej,, - ,e;,) = Tj,...;, denote the component functions of a tensor

field T € T,(U) with respect to the standard basis vector fields {e;,---,e,} in (U",g,V). Then the
component functions of the covariant derivative of T are:

(VeiT) (ejl [ ’e.jr) = ei (Y}Iv"'sjr)
= T(Ve2s1 0 B0 o )

_T(ejl > Veiejz s ejr)

—T(ejys €j,5+ > Veej,)

0
= 2 (D)
_ZF?;}[ 'T(eml 2 ejZ’“‘ 2 ejr)
my
_Zr?}zz 'T<ej1 » €myst s ejr)
ny
(7.62)
=Y I T(ejy, ey em,)
my
0
= = (Tym)

mp X .
- Zrijl T, J2-Jr
mi

my . .
- Zrijz : le my -+ jr
1)

mr . .
=Y T Tijoom,
my




7.4. COVARIANT DERIVATIVES OF TENSOR FIELDS 217

A super-shorthand notation for the coordinates of the component functions of

the covariant derivative of T with respect to e; is often used in the literature:
(VeT) (ejireewse) = Tjiwjii - (7.63)

Note the position of the semicolon ; and the position of the index i.

In particular, if 7 € T, (U) we get:

d

(Ve,T) (ex, e0) = T, = i Tkt =Y T T = YT T (7.64)
m q

We illustrate the covariant derivative of tensor fields by stating two key results concerning the
derivative of the metric tensor field and of the curvature tensor field, respectively:

|||l Proposition 7.24 The metric tensor g always has vanishing covariant derivative in (71,g, V).

Proof. Forall X, Y, and Z in X(U) we get:

(Vzg)(X,Y) = (Vg)(X.Y.Z) = Z(g(X.Y)) —g(VzX,Y) —g(X,VzY) =0 ,  (7.65)
because the Levi-Civita connection is — by definition — compatible with the metric. [
lll EXERCISE 7.25

In exercise 7.6 we defined a tensor field Q of type 1 via a fixed vector field W € X(U) as follows:
0(X) =g(W,X) for all X € X(U). Show that the total covariant derivative VQ of Q is the following
tensor field of type 2:

(VO)(Y.X)=g(VxW,Y) forallY and X in X(U) . (7.66)

The following key result about the covariant derivatives of the curvature tensor is known in the
literature as Bianchi’s second (differential) equality. Note that we now permit ourselves to drop
the somewhat redundant parentheses around the tensor, that is being considered, and just write

VR for (VR):

|| Proposition 7.26 (L. Bianchi and G. Ricci) The covariant derivative of the curvature tensor
field R satisfies the following identity for all vector fields X, ¥, Z, U, and W in X(U):

VR (X,Y.Z,UW)+VR (X,Y,UW,Z)+ VR (X.Y,W,Z,U) =0 (7.67)
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or, equivalently,

VwR (XY, Z,U)+ V7R (XY, UW)+VyR (X.Y.W.Z) =0 . (7.68)

The proof of this proposition is given in section 7.5 below.

Interestingly, (7.67) can be used to show the following fact, which is otherwise not so obvious:

|l Theorem 7.27  Let M” denote a Local Riemannian Manifold of dimension > 3 which has

isotropic sectional curvatures in the sense that K(X,Y) is constant for all linearly independent X and Y
in 7),U for each p € U. Then K (X,Y) does not depend on the point either, i.e. M" has locally constant
(sectional) curvature.

The proof of the theorem is given below in section 7.5.

7.5 Proofs concerning derivatives of the curvature tensor

In the proofs below we will several times use the existence — and the nice properties of — normal
coordinates. They were thoroughly introduced in Chapter 4. For convenience we repeat the main
result about normal coordinates — using the notations and the setting from Chapter 4:

|l Proposition 7.28  Let z/(Log(q)) denote normal coordinates at p. With respect to these

coordinates we get the following evaluations at p for all i, j, and k:
gij(p) = g(Ei(p).Ej(p)) = 8ij
VEE; =0 , ie. ri-(j(p) =0 (7.69)

J
5.E81 = Ei(gij) = Ex(g(Ei,Ej)) =0

Proof of proposition 7.26. The equation
VwR (X,Y,Z,U)+VzR (X, Y, UW)+VyR (X,Y,W,Z) =0 . (7.70)

is proved pointwise, i.e at a given point p in U, and with all vectors X, Y, U, W, and Z individually
equal to any choice of one vector from the g-orthonormal basis {Ej,E,- - ,E,} of a normal
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coordinate system for (U, g,V) at p. This is sufficient since we are proving a tensor-identity.
Then the first term in (7.70) is expanded as follows, using first a symmetry of the curvature tensor:

VwR (X,Y.Z,U) =VyR (Z,U.X.Y)

(7.71)
VWg (R(Z,U)X, Y) - g(VWVZVUX - VWVUVZX, Y)

Now we write this equation three times with a cyclic permutation of W, Z, and U and sum the

result:
VR (XY, ZU) + VR (X,Y.UW) +VyR (X.Y.W,Z)

=g (VwVzVyX —VyVyVzX, Y)
+8(VzVuVwX —V;VyVyX, Y)
+8(VuVwVzX —VyV VX, Y)
= g(R(W,Z)VyX +R(Z,U)VywX +R(U,W)VzX, Y)
=0 ,

(7.72)

where the last equality follows from VyX = Vi X = VzX = 0 at the point p — which is again a
consequence of the choice of normal coordinates. O]

Proof of theorem 7.27. We have already seen in chapter 5 Proposition 5.31, that the sectional
curvatures determine the curvature tensor. If the sectional curvatures at p are independent of the
sections (the two-planes) at each point, it follows that the curvature tensor at p is a constant K (p)
times the following standard curvature-like and squared-area like tensor &_; at p:

R(X.Y,ZU)=K(p)-R,(X.Y,ZU) =K(p) g(s(Y.Z2) X —g(X.2)-Y,U) ., (1.73)

because only then can we get

X, Y, Y., X
K(X,Y)= RAE%’Z—(’X,’Y)) =K(p) foralllinearly independent X andY in7,U . (7.74)
lll EXERCISE 7.29

| | Show the claim that X = K(p) - R ; under the given conditions.

In consequence we therefore have — now with K as a smooth function on U — and using again
normal coordinates 7' based at pand X = E;, Y = E;, Z=E;, U = Ey, and W = E}, for any
choices of indices:

VR (X.Y,Z,U) =V (K- R ,(X,Y,Z,U))

= Vi, (K-g(8(Ei. Ex) -Ej — g(Ej. Ex) - Ei, Eq))
0
:a_Zh(K'(Sik'Sjé—Sjk~8ig)) (7.75)

oK

=5 (Sik 00— 8k 0ir)
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Now we use the identity (7.70) above and get:

0=VwR (X,Y,Z,U)+VzR (X,Y,UW)+VyR (X,Y,W,Z)

oK
= 5 Bik-8j0 =81 8ie)
. (7.76)
tax (8i¢ 8 —Bin-8j¢)

oK
tog (i 8k — Bik - Bjn)

Now, since n > 3, if h is given we can find i and j so that i, j, and A are all distinct. Set k = i and
¢ = j. Then it follows from (7.76) that

oK

30 =0 forallindicesh . (7.77)
Z

So all directional derivatives of the function K vanish at every point. The function, i.e. the
sectional curvature, is therefore locally constant. ]

7.6 Divergence of type-2 tensors

We first recall the definition of the divergence of vector fields as was presented in chapter 3:

Let V € X(U) be a smooth vector field in (U, g,V) and let {Ey,---,E,}

denote a g-orthonormal basis in the tangent space 7, U at the point p € U. The divergence of V at p is
then

div(V) =Y ¢(VEV.E) . (7.78)

The divergence of tensor fields of type 2 is similarly defined as follows:

Let A € T,(U) be a smooth tensor field of type 2. The divergence of A is

then the following tensor field of type 1, div(A) € ¥ (U), obtained as follows via any g-orthonormal
frame field {Ey,--- ,E,} in U:

(div(A))(V) =Y (VgA) (V.E) . (7.79)

i

Note that VA in (7.79) is itself a tensor field of type 2 like A.
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In general standard coordinates with basis field {ej,-- - ,e,} the sum on the right hand side can be
expressed as follows:

|| Proposition 7.32 Let A € T,(U) with coordinates A; ; with respect to {ey,--- ,e, }. Then the

divergence of A has coordinates

(@A) () = L X8 A

i (7.80)

=Y ¥ye" ( L _ng@.Amk—zrgk.AiQ) ,
i/ m q

so that when div(A) is evaluated on the vector field V = Y, v - ¢; € X(U) we get the function
(div(A))(V) € $(U):

(div(A)) (V) = Y v (Z;giz~ (a(.iigk -Y Z@-Amk—ZI’Zk-Aiq>> : (7.81)

k m

We have already encountered a number of type-2 tensors, and note here their respective diver-
gences:

Since the metric has covariant derivatives 0 we get immediately for all V:
(div(g))(V) =0 . (7.82)
Moreover, if we let f € §(U) we then get from proposition 7.20:
(div(f-g)(V)=V(f) - (7.83)

Next to the metric, the Ricci tensor field Ric is the most prominent tensor field of type 2 — not
least because classical general relativity flows from the Einstein equation, which is formulated in
terms of both of these tensor fields — see section 7.8 below.

We shall need the divergence of the Ricci tensor. It is quite simply expressed via the scalar
curvature function S in U as follows:

|l Proposition 7.33
(div(Ric))(V) = = -V(S) . (7.84)

Proof. We prove this identity most conveniently (again) by using normal coordinates — including
the choice of V = E;. We have — in particular from the symmetries of the curvature tensor
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(Proposition 5.5):

(div(Ric))(Ex) =Y (Ve Ric) (B, E;)

1

=) Vg Ric(E,E;))
i

= ZZVE,-K(Ej,Ek,Ei,Ej)
i

1

()]

(Z ZVEiR(Ej,Ek,Ei,Ej) + Z ZVEj‘K(Ei,Ek,Ej,Ei)) (7.85)
i J o
1
=3 (Z ZVE,-K(Ej,Ek,Ej,Ei) +ZZVEjK(Ek’Ei’Ej,Ei)>
i L

1
=5 (Z ZVEkK(Ei,Ej,Ej,Ei)> )
i

where we have also used the identity in proposition 7.26. It now follows that

P 1
(le(RlC) ) (Ek> = 5 . VEk Z Z R (Ei,Ej,Ej,Ei)
ij
1 7
SENEY (7.86)
= 5 E(S)
- 2 k s
which was to be proved. O]

7.7 Einstein metrics

From the definition and properties of the Ricci tensor, that tensor field is formally comparable with
the metric tensor field in any given Riemannian Manifold (U,g,V) — they are both symmetric
tensor fields of type 2. This, and several other interesting properties of the Ricci tensor — motivates
the following definition:

Suppose that the following condition is satisfied in a Local Riemannian

Manifold M" = (‘ll, g, V) for some constant (positive, zero, or negative) A € IR:
Ric(X,Y) =A-g(X,Y) forallX andY in X(U) . (7.87)

Then M" is called an Einstein manifold.




7.7. EINSTEIN METRICS 223

In all previous chapters we have always assumed, that the metric g of M" was a given
tensor field in U from which we have then extracted the Levi-Civita connection and
curvatures etc. An equation like (7.87) opens up the possibility of finding and using
S~ - | specific metrics that are “balanced’ by its own curvature. This is, in a rather precise sense,

Q what general relativity is all about. Of course, if equation (7.87) is expressed and spelled

out in local coordinates {xl,--- , X"} in U, the resulting equation is a (complicated)
second order partial differential equation system for the elements g; ; of the metric tensor
field.

In spite of the comment above, we can, however, already say something:

|| Proposition 7.35 If M" has constant (sectional) curvature, then M” is Einstein.

Proof. In constant (sectional) curvature k we have

Ric(X,X)=(n—1)-k-g(X.X) , (7.88)

so that via polarization:
Ric(X,Y)=(n—1)-k-g(X,Y) . (7.89)
O

|l Proposition 7.36 In low-dimensions (meaning n = 2 or n = 3) (U",g,V) is Einstein if and

only if M" has constant (sectional) curvature.

Proof. Since in particular
Ric(E;,E;) = A-g(E;,E;) =\ for any orthonormal basis {E},--- ,E,} (7.90)
we get (in dimension 2, leaving dimension 3 for the exercise below):

§=2-K=) Ric(E,E)=2-L , (7.91)
so the sectional curvature is constant K = A. OJ

I EXERCISE 7.37
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| | Show that (7/%,g,V) is Einstein if and only if it has constant (sectional) curvature.

7.8 The Einstein tensor

An important combination of the metric tensor field g, the Ricci tensor field Ric, and the scalar
curvature function S is the following:

Let M" = (U,g,V) be a local Riemannian manifold. Then the tensor field

G = Ric— (;) ° (7.92)

is called the Einstein tensor field on M".

The Einstein tensor field is obviously of type 2. Moreover, it has zero divergence:

|l Proposition 7.39
div(G) =0 . (7.93)

Proof. This is a direct consequence of proposition 7.33. ]

As previously indicated, the Einstein tensor represents the geometric entrance to general relativity.
Indeed, the simplest Riemannian version of Einstein’s field equations reads — modulo suitable
universal constants:

T=G |, (7.94)

where 7 € T, is the physical stress-energy tensor field, which therefore tells the manifold how to
curve — via the field equation. Since stress-energy tensors in physics and applications are typically
divergence free, the challenge (at the early days of the development of general relativity) was to
find a purely geometric interpretation and modelling of the stress-energy tensor. In Einstein’s own
words (see [16, p. 330]):

L. The tensor in question should contain no higher than second derivatives of g; ;.
2. The tensor should depend linearly on the second derivatives of g; ;.

3. The divergence of the tensor should vanish identically.

|l EXERCISE 7.40
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| | We know that G satisfies the third condition. Show that the two other conditions are also satisfied.
The Einstein tensor satisfies all three conditions and is in a sense uniquely determined by them.

We refer to the following seminal mathematical monographs for further studies of the differential
geometry of Lorentzian manifolds, relativistic cosmology, and general relativity: [12, 24, 2, 30].

