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1 Intr oduction

The importanceof determiningproteinstructuresfrom spectroscopicdata,andmaking
predictionsfrom sequenceinformation hasbeeneminentin the last decadedue to the
fact that many developmentsin bio-technologyfor instancedrug design,rely on the 3-
dimensionalstructureof proteins.Theunderstandingof proteinfolding lies in theheart
of thesemattersandstill remainsan unsolved problem. It hasbeensuggested[1] that
the processof protein folding from synthesisuntil the establishingof eventualfolding
intermediatesmaybemodelledasanelasticrod. To establishsucha continuousprotein
backbonemodel,apotentialenergy asfunctionof spacecurvegeometryhasto bedefined.
The questionof to which extend this is possible,is the main motivation of the work
presentedhere.

It is alsorelevantto askhow well-definedmathematicallya spacecurve geometryof
theproteinbackboneshouldbefor beingof useto constructthecomplete3-dimensional
structureof thebackbone.Evidentlyfull knowledgeof all thedihedralanglessufficesto
constructtheessential3-D backbonestructure.However, theoppositecaseof deriving a
continuousspacecurve geometryfrom 3-D proteinstructuredatahasambiguitiesbuild
in, a fact that is due to the discretenessof the latter data. Sinceprotein structuresin
3-D for mostproblemsis the final answer, to e.g. drug design,onemight askwhat the
relevanceof constructingaspacecurvegeometryis. Therelevanceis understoodfrom the
factthattheproteinfolding problembecomeseasierto solve if thespacecurvegeometry
of a protein,i.e., theoverall shapeor fold, is given,andin turn thecurve geometry, e.g.
in termsof torsionandbendingprofiles,areeasierto predictfrom sequencedatathanthe
full 3-D structureof theprotein. Thepredictionsareoftenmadefrom knowledgebased
systemssuchasneuralnetworksandhiddenMarkov models[2, 3, 4]. Theseprediction
toolsaretrainedfrom existing 3-D structures,suchasX-ray crystallographicdiffraction
data. Therefore,it is importantto understandthemathematicalproblemof constructing
spacecurvegeometryfrom 3-D proteinstructures.Weshallbeconcernedmostlywith the
mathematicalproblemof representingproteinstructureby spacecurvesin thisfirst paper,
while in thesucceedingpaperweshalldealwith globalgeometricdescriptionsof protein
backbonechains.

Theshapeof a proteinbackboneseenfrom a distanceis oftenrepresentedor merely
visualizedby a continuousspacecurve that eg. joins the C� atoms. Backbonesare
equippedwith an orientationthat goesfrom nitrogento oxygen. This orientationis in-
ducedto curvesrepresentingbackbones.Furthermore,thecurve is oftenequippedwith
an orthogonalunit vectorfield to model the planarlinks in backbonechains. Hence,a
ribbonor a framedcurve is usedto modelor visualizetheshapeof a backbone.Thefirst
questiononehasto addressis: “Whatis thespacecurverepresentationgoingto beused
for?”. In thecaseof structuralanalysesconsidera tubearoundtheproteinbackbone.The
structuralpoint of view is to emphasizethe shapeof the tuberatherthanwhat is inside
it. That is to saythattwo backboneshave equivalentlargescalestructureif thelie in the
sametubeeven if their dihedralanglesetc not are the same. Collapsingthis tube to a
curve, it is seenthatlargescaleshapeof proteinbackbonesis preciselycapturedby space
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curvegeometry. In thecaseof proteindynamicsweshow thatsucha largescalestructure
doesnotcontainenoughinformationto defineapotentialenergy, thatis spacecurveevo-
lution doesnotapplyto proteindynamics.An interestingquestionis thus:“ Is therea 1-1
mapbetweenproteingeometryandspacecurvegeometry?”. This questionis answered
by calculatingthedeterminantof theJacobianbetweenproteingeometryandspacecurve
geometryanddemandingthat it is zerofree. From this analysisit follows that ribbons
or elasticrodscannot beusedto modelproteindynamicsashave beensuccessfulin the
caseof DNA [5].

In this paperwe have analysedlocal propertiesof backbonegeometry. In thesubse-
quentpaperweshalldevelopandperformanalysisfor classifyingproteinstructureswhen
consideringglobalgeometricproperties.

2 On rib bons

Let r � I � � 3 bea spacecurve parametrizedby arch-lengths, i.e. dr
ds � r � is anunit

tangentvectort at eachpoint of thecurve. Let d2 � I � � 2 bea unit vectorfield alongr
that is orthogonalto r . Thescalarproductd2 	 t vanishesthusfor all s. Thepair 
 r � d2�
definesa ribbonby themap F  s � u� � r  s��� ud2  s� for s � I and � u ����� . Supplying
with d3 � t � d2 andrenamingt asd1, theset 
 d1 � d2 � d3� (of directies)constitutesan
orthonormalbasisof

� 3 for eachpoint of the curve r . By orthonormalityFrenetlike
equationsareobtained:

d�1 � k1d2 � k2d3

d�2 � � k1d1 � k3d3

d�3 � � k2d1 � k3d2

(1)

In caset � is non-zerotheunit principalnormaln andthecurvature��� 0 maybedefined
by theequationdt

ds � � n. Definingthebinormalby b � t � n theusualFrenetframeis
obtainedwhichobeys theFrenetequations:

t � � � n
n� � � � t ��� b
b� � � � n

� (2)

where� is thetorsionof thespacecurve. Thefundamentaltheoremof spacecurvegeom-
etry(seeeg. [6]) statesthatupto translationandrotationaspacecurvewith non-vanishing
curvatureis uniquelygivenby its curvatureandtorsion,thatis theshapeof aspacecurve
is givenby its curvatureandtorsionfunctions.

To laydown therelationbetween
 k1 � k2 � k3� and 
 ����� � , let � � I � �
beacontinuous

choiceof theanglefrom n to d2, that is, d2 � cos!�"� n � sin!�#� b andd3 �$� sin%�"� n �
cos%�"� b. Straightforward calculationsgive k1 � � cos!�"� , k2 � � � sin%�"� , andk3 �
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Figure1: Onelink of a backbonechainfor theusualtranspeptidebondasgivenin [12].
Thebondlengthsareindicatedin Å. TheC andtheN atomsareplanarandthefollowing
anglesthendeterminethe geometry: (  N � C� � C� � 70) , (  C� � C � O� � 119) ,
(  C� � C � N� � 114) , and (  C � N � H� � (  C � N � C�*� � 123) . Calculatingthe
centerof masseachC� atomis weightedby onehalf.

&
is the dihedralanglegivenby

C-N-C� -C,
'

is thedihedralanglegivenby N-C� -C-N, andbothanglesarezeroin their
resp.transconfiguration.

�+�,�"� . Hence,� � k2
1 � k2

2 and

� � k3 � � � � k3 �
k1

k2
1 - k2

2

�

k2

k2
1 - k2

2

� k3 �
k2k �1 � k1k�2

k2
1 � k2

2

.

Note,thaton a ribbonwho’s spacecurve r haszerocurvatureat r  s0� both � and � � may
andgenerallywill divergebut k3 staysfinite. This is thereasonwhy theFrenetframecan
not beusedto studygeneralribbons,but theFrenetframeis still thenaturalframeto use
whendescribingwhathappenswhenmoving a ribbon.

Considera family of ribbons,onefor eachtime t in someinterval, endowedwith an
elasticenergy, thetwist, k3, obeying thetwist evolutionaryequationof theform

d2k3

dt2 �
d2k3

ds2 �
d

dt
� b 	 dt

dt
�

seee.g. ref. [7]. On a fixed curve the solutionsto the twist evolutionaryequationare
standardtorsionalwaves,but in generalthisequationprovidesthecouplingbetweencurve
motionandtwist andis studiedin e.g.[8, 9, 10,11].

3 The geometryof protein backbones

A standardsimplifiedmodelof a proteinbackboneconsistsof very stiff planarlinks that
are relatively free to rotateat the C� -atoms,correspondingto the two dihedralangles



4 P. RøgenandH. Bohr

Figure2: Onelink of abackbonechainfor theusualtranspeptidebond.Thethreespheres
indicatetwo C� -atomsandthecenterof massof this link. Thetwo fully drawn surfaces
are the positionsof the next C� -atom resp. the centerof massof the next link corre-
spondingto  & � ' � in the squarewith vertices  � 140� � 80� ,  � 30� � 80� ,  � 50� 210� ,
and  � 240� 210� and in the squarewith vertices  70� � 30� ,  140� � 30� ,  70� 70� , and
 20� 70� , containingthemostlikely dihedralanglepairs,seeeg [13]. Thetwo netsarethe
positionsof thenext C� -atomresp. thecenterof massof thenext link correspondingto
all dihedralanglepairs.Both of thesenetslie on asphere.

&
and

'
. In this sectionthe large scaleshapeof a proteinbackboneis taken to be the

polygonalcurveconnectingeithertheC� -atomsor thecentersof massof eachlink in the
backbonechain,cf. Figure1.

The shapeof a simplified proteinbackboneis givenby two discretefunctionsof its
length,namelythepairsof dihedralangles.Theshapeof asmoothspacecurve i givenby
thetwo functionsof its length,curvatureandtorsion.Thefollowinghypotheticalsituation
shows however, that thereis a greatdifferencebetweenproteinbackbonesshapesand
elasticrods. Considera proteinbackbonethat is restrictedto lie in a plane.All dihedral
angleshaveto beeither0 or 180degrees.Oncethedihedralanglesarechosentheprotein
backboneis totally ridged,whenregardingbondlengthsandanglesasstiff. This is in
striking contrastto the flexibility of e.g. a planarelasticrod. In the following this is
referredto astheplanarproblem.

Figure 2 shows the flexibility of the backbonechain. Note, that a given position
of the C� -atom or centerof masson the netson Figure 2 is obtainedby exactly two
setsof dihedralangles,exceptat the boundariesof thesenets(correspondingto

' � 0
and

' � 180)whereonly onesetof dihedralanglesgiveseachboundarypoint. When
restrictingthedihedralangelsto aregionrelatively freeof sterichindrance,thisambiguity
still occursfor approximatelyhalf of thedihedralanglepairs.

Considera short pieceof elasticrod that is straightwhen relaxed, clampedat one
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end,andfreeat theotherend.Thepossiblepositionsof thefreeenddescribea spherical
cap. FromFigure2 it is clearthatsuchanelasticrod doesnot serve asa goodmodelof
a proteinbackbone.In caseof an elasticrod thatprefersa givencurvaturethe possible
positionsof the free enddescribea strip on a sphereas the netson Figure2. If such
anelasticrod is restrictedto lie in a planeit still hasthesameflexibility aswhenfreely
situatedin space.Hence,naturallycurved elasticrodsdo not solve the planarproblem
above.