7.9 The volume of geodesic balls

We have seen in chapter 5, theorem 5.29, how the length of small sectional geodesic circles
determine the sectional curvatures of (U, g,V) and eventually therefore also the full curvature
tensor. In the same vein it is reasonable to expect that the area of small geodesic spheres 9Dy (p)
as well as the volume of small geodesic balls Dy (p) (as defined in chapter 4, Definition 4.7) could
give information about the curvature tensor at the point p — at least in some mean value sense.
And indeed, to complete the picture we indicate below how the scalar curvature of the Riemannian
manifold can be locally re-constructed in both of these ways:

|l Theorem 7.41  Let (U,g,V) denote a Local Riemannian Manifold and p a point in . The

volumes of the metric ball By (p) of radius p in 7, U and of the geodesic ball Dy(p) = Exp,(By(p))
of radius p in U satisfy the Taylor expansion formula:

Vol (D7) = Vol(By(p))- (1~ -2

2 2
- e(p)- : 7.95
n+2)p+(p>p> (7.95)
The areas (i.e. the (n — 1)-dimensional volumes) of the metric sphere 0B, (p) of radius p in 7, U and
of the geodesic sphere dD,(p) of radius p in U satisfy correspondingly the expansion formula:

Area(dD,(p)) = Area(dBy(p)) - <1 — 5;‘12 -p*+e(p)- p2> : (7.96)

In effect, we recover the same phenomenon as we have previously encountered : When
the curvature — in this case the scalar curvature S — is positive, then the Exponential
map is locally contracting the metric spheres when mapping them into U; and when the
curvature is negative, then the Exponential map is locally expanding the metric spheres.

As an immediate consequence of theorem 7.41 we can read off the scalar curvature S(p) as limits
of volume (and area) fractions for p — 0:

|l EXERCISE 7.42
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Apply the expansions in theorem 7.41 to express S(p) as a second order derivative (at p = 0) of a
volume fraction involving the volumes of metric balls and geodesic balls. Express S(p) as a second
order derivative (at p = 0) of an area fraction involving the areas of metric spheres and geodesic
spheres.

Sketch of proof of theorem 7.41. For the proof of the theorem we obviously need a measure of
volumes and areas of domains (and their boundaries) in a Local Riemannian manifold. These gen-
eral notions are both motivated by the classical calculations of volumes and areas of parametrized
domains and surfaces in 3D Euclidean space, i.e. via the Jacobians of the respective vector
functions. In our case the vector functions in question are defined by the Exponential map and the
respective Jacobians are correspondingly organized by the (orthogonal) Jacobi fields along the
radial geodesics in the distance balls.

The Exponential map is by standard assumption a diffeomorphism of B, (p) onto Dy (p). Along
each radial geodesic y from p we consider (n— 1) Jacobi fields J;(s), i =1,--- ,n— 1, along ¥
with initial conditions J;(0) = 0, J/(0) = E;, where {E},---,E, =Y (0)} is an orthonormal basis
at p = ¥(0). These Jacobi fields determine the Jacobian matrix of type n x n along Yy for the
Exponential map:

Jij(s) = &(Ji(s).Jj(s)) - (7.97)

Vol (p)) = [ [ " foet(3(0) drd (7.98)
Area(Dy(p)) = [ , V/Pe (o) du (7.99)

where du is the canonical measure (of area) in the tangent space T), 1. We have now:

and

du = Vol(B,(p (7.100)
o =V B )
1=p
Vol(Dy(p)) = Area(dD;(p))dr (7.101)
=0
and correspondingly:
t=p 4 1
Vol (B (p)) = / / "V didu = ~ - p" - Area(3B1 (p)) (7.102)
9B, (p) /1=0 n
and
Area(By(p)) :/ p" ldu=p"! Area(oB;(p)) (7.103)
0B1(p)
In particular we already have:
d
Area(Dy(p)) = %Vol(Dp(p)) : (7.104)

Thence we only need to establish the Taylor expansion formula for the volume fraction. For this
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we can apply the previous findings for the Jacobi fields J; with respect to a parallel frame field
obtained by parallel transport of {Ej,--- ,E, =Y (0)} along v:

Ji(s) =s-Ei(s) — % R(E;(5),Y ()Y (s) +e(s)-5° . (7.105)

The Jacobian matrix 7 is just a matrix function of s and satisfies therefore the following identity:

d d

%Det(](s)) = Det(J(s)) - trace (]_](s)-a](s)) . (7.106)
The above ingredients can now be put together to give a detailed proof of the theorem, see e.g. [8,
p. 168]. [
lll EXERCISE 7.43

Assume that M" = (U,g,V) has constant (sectional) curvature in the sense of definition 5.25 in
chapter 5, i.e. all sectional curvatures are identical and the same constant k everywhere. We recall
from equation (7.48) that in such cases we have S =2}, k=n- (n—1)-k. Apply the explicit
expressions for the Jacobi fields in proposition 5.26 and the volume and area formulas developed
above to verify the Taylor series expansions for the scalar curvature S in theorem 7.41, and thence also

the limit formulas for S as they appear in exercise 7.42.

7.10 Examples in dimension 3 and beyond

The curvature tensors are obviously most interesting in dimensions greater than 2, because,
according to proposition 7.17, in 2D all the various notions of curvature are essentially equivalent
to one another — via the sectional curvature function K on the Riemannian manifold. In this section
we construct some simple examples, which illustrate some of the simplest curvature features in 3
and higher dimensions.

lll Example 7.44

We consider U* C R? with the usual coordinates {x!,x?,x*} and the corresponding canonical basis
{e1,ea,e3}. The Euclidean metric gz in U has the trivial metric matrix function:

1 00
Ge=|[01 0 (7.107)
0 0 1

with all its curvatures equal to O — all Christoffel symbols vanish. As a first generalization of this metric
we consider the following (so-called conformal) modification of the Euclidean metric:

100
G(x'2 ) =201 0, (7.108)
00 1
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where f is a smooth function on U>.

Il EXERCISE 7.45

We have already seen the geodesics of one of the metrics expressed in equation (7.108), namely with
f(x",x%,x%) = 1/x3 with x> > 0. Show that this choice of f gives a metric g which has constant
(sectional) curvature K = —1.

Il EXERCISE 7.46

Suppose that we instead modify the above metric as follows:

1 0
G =10 f2(x'x%x) 0 , (7.109)
0 0 S0

again with f(x',x?,x*) = 1/x%, x> > 0. Find the scalar curvature S of the corresponding metric.

Find the Ricci curvatures of the metric in the directions of e;, e», and e3. Find the sectional
curvatures of the metric for the 3 two-planes that are spanned by the three pairs of basis vectors ey,
e, and e3, i.e. K(ej,e2), K(ej,e3), and K(ea,e3).

Il EXERCISE 7.47
Suppose that we modify the metric as follows:

10 0
G =10 1 0 : (7.110)
0 0 (')

with f(x!,x2,x3) = 1/x%, x> > 0. Find the scalar curvature S of the corresponding metric. Find the
Ricci curvatures of the metric in the directions of eq, e, and e3. Find the sectional curvatures of the
metric for the 3 two-planes that are spanned by the three pairs of basis vectors ey, es, and e3, i.e.
K(el,ez), K(61,€3), and K(€2,63).

Il EXERCISE 7.48

Let g be determined by the following (so-called warped product) metric matrix for x> > 0:

1 0 0
G2 = 1| 0 (h(x')/x)? 0 . (7.111)
0 0 (h(x")/x%)?

Find the scalar curvature S of the corresponding metric for each function & with 4(x!) > 0 for all x!.

Show that the metric has constant (sectional) curvature —1 for 4(x!) = cosh(x!).

It is a simple matter to construct and to consider higher dimensional examples of M" = (U",g,V)
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along the lines of the examples above. Alternatively, the smooth regular vector functions of IR¥
into R", n > k, also produce a plethora of examples:

|l Example 7.49

Let r denote the vector function which maps IR* into IR® via the expression:
r(xl,xz,x3,x4) = (xl,xz,x3,x4,f(x1,x2), 1 , (7.112)

where f is a smooth function on IR?. The Jacobian of this (regular and smooth) vector function gives the
induced metric matrix in the parameter space (U*,g,V) — in the same way as for surfaces in Euclidean

3-space IR3:
) _
1 (36) (55)-(5) oo
2
0 ) 0
G = Jacobi® - Jacobi, = (%) : (%) 1+ <Tx);) 00 (7.113)
0 0 10
i 0 0 01
Il EXERCISE 7.50

Verify the above expression for the metric matrix function that is associated with the metric
tensor field g induced in this way for the 4-dimensional Riemannian manifold M* = (]R4, g V),
representing the image of IR* via r in RS.

2 2
Det(G) = 1+ <§£> + (;ﬁ) . (7.114)

Suppose we let H denote the (classical Euclidean Hessian) matrix (for f in R?):

The determinant of G is

*f 2f
2 xRl

oxzox!  9(x2)2

|| EXERCISE 7.51

Show that the scalar curvature of M* is

s:z-(]sj((g)))z . (7.116)

7.11 Curvature bounds, Laplacian, and distance functions

We are now able to prove and apply a great theorem, which is known as Bochner’s identity (after
Salomon Bochner). To state the theorem we need to recall a few notations from previous chapters:


https://mathshistory.st-andrews.ac.uk/Biographies/Bochner/
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We consider a smooth function f € F(U) in a Riemannian manifold (L, g, V), where we use
standard coordinates {x'}, i = 1,--- ,n, and the corresponding basis vector fields {e;}. Then the
gradient, the Hessian, and the Laplacian of f are, respectively (we refer to definitions and results
in Chapter 3):

g(grad(f), X) =X(f) forallX € X(U)
Hess(f)(X,Y) = Hess(f)(Y, X) =g (Vxgrad(f),Y) (7.117)
A(f) = div(grad(f ZZHGSS (einej) - g/

The Hessian of f is a symmetric quadratic form — a symmetric tensor of type 2, with coordinates
H;; = Hess(f)(ei,e;) w.rt. the given basis. The eigenvalues of the associated matrix H/ =
Y, Hi - g5/ are denoted by Ay, -+ , Ay, so that A(f) = trace(H) = ¥, A,

The so-called Frobenius norm of the Hessian operator is defined via the sum of the squares of the
eigenvalues of H which is also independent of the basis, since the eigenvalues themselves do not
depend on the basis:

| Hess(f)||*> = trace(H* - H) = Y)Y (flf)z = 27\,,2 : (7.118)

i

|l Theorem 7.52  (Bochner’s identity) Let (", g,V) denote a Riemannian manifold and f a

function on U, f € F(U). Then the following identity holds true. For shorthand notation we do not
write A8, Hess® etc. since everything is obviously expressed in terms of the metric:

>A(||grad(f)[|?) = [[Hess(f)[|* +g(grad(f), grad (A(f))) + Ric(grad(f), grad(f)) . (7.119)

Note that a number of key ’actors’ that we have defined and analyzed in these notes
<M _ | come nicely together in equation (7.119), i.e. the main differential operators grad, Hess,
Q A, and Ric. This is but a token of the fact that there exist several deep applications (and
also further spin-off generalizations) of Bochner’s identity. We will see glimpses of these
applications in Corollary 7.54, Propositions 7.56 and 7.59 below.

Before digging into the proof of the general Bochner theorem, consider the following exercise:

|l EXERCISE 7.53

Ric(grad(f),grad(f)) = 0 everywhere and Bochner’s identity reduces considerably. Express the left

Let f denote a smooth function on (U = R2, gr) with the usual Euclidean metric gg. Then, of course,
hand side and the right hand side, respectively, of equation (7.119), and show Bochner’s identity in

this particular and simple setting.


https://en.wikipedia.org/wiki/Matrix_norm
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Proof. (Bochner’s Theorem 7.52.)

We fix a point p and let z* denote normal coordinates (i.e. a new but isometric parameter domain
representation of (U,g,V), in a neighborhood of p with induced base vector frame fields E,
Below we will several times use the fact that at p (using these coordinates) we have g; ; = 0;; and
VE,Ej = 0, which in particular also means that e.g. V47 Ej = 0. Computing everything at p
then gives:

LA () ZE g(grad(f),grad(f))))
_ ZE (Vi erad(f). grad ()))
— Z E;(Hess(f)(Ei grad(f)))
_ iE. (Hess(f) (grad(f).5:))
— ZE Vorad(y) grad(f) , Ei))

= Zg VE grad(f grad(f) ) El))

(7.120)

From this last expression we can now extract the curvature content as follows:

4 (Ilgrad(f Zg (Ei.grad(f)) grad(f), E;)
+Zg ( orad(f) VE; grad(f) , Ei) (7.121)
+ X8 (Vi a2 (1) i)
The first term in (7.121) is just Ric(grad(f),grad(f)) as needed for the theorem. The second

term is
Z(grad(f)) (g(VEi grad(f) ’ El)) - Zg(VEi grad(f) ) Vgrad(f)Ei)

i i

= (grad(f)) <Zg(VEf grad(f), Ei)) —0 (7.122)

= (grad(f))(A(f))
= g(grad(f), grad(A(f)))
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The third term in (7.121) finally reduces to || Hess(f)||? via the following steps:
2 (Vi st erad(£). £1) = Pess(f) (. grad (7). £)
= ;Hess(f ) (VEL» grad(f) = Vraa(s) Ei Ei)
=Y Hess(f) (Vi grad(f) , ;) —Hess(f) (Y gaa ) Eis i)
= Y Hess(f) (Ve zrad(f), E) 0
_ ¥ Hess() (1, Vi, grad(1)

=Y ¢ (Ve grad(f), Ve, grad(f))

(7.123)
In the chosen normal coordinates based at p the last sum is precisely || Hess(f)|*. Indeed, we
have in terms of HiJ with respect to these (orthonormal) coordinates:

H = g(Vg grad(f).E;) (7.124)
so that
N2
Y ¢(Veerad(f). Ve erad(f)) = ¥ (B]) =Y M = Hess(N)I? . (.125)
i i i
and this finishes the proof of the theorem. [

According to proposition 4.26 in chapter 4, the distance function p(x) = dist(p,x) from p to points
x in the domain Q, (where Log,, is a diffeomorphism), has | grad(p)| = 1, so with Bochner’s
identity we get:

|l Corollary 7.54

0= [[Hess(p)|* +g(grad(p), grad(A(p))) + Ric(grad(p), grad(p)) . (7.126)

The Laplacian of the distance function is the divergence of the gradient field grad(p), which is
identical to the tangent vector field given by the geodesics issuing from p. Since such geodesics
that are close to any base geodesic tend to converge back to the base geodesic when they ex-
perience positive curvature along the base geodesic (as we have observed already in terms of
the behaviour of Jacobi fields), it is reasonable to expect, that A(p) is relatively small when the
curvature of the manifold is relatively large.
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Recall, for example, that the "source’ and ’sink’ vector fields in the Euclidean plane (]Rz, gE)

V(x!,x? /4/(x1)2+ (x2)?  hasdiv(V) >0 and

w(x!, xz) + (x2)2  hasdiv(V) <0.