Elasticrodsareup to Euclideanmotionsgivenby three(four whenextendible)func-
tions of arch-length.Hence,their conformationalfreedomhasto be constrainedif rods
areto modelproteinbackbones.Thiscoulde.g.bedoneby letting thetwist bea function
of curvatureandtorsion.However, Sections5 and7 show thatelasticrodscannotmodel
proteinbackbones,makingfurtherelaborationon their conformationalfreedomabsolute.

4 1-pointedshapesof protein backbones

Let rn denotethepositionof then’th C� -atom.Chooseacoordinatesystemfor thezeroth
link in thepeptidechainasfollows: Setr0 � 0 andlet thex-axisbein thedirectionfrom
the0’th C� -atomto theC-atomandchoosethey-axisin theplaneof thelink orthogonalto
thex-axis,suchthat theO-atomhasnegative y coordinate,seeFigure1. Finally, choose
thez-axis(pointingdirectlyupwardsfrom theplaneof thispaperonFigure1) to obtaina
positiveorthonormalbasis,asonFigure2. In thiscoordinatesystemthenext C� -atomlies
app.at r1 �  3 . 52� 1 . 44� 0� � v in unitsof Å. Thenext coordinatesystem(number1) is
chosenasthefirst, but with respectto thenext link in thechain.Thusthethird C� -atom
lies at thesamev, but with respectto coordinatesystemnumber1. Hence,r2 � v � Ov,
whereO is anorthonormalmatrix thatcanbecalculatedexplicitly in termsof

&
and
' 1.

Considerthe situationthat the pairsof dihedralanglesareequalfor all links in the
chain.By induction,thepositionof then’ th C� atomis rn � v � Ov � O2v � 	/	/	 � On0 1v.
Let p bethecoordinatesof thechoiceof pointwith resp.to eachlink. Thepositionof the
n’ th p-point is thusrn  p� � v � Ov � O2v � 	/	/	 � On0 1v � Onp. A polygonalcurve
givenby rn  p� for varyingn andfixedp is referredto asan1-pointedshapeof abackbone
sinceit describestheshapeof abackbonewhenfocusingatonepoint,p, of eachresidue.

As rn- 1  p� � rn  p� � On  v � Op � p� thepolygonalcurve (for givenrepeateddi-
hedralanglepair) hasequallength line segments. This polygonalcurves is thus fully
describedby this commonlengthtogetherwith a curvatureangle(which is nonzero,see
Figure2) and the dihedralangleover eachline segment. To calculatetheseangleslet
t � v- Op 0 p1

v- Op0 p
1 bethezerothunit (tangent)vector, i.e., theunit vectorpointingfrom r0  p�

to r1  p� . Note, that the n’ th tangentvector is given by Ont. The inverseof O equals
1Thecolumnsof O aregivenby243

3378 5 3 1470cos687 3 0535 9 3 9281cos687:9 3 9397sin 6<; ,242 9 3 92815 3 0535cos6=; cos>?9 3 1564sin 6 sin >@7 2 9 3 1470 9 3 3378cos6<; cos>5 3 9877sin 6 sin >@7:9 3 3420cos> sin 6�9 cos6 sin >A; , and2 9 3 1564cos> sin 6B5 2 9 3 0535cos6C5 3 9281; sin >@7 3 9877cos> sin 65 2!3 14705 3 3378cos6<; sin >D7 cos6 cos>E5 3 3420sin 6 sin >A; .
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Figure3: Thebendingangle F to the left andin themiddle the torsionalangle � of the
polygonalcurvethroughtheC� -atomsareshown asfunctionsof thedihedralangles.The
discontinuityin themiddlefigureis artificial asplusandminusG correspondsto thesame
angle.To theright thegraphof theJacobianof themap  & � ' �IH �  F ���"� is intersected
with a partof the zero-planecorrespondingto a fundamentaldomain. This intersection
is madeto visualizethesignof theJacobianasthemap  & � ' �CH �  F ���"� is 1 to 1 only
whenrestrictedto asetof dihedralanglesgiving constantsingon this figure.

the transposedof O denotedby OT . Herebythe triple of successive tangentsgiving the
easiestpossiblecalculationsis OT t � t � Ot . Thecurvatureangle,0 � F � G , is given
by

F � Arccos  t 	  Ot � � .
The (torsional)dihedralangle � is well-definedup to an integral multiple of 2G , since
FKJ� 0 � G andcanbedeterminedby theequations:

sin%�"� �
Ot t t Ot

sin2  F � �
Ot t t Ot

1 �  t 	  Ot � � 2

cos%�"� �L�
Ot t � Ot t 	 t t 	  Ot �

sin2  F � �
Ot t �  t 	  Ot � � t 	  Ot �

1 �  t 	  Ot � � 2
togetherwith a fundamentalinterval for � of length2G .

By thefirst of theFrenetequationstheintegralof curvatureoveraninterval equalsthe
lengthof thecurve tracedout by its unit tangentson theunit 2-sphere,S2. Theshortest
curve betweentwo pointst1 andt2 on S2 is a partof a greatcircle andhaslengthequal
to theangle F betweent1 andt2. Hence,F is thesmallestintegral of curvaturefor any
spacecurve startingandendingwith tangentst1 resp. t2. Theangle F thuscorresponds
to theintegratedcurvatureperresidueof thebackbone.