(7.127)

Of course, V (x',x?) is exactly the gradient of the distance function p(x) = dist(O,x) from (0,0)
in the Euclidean plane (]Rz, gk ), and in that special case we get:

1
A(p),=—— ., forallxe R~ (7.128)

The two vector fields V and W are thence also roughly the gradient vector fields for the distance
function from the north pole on a standard unit 2-sphere close to the north pole, and close to the
south pole, respectively — see exercise 7.55 below.

|l EXERCISE 7.55

Show that the distance function p from the north pole on a standard sphere 512e with radius R (and
thence constant sectional curvature K = 1/ R2) in Euclidean 3-space has

Alp), = (;) -cot <p§;€)> , forall x € S. (7.129)

Show that A(p)), has the Laurent expansion at p = 0:

A(p)), = (:)) - (3")1?2) +e(p)-p* . (7.130)

The following proposition shows that the above indicated relation between curvature and A(p) is
indeed true — even on the (mean value, trace) level of the Ricci curvature:

|l Proposition 7.56 Let M" = (U",g,V) denote a Riemannian manifold with Ricci curvatures

bounded from below as follows:
Ric(X,X) > (n—1)-k for all unit tangent vectors X and for some constantk € R .  (7.131)

Then the following inequality holds true for the distance function p(x) = dist(p,x) at all points x in
the domain Q, — {p} (where Log,, is a diffeomorphism and p > 0):

(n—1)-vk -cot(p-vk) if k>0
Alp) << (n—1)/p if k=0 (7.132)
(n—1)-y/—k -coth(p-v/—k) if k<0
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Note that the curvature assumption Ric(X,X) > (n— 1) - k for all unit tangent vectors X
and for some constant k € R is clearly satisfied if all sectional curvatures K(G) satisfy
K(o) > k for all two-planes o in all tangent spaces for M". On this note, compare
proposition 7.56 with the dual proposition 7.59 below.

Note that if k > 0 then A(p) goes to —oo for p - vk — m, so that Exp , 1s not a diffeomor-
<)’ _ | phism along any geodesic starting from p which has length > 1/ Vk. For example, if

Q M" is a sphere with radius R and thence constant curvature k = 1/R? the distance from a
point p to any other point on the sphere is less than ©/v/k = - R unless the other point
is the antipodal point of p.

Proof. At least one of the eigenvalues (A1, say) is O because H has a null space:

Hess(p) (X. grad(p)) = g (Vx grad(p) . grad(p)) = (;) X(|grad(p)P) =0 . (7.133)

Using the Cauchy-Schwarz inequality we then get:

= = . (7.134)

~\2
() () (a(p))?
n—1 n—1 n—1

| Hess(p) |2 = Y2 <
=2

Now writing shorthand 2 for grad(p), so that g(grad(p), grad(A = 2 A(p), and inserting

the assumption on the Ricci curvature into the (distance-)Bochner identity (7.126) we get:
(A(p))* , @

P +$A(p)+(n—1)-k30 : (7.135)

Letting y(p) = (n—1)/A(p) then gives:

v'(p)

) (7.136)

We then integrate the inequality on both sides and use (for the lower integral bound) that y(p) =
p+¢€(p) for small p and obtain for example for k = 1:

arctan(y(p)) =p . w(p)=tan(p) , A(p)<(n—1)-cot(p) , (7.137)

and similar for the other values of k, which proves the proposition. L
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|l EXERCISE 7.57

| | Verify the claim used in the proof, that Wy(p) = p +€&(p) for small p. Hint: Verify first in (R”, gg).

|l EXERCISE 7.58

At this point it is highly appropriate to also mention the following fact, which is dual to proposition
7.56 in the sense that the opposite inequality for the Laplacian of the distance function is obtained
when the sectional curvatures (i.e. not just the Ricci curvatures) are bounded from above:

Show that if M" = (U",g,V) is a Riemannian manifold with constant curvature k, then the equality
holds in equation (7.132).

|l Proposition 7.59 Let M" = (U",g,V) denote a Riemannian manifold with sectional curva-

tures bounded from above:
K(o) <k for all two-planes © in all tangent spaces and for some constantk € R . (7.138)

Then the following inequality holds true for the distance function p(x) = dist(p,x) at all points x in
the domain Q, — {p} (where Log » 1s a diffeomorphism and p > 0) — compare with equation (7.132):

(n—1) vk -cot(p-vk) if k>0 andp-vk <m
A(p) >4 (n—1)/p if k=0 (7.139)
(n—1)-v/—k -coth(p-+/—k) if k<O

The proof can be obtained from the so-called Riccati equation or from analysis of the second
variation of geodesics. We refer to [19, p. 332] for a thorough presentation.
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Chapter 8

Global manifolds and submanifolds

In Chapter 1 we have (indirectly) defined a local manifold to be just an open set of R”. And then
a local Riemannian manifold (", g) to be such a local manifold (open set) U equipped with a
metric g together with the equivalence class of all its isometric equivalents given by diffeomor-
phisms ¢ : U" — 1" that preserve the metric in the general sense of (1.50) and (1.51) in Chapter 1.

The purpose of the present chapter is to set up the most general notion/definition of a global
manifold M" so that locally a manifold is still represented (via so-called charts) by open sets in
IR”. However, we must also guarantee that all constructions and results from the previous chapters
can be extended to such manifolds — and make sure that they hold true across charts and are
independent of the charts chosen for the manifold representation. We refer to [17] and in par-
ticular [18] for thorough introductions to the notions of differentiable manifolds and submanifolds.

8.1 Abstract manifolds

Let M be a set. A chart (yg,Vy) of M is a bijective map g of a subset

Vo € M onto an open subset Yy (Vo) = Uy of R” (this defines the dimension n of M and must be the
same for all the charts considered below).

Two charts (y1,V;) and (y,,V,) are compatible charts if, whenever Vi NV, # 0, y;(V; NV;) and
> (Vi NV,) are open sets in IR” and the change of charts y; owfl Yy (VinVa) =y (Viny,) isa
diffeomorphism between the two open sets in IR".

An atlas of M is a family 4 = {(Wq, Vo) | € A} of pairwise compatible charts that together cover all
of M,i.e. M = Uyep Va.
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Two atlasses A and ‘B are called equivalent atlasses if AU B is itself an atlas of M, i.e. if all charts in
AU B are pairwise compatible.

A differentiable manifold — or just manifold — M" of dimension 7 is then, finally, such a set M with
such an equivalence class of atlasses.

|||| Remark 8.2 Note that at the outset M is just a set, i.e. a collection of elements, that could be

anything, e.g. toys in a toy shop, stars in the universe, points on a sphere, etc. However, most sets are
not differentiable manifolds.

Il EXERCISE 8.3

Show that following sets are not differentiable manifolds — see also Figure 8.2:
1. M is the union of the (x,y)-plane and the z-axis in IR>.

2. M is a closed unit disc in R*: M = {(x,y) |x* +y* < 1}.

that we have previously used to construct subsets (surfaces) in IR3. This is dramatically

‘ It is important to distinguish between charts and the notion of (regular) parametrizations,
illustrated by the following example:

lll Example 8.4

A cone C (including its tip-point p as displayed in figure 8.1) is defined in 3D Euclidean space by the
parametrization:

C:r(xha?) = (x', 22, /()2 4+ (22)2, (x',4?) e R? . (8.1)

Obviously this parametrization is not regular, at the pre-image of p, p = (0,0). Indeed, the Jacobian of
the vector function r is:
1 0
Jacobir(xl,xz) = 0 1 ,
.Xl X
2

(8.2)
2
VDT V) )

which is not well defined in (0,0); the partial derivatives of r do not exist that point. Nevertheless,
according to our definition 8.1, the cone is a smooth manifold in its own right with the atlas generated by
the single (projection) chart:

v(x,y.z) = (x,y) forall (x,y,z) eCCR? . (8.3)
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For ease of mind, we shall see below that the full cone C is not a sub-manifold of R? and
correspondingly (in Chapter 9), that the induced metric tensor on C (induced from the Euclidean
ambient space) is not smooth at p, so that C with this induced metric is not a smooth Riemannian
manifold.

Figure 8.1: A cone with tip point in R>.

On the positive constructive side we have, see [18, Chapter 1]:

||| Proposition 8.5 Let M" be a differentiable manifold with an atlas 4. Then there is a unique

maximal atlas on M which contains 4.

The connectedness of a differentiable manifold is defined via the charts of the (maximal) atlas.
Again we refer to [18, Chapter 1]:

|| Definition 8.6  An open set U in R" is path-connected if there exists a continuous curve

v : [0,1] = U which connects every pair of points p and g in U, i.e so that y(0) = p and y(1) = q.

We will assume without lack of generality that the chart images Vj, in the considered atlasses of
differentiable manifolds are all path-connected.

However, the actual topology of M itself is not directly settled by the definition of a manifold. But
we can use the charts to define a natural topology for M and thus, for example, define continuous
maps between manifolds:
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Figure 8.2: Visualization of 30 million integers as represented by binary vectors of prime divisi-
bility, colored by density of points. This subset of IR?, does not comply with the definition of a
smooth submanifold as we will define the notion below. That does not rule out, of course, the
very interesting questions concerning the approximation of such sets by smooth submanifolds
of IR". From [22]: Mclnnes et al., UMAP: Uniform Manifold Approximation and Projection for
Dimension Reduction.

|l Proposition 8.7 Let M be a manifold with a maximal atlas 4 = {(Wo, V) |0 € A}. Then

the collection B = {V, C M | € A} is a basis for a topology for M; it is the so-called natural topology
for M.

The natural topology of a manifold is not necessarily Hausdorff — see example 8.8 below. So this
condition must often be assumed as an extra property of a given manifold in order to well-define
and analyze many ’natural’ global geometric concepts and results for the manifold, once it has also
been globally equipped with a metric tensor field — as locally introduced in the previous chapters
for local Riemannian manifolds. Such natural concepts that are supported by the Hausdorff
property are e.g. well-defined convergence of sequences, the metric space structure of Riemannian
manifolds, and the possibility to represent the manifold as a submanifold in some IR".
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ll Example 8.8

A simple example of a 1-dimensional manifold with a natural topology that is not Hausdorff is the
following: In IR? we consider the set M consisting of the x-axis and the point (0,1). Then let
Vi ={(5,0)|]s € R}
Vo ={(s5,0)|se R—0}uU{(0,1)}
s

i (5,0) = (8.4)
yo(s5,0) =s for s#0
v,(0,1) =0
Then
Voy;' :R—-0—-R-0 ®5)

oy l(s)=s
so that 4 = {(y1,V1),(W2,V2)} is an atlas for M. However, with the associated natural topology,
M is not Hausdorff, since the two elements (0,0) and (0,1) in M cannot be separated by open sets
in M. Indeed, let V and W be open sets in M with (0,0) € V and (0,1) € W. Then y;(ViNV)
and y, (Vo NW) are open in R and both contain 0. Therefore they also contain some a # 0 so that
v (@) = (a,0) =y, ' (a) eViNVNVaNW. Hence VNW # 0, so M is not Hausdorff,

Once we have such a topology for M we obtain automatically the continuity of the chart maps in
the atlas and of their inverses.

|| Proposition 8.9 Suppose M" (with a maximal atlas) is endowed with its natural topology.

Then every chart map  for a chart (y, V) from the maximal atlas for M" is a homeomorphism of the
open set V C M onto the open subset y(V) C IR".

M The assumption that the chart images Vi, in the considered atlasses of differentiable
Q manifolds are all path-connected then guarantees that we can find a continuous curve — a
path — from any point to any other point in a given manifold.

Moreover, with the natural topology of a manifold M" and the natural topology of another mani-
fold N" (of the same dimension n) a map f from M" into N"* is continuous (by the usual definition
of continuous maps between topological spaces, see definition 0.13) if for any open set U C N"
the pre-image f~'(U) C M" is also open in M". And f is by definition a homeomorphism if it is
bijective and continuous with a continuous inverse £~ 1.

To define a diffeomorphism betweeen manifolds we simply use the well defined notion of
diffeomorphisms between open sets in R":
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Let M" and N" be manifolds of the same dimension n and let f : M — N

be a map. Then f is called smooth if it is continuous and for all p € M there exists a chart map
¢ of M around p and a chart map y of N around f(p) such that the composition yo fo ¢! is a
smooth map between the respective corresponding open sets in IR”. Of course, f : M — N is called
a diffeomorphism if it is bijective and f and f~! are both smooth — M and N are then said to be
diffeomorphic.

|l Proposition 8.11 Suppose M” can be covered by one chart (y, M) so that v : M" — y(M) =
U" CIR". Then v is a diffeomorphism and M" and U”" are diffeomorphic manifolds.

|l Example 8.12

The paraboloid of revolution P, which was a key example during in the first chapters of these notes, is a
2-dimensional manifold. Indeed, as we have seen and applied there, 2 can be covered by a single chart
(y,V) as follows:
V=P={(xyz) e R¥z=x>+y"}
y(V) =R’ (8.6)
v(p) = (xy) for p=(xry.z)

Note that the chart map W is in this case exactly the inverse of the parametrization map:
r(x,?) = (6N %, (x1)2+ (P)?) , (L) eRT (8.7)

Another chart map n for a part W of the paraboloid is obtained from the following parametrization of
that part — also well known from previous examples and exercises:

o(y'.y*) = (¥ cos(y?), y'sin(3?), (»')*) . ('.»*) eRx]-ma[ . (8.8)

Il EXERCISE 8.13

Which subset of P is not covered by the parametrization ¢ in example 8.12? The chart (y,V) is an
atlas for . Show that the chart (n, W) is contained in the maximal atlas for 2 defined by the atlas

(y. V).

8.2 Abstract submanifolds

In the sense of the previous exercise 8.33 the paraboloid is a manifold in its own right. It makes
perfect sense to consider it also as a submanifold of the ambient space R as was already done in
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Chapter 0. More generally, we will now begin to define submanifolds of any (ambient) manifold
as follows:

Let M™ denote an n-dimensional manifold with maximal atlas 4 and let N

be a subset of M. Then N is an k-dimensional submanifold of M with k < n if for any point p € N
there exists a chart (y,W) around p (from the atlas of M) such that y(W N N) is a k-dimensional
submanifold of the open set (itself an n-dimensional manifold) y(W) in IR”. Submanifolds of R" are
already defined in Chapter 0, Definition 0.55. They will be further characterized concretely in Theorem
8.30 below. In particular, y(W NN) is locally diffeomorphic to an open set U = y(W NN) in R,
Thus (W, W NN) is a chart (around p) in the maximal atlas for N. In particular, ! : U — y(W NN)
is a regular parametrization (by the k coordinate variables in U) of y(W NN) in IR”. The dimension
difference n — k is called the co-dimension of N* in M"; if the co-dimension is 1, i.e. if k = n— 1, then
N""1is called a hypersurface in M".

Via the mentioned local diffeomorphisms from M and N to subsets of IR and of R™,
respectively, we can now perform all the local calculus on manifolds and submanifolds
as we have done for Local Riemannian Manifolds in the previous chapters, once the
manifold has been equipped with a metric g and a correspondning Levi-Civita connection

V that are consistent across charts. We must just make sure, that the results and concepts
‘ are all likewise natural in the sense that they agree with each other modulo diffeomorphic

shifts of coordinates, i.e. modulo shift of charts. For example, as already emphasized, any
regular curve on a manifold M (with regular segments of pre-images in the charts that it
meets) must have a well-defined length and acceleration determined by the given metric
g and connection V on M — independent of the charts that are applied and combined to
find these properties.

||| Proposition 8.15  The natural topology of a submanifold N* of M" is (by the construction

of the maximal atlas for N in the definition above) identical to the trace topology of M” on N* — the
trace topology being defined as follows: V NN is declared open in N if V is open in M. The natural
topology of a submanifold in a Hausdorff ambient manifold is therefore itself Hausdorff. In particular,
every submanifold of IR” is Hausdorff.

|l Example 8.16

The punctured figure eight manifold.

We let M, denote the following set of points in R?: M; = {(sin(2s), , sin(s)) |s €]0,2n[}. See figure
8.3 to the left. The map ¢ : s — (sin(2s), , sin(s)) is injective and regular in all of the parameter domain
]0,2%[. But M; is not a submanifold of IR?. Suppose for contradiction that there is a parametrization
v ] —¢,e[— B,(0,0) of M around p = (0,0) such that y :] —¢,€[— B,(0,0) "M, is a homeomorphism
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for some r < 1. Then, since | —&,€[ — {0} has two connected components, while (M; N B,(0,0)) — (0,0)
has four connected components, we have arrived at the desired contradiction.

A similar reasoning shows, of course, that M, = {(sin(2¢), sin(z)) |t €] — @, 7} is not a submanifold
of IR?, see figure 8.3 to the right.

-15 o

Figure 8.3: The subsets M; and M, in IR? discussed in example 8.16. Note the tiny difference
in the neighborhood around (0,0) and note that neither of the subsets is identical to the set M
displayed in figure 8.4 below.

ll Example 8.17

The full self-intersecting figure 8 manifold

We let M denote the set M = {(sin(2s), sin(s))|s € R }. See figure 8.4. We see that M still consists of
an open upper loop curve, a lower loop curve and the point (0,0). Let Vo, = M and g, : Vo —]0,27[ by
Ve (sin(2s),sin(s)) = s. Then g is a chart on M and Ay = { (Yo, Vi) } is an atlas on (all of) M which
defines M as a 1-dimensional manifold. Another atlas caane defined by Vg = M and vV —]— Tc,itN[
by yp(sin(2s),sin(s)) = s. Then g is again a chart on M and Ag = { (yp,Vp) } is again an atlas on M
which defines M as a 1-dimensional manifold. However, the two atlasses A, and Ag are not equivalent:
In fact, the combination Yo oy 1:00,2n[—] —m,w[ is

s on the upper loop, where 0 < s < T
Yo o\y[gl (s) =< s—m atthe origin, where s =T (8.9)

s—2m on the lower loop, where T < s < 27

Hence, yq 0 qjgl is not even continuous. In other words, we have found two different non-equivalent
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atlasses on M both of which give the figure eight the structure of a manifold although it is not a
submanifold of IR?.

-15

Figure 8.4: The figure eight with a double cover of the point (0,0).

lll Example 8.18

The spheres S” are manifolds. For simplicity let us consider the standard unit sphere in IR? as the point
set:
St={(xy.2) eR}|F¥+yY + =1} . (8.10)

One obvious chart of the upper hemisphere V| of the sphere (i.e. for z > 0) is obtained by orthogonal
projection into the (x, y)—plane, see figure 8.5. Thence, if p € S% with coordinates p = (x, y,2) in
mathbbR?, then vy (p) = (x,y) = (x',x?), so y(V;) = Uy, where

Up={(x".) e R*|(x" )2+ (*)> < 1} . (8.11)

Similarly, we can cover the right hemisphere V; of the sphere (i.e. for y > 0) which is obtained by
orthogonal projection into the (x,z)-plane, ie. if p e S% with coordinates p = (x,y,z) in R3, then
v2(p) = (x.2) = (v'.y?), s0 y2(V2) = U, where

Uy ={('") eR* (') + (7)< 1} . (8.12)

For the overlap region V| NV,, which is displayed to the right in figure 8.5, we have: y > 0 and z > 0 so
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that
vi(Vin®) = {(xLx}) e R?|(x)2+ (¥*)* <1, x* >0} C U,

w(Vinv) ={("y") e R*| ")+ ()< 1,y* >0} CUs

“’2°w11(x1,x2)=<x1,\/1—(x1)2—(x2)2> (8.13)
yioy; ' (v < \/1—(y 2)2)

so that y; o 1|/1_1 is a diffeomorphism of y (V) NV3) onto y,(V; NV,). We conclude, that (y,V;) and
(y2,V,) are compatible charts and that they can be supplemented with 4 similar hemispherical charts to
form an atlas for the full sphere — see the caption for figure 8.5.

Figure 8.5: Illustration of two overlapping but not covering hemispheres (the blue ones) on the
unit sphere. They overlap in the blue region shown to the right — covering roughly a quarter of
the sphere. A total of 6 such overlapping hemispheres can be used to cover the full sphere. They
define correspondingly 6 compatible charts and thence a maximal atlas for the sphere.

lll Example 8.19

Suppose we consider a ’blob’ in the overlap domain as shown in figure 8.6. The parametrization of the
blob with parameters x! and x? is simply:

r(xl,xz):(xl,xz,\/l—(xl)z—(x2)2> . a<xl<b,c<x<d (8.14)

for suitable boundary values a, b, ¢, and d for the parameter rectangle.

Then the pre-images of the blob in the two domains for the two charts considered are as shown in figure
8.6. Note that by construction of the hemispheres we have x! = y! = x and x> =y, y> = z with reference
to the ambient coordinates {x,y,z} in R?.
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05— yz .

y]

—05—

—0.5—

Figure 8.6: A domain in the overlap of the two hemispheres V| and V, considered in example 8.18
plus its two images by the chart maps Yy and >, respectively.

Il EXERCISE 8.20

the displays in figure 8.7. Show that these charts are compatible and compatible with all the charts
obtained and discussed in example 8.18. The two charts (and all their compatible charts) then define a

Use standard geographic coordinates to show that S% can be covered by the two charts indicated in
maximal atlas for S3.

Figure 8.7: Illustration of two covering charts for an atlas on 3.
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|l EXERCISE 8.21

| | Show that for $7 we need at least two charts for the construction of a covering atlas.

8.2.1 A stereographic atlas for the 2-sphere

An elegant and much used chart for S% is the so-called stereographic projection from a point on
the sphere. See the beautiful descriptions in Wiki: Stereographic Projection. We have again

St={(xyz) eRI|P+y +7=1} , (8.15)

and choose a point P| = (0,0, 1) € S%. This is the North pole, but in view of the symmetry of the
sphere we could as well have chosen any other point for the following constructions:

Let ¢ denote a point on S7 different from Py and let L : u(t) = Py +1- (¢ — Py) be the line through
Py and ¢. Then L, intersects the plane z = —1 in a unique point 1 (q) = (x'(¢),x*(q),—1). See
figure 8.8.

Figure 8.8: Construction of stereographic projection from the North pole P;. The blue domain on
the sphere is mapped bijectively onto the green square in the target plane z = —1.

The map y; is clearly, by this construction, a bijection of S% — P; onto R? with its standard
coordinates x! and x%. Le. Y1 is a chart map from S% — P, =V, onto R2.

Suppose instead that we had chosen the South pole P, = (0,0, —1) as the preferred point to take
off the sphere. Then we would obtain in a direct similar way a chart map from S% — P, =V, onto
R? (with standard coordinates y' and y?, say).

To show again, that S% is a differentiable manifold we only need to show that the two charts are
compatible in the sense of Definition 8.1, i.e. we must show that the induced overlap map between
the images of the two charts is a diffeomorphism. For this we first express the two chart maps
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explicitly as follows:

Let g = (x,y,z) € S? — {P1,P,}. Then

1oy [ 2x 2y
\lfl(x’y,Z)—(x ’x)_(l—z’ l—Z bl
1o 2x 2y
WZ(x’y’Z)_(y ’y)_<1+za 1+Z )
v () = (x,3.2) (8.16)
1
- (l + ()2 + (x2)2> (228 1 ()P ))

vy (0 = (1, 3.2)

(225 1- 012 = 07)?)

N————

(1 +0O)2+(?)?
|l EXERCISE 8.22

| | Prove these expressions for y; (x,y,z) and Wz (x,y,z) and their inverse maps.

In effect, we therefore get the overlap map ¢ and its inverse (for (x!,x?) # (0,0) and (y',y?) #
(0,0)):

1.2 12 x! x*
) =00 .x7) = ((x1)2+(x2)2’ (x1)2+(x2)2) 8.17)
1 2 ’
(L) =071y = ((yl)zz— (,2)2° (yl)z)_]_ (yz)z)

|l EXERCISE 8.23
| I Show the relations in (8.17).

We conclude that both ¢ and ¢! are smooth maps and therefore diffeomorphisms in their respec-
tive (punctured) IR2-domains. The two charts (y,V}) and (y,V5) are thence compatible, so that
they form an atlas for 52, which is thus again a differentiable manifold.

In the process of expressing these conditions, we have also found two new parametrizations
of the sphere (minus one point), namely \pfl and y, ! In passing we therefore also note the
corresponding metric matrix functions for the sphere with respect to the coordinates (x!,x?) and
(y!,y?), respectively:

Do 4 T10
Gwl_l(x X)) = ((x1)2+(x2)2+1)2 {O i } , (8.18)
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and
4 1 0
G, 1(y'y) = { ] . (8.19)
v (OG22 +1)" L0
Note the similarity of these metric matrix expressions. This is not so surprising — why
‘ not? Compare with the (by now well known) metric matrix expression for the Poincaré
disk model with constant sectional curvature —1.
|l EXERCISE 8.24

Verify these metric matrix functions and show that they — as expected — give the constant sectional

curvature sec® = 1 for the unit sphere with its inherited metric g from the ambient Euclidean 3-space.

We can add to the understanding of stereographic projections by showing the indicatrix field for
the metric g in the (x',x?) coordinate system (stereographic projection from P;) and a few of
its corresponding (great circle) geodesics and their (circular!) representations in the coordinate
domain — see figure 8.9 and exercise 8.25.

Il EXERCISE 8.25

Show that stereographic projections map geodesics from the sphere onto circles in the chart plane.
Some images of geodesics are straight lines. Which ones? Note that we also count straight lines in the
plane as circles (with infinite radius).

|l EXERCISE 8.26

Show that the indicatrix field for stereographic projection consists of circles whose radii only depend

on the Euclidean distance from the center of the induced coordinate system in the chart plane.
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Figure 8.9: Indicatrix field for stereographic projection from the North pole and a few correspond-
ing geodesics from a given point on the sphere.

8.2.2 More surfaces in R3

I EXERCISE 8.27

What is the minimum number of charts needed to form an atlas for an infinite cylinder in R? — like the
one (partly) shown to the left in figure 8.10. Note that all the cylinder can, of course, be covered in
toto by the parametrization

r(u,v) = (cos(v), sin(v), u) , —eo<u<eo, n<V<T , (8.20)

but this is not a chart! Why not?

I EXERCISE 8.28

What is the minimum number of charts needed to form an atlas for an infinite catenoid in R? — like
the one (partly) shown in the midddle in figure 8.10.

I EXERCISE 8.29

What is the minimum number of charts needed to form an atlas for a torus in R? — like the one shown

to the right in figure 8.10. Hint: look up standard parametrizations of tori.
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Figure 8.10: A cylinder, a catenoid, and a torus in R3.

8.3 Submanifolds of R”

In the following we will apply a constructive characterization of submanifolds of IR” which
complies with the figure eight non-example and the non-example consisting of the graph of
f(x) = |x| that we have considered above.

The next theorem is in this sense very constructive and will be the main source for obtaining many
examples of submanifolds that we shall need for the introduction of Riemannian submanifolds in
the next chapter. The proof of the theorem follows more or less directly from the inverse function
theorem and the accompanying implicit function theorem, see e.g. [18].

|l Theorem 8.30 Let N be a subset of R”. Then the following statements are equivalent:

1. N is a k-dimensional submanifold of R”.

2. For each point p € N there exist an open neighborhood V of p in IR" and a smooth regular map
f : V. — R"* with maximal rank k such that

NOV =f10)={xeV|f(x) =0} . (8.21)

3. For each p € N there exist (after possible re-numbering of coordinates, if needed) open neigh-
borhoods U C R¥ of p = (p1,---,px) and U C R" ¥ of p = (ps+1,---,pn) and a smooth map
g : U — U such that

NN(UxU) ={(xx) eUxU|x=g(x)} = graph(g) . (8.22)

4. Foreach p € N there exist an open neighborhood U of p in R”, an open set V in R” = R¥ x R,
and a diffeomorphism y : U — V such that

Y(NNU) =V (R x {0}) CR x {0} . (8.23)
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It follows that we can represent not only the n-dimensional manifold M" itself locally by
an open subset set // of IR” but also the submanifold in 9/ by a regular map (given even
as a graph map if we want) from an open set U in IR* by a smooth regular parametrization
MU= V. This observation — which, of course — has perfect anchorage in our previous
Q discussions (in the first chapters of these notes) of parametrized surfaces in R® will be
the (notational) basis for our next chapter on Riemannian (sub)manifolds. In this sense,
and in this setting then, the parametrization vector functions actually do appear as the
natural inverse maps of the corresponding chart maps. See 8.4 for a non-example. We
show now that the cone C considered there is not a submanifold of IR3:

Figure 8.11: The cone with tip point in R>.

|l Example 8.31

We observe that the cone C in example 8.4 is not the level set of any smooth function f on IR?, which
is also regular at every point of C. Suppose for contradiction that such a function exists. Then the
(non-zero) gradient vector field grad(f) along C is everywhere ortogonal to C and therefore it cannot
even be continuous at p.

|l EXERCISE 8.32

Let M denote the figure eight in IR? considered in examples 8.16 and 8.17. Show directly (without
assuming the stated equivalence in Theorem 8.30) that M does not satisfy any of the properties 2, 3, or
4, in that theorem.