The integral of torsion over an interval of a spacecurve equalsthe integral of the
geodesiccurvatureof thecorrespondingimageof its tangentson S2, Theorem15 in [14].
Consideringpolygonalcurves, their associatedtangentimagesare the piecewise great
circlecurvesconnectingthetangentsof thepolygonalcurves.Greatcirclesaregeodesics
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Figure4: ThebendinganglesF to the left andin themiddlethetorsionalangle� of the
polygonalcurvethroughthecentersof massareshownasfunctionsof thedihedralangles.
To theright thegraphof theJacobianof themap  & � ' �MH �  F ���"� is intersectedwith a
partof thezero-planecorrespondingto a fundamentaldomain.

andhave zerogeodesiccurvature.However thediscontinuityof thetangentsto thegreat
circlesat their intersection(� � ) mustby theGauss-Bonnet’s Theorembeconsideredas
integratedtorsion.Theangle� thuscorrespondsto theintegratedtorsionoveroneresidue.

OnFigure3 thetwo angles,F and � , areshown asfunctionsof thedihedralanglepair
 & � ' � . Also theJacobianof themap,sending & � ' � into  F ���"� , is shown onthisfigure.
Note that � traversesa full rotationif either

&
or
'

does.On a fundamentaldomain, N
thuscompletestwo full rotations.

By symmetries,theintegralof thedeterminantof theJacobiandeterminantshown on
Figure3 over onefundamentalperiodequalszero. Fromthis figure is alsoseenthat the
map  & � ' � H �  F ��� � is 2 to 1 at mostof thepoints.

Insteadof connectingtheC� -atoms,it couldbeinterestingto focusone.g.thecenters
of mass,thepositionsof theoxygenatoms,or any otherfixedpoint at, above, or below
eachlink. However, suchnew representationscorrespondto continuousdeformationsof
themapfrom dihedralanglepairsto thecurvatureandtosionanglepairconsideredabove.
Hence,they areat besttwo to onemaps.

5 On helical representationof protein geometry

Whenrepresenting“the overall” proteingeometryby spacecurvesthefamily of circular
helicesis anaturalcandidatethathasbeenconsideredby severalauthors.Thisis primarily
dueto thefrequenthelicalsecondarystructures.Consideraproteinbackboneonwhichall
pairsof dihedralanglesareequal.Furthermore,for eachlink in theproteinchainchoose
apoint,suchthateachpoint liesat thesamespotwith respectto its link. Suchasequence
of points lie on a helix. Suchhelixesmay degenerateto circlesandmay for almostall
dihedralanglepair bechosenin a uniqueway. We examineto whatextent suchcurves
canhelpbridgethegabbetweenbackbonegeometryandspacecurve geometryin order
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to transformproteindynamicsto spacecurvedynamics.
If one, e.g. inspiredby the twist evolutionaryequationfrom Section2, intendsto

modelproteindynamicsvia spacecurve dynamicsit is natural,at first, to seekto endow
spacecurveswith an energy densitythat is independentof arch-length(homogeneous)
but dependenton the geometryof the curve. Suchmodelshave beensuccessfulin the
caseof DNA andmay help understandproteinsin the processof folding, assuggested
in [1]. An symmetryargumentsuggeststhata givenhelix alwaysis a stationarypoint of
theenergy functionalif thecurve is constrainedto go throughequallydistributedpoints
on thegivenhelix andthelengthof thecurve is unconstrained.Any homogeneousspace
curvemodelwill, dueto long � -helices,O -strandsoftenbeforcedto assumeshapesclose
to helixes. This givesyet a other reasonto pay attentionto helical representationsof
proteingeometry.

Eventhoughthe ideaof representingproteingeometryby heliceshasa long history
theauthorshave beenunableto find ananalysisof therepresentationitself. This section
is devoted to this analysisandconcentrateson the caseof proteinson which all pairs
of dihedralanglesareequal. Even in this simplecase,the conclusionis that a helical
representationcan,at best,beuniqueandtreatablefor smalldeformationsof the � -helix
structureandnotfor moregeneralproteinswith repeateddihedralangles.Thisconclusion
thusalsoholdsfor generallyshapedproteins.

To be ableto performthe below analysiswe have developeda new way of defining
helicesfrom proteingeometrybasedon the fact thatsucha helix is fully determinedby
theeuclideanmotion thatbringsonelink in theproteinchaininto thethefollowing link
togetherwith thechoiceof pointsthat thehelix hasto go through.Hence,assumingthe
ideal backbonegeometrygiven in Figure1, the helix is given by onepair of dihedral
anglesandthechoiceof pointswith respectto the links. On a generallyshapedprotein
backboneapiecewisehelicalcurve is thusdefinedby thevaryingpairsof dihedralangles
alongthebackbone.

In [15] thepositionsof four C� -atomsin sequenceis usedto defineabestfitting helix.
As mentionedin Section3, half of theconformationalinformationis thrown away when
consideringthepositionsof eg. theC� -atominsteadof thefull geometryof thebackbone
in termsof the dihedralangles.The numberof residuesneededto definea helix piece
here(that is two) is thussmallerthanin [15], which givesa higherresolution(in fact the
highestpossible)whenappliedto structuralanalysis.