Il Example 8.33

Let P be the paraboloid of revolution, that we have considered before as the subset of R? given for
example by the regular parametrization:

r(ul ) = (u' i, (W) + (), (W) eR® . (8.24)
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The surface P is a submanifold of dimension 2 in R? — it is a hypersurface in IR?. Indeed, let f denote
the following smooth function on IR3:

FO 2R =2 — (22— (x?)? (8.25)
Then the Jacobian matrix for f is
Jr(xh a2, x%) = (=2x!, —24%,1) # (0,0,0)  forall (x!,4%,x*) € R, (8.26)

so that f is regular (it has maximal rank 1) in all of IR®. Moreover, 2 = f~1(0), so © is a submanifold
of IR? according to statement 2 in theorem 8.30. Statement 3 in the theorem applies directly because P
is already ’born’ as a graph via a smooth function g:

P={(x" %) e R} =g, x?) = (x")? + ()2} . (8.27)

Also statement 4 in theorem 8.30 can be applied by finding a diffeomorphism of (in this case all of) R?
into (in fact all of) R? which will *flatten’ P to the (u',u?)-plane in the target space. Indeed, let

v(xh a2 ) = (uh i) = (620 — (612 = (x?)?) forall (2,23 ) e R® . (8.28)

Then v is a diffeomorphism and the restriction of W to  is the (u!,u?)-plane.

|l EXERCISE 8.34

Prove that the map  defined in 8.28 is a diffeomorphism, find its inverse map y~! and the two
Jacobians Jy, and J,,-1.

Not every manifold M" allows such an ’embedding’ in toto as a hypersurface into R”*!
as does the paraboloid (case n = 2) in the example 8.33 above. However, it was shown
S~ - | by H. Whitney in 1936 that if the topology of M" is second countable and Hausdorff (in

Q the sense defined in chapter 0), then M” can be *’embedded’ as a submanifold in R*". A
non-orientable surface (like for example the Klein bottle and the Boy’s surface) can only
be ’immersed’, i.e. with self-intersections, into IR3.

We must also note, that the notions of manifold and submanifold as defined above can
be extended to manifolds and submanifolds with boundaries’ if the boundaries are
sufficiently well behaved. This is discussed and implemented thoroughly in e.g. the
<M/ | monograph by J. Lee, [18]. For example the closed unit disc in exercise 8.3 is an example
Q of a manifold with boundary as well as it is an example of a submanifold with boundary
in IR%. Moreover, as hinted in the above paragraph, it is also possible to define and study
immersed submanifolds with self-intersections — if the intersections are sufficiently well
behaved. The figure eight curve with its self-intersection at (0,0) as displayed in figure
8.4 is an example of an immersed 1-dimensional submanifold of IR?.
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Il Example 8.35

Any k-dimensional sphere S* which is centered at the origin in the punctured space V =R" — {0}, n > k,
is a submanifold of IR”. Indeed, the map f : R" — {0} — R"~* defined by

i=1

k+1
flx) = <1 — i(xi)zy DA ,x"””"‘)) (8.29)

is a smooth regular map (the Jacobian has everywhere maximal rank k) with
SNV =f10) = {xcR"|f(x) =0} , (8.30)

so that S¥ is a submanifold of IR” according to property 2. in Theorem 8.30.

Il EXERCISE 8.36

| | Why can’t we use V = IR” (without puncturing) for the argument in example 8.35?

|l EXERCISE 8.37

| | Show — e.g. in a similar way as in example 8.35 — that any torus in R? like the one on display in figure
8.10, is a submanifold of R3.

|l EXERCISE 8.38

Show that the graph G of the function f(x) = sin(1/x) for x > 0 is a 1-dimensional submanifold of
R2. Show that GU{(0,y) € R?|y € [—1,1]} is not a submanifold of R?.

At this point it is but a natural question to ask if every submanifold is a manifold in its own right.
Without lack of generality we only need to see that this is the case locally, which can be proved
simply by means of the atlas of N consisting of the family of charts y = ¢! where ¢ is any local
parametrization of N in IR”, see [17, Theorem 2.2.8]:

||| Proposition 8.39  Let N be a k-dimensional submanifold of IR”. Then N* is a manifold in

the sense of definition 8.1. Moreover, the manifold topology of N coincides with the trace topology
of R” on N, c.f. Proposition 8.15. In particular, the manifold topology of N therefore automatically
carries the properties of being both Hausdorff and second countable, c.f. Chapter 0.

As an important converse to this proposition 8.39, and as previously mentioned — with
reference to the result of H. Whitney: If the topology of an abstract manifold N is
second countable and Hausdorff, then N* can be realized (embedded) as a submanifold
in R,
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Chapter 9

Riemannian manifolds and submanifolds

9.1 The metrics

We recall from definition 8.14 that an abstract submanifold N* of an ambient manifold M" with
n > k has a local representation as a submanifold in R” via the charts (yq,Vy) in any atlas 4 for
M. In other words, Yo (Vo NN) is a submanifold of IR” in the sense of Theorem 8.30 in section
8.3. Thus the submanifold representations of N in IR” simply "follows’ the chart maps for the
local representation of the ambient manifold M as an open set in R".

Now suppose that M is equipped with a globally well-defined metric tensor 4 in the sense that
(Yo Vo, 1) is a local Riemannian manifold for every chart (g, V) in any atlas for M. Note in
particular, that this implies that g is invariant in the sense of (1.50) and (1.51) under every local
diffeomorphism ¢ = W oyy ' : Yo (VaNVp) = wg(Va N V).

When # satisfies this invariance under shift of charts, (M, h) is then called a

global Riemannian manifold.

The submanifold now becomes a global Riemannian manifold (N, g) in its own right, simply by
inheriting its metric tensor g from /4 as follows:

Let X and Y denote two vectors in the tangent space 7,N to N at p € N. Since

T,N is a vector subspace of T,M, we simply define:

g(X,Y)=h(X,Y) forallXandY inT,N . 9.1)

With reference to definition 8.14 in Chapter 8 we have the following chart images at our disposal
UF ¢ R* and " C IR™. In effect we get two Local Riemannian manifolds, (¥, g) and (9", h),
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and, not to forget, a regular parametrization ¢ : U — R" of the k-dimensional submanifold
S =¢(U) in V™. Note that g acts on vectors in TN by inheritance from the action of / on vectors
in TM according to Definition 9.1. Below we will, however, always represent g purely in the
domain (UK, g) — by its matrix representation G there — as we have previously done for Local
Riemannian manifolds. This is, of course, done via the Jacobian of the parametrization map ¢ as
spelled out again in the next section.

>~ y (V, h)

0—]

Figure 9.1: A general illustration of a 3-dimensional chart target 7 in IR” with standard coordinates
{y!,---.,y"} and corresponding basis vector fields {f1,---, f,} in each one of the indicated tangent
spaces.

9.2 \Vector fields on a submanifold

The main purpose of the present chapter is to investigate the local interplay between the geometry
of (NX,g) and (M",h) via our previous findings for the local representations of these Riemannian
manifolds as Local Riemannian manifolds. I.e. we shall consider the local representation of
(N*,g) and (M",h) by (U*,g) and (9", k) in R* and IR", respectively.
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Figure 9.2: A 3-dimensional local Riemannian chart target (%/,h) with simple (in this case
unidirected) ellipsoidal indicatrices for & displayed in each of the tangent spaces from figure 9.1.

In the following we will therefore keep the previous practice and refer explicitly to coordinates
{x!,-- x* together with the canonical basis {ey,--- ,e;} in the domain 7* C R, and to coordi-
nates {y',---,y"} together with the canonical basis {f,---, f,} in the domain 7”* C IR". And we
will take full advantage of these coordinates when expressing and calculating concrete results for
specific examples of submanifolds. However, as we have seen in previous chapters, several of the
most important — and most spectacular — results in global differential geometric analysis can be
stated in a coordinate-independent way, and this will also be pointed out in this chapter, where
appropriate.

We begin by considering the Jacobian J of the map ¢. It is now an (n x k)-matrix and — as
expected from our early discussions about diffeomorphisms between open sets in IR” (of same
dimension) — it plays a key role for the mapping of vectors and vector fields from X(U) to X (V).
At a point p = (x!,---,xX) with ¢(p) = (y',--- ") = (q)l(xl,--- Yo (xd ,xk)) we
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Figure 9.3: The submanifold N (a standard paraboloid of revolution) in (¥, 4) with a few tangent
planes.

have the following (n x k)-matrix expression:

[ 09! (x!,-.4h) 90! (x!,--- )
Jo = : : : . 9.2)
() o)
| ox! ok |

||| Definition 9.3  Since ¢ is regular, the Jacobian J, has everywhere maximal rank k so that

the vectors {Jy(e1)g(p)» " »Jo(ex)o(p)} are linearly independent and span a k-dimensional vector
subspace of Tjy(,) ¥ at ¢(p). That subspace is the tangent space Ty(,)S of S = ¢(U) at ¢(p) in V, and
{Jo(e1)o(p)> -+ sJolex)g(p) } is a basis of that tangent space.

In particular, every vector U in the tangent space 7y,)S has a unique representation as a linear
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Figure 9.4: The intersection-construction of the restricted ellipse indicatrices in tangent planes
of the paraboloid is obtained from the ambient ellipsoidal indicatrix field for % at the points in
question.

combination of the basis vectors {J¢(el)¢(p), . ,J¢(ek)¢(p)}:

<
I
M-

=N
&
—

3
Z

Il
M~
)
—
:N.
8
N—r

9.3)

N
I
_

I
S
. —
g
:N.
s
N—

|
&
/-\~
(Sl
N—
m
<3

p)S ’



262 CHAPTER 9. RIEMANNIAN MANIFOLDS AND SUBMANIFOLDS

Figure 9.5: The paraoloid submanifold N in (/,h) with inherited metric tensor indicatrices in
each of its surface tangent planes. The construction of the restricted ellipses is by cutting the
ambient ellipsoid indicatrix by the tangent plane at the respective points in N, as illustrated in
figure 9.6 below.

where we have introduced .
U=Yu ecTU . (9.4)
i=1

Not surprisingly, therefore, when Jy(U,) = l7¢( p)» then the coordinates of U, w.r.t. the basis
{e1,-,er} in U are the same as the coordinates of Uy (p) W-It. the basis {J¢(el)¢(p), . ,J¢(ek)¢(p)}

in¢(U).

||| Definition 9.4  LetX € X(U) be a vector field on . Then for each p € U we have Jy(X,,) is a

tangential vector to S = 0(U) in V, i.e. Jo(X) is a tangential vector field in X(S). Note, however, that
X(S) contains all vector fields along S, so we will henceforth denote the subset of S-tangential vector
fields by X7 (S). Another subset of vector fields along S are the ones that are everywhere h-orthogonal
to S; they are correspondingly denoted by X*(S).
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Figure 9.6: The indicatrix field of the inherited metric g in U from the paraboloid surface N
in (V,h). Note that it is not rotationally symmetric due to the fact that the ambient indicatrix
ellipsoidal field in V/ is not rotationally symmetric around the z-axis.

Note, that we are still using the shorthand notation Jy (X)) throughout for the (S-tangential)
' coordinate vector expression (Jy-X*)* —as was introduced in the notation box 2.4 already
in Chapter 2.

9.2.1 The matrix representation of the metric inheritance: G from H,,

In coordinates, the (n x n) metric matrix Hy, for the metric tensor 4 in (9", h) and the (k X
k) metric matrix Gg; for the inherited metric tensor g in (U¥,g) are precisely related via the
inheritance expressed by (9.1):

Hq/(q)(p))l]:hQ)(p)(ﬁ’f]) f()ri,je{l’...,n}
Gau(p)em = ho(p) (Jo(p)(¢) + Jo(p)(em))  for Lim € {1, .k}
It follows that G = J$ -H - Jy in the following explicit sense:

9.5)
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||| Proposition 9.5 When g is inherited from / as by definition 9.2 in the above setting, i.e. with

the regular parametrization ¢ : U — ¥ C IR” of the submanifold ¢(U) in ¥/, then the corresponding
metric matrix functions G¢; and Hy, at the respective points p and ¢(p) are related as follows:

Gu(p) =J5p) Hy(0(P)) Jo(p) - (9.6)

Il EXERCISE 9.6

| | Show that the matrix relation (9.6) is equivalent to (9.5).

N

e

Remember, that a very much similar, but in fact different, equation was obtained in
Chapter 1 (1.52), where we discussed the change of metric matrix function by change of
coordinate system via a diffeomorphism, which was also there called ¢. However, the
situation in proposition 9.5 is different. Here Ji, (being an (n x k)-matrix) has no inverse,
so we cannot reversely recover Hy from G¢; as we did in (1.50). Indeed, the matrix Hy
is an (n x n) matrix, and G¢; is a smaller (k X k) matrix.

It follows directly from (9.6) that if Hy(0(p)) is the identity matrix, i.e. in particular if
(V,h) is Euclidean space, then

Il EXERCISE 9.7

Show that (¥,h) need not be Euclidean at the point ¢(p) in order that (9.7) holds true. Analyze:
Suppose A is an (n X k) matrix with maximal rank k and k < n. Find all symmetric matrices B such
that A*-B-A=A"-A.

B

At this point we must mention a deep theorem of John Nash, The Nash isometric
embedding theorem, which is a Riemannian companion/extension of the previously
stated (in Chapter 8) embedding theorem of Whitney. The theorem of Nash states that for
n=k(k+1)(3k+11)/2 every abstract k-dimensional Riemannian manifold (N*,g,V)
can be realized (embedded) into the n-dimensional Euclidean space IR” so that g is
inherited from the ambient Euclidean metric. In this sense, therefore, every Riemannian
manifold can in principle be locally and globally studied as a Riemannian submanifold
of a high dimensional Euclidean space but typically then with a large co-dimension.

lll Example 9.8


https://en.wikipedia.org/wiki/Nash_embedding_theorems
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Figure 9.7: The cone with its tip point in IR?, considered in examples 8.4 and 8.31, cf. figure 8.1.

Returning again to the special example of a cone with a tip point, that we considered in examples 8.4 and
8.31, we can see that the cone with inherited metric from the ambient Euclidean R? is not a Riemannian
manifold. Indeed, if it were a Riemannian manifold, then in particular Theorem 6.29 in Chapter 5 should
hold true. Le. the length function L(p) of the geodesic circle at distance p from the tip point (shown
in red for some circles in the cone figures) should give a well defined (sectional curvature) limit of the

following expression for p — 0:
3\ (2mp—L(p)
<7‘> < p ' -

Il EXERCISE 9.9

9.3 Intermezzo

Show that the cone has sectional curvature O at all points away from the tip point and that, neverthe-
less, the limit of the expression in equation (9.8) for p — 0 is co.

At this point it is appropriate to compare the (most general) setting above with section 0.5 in
Chapter 0 concerning 2D surfaces in Euclidean 3-space and the geometric properties of such
surfaces. The classical geometry of parametrized surfaces is obviously a very special case of
the general geometry of k-dimensional submanifolds in ambient Riemannian n-manifolds. As
we shall see, the entrance into the generalizations of the classical Gaussian curvature and mean
curvature functions on surfaces follow essentially the same track of reasonings as in the classical
development.

However, as we must expect, the calculus needed to establish the fundamental curvature results
for Riemannian submanifolds must now hinge considerably on both of the Levi-Civita derivative
operators, i.e. on both of the induced connections V¢ in (U, g) and V" in (9, h) and, not least,
on the relations between them along ¢(U) in V. Naturally, with these connections at hand we
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also have well defined geodesics and curvature tensors in each of the individual local Riemannian
manifolds (¥, g,V8) and (7", h,V"). We want to find out how these objects are related to each
other when g is inherited from £ via a given parametrization ¢(U) in V.