Considertheeuclideanmotionthatbringsonelink in theproteinchaininto thefollow-
ing link. With notationasi Section3 this Euclideanmotionis givenby a translationby v
followedby therotationgivenby O. Figure2 shows thatO is alwaysa properrotation.
Let N denotetheanglethatO rotates.Thetraceof O equals1 � ei P � e0 i P � 1 � 2cos N � .
Hence,

cos  N � � trace O � � 1

2
.

Note,thatcos  N � is independentof thechoiceof pointson thelink.
Thefix pointsetof themapgivenby O is alwaysaline l , sinceO is newertheidentity,

seeFigure2. For any integern andfor any vectorc, not in l , thevector Onc � On0 1c
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Figure5: Theriseperresidue,in unitsof Ångstrøm,shown asa functionof thedihedral
angles.

is nonzeroandorthogonalto l . Hence,a vectorel insidel , mayfor On0 1c � On0 2c �
Onc � On0 1c J� 0 be chosenasel � OnQ 1c0 OnQ 2c� OnQ 1c0 OnQ 2c � � Onc0 OnQ 1c� Onc0 OnQ 1c � independentof n.

SinceO is lengthpreservingOnc � On0 1c � O On0 1c � On0 2c � On0 1c � On0 2c .
As theinverseof O equalsthetransposeof O it is easiestto calculateel as

el �
c � Otc �  Oc � c�

�Oc � c � 2 �
which is independentof c. Two choicesof c thatnewer lie in l arec � v or c �  1 � 0 � 0� .
Howeverel is ill-definedwheneverO rotates180degrees(but l is not). A naturalchoice
of aunit vectorin l is el �SR el1

el
1 suchthattheriseperresidued � el 	 v for theC� curve

is positive.
Let d  p� denotethe rise per residuewhenconsideringa helix throughpoints with

coordinatesp with respectto eachlink. Thevectorfrom then’ th point to the  n � 1� ’st
point is, asin Section3, givenby On  v � Op � p� . Theriseperresidueis then

d  p� � el 	 On  v � Op � p�
� Onel 	 On  v � Op � p�
� el 	  v � Op � p�
� el 	 v
� d �

whereweusethatel is invariantunderO, O is angelandlengthpreserving,andfinally that
thevector  Op � p� is orthogonalto el . Note,thatd  p� � d is independentof thechoice
of pointson thelink. Theriseperresidueis shown on Figure5. Note,thatd � 0 along
acurve in the  & � ' � -torus.At this curve in theparameterspace,thehelix is degenerated
to acircleandcrossingthiscurvecausesaninflectionof el , correspondingto achangeof
orientationof thehelicalaxis.

To determinetheangelN onecan,in additionto theequationcos  N � � traceT OUV0 1
2 , use

thatsin  N � � el 	 el or sin  N � � sign  el 	 el � 1 � cos2  N � , wherethelastexpressionhas
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Figure6: Therepresentative,within theinterval W � G � GXW to theleft andwithin theinterval
W 0 � 2GXW to theright, of theangleN asa functionof thedihedralangles.

turnedout to betheeasierfor computationalpurposes.On Figure6 theangleN is shown
asa functionof thedihedralangles.Theangle N , mod2G , changessignalongthecurve
correspondingto d � 0 (seeFigure5). As el inflectswhencrossingthiscurve,thereis no
discontinuityof thechosenhelixesfor d � 0. On Figure6 on theleft handsidethejump
for N betweenplusandminus G correspondsto a jumpbetweenaright handedhelix resp.
a left handedhelix.

TheangelN togetherwith theriseperresidueis all theinformationonhelixesthatcan
beextractedfrom O alone. The remaininginformationdependson thechoiceof points
on eachchainlink.

Consideraprojectionto aplaneorthogonalto l andletw �  v � Op � p� � Y v � Op � p� 	 el � el

be the projectionof the vectorbetweenthe two first points in the helix,  v � Op � p� .
FromFigure7 it follows that

�w � 2 � �  r cos N �Z� r sin N � � �  r � 0� � 2 � 2r 2  1 � cos N � � �
giving theradiusof thehelix as

r � w 	 w
2  1 � cos  N � � �

w 	 w
3 � trace O � .

Considerthehelix givenby q  t � �  r cos N t ��� r sin N t ��� dt � . Theset 
 q  z� � z []\ equals
the set 
 r z� z [^\ up to anEuclideanmotion. We saythatq interpolatesthediscretehelix
givenby thern’s. Thereareinfinitely many helixesthatinterpolatesthern’s (correspond-
ing to replacingN by N � 2G z for any integerz, thuschangingthepitch). Curvatureand
torsionof thecurve q equal P 2r

d2 - P 2r 2 resp. d P
d2 - P 2r 2 for eachchoiceof N . Thelengthof the

helix segmentusedto interpolatetwo pointsis L � 1
0 q�  t � dt �

_
r 2N 2 � d2.

Figure 8 shows dataon helical curves throughthe C� -atomswhen choosing N �
[ � G � G [. When N �  R � G botharight handedanda left handedhelix interpolateequally
well. The discontinuityof the torsionoccursthuswhenthe interpolatinghelix changes
handedness.This discontinuitymaybe movedby changingthe fundamentalinterval of
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Ow ` w
`

r w

`

Figure7: Planarprojectionof a helix. The anglebetweenw andOw equalsN as the
trianglesareisosceles.

N , asdoneon Figure9. The line of discontinuity, on Figure8 goesright throughtheset
of dihedralanglesthatcorrespondsto O -strands.Thegeometryof O -strandsis thusvery
badlycapturedby thehelixesconsideredonFigure8.

Thedeterminantof theJacobianof themapfrom pairsof dihedralanglesto pairsof
curvatureandtorsionconcerningthe C� -atomsis shown on Figure8 at the bottomleft.
On a connectedsetof pairsof dihedralangles,on which thedeterminantof theJacobian
hasconstantsign,themapfrom pairsof dihedralanglesto pairsof curvatureandtorsionis
invertible.Thesetof dihedralanglepairsthatcorrespondsto � -helixescontainsaserious
sign changeof the Jacobian.Consider, a spacecurve representationthat goesthrough
theC� -atomsanddescribesa helix in caseof a proteinin an � -helix shape.By thesign
changeof the determinantof the Jacobian,the shape(i.e. the curvatureandtorsion)of
thespacecurve cannot be translatedto dihedralanglesin a uniqueway. Geometrically
this representationis not uniqueandit is e.g. impossibleto definea potentialenergy of
thespacecurve from its shapeevenwhenconcerningmodelsthatonly hasto bevalid for
smallvariationsof the � -helix shape!

Figure10showsdataonhelicalcurvesthroughthecentersof mass,whicharenatural
to considerif oneis interestedin dynamics.In thecaseof N � [ � G � G [ thereis a rather
thin areawith positivedeterminantof theJacobianwhich is closeto bothan � -helix and
a O -strandstructurebut noneof thesestructuresarecoveredby this region.

The determinantof the Jacobiancomingfrom interpolatingthe oxygenatomswith
helixesis shown on Figure11 at thebottomleft. It shows that theoxygenatomlies at a
geometricallysignificantposition. Thereis a greatareawith positive Jacobianthatcon-
tainsboth � -helix aswell as O -strandin thecaseN � [0 � 2G [. This opensthepossibility
for building a representationof proteinbackbonesthat containsboth typesof the main
secondarystructures.Theproblemwith this representationis that thelengthof thehelix
piecerepresentingoneresiduevariesfrom 1.5Å to 20Å.

When reconstructingprotein geometryfrom spacecurve geometry, one, travelling
alonga spacecurve,hasto decidewhento reconstructthenext link in thepeptidechain.
For given constantcurvatureand torsionvaluesoneknows how far to travel along the
curvebeforethenext link is to be(re-)constructed.However, correspondingto agenerally
shapedprotein,thecurvatureandtorsionof its spacecurverepresentativevarieswith arch-
length.Hence,thelengthof thecurvepiecethatcorrespondsto a link in thepeptidechain
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C� -atoms. At the bottomleft: The determinantof the Jacobianof the map  & � ' � H �
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_
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two neighbouringC� -atoms. The angle N is chosenin [ � G � G [ and in the grid on the
planeat thebottomleft thelineslie 45 degreesapart.
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andlengthof helixesthroughthe Oxygenatoms. In the two most left graphsthe angle
N � [ � G � G [ andin thetwo mostright graphsN � [0 � 2G [.

varieswhenmoving alongaspacecurveandit is thusnotclearthata transformationfrom
spacecurve to peptidechaincanbeconstructed.Evenif sucha transformationexistson
the ideal modelconsidereduntil now, the fact that proteinbackbonesdo not have ideal
geometry(asbond lengthsandanglesvary) implies that sucha transformationwill be
inaccurate.In the caseof interpolatingthe oxygenatoms,the relative variationof the
lengthof the curve piecesthat correspondsto onechainlink is so large, seeFigure11,
that even with a very accuratetransformationthe chainlinks may be misplacedseveral
chainlinks whenreconstructinge.g.a150residuechain.

6 Analysing protein structur e

Whenconsideringlargescaleproteinstructureinsteadof dynamics,thenon-invertability
of mapsfrom proteingeometryto spacecurvegeometryis, asarguedin theIntroduction,
desirableinsteadof a “no go” result. Several authorshave consideredthe besthelical
approximationof four to five successive C� -atomsandusedcurvatureandtorsionof ap-
proximatinghelixesto analyseproteinstructure.Themethodof calculatinga helix from
two links in aproteinbackbonechaingivenin theabovesectionmakesit possibleto geta
higher(actuallythehighestpossible)resolution.Dueto thefinite resolutionof theatomic
coordinatesandthenot idealgeometryof eachlink thechoiceof coordinatesystemstaken
in theabovesectionis not appropriate.Thechoicetakenhereis asfollows: Let P bethe
planethroughtwo neighbouringC� -atomsthatminimizesthesumof thesquaredplane-
pointdistancesfor theremainingatomswithin thatlink in theproteinchain.Thefirst axis
is in thedirectionfrom thefirst C� -atomto thenext, thethird axisorthogonalto theplane
P, andthesecondaxisis suppliedto giveanpositively orientedorthonormalbasis.

Theaxisof thehelical pieceis givenby thedirectionel anda point on theaxis. As
seenfrom Figure12, this point maybechosenas

rn � 1

2
w � r � cos  N*b 2� � el � w

�w � �
1

2
d � 1

2
 rn � rn- 1� � r � cos  N*b 2� � el � w

�w � .
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Figure12: Thisfigureis similar to Figure7 andshowsapathfrom theC� -atom,at rn, to
thepoint on thehelix axisthatliesat the“sameheight” astheC� -atom.