For example, we should expect that if yis a geodesic in (1", h, Vh), which is completely contained
in ¢(U), then the pre-image curve 1 (with ¢(7) = y) should likewise be a geodesic in (U*, g, V).
The fact that this is indeed the case will be established as one of our first results below, see
Corollary 9.20.

I EXERCISE 9.10

Let S = ¢(U) be a smooth parametrized surface with inherited metric g in Euclidean 3-space. Show
that if y is a straight line in the ambient space (// = R3,hg = ), which is completely contained in S,
then the pre-image 1 of yin (U2,g) is a pre-geodesic. Show conversely, that a geodesic in (U2, g)
does not necessarily produce an image by ¢ that is a straight line in 4. Hint: It is not necessary to
calculate anything, just use the fact that a straight line in Euclidean space is the shortest curve between

any pair of its points.

The main device that will eventually give us the relations between the local geometry of the
submanifold ¢(U) = S and the geometry of the ambient ?V is (of course) the Levi-Civita con-
nection V" in (7,1, V""). But now we want to consider it suitably restricted to work on ¢(U) in
V. This suitable restriction is obtained as follows: We consider a vector field X € X(U) and its
corresponding vector field Jo(X) € X7 (¢(U)) = X' (S). And we consider a vector field Z along
S,i.e. Z€ X(S),i.e. Z is not necessarily tangent to S or orthogonal to S (but it could be, of course).

Then the h-covariant derivative VZ)XZ of Z by Jy(X) is a well defined vector field along S in ¥/,
because:

|l Remark 9.11  Remember from Proposition 3.18 (and its accompanying think-note) in Chapter
3, that V%XZ of Z is well defined in Tj(,,) ¥ in the sense that it only depends on the value of Jg (X) at the
point ¢(p) and on the values of Z in the direction of Jo(X): Let Jo(X) =Y/ u'- fiand Z=Y"_, ¢/ - f;
in the standard basis {fi,---, f,} at ¢(p) for V. Then with the JoX-directional derivatives (JoX) (¢™)
of the coordinate functions g™ of Z we get:

- fl (Zu ¢ T+ (X))(qm)>'fm
=i_<2u ¢ r’“+2u filg >-fm ,

9.9)

where I}, denote the Christoffel symbols for V" in 9 and

fi(d") = qu(yl,... RO (9.10)
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Note that apriorily we need all the basis vectors f;, for this expansion. And note that f(g™ of course is

_ d
calculated as fy(¢™ = W)

We see that, in general, V’}¢XZ is not tangent to S at q>( p). It will, nevertheless, have a canonical
unique decomposition into a tangential component and an orthogonal component, i.e. formally:

h h T h L
VixZ= (VJ¢XZ) + (VJ¢XZ> ©.11)

In practice, with the aid of the metric / in (V,h) we can namely decompose a given vector
V € Ty()V ata point ¢(p) of ¢(U) = S uniquely into two orthogonal components as follows:

v=v'+vt | (9.12)
where )
VE=V =Y h(V.E) Ei €Ty,S . (9.13)
i=1
where {E},- -, E;} denotes any h-orthonormal basis of T¢( p)S C T¢( p) 7V, so that in particular
VIi=V-VteTy,V wihh(VI,V5)=0 . (9.14)

If k =2 and n = 3, then the h-cross product xj, that we introduced in Chapter 5,

Definition 5.20, gives directly an orthogonal vector to S at ¢(p) from two linearly
independent vectors in T¢( p)S. Indeed, if {E|, E>} denotes any h-orthonormal basis of

‘ Ty(p)S then {E\,E>,E3 = E| X, E>} is an h-orthonormal basis of To(p) vV, and for every
vector Z in Tiy( p)S we have:

Z+ =nh(Z,E3)-E3 . (9.15)

|l EXERCISE 9.12

Let (74,1, V") denote the manifold // = R* endowed with the following metric matrix function
representation of the metric A:

1 2
Hq/(yl,yz,y3,y4)=<1+(y4)z> . LAY ) eR (9.16)

e R R
S O W o
S o O O
- o O O

We consider the parametrized surface ¢() = N? in ¥ with induced metric g:

r(x %) = (xLaA 2 (), (M) eu=R . (9.17)
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1. Find the metric matrix function G¢ for g in U.

2. At an arbitrary point p = (x!,x?) construct two g-orthonormal vectors {Fj,F>} in T, U. Show
that Jy(,) (F1) and Jy(,,) (F2) are h-orthogonal A-unit vectors. Then construct an h-orthonormal
extension of {E1 = Jy(,)(F1),E2 = Jy(p) (F2)} to an h-orthonormal basis {E1, Ea, E3, E4} for
To) V.

o(p)

p

9.4 The second fundamental form

The following definition is at the outset a bit complicated — mainly because we are here continuing
the process of making precise what goes on intrinsically in the submanifold S (using its internal
chart ) and what goes on externally in the ambient space (using the ambient chart 1), at least in
the vicinity of the submanifold. However, as is always the case, the complication pays off and
eventually we will be able to calculate everything explicitly in every concrete example.

The second fundamental form 77 of § = ¢(U) in (V,h, V") is defined as the
following vector valued operator on X(U) x X(U)

1

H(X,Y) = (VixlpY ) € 2-(S) 9.18)
<M/ _ | Note that /7 in this way makes "contact’ between U and S in v/, it is an operator on two
Q vector fields in X ( ﬂ), which produces an S-orthogonal, i.e. h-orthogonal, vector field in

xH(S).

The second fundamental form has a number of strong properties, that will be instrumental for the
next sections:

|| Proposition 9.14  Let X and Y be vector fields on (,g,V#). Then

1. 1I(X,Y) at p depends only on the values of X and Y at p
2. 1I(X,Y) is symmetric in X and Y: I1(X,Y) =1I(Y,X) for all X and Y

3. 1(f-X,Y)=H(X,f-Y)=f-1I(X,Y) forall f € F(U), i.e. the second fundamental form is
bilinear in X and Y

4. It follows in particular, that /I can be ’polarized’ as follows

H(X,Y)= <;> (X +Y.X+Y)—H(X,X)—1(Y,Y)) . (9.19)




9.4. THE SECOND FUNDAMENTAL FORM 269

5. In coordinates, if X = Y% a'-e;and Y = ZI;-:1 b’ -ej, then
ko k
=Y Y d-vdlee; . (9.20)
i=1j=1
Proof. We consider the difference
h h = 1
H(X,Y)—1(Y,X) = (V I xJo¥ =V J¢YJ¢X> = [JoX. Jo¥]" . 9.21)

But JoX and JyY are both tangent to S, so this holds likewise for the Lie bracket, hence
[JoX Jq,Y]l = 0, and the symmetry of /I follows. Moreover, since V%XJ(DY depends only

on JyX (p) it follows, that II(X,Y)(p) depends only on JyX (p) and hence only on X (p). By the
symmetry just established, 71(X,Y)(p) therefore also depends only on the value of Y at p.  [J

Before going into the grand applications of the second fundamental form we need two more
results. The first is concerned with the other component of VZ,XJ¢Y’ namely the S-tangential

-
component, (VZ) XJq)Y) . It is directly related to the g-covariant derivative of ¥ with respect to X
in U as follows:

|l Theorem 9.15 (Gauss’ formula) In the same setting as above the following holds true
h ! g
(v ,¢XJ¢Y) =1y (V8Y) 9.22)
so that in total
VixJoY =Jo (VRY) +1I(X,Y) (9.23)
and thence
H(X,Y) = V) xJoY —Jp (VXY) . (9.24)
Proof. We must show that
-
h
(Vhxdo) = Jo (VEY) (9.25)

at all points in U. For this we define an auxiliary map
Vo x(U) < X(U) — X(U) (9.26)

via Jy as follows:

5o (Vxy) = <V§¢XJ¢Y>T . 9.27)
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A check then shows that V is a symmetric connection on (U, g) which is compatible with the
metric g. So it is a Levi-Civita connection on (U, g). But since there is precisely only one such
connection, it must be identical to V8, i.e.

Vx¥ =V4Y | (9.28)

so that -
5o (V§Y) = (ViadeY) . 9.29)
which was to be proved. ]

The second result, that we will mention already here, concerns the covariant derivative of S-
orthogonal A-unit vector fields N € X (S) with respect to vector fields JoX along S. For this
setting we first define the so-called Weingarten map for S in V associated with this choice of
normal vector field:

Let N denote an h-unit normal vector field in X*(S) along S. The associated

Weingarten map Wy is defined as the unique linear map Wy : X(U) — X(U) satisfying the following
relation:
h(N,II(x,y)) = g(Wy(X),Y) forallX andY in X(U) . (9.30)

|l Proposition 9.17 (The Weingarten equation) For every X € () and h-unit and s-normal
vector field N to S = ¢(U) we have

.
Jo (Wn(X)) =— (VZ)XN) (note the minus sign!) . (9.31)

Proof. By orthogonality of N to S we know that h(N,Jy(Y)) = 0 so that also

0= JoX (h(N.JoY)
= (Vi N, o ) +h (N, Vi oY )

h VJ¢XN JoY ) +h (N, Jo(VYY)+11(X,Y))

h(N, 11(X,Y)) (9.32)

N
.
.
ny
o

Jo (WaX) , JoY)

)
)
)
h (VN Jq,Y)
)
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(
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h VJ¢XN+J¢(WNX o )
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Since this holds true for all tangential vector fields JyY it implies that the following S-tangential
component must vanish:

T T
o:(v’}¢XN+J¢(WNX)> :(VZ)XN) Uy (W (X)) (9.33)

and this is equivalent to the Weingarten equation (9.31). U

9.5 Consequences for curves in submanifolds

|| Corollary 9.18 (Gauss’ formula for curves.) In the general setting above, i.e. with 0(U) = S

a submanifold of (V/,h, V"), suppose that y : I — S is a smooth curve in ¢(U) with pre-image 1 in U,
i.e. y(r) = ¢(n(r)) for all r € I. Then we have for every smooth vector field Y € X(n) along v:

Vi (oY) = Jo (Vf]/(Y)> YW, Y) . (9.34)

Proof. Not surprisingly, this follows directly from the general Gauss formula 9.15 upon noting
that Jo(n'(¢)) =7'(¢) for all 7. O

||l Corollary 9.19 It follows in particular, that for any smooth curve ¥ in a submanifold S of ¥/
with a normal vector field N € X+ (S) we get:

h(Viy', N) =h(1(m',n'), N)
=g(Wy(n'). ')

(9.35)

This corollary becomes very useful for obtaining information about /7(X,Y) in general via the
polarization mentioned in Proposition 9.14, equation (9.19). We first note the following result,
which in particular contains the previously promised special result about geodesics in (¥, h, V")
contained in S:

|||l Corollary 9.20  Let y denote a t-parametrized smooth curve in (%, h, V") with acceleration
vector field:

accg(l‘) = V?’(z)yl(ﬂ S Ty(t) Vo (9.36)
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Suppose that vy is contained in a submanifold S = ¢(U) and that its pre-image m in (U, g, V¥#) has
acceleration vector field
acch(t) = Vi, on'(t) € iU (9.37)

Then the following relation holds true:

Jo (acck (1)) = (accg(t))T . (9.38)

The S-normal component of the i-acceleration of y contains, of course, information about the second
fundamental form of S in ¥ as follows:

1 ().'(0) = (acch)) 9.39)

In particular, if y is a pre-geodesic (with accﬁ(t) = 0), then n is a pre-geodesic (but not necessarily the
other way around).

Proof. We just apply (9.22) in 9.15 with X =Y =1/, JuX = J,¥Y =Y’ and obtain

Js (vg,n’) - (V’;,y’)T . (9.40)

The identity (9.39) is then likewise a direct consequence of (9.23). ]

The calculation of 71(n’(¢),m’(¢)) is straightforward once the basic ingredients have been given,
ie. (U,g V&) and (7,h,V") and ¢ and n(¢) and hence y(¢) = ¢(n(¢)). Note that the pre-image 1
is usually given (and can always be given) first, 1.e. before Y — as in the following example/exercise:

lll Example 9.21

We let (9, h, V") denote the Poincaré upper half space in IR? with metric / represented by the matrix

1\ 2 1 0
H’V(yl’yzayB) = <’5> 01
00

7 . 0Ly eV =RxRxR; . (9.41)

- O O

The surface S = ¢(U) in this ambient space will be the simple plane through p = (0,0, 1) which is tilted
by the Euclidean angle 8 with respect to the y*-axis, i.e.:

o(x',x%) = (x', x*-cos(0), 1+x*-sin(0)) , (x'.x*) € U=Rx]|—1Loo[ . (9.42)
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Il EXERCISE 9.22

This exercise is the same as Exercise 9.32 in Example 9.31, which goes a bit further into the
applications of the second fundamental form for § in this setting. Show that the inherited metric g
in U has the following matrix representation in U:

Do 1 T10

Il EXERCISE 9.23

Letn(r) = (¢,¢) and y(r) = ¢(n(¢)) and assume that # and 0 are suitably restricted so that y(z) is
contained in the upper half space V.

1. Find the acceleration vector accy, (r) forn in .
2. Find the acceleration vector acc’(r) for yin .

3. Find the second fundamental form vectors 11(n'(¢),m’(¢)) for all ¢ and all 6.

9.6 The second fundamental form via matrix functions

We are still considering a submanifold S = ¢() in (9,h,V"). Suppose that N € X(S) is a
given/chosen h-normal vector field to S in (9, h). Then at every point p € U C R¥ we consider
the curves M;(r) = p+1-ei(p) fori € {1,--- ,k}. Then at p =n(0) we have n'(p) = ei(p) .
Then I1(e;(p),ei(p)) is a point-wise well defined vector field in X(S), see the property (1.) in
Proposition 9.14. It follows that i(11(e;(p).ei(p)), N) is a well defined smooth function on .
An application of polarization by property (4.) in Proposition 9.14 then gives the [quadratic form]
matrix function:

(Iy) (X, Y)(p)

h(11(X(p).Y(p)), N(0(p)))

. (9.44)
(IIN)ij (p) =h(lI(ei(p).ej(p)). N(o(p))) ., i je{l,--- k}
and its associated [g-self-adjoint linear Weingarten mapping] matrix function:
(IIN)ij =g(Wn(ei), ej) (9.45)
so that )
(W)f = Y (), 8™ (9.46)

m=1
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where g"/ as usual denote the elements in the inverse Gal (p) of the metric matrix function
G (p). For the respective matrix functions of (x',x?) in (U, g) we therefore have:

Wy =Gyl Iy . (9.47)
NP Note that with a fixed chosen unit normal vector field N, the N-directed second funda-
Q mental form Iy : X(U) x X(U) — F(U) is a tensor field of type 2 on (U, g, V¥).
|||| EXERCISE 9.24

In prolongation of — and using the same setting as in — Example 9.21 and the corresponding exercises
9.22 and 9.23:

Apply the h-cross product operator Xy, that we introduced in Chapter 5, Definition 5.20, to construct
the following A-unit S-normal vector field along S:

J¢e1 Xn J¢€2

N(9(x'.x%)) = (9.48)

[l Joer xnJoealln

With this normal vector field: Construct the two matrix functions for the 2-dimensional submanifold .S
in the 3-dimensional Riemannian manifold (¥, A, Vh):

(Iy);; (x'.2%) and  (Wy)! (x'.2%) . (9.49)

|l EXERCISE 9.25

In the previous exercise, and in general: If NV is a unit normal vector field along the submanifold S, then
—N is also a (unit) vector field along S. What is the difference between (/ly),; (p) and (1I_y),; (p)?
What is the difference between (Wy)! (p) and (W_y)/ (p)?

The Weingarten map was (in its matrix form) mentioned already in Chapter 0, subsection 0.5.5,
where it was instrumental for the definition and calculation of the intrinsic Gaussian curvature
and the extrinsic mean curvature of surfaces in Euclidean 3-space.

Before we generalize this to general hypersurfaces in Riemannian manifolds we first observe the
following:

||| Proposition 9.26  Let N denote a smooth /-unit normal vector field along a Riemannian
submanifold § = ¢(U) in (V/,h,V"). Then for all X € X(U):

VixN = —Jy (Wn(X)) (9.50)
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Proof. The general Weingarten equation (9.31) is
N T
(v ,¢XN) = —Jy(Wy(X)) . 9.51)

so we only need to show that V%XN is tangential to S when N is a unit normal vector field. Since
h(N,N) =1 we get

h (V§¢XN, N) - (%) (JoX) (h(N.N)) =0 . (9.52)

It follows that VZ)XN is h-orthogonal to N and therefore it is tangential to S — which shows the
claim. U

9.7 Riemannian hypersurfaces in Riemannian manifolds

Recall that a submanifold S = ¢(U*) of 9" is a hypersurface in V if its co-dimension is 1, i.e.
k=n—1.

At each point p € S, the generalized Wy(p) defined by (9.16) is a selfadjoint linear operator
(endomorphism) of the tangent space T, 7. Since S is a hypersurface, Wy(p) has precisely
(with multiplicities) k = n — 1 real eigenvalues {Af,---,A;} with (a choice of) corresponding
g-orthonormal eigenvectors {cj,- -, ¢} which span T,U. (The choice-part is due to the fact that
if ¢; is an eigenvector, then so is —c;, and, moreover, if an eigenvalue has multiplicy 2 or more,
then the corresponding eigenspace is not automatically spanned by any given set of eigenvectors.)

As in the classical (hyper-)surface cases in Euclidean 3-space, the eigenvalues are called the
generalized principal curvatures of S at p, and the corresponding orthogonal g-unit eigenvectors
are called the generalized principal curvature directions. Note that since {cy,---,cx} consists
of pairwise g-orthogonal g-unit vectors, then {Jyc1,---,Joci} consists of pairwise h-orthogonal
h-unit vectors that span the tangent space to S = ¢(U) at ¢(p).

9.7.1 Weingarten generated curvatures for hypersurfaces

The above observations on the second fundamental form and its associated Weingarten map lead
us directly to the following general two curvature definitions for Riemannian hypersurfaces:

The generalized Gaussian curvature of the Riemannian hypersurface S*="~1
(9", h, V") with unit normal vector field N is defined as

ngn:det(WN):M-kz----M , k=n—1 . (9.53)
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The generalized mean curvature of S in ¥/ is similarly

1 1
e (k) -trace(Wy) = (k) M4+ N) , k=n—1 . (9.54)
The signs of Keen and Hge are sensitive to change of normal N — —N. See exercise 9.25.
The generalized mean curvature changes sign and the generalized Gaussian curvature is

multiplied by (—1).

It is important to note, that the generalized Gaussian curvature Kgen of S defined above
is in general not equal to any of the intrinsic curvatures K of § (with its induced
metric g), i.e. the sectional-, Ricci-, or scalar curvatures. This holds true even for
S - | 2-dimensional surfaces in 3-dimensional ambient Riemannian spaces. We refer to

Q the examples below, where simple surfaces in the 3-dimensional Poincaré half space
illustrates this claim. However, in the purely classical setting, where S = ¢(U?) is a
parametrized 2-dimensional (hyper) surface in Euclidean 3-space (R?, iz = -), we do
get Kgen = K and Hye, = H, as we will now see:

9.7.2 Classical surface theory in 3-dimensional Euclidean space

As already lined up in the survey in Chapter 0, we have a well defined Gauss curvature function K
and a well defined mean curvature function H for surfaces in Euclidean space. And as promised
above we show here that they coincide with the generalized curvatures in that specialized setting.

So we consider a surface S = ¢(U) parametrized by
(I)(xl,xz) = (yl,yz,y3) = ((l)l(xl,xz), ¢2(x1,x2), ¢3(x1,x2)) , (xl,xz) e UCR?> (9.55)

with Jacobian matrix function

(1l ) 9! (xl2 )
To(x',x?) = 5’4’2('1 ) 5’4’25)"2 <) | (9.56)
W02 )
ox! ox2

For the construction of the key matrix functions (/Iy);; and (WN) we use the unit normal vector

field
Joer X Jper

N(9(x'.x%)) = (9.57)

[Joer x Joea||

where now x is the usual cross product and || * || the usual norm in Euclidean IR,



9.7. RIEMANNIAN HYPERSURFACES IN RIEMANNIAN MANIFOLDS

The second fundamental form matrix is now via (9.44) given by the scalar products

(Ily);; = 1(ei(p).ej(p)) -N(o(p))
and from (9.39) in Corollary 9.20 we get the diagonal terms from
1(ei(p).ei(p)) = 11(1'(0).1(0)) = (acey(0)
where we can first choose 1)(¢) = (x! +#,x?) with e;(p) =n’(0) and therefore
V(1) = 00" +1,2%) = (o' (¢ +1,2%), 02 (x! +1,0%), 07 (x' +1,2%))

so that

(1) = (aq)l(xl +1,x2)  90*(x! +£,x%) 903 (x! +t,x2))

ox! ’ ox! ’ ox!

b

=0, (x' +1.2%) |
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(9.58)

(9.59)

(9.60)

(9.61)

and thence (since we are back in a setting where the covariant derivative along (¢) is the usual

t-derivative):
accy(0) =7v"(0)
B Pol(x1,x2) 202(x1,x2) %03 (x,x?)
_( oxlox! 7 oxlax! 7 oxlox! )
=0 1 (x',x%)

In consequence, therefore, at p = (x!,x?):

(e (p).er(p)) = (0% 1 (x'?) "

Similarly we get for the choice 11(7) = (x',x? +1), i.e. now with e;(p) =n’(0):

1H(ex(p)sea(p)) = (05 o (x' %)

We are left with the following interesting excercise:

(9.62)

(9.63)

(9.64)
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|l EXERCISE 9.28

Show that
1(ei1(p),e2(p)) =1 (e2(p),e1(p)) = (<l>)'6’1xz(xl,xz))L : (9.65)

Hint: Polarization.

With these expressions in hand we finally get the classical versions of (Ily),; and (Wy), ; for
i,je{1,2}:

(IIv);; (p) = 04, (p) -N(o(p))

. (9.66)

W)l (p) =Y (0% . (p) -N(0(p))-&"(p)

m=1
The second fundamental form matrix and the Weingarten matrix are therefore (still) related as
follows via the metric matrix function G¢; for g in (U, g):

Wy =Gy Iy . (9.67)
Il EXERCISE 9.29

1. Observe that the matrices Gq;, IIy and Wy correspond precisely to the classical representa-
tions of the first fundamental form matrix ¥;, the second fundamental form matrix ¥, and
the Weingarten matrix W/, respectively, as displayed in equations (0.7), (0.8), and (0.11) in
Subsection 0.5.4 in Chapter 0. (Beware, that N there denotes a specific function used for one of
the elements in ¥;; — and not the normal vector field to the surface.)

2. Show explicitly that equation (0.9) in that subsection of Chapter O follows in the same manner
from the Weingarten equation (9.31) above.

In conclusion of this subsection we have thereby proved:

|l Proposition 9.30  For classical smooth regular parametrized surfaces in Euclidean 3-space
we have:

_det(Fy)  det(Ily)
© det(F)  det(Gq)

K = Kgen = det(Wy) = det(W) =M\

(9.68)

H = Hyen <;) trace (Wy) = <;) trace (W) = <;> (tha)

where A; and A, are the eigenvalues of Wy.
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9.

Note that we still have to show the promise in Chapter 6, exercise 6.15, namely that K
and thence K, are actually identical to the sectional curvature function for any smooth
regular surface in Euclidean 3-space. This will be proved in Section 9.7.4 below.

7.3 Examples of surfaces in non-Euclidean 3-dimensional spaces

We will now elaborate on the previously mentioned ’warning’ that even for 2-dimensional
hypersurfaces (7, g, V4) in a 3-dimensional ambient Riemannian space (%, k, V") we do not in

ge

neral have the above classical identity Koen = K = sec®, where K is the intrinsic Gaussian (and

sectional) curvature of the surfaces in question — and below we will eventually also find out what
the difference is and how to find it.

Example 9.31

We repeat the setting from Example 9.21 and let (%, 4, V") denote the Poincaré upper half space in
¥ = R? with metric & with constant sectional curvaures sec”(c) = —1 for all two-planes & in /. The
metric is represented by the matrix

; . LY eV =RxRxR, . (9.69)

- o O

1 > 1 0
H’V<yl’y2’y3) = <3) 0 1
0 0

The surface S in this ambient space will be the simple plane through p = (0,0, 1) which is tilted by the
Euclidean angle 8 with respect to the y3-axis:

o(x',x?) = (x', x*-cos(8), 1+x*-sin(0)) , (x',.x*) € U=Rx]— 1l . (9.70)
|l EXERCISE 9.32
If you did not do Exercise 9.22: Show that the induced metric g in U has the matrix representation
in U: ’
1 10
)
=—— - . 71
Gulxx) <l—|—x2-sin(6)) [o 1] ©.7D)
|l EXERCISE 9.33

Show that (U, g, V#) has the constant intrinsic sectional curvature function

sec® = —sin?(0) . (9.72)
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Il EXERCISE 9.34

Show that N = ¢(U) has the following constant generalized curvature function in (V,h,V"):
Kgen = det(Wy) = cos*(8) . (9.73)
Hints:

1. Any choice of normal vector field N to S is everywhere Euclidean orthogonal to S in (7, h).
Why? Note, however, that if the s-length of N is 1 then that is not usually the case for the
Euclidean length of N.

2. Letyi(t) = 0(x! 4+, x2), 1a(t) = 0(x', X2 +1) and 13(¢) = O(x! +¢, x> +1), t €] —¢,¢]
denote three parametrized curve segments through 0(p) = ¢(x',x?) in ¢(U).

3. Find the h—covariant derivatives V?,(O)y’ (t) for each one of the three curves y at ¢(p).

4. Then find I1(y'(0), ¥'(0)) and use polarization of /I to construct the second fundamental
form matrix Q for the hypersurface S with respect to the chosen normal vector field N.

5. Construct the Weingarten matrix Wy and find its determinant Kgep,.

In the above example we have in effect: sec® = —1 + Kgep. This is no coincidence. The
—1 stems from Gauss’ equation, Corollary 9.38, that we will prove below.

N
\Q,

|l EXERCISE 9.35

In the same vein — and using the same strategy — as in example 9.31 above, instead of the plane we
consider a vertical cylinder in the same upper half space model (¥, h,V"):

0(x',x*) = (Rcos(x?), Rsin(x?), x') € U =]0,00[x] — 1| . (9.74)
1. Show that the induced metric g in U for the cylinder has the following matrix representation in
“ 1N [1 0
Gu(x',x*) = <x1> -[0 e ] : (9.75)
2. Show that the intrinsic curvature of the Riemannian 2-manifold (U, g,V?$) is sec® = —1

3. Show that the Weingarten matrix for S is (for a suitable choice/sign of N):

0 0
WN:|:O xl/R} : (9.76)

so that the extrinsic curvature of S in the Poincaré half space is Kyen = 0 and the mean curvature
function is Hyen = x'/R

Observe that we have here again: sec® = —1 + Kgep, where —1 is still, as we shall see, ’contributed’

from the ambient curvature.
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As yet another glimpse into the relationship between the Kgeq-curvature and the sectional curvature
sec® of 2-surfaces in ambient Riemannian 3-spaces:

|l EXERCISE 9.36

Let (,h,V") denote R? with metric & and metric matrix H as follows:
0 0
H('yy') = 0 1ol . (9.77)
0 1

We let S = ¢(U) be the familiar second degree surface in (/,h, V") given by the following
parametrization:

o(x', %) = <x1,x2, (;) <a~(x1)2+b~(x2)2>> . () eu=R> . 9.78)

1. Show that the ambient metric / has sectional curvature sec”(¢) = 0 for all two-planes in V.

2. Show that the induced metric g in U for that surface in (%,k, V") has the following matrix
representation in U:

1.2
G(x',2?) = e b2-<x2)2—|—1 . (9.79)

3. Show that the intrinsic curvature of (7, g,V$) is

b
sec® (x',x?) = a 5 (9.80)
(2 P4 1) ()2 02 (27 41)
4. Show that the extrinsic curvature of S represented by (U, g, V¢) is
Kgen (x',0%) = sec® (x',2%) . (9.81)

Observe, that here we have exemplified the equation sec® = 0 + Kgepn, where again the 0 can be
interpreted as the ’contribution’ from the 0 ambient space curvature. Again we refer to Corollary 9.38

in the next sections.

9.7.4 The Gauss equation

The promised elegant and useful relation between the curvature of (U, g,V?#) and the curvature
of (V,h, V") is expressed in the following theorem due to Gauss. Not surprisingly, the interacting
second fundamental form plays the role of binding these curvatures together.



~

282 CHAPTER 9. RIEMANNIAN MANIFOLDS AND SUBMANIFOLDS

|l Theorem 9.37  Let S be a hypersurface S = ¢(U) in (9, h, V") with a fixed chosen h-unit
and h-normal vector field N € XS. We let X, Y, Z and U denote vector fields in (1" !, g,V#¢). Also
let the curvature operators of (U,g,V4) and (V,h, V") be denoted by R and R", respectively, as they
have been introduced in Definition 6.1 in Chapter 6. Then the second fundamental form /1y of S, the
g-curvature of U, and the h-curvature of ¥ are related as follows along the hypersurface S in V:

h(Rh ToX.JoY JZ,JU) —
(JoX. JoY )JoZ , Jy ©0.82)
g(RE(X,Y)Z, U) —IN(X,U) - IIy(Y,Z) + Iy (X, Z) - Iy (Y, U)

This relation is called the Gauss equation for hypersurfaces.