Figure13: This figure shows the polygonalcurve throughthe Co -atomsof the protein
2HMQ:A togetherwith the piecewise helical approximationand the polygonal curve
throughthe chosenpointson the helix axes. The helical approximationis chosensuch
thattheanglep liesbetweenplusandminus180degrees.
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Figure14: As function of the residuenumberis from top left to bottomright shown:
ThehelicalangleN , radiusof thehelix, riseperresidue,curvatureof thehelix, torsionof
thehelix, andthebendingangleof theaxiscurve of thehelicalapproximationshown on
Figure13.

On Figure14 is shown someof thedatafrom applyingtheabove methodto thepro-
tein 2HMQ:A. It is not surprisingthat thedatashown on Figure14 aremorenoisy than
wheninterpolatingover longerpiecesof the proteinbackboneespeciallyon the regular� -helices,wherethe helix axis bendup to 20 degrees. Alone the fact, that the N-C� -
C-anglesvary within plus andminus6 degreesfrom the ideal angleof 70 degrees,has
to give somenoise. However, whenconsideringthenon-regular regions,like turns,the
morelocal definitionof helicalapproximationgivenhereseemsto bemorenaturalthan
to interpolateover 4 to 5 C� -atoms,which correspondsto a full turn. It hasbeentried to
vary thechoiceof thelocal coordinatesystemsto thethreeaxesof inertia2 of eachlink in
the chainusingmassesresp. Van der Wahl radi asweightsto emphasisdynamicsresp.
structure,but the resultsarealmostindependentof thesechanges.The noisinessof the
dataonFigure14,especiallyonthe � -helicesof 2HMG:A, suggeststhatproteingeometry
is not suitedfor localdescription.

7 Topologyand framing

In this sectionsomefundamentalquestionsregardingany representationof backbone
geometryby (framed)spacecurvesareaddressed.To do this somenotationis introduced
in orderto formalizeconsiderations.

Definition 1
2Oneof theseaxesis perpendicularto theplaneof thelink, see[16].
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1 A differential geometricrepresentationof protein backbonegeometryis a map R
from a setof sequencesof dihedral anglesinto the setof orientedsmoothspace
curveshapes,that is,

R � � 1 �q� 1
n0 1 � Ck I � � 3 b Euclideanmotions�

where n is thenumberof residuesof theprotein,k r 3 givesthesmoothnessof the
representation,andtwo spacecurvesare consideredequivalentif oneof themcan
bebroughtinto theotherbyaneuclideanmotionpreservingorientation.

2 A differential geometricrepresentationof proteinbackbonegeometryis said to be
framedif each spacecurveis equippedwith a framing.

3 A smoothparametrized(framed)representationof protein backbonegeometryis
asa differential geometric(framed)representationof proteinbackbonegeometry-
exceptthat two (framed)regular spacecurvesare consideredequivalentif oneof
themcanbebroughtinto theotherbyaneuclideanmotionpreservingparametriza-
tion. (In this casetwo identicalcurvesare consideredequivalentonly if they have
thesameparametrization.)

4 A differentialgeometricor smoothparametrized(framed)representationof protein
backbonegeometryis saidto befaithful if R is injective.

5 A differentialgeometricor smoothparametrized(framed)representationof protein
backbonegeometryis saidto becontinuousif R is continuous.

Considerthepolygonalcurve givenby the 	/	/	 � C� –C–N–C� � .Z.�. bonds.Smooth-
ing thekinks of this polygonalcurve givesbotha differentialgeometriccontinuousand
faithful representationaswell asasmoothparametrizedcontinuousandfaithful represen-
tation.Using 	/	/	 � C� –C–N–C� � .�.Z. polygonsascontrolpolygonswill for any piecewise
rational interpolatingcurve family give a continuousrepresentationand,perhapsby in-
sertingadditionalcontrolpointsateachbond,alsoa faithful representation.Thenotvery
surprisingstartingpoint is thus:

Proposition 2 Bothdifferentialgeometricandsmoothparametrizedrepresentationsthat
arecontinuousandfaithful exists.

Thenext resultis of a topologicalnatureandcameasabit of asurpriseto theauthors.
Theresultdealswith representationshaving thepropertythat thechangeof theshapeof
the spacecurve andframeat onepoint dueto a changeof the proteinshapeat another
point decreaseswith thelineardistance(thenumberof residues)betweenthetwo points.
We saythat sucha representationhasfinite persistencelength. This is e.g. thecasefor
Béziercurvesthathaveafinite “cut of” distancedependingon theirdegrees.
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Theorem 3 Theredonotexista continuousframedrepresentationwith finitepersistence
length.

Proof: Consideraproteinbackbonethatis solong comparedto its persistencelength
thatchangesperformedat onepoint have negligible influenceat pointsthat lie at leasta
third of thelengthof theproteinaway. Clamptheproteinat bothends(allowing rotation
of theterminalend)andchoosea framedcurvec betweenthetwo clampedendsto givea
total closedframedcurve. Thecurvec maybechosensuchthatit avoidscontactwith the
proteinunderthedeformationof theproteinconsideredbelow. The total closedframed
curve fulfills theequationLink1 � Wr1 � Tw1s p � Tw1s c, whereWr is thewrithe of the
total closedcurve,Tw1s p is thetwist of theframealongthespacecurve representationof
theprotein,andTw1s c is thetwist of theframealongthecurvepiecec.

Fix thefirst andthelast thirdsof theproteinandperforma ridgedfull rotationof the
last third. Due to thepersistencelengthof the representationthe framedcurve nearthe
first end is almostfixed and the framedcurve nearthe last endperformsalmosta full
ridgedrotation.To compensatefor this rotationof thelastendof theproteintheframing
of thecurvec (whichis keptfixed)hasto performafull rotationatthisendwhile its frame
is fixed at the otherend. The twist of c is thusnow Tw2s c � Tw1s c R 1, wherethe sign
dependsonthehandednessof thefull rotationapplied.Theproteinmaybedeformedback
to its originalpositionby turningonedihedralangelof themiddlethird 360degreeswhile
keepingthe first andthe last thirds fixed. Recalculatingthe linking numberassociated
with thetotal framedclosedcurvegivesLink2 � Wr2 � Tw2s p � Tw2s c, wherethewrithe
of the total closedcurve, Wr2 � Wr1, is unchanged,Tw2s p � Tw1s p is the twist of the
framealongthespacecurve representationof theprotein,andTw2s c � Tw1s c R 1 is the
twist of theframealongthecurve piecec. Hence,Link2 � Link1 R 1. This implies that
theperformeddeformationof thetotalclosedframedspacecurvehasbeendiscontinuous.
As therehasnot beendiscontinuitiesat c therehasbeenat leastonediscontinuityof the
framedrepresentationof the protein. Hence,any framedrepresentationis potentially
discontinuousat eachlink whenconsideringproteinsthataresufficiently long compared
to therepresentationspersistencelength. t

Assume,in orderto obtainacontradiction,thatadifferentialgeometricrepresentation
of proteinbackboneshasthe propertythat all curveshave non-vanishingcurvature. By
this they all have a well-definedFrenetframe. For eachcurve in a family of curves
considerthevectorfield givenby theprincipalnormals.Thecombinationof curvesand
principalnormalfieldsgivesa framedrepresentation.By Theorem3 this representation
is discontinuous.The conclusionis that curvaturehasto vanishat somepoint of some
curve in sucha family of curves.A corollaryof Theorem3 is thus

Corollary 4 (of Theorem 3) Theredonotexista continuousrepresentation(or differen-
tial geometricrepresentation)with non-vanishingcurvatureandfinitepersistencelength.

Thevanishingof curvatureassertedby Corollary4 hasto happensuchthattheintegral
of torsionover anarbitrarily small interval containingthezerocurvaturepoint is discon-
tinuousin time. A similar remarkcountsfor thediscontinuityof framedrepresentations
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assertedby Theorem3 wherethe integral of twist, k3, over an arbitrarily small interval
containingthe point of discontinuityof the framing is discontinuous.The existenceof
thediscontinuityof thehelical representationobserved in Section5 is a consequenceof
corollary 4. As the problemis of a topologicalratherthanof a geometricnatureit will
not disappearif oneslightly changethe classof curvesusedto representthe backbone
geometry. Thiswasalsoseenasmoving thechoiceof pointsfor thehelicesto go through
did notchangetheglobalpicturenamelythatgoingfrom dihedralanglesto curvatureand
torsionis at besta two to onemap.

In orderto applyspacecurve geometryto proteinsonethushasto usedifferenttypes
of representation,e.g. as in the constructive proof of Proposition2. This is donein
the following section. It seemshowever that the local differentialgeometricinvariants
curvatureandespeciallytwist andtorsion,dueto Theorem3 resp. its corollary, cannot
beappliedto spacecurve representativesof proteinstructure.

We concludethis sectionby pointing out a very seriousconsequencewhen trying
to describeproteindynamicsvia framedspacecurvesequippedwith an elasticrod like
energy. A quadratictwist termof thepotentialenergy hasan infinite energy barrierthat
preventsframediscontinuities.Hence,any elasticmodelwith non zeroquadratictwist
energy prohibitsfull rotationsof eachdihedralangelof themodelledprotein.

8 Conclusion

To conclude,our investigationof localspacecurverepresentationof proteinshave identi-
fied thefollowing:

Regardingproteindynamics:It is impossibleto representgeneralproteinbackbonesby
spacecurves,suchthat the spacecurve canbe endowed with a translationallyinvariant
potentialenergy correspondingto thepartof thepotentialenergy of theproteincoming
from neighbouringlinks in thebackbonechain.Whenrestrictingtheconfigurationspace
of theproteinsuchthata potentialenergy functionalmaybedefined,we have foundthe
remainingpartof theconfigurationspacetoosmallto beof interest.

Regardingproteinstructuredescription:We introduceanew wayof defininghelix pieces
approximatingproteinbackbones,that dependson two neighbouringlinks in the back-
bonechainonly. This givesthehighestpossibleresolutionfor a local helicalrepresenta-
tion, which indicatethatproteingeometryis not suitedfor local description.

Undersomenaturalassumptions,we prove thegeneralresultthat it is impossibleto
constructa framedrepresentationof proteinbackbonesthat is continuousunderdefor-
mationof the protein. Consequentlyany notion of torsionor even integratedtorsionof
proteinbackbonesshouldbeavoided.
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