)~ | Note that the products like IIy(X,U) - IIy(Y,Z) are invariant under shift of sign on N —

as they must be, because the curvature terms do not depend on that sign.

are defined), we still use the (somewhat cumbersome) notation JoX for tangential vector
fields along S stemming from vector fields X in U.

‘ Note also that in order to keep track of the ’geography’ (i.e. concerning where things

Proof. The proof is an iconic tour de force application of the (coordinate-free) notations that we
have introduced during the previous chapters.

h h h h h h
= VZ)X (Jo (V§Z) —11(Y,Z)) — V’}(Dy (Jo (V52) —11(X,Z))
—J (fo’y]z) +I([X,Y].2) (9.83)
_yh h
= VJ¢XJ¢ (Vigfz) - VJ¢YJ¢ (Viz) —Jo (V[gx,y]z>
~ VixI(Y.Z) + V] 1H(X,Z) + 11 ([X,Y],Z)
At this point we now use the assumption, that S is a hypersurface in v/, so that we have I1(X,Z) =
IIy(X,Z)-N:
R (JX,JoY )JoZ = Jo (RE(X,Y)Z) — Iy (X,V$Z) -N +1Iy (Y, V5Z) -N
— (JoX (IIN(Y,2)))-N — Iy (Y,Z) - Vi xN
+JoY (Iv(X,Z)) -N + Iy (X, Z) - Vi yN
+1Iy (V3Y.Z)-N—1Iy (V§X,Z) -N

(9.84)

For the Gauss equation we only need the S-tangential contributions of the above expression, so
we get:
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-
<Rh (J¢X,J¢Y)J¢Z> = Jy (RS(X.Y)Z)
-
—1Iy(Y.Z) - <V’}¢XN) (9.85)
N T
+IIy(X.,Z) - (V MN)
But we know from the hypersurface Weingarten equation in Proposition 9.26 that e.g. VZ)YN =
—Jq)(WNY) SO
-
(R"(JoX.Jo¥)JoZ) = Jy (RE(X.Y)2Z)
+IIN(Y,Z) - Jo(WhX) (©-86)
—IIN(X,Z) - Jy(WNY)

and therefore
h (Rh (J¢X,J¢Y)J¢Z,J¢U> = ¢(R¥(X,Y)Z,U)

+1Iy(Y,Z) - g(WyX,U) (9.87)
—IIy(X,Z)-g(WaY,U) |

which is identical to
g(Rg(X,Y)Z,U) +IIN(Y,Z) -IIN(X,U) —IIN(X,Z) ~IIN(Y,U) , (9.88)

and the theorem is then proved. L

9.7.5 Gauss’ equation for surfaces in 3-dimensional ambient spaces

We now return to the examples and exercises (beginning with Example 9.31) concerning 2-
dimensional (hyper) surfaces in 3-dimensional ambient Riemannian manifolds, where Gauss’
equation reduces to a relation between the sectional curvatures sec and sec” of tangent two-planes
of § and with the generalized Gauss curvature, the Weingarten curvature, Kgen = det(Wy) as
"mediator’.

|l Corollary 9.38  Following the previous settings and notations, let the 2-dimensional hyper-

surface S be given by ¢ : U — ¢(U) = S C V. Then the basis vectors e; and e, in U C R? span
the tangent plane 61, of U at any given p and the corresponding vectors Jy(e1) and Jy(e2) span the
tangent plane Jy(012) to S at ¢(p) in V. We have that the sectional curvature in (U, g, V#) of the
section 017 is sec?(p) at p, the sectional curvature in (7, h, V") of the 2-dimensional section Jy(012)
is sec” (¢(p)), and the generalized Gauss curvature of S in ¥ is K, (p) — evaluated and calculated via
W at p in U. Then the following relation is satisfied:

sec?(p) = sec”(9(p)) + Keen(p) 9.89)
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Proof. For the 2-dimensional S we have the following expression — see Chapter 6:

g(Ré(e1,e2)ere1)  g(RE(e1,e2)ez,e1)
AreaZ(ey,e2) det(G) ’

secé (eq,e2) =

and similarly for sec’:

sech _ h(Rh(Jq)el,Jq)ez)Jq)ez,]q)el) _ h(Rh(J¢el,J¢ez)J¢ez,J¢el)
Area}zl (Jq)el,fq)ez) det(G) ’

where we have used that
Areaﬁ(el,ez) = det(G) = Area} (Jyer,Joer)
The Gauss equation (9.82) then applies and gives:

sect -det(G) = sec - det(G) + Iy (e1,e1) - Iy (ea,e2) — Iy (eq,e2) - Iy (ea,er)
= sec - det(G) + det(Ily)
(G) + det(Wy) - det(G)
= sec” - det(G) + Kgen - det(G)
which proves (9.89) since det(G) # 0.

= sec’ - det

Il EXERCISE 9.39

Let (/,h,V") denote the Riemannian manifold with metric matrix

10 0
Hy(y'yy)=[0 1 0
00 1+()

We consider the plane S = ¢(U) in ¥ given by the parametrization
o(x',x?) = (x', x*-cos(0), 1+x*-sin(0)) , (x',x%) € U=Rx]|—oo,00]
where 0 is a given fixed angle in | — 7, ®[.

1. Show that the Jacobian matrix function for ¢ is

1 0
Jo(x'x%) = |: 0 cos(9) ]
0 sin(0)

(9.90)

(9.91)

(9.92)

(9.93)

(9.94)

(9.95)

(9.96)
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2. Show that the inherited metric g on U from 4 in ¥ has the following matrix representation in
u:

Gyu(x',x*) = [ ! 9 ] (9.97)

3. Show that this metric has the sectional curvature
sin®(0)

(1 + ()2 sin2(9)>

secsd = —

(9.98)

4. Observe in particular, that sec® is not 0 (for 6 # 0) in contrast to the previous example 9.36,
where the metric matrix function for 4 was almost the same as here in (9.94). What is the
general qualitative reason for that?

5. Show that (%, h, V") has the following sectional curvature sec” of the section ¢(c12) spanned
by Jo(er) and Jy(e2) at ¢(x!,x?)

)
sin“(0
SeCh(612)|¢(x1,x2) = — > ( ) 2 5 (9.99)
(1 ()7) - (14 (1) sin*(9))
6. Show that the generalized Gaussian curvature of S in (4, V") is
- (xl)2 -cos?(8) sin?()
Kgen(x',x7) = — 5 5 5 (9.100)
(1 + (x1) ) : (1 + (x1) ) : (1 + (x) -sinz(e))
7. Show that the generalized mean curvature of S in (‘V Lh, Vh) is Hgen = 0
8. Verify the Gauss equation for S:
sec® = sec” +Kyen (9.101)

9.7.6 Surfaces in the 3-sphere

In the same way as the P-punctured sphere S% — P in Euclidean R? can be represented via
stereographic projection from P onto R? (as illustrated in Chapter 8 with P = (0,0,1)), the
P-punctured 3-sphere S{’ — P =V in R*, now with P = (0,0,0,1), can likewise be bijectively
represented in IR? by the following inverse chart map (parametrization) from IR into IR* — compare
with the parametrization ‘lf1_1 in Subsection 8.2.1 in Chapter 8:

r(y'ynyY) = (1 O ;y2)2+ (y3)2) (@20 2720 0202002 -1)

where  (y',y%,y%) € ¥ =R?
(9.102)
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I EXERCISE 9.40

| | Find the Jacobian matrix function J,(y',y%,y?) for the parametrization r of 5} — P in Euclidean
4-space.

|l EXERCISE 9.41

Use J,( y Y ,y3) to construct the metric matrix function Hy, (y1 ), y3) for the inherited metric & of
the 3-sphere represented by (,h,V").

|l EXERCISE 9.42

|l EXERCISE 9.43

Show that the unit 3-sphere has constant curvature 1 by showing that sec”(c) = 1 for all two-planes &
in (V,h,V").

| | Show that almost every straight line in IR with the metric / is not a geodesic. What are the exceptions?

In R? = 9 with metric & we can now again consider various (hyper) surfaces S in IR? with
inherited metrics g from the ambient metric 4 and thus verify the Gauss equation, and, of course,
again illustrate that well known surfaces and curves in IR? and point data sets may have unexpected
geometric properties (for the Euclidean ’eye’) when the ambient metric is not Euclidean.

lll Example 9.44
In the (¥, h, V")-setting above for the 3-sphere we consider a (hyper) plane S through (0,0,0):
S:o(x' M) =L tax +b-4?) , (AP eu=R> (9.103)

where a and b are given constants.

Il EXERCISE 9.45

For every a and b:

1. Find the metric matrix function G¢;(x',x?) for the metric g on U inherited from the ambient
metric .

2. Find the sectional curvature function secé (x!,x?) for (7, g).
3. Find the generalized mean curvature function Heen (x!,x?) for S in V.

4. Find the generalized Gauss curvature function Kgen(x!,x?) for S in 9/, and verify Gauss’
equation.




lll Example 9.46

In the same ambient (¥, , V/*)-setting as above we consider a (hyper) plane S through (0,0, ) where o
is a given constant:
S:o(xha?)=(ha%a) , (L) eu=R> . (9.104)

Il EXERCISE 9.47

For every o

1. Find the metric matrix function G¢;(x!,x?) for the metric g on U inherited from the ambient
metric A.

2. Find the sectional curvature function secé (x!,x?) for (U, g).
3. Find the generalized mean curvature function Heen (x!,x?) for Sin V.

4. Find the generalized Gauss curvature function Kgen(x!,x?) for S in 9/, and verify Gauss’
equation.

lll Example 9.48

Still in the (V/,h,V")-setting above we finally consider a special cylindrical (hyper) plane S with
Euclidean radius R and axis direction f3 = (0,0,1):

S:o(x',x?) = (Rcos(¥?),Rsin(x?), x') , (x.?eU=Rx]-mn| . (9.105)

Il EXERCISE 9.49

For every R:

1. Find the metric matrix function Gg;(x!,x?) for the metric g on U inherited from the ambient
metric .

2. Find the sectional curvature function secé (x!,x?) for (U, g).
3. Find the generalized mean curvature function Heen (x!,x?) for S in V.

4. Find the generalized Gauss curvature function Kgey (x!,x?) for S in 9V, and verify Gauss’
equation.
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acceleration problem, 90
ambient isometric, 170
atlas, 233

autoparallel curve, 111

best fitting geodesics, 163

capacity, 128

catenoid, 60

Cayley transformation, 56

chain rule, 33

chart, 233

Christoffel symbols, 96
co-dimension, 238

compatible charts, 233

compatible with the metric, 93
components of the tensor field, 206
connectedness, 234

constant curvature, 194

covariant derivative, 93

covariant differentiation, 92

cross product, 176

current vector field, 127

curvature, 27, 170

curvature operator, 182

curvature operator is tensorial, 182
curvature tensor, 181

define a vector derivative, 93
defining properties of a Riemannian circle, 171
deformation of the tangent space, 181
derivation, 68

diffeomorphism, 33

diffeomorphism betweeen manifolds, 237
diffeomorphisms between open sets, 237

differentiable manifold, 234

directional derivative, 68

distance, 146

distance function, 11

divergence, 119

divergence of tensor fields of type 2, 218
double covariant derivative, 178

effective resistance, 128

Einstein manifold, 220

Einstein tensor field, 222
Einstein’s summation convention, 28
electric potential theory, 127
epsilon function, 11

equivalence class, 48

equivalence relation, 48
equivalent atlasses, 234
Euclidean acceleration, 89
Euclidean distance, 27

Euclidean divergence, 67
Euclidean parallel transport, 89
Exponential map, 134

extrinsic Gaussian curvature, 258
extrinsic principal curvatures, 258

fields of ellipses (or ellipsoids), 27

fingerprint, 27

fisherman’s derivative, 75

Frenet-Serret apparatus, 167, 175

fundamental theorem for space curves, 16

fundamental theorem of curves in (3D) Rieman-
nian geometry, 175

Gaussian curvature, 188
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general 7-version of the Frenet-Serret apparatus, manifold, 234

179
geodesic, 112
geodesic ball, 135
geodesic curvature of a unit speed curve, 112
geodesic sphere, 135
geodesic variations, 181
global Riemannian manifold, 247
gradient vector field, 114
Gram-Schmidt orthonormalization, 109

height function potential, 116, 125
helicity, 168

helicoid, 60

helix with curvature K and torsion T, 170
Hessian, 116

homeomorphism, 11

hypersurface, 238

indicatrix set, 27

infinitesimal isometry, 79
influence of gravity, 102
inheriting its metric tensor, 247
integral curve, 71

inverse polar map, 31

isometric, 48

isometric surfaces, 59

isometry, 48

isotropic sectional curvatures, 216

Jacobi equation, 191
Jacobi identity, 76
Jacobi vector field, 191
Jacobian matrices, 32

Killing vector field, 79

Laplacian, 123

length of regular curves, 38
Levi-Civita connnection, 94
Lie bracket, 75

Lie derivative, 75, 79

local isometry, 70

Local Riemannian Manifold, 48
Logarithmic map, 134

maximal atlas, 234
maximum principle, 128
mean curvature, 259
meaning of curvature, 27
metric ball, 135

metric matrix function, 40
metric sphere, 135
metric tensor field, 46
metric tensor fields, 27
minimal surfaces, 60
multilinear mapping, 203
multilinearity, 45

natural topology, 235
normal coordinates, 136
not a tensor field, 204

parallel frame, 109

parallel transport operation, 110

parallel transported, 106

parallel vector field along the curve, 105
path-connected, 235

Poincaré disk- and half plane models, 55
polar coordinates, 139

polar map, 31

polarization, 210

potential function, 116, 127
pre-geodesic, 112

principal directions, 258

proper variation, 142

pull back, 75

regular affine map, 29

regular curve, 37

Ricci curvature, 210

Ricci tensor field, 207

Riemannian center of mass, 163
Riemannian circle, 170

Riemannian Frenet-Serret frame, 170
Riemannian helix, 170

scalar curvature, 211
second curvature constant, 169
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second fundamental form, 254
sectional geodesic circle, 196
sectional metric circle, 196
shape operator, 257

smooth vector field, 65

standard helix in standard position, 167
static spacetimes, 81

stationary point, 115

strict local maximum point, 118
strict local minimum point, 118
submanifold, 238

tangent space isometry, 110
tensor field, 203

torsion, 168—170

total covariant derivative, 213

unique covariant derivative, 94

variation of the base curve, 142, 189
variation vector field, 143, 189
vector field W along H, 189

warped product manifold, 129
warping function, 129
Weingarten map, 257
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