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1 Intr oduction

The importanceof determiningprotein structuresrom spectroscopi@ata,and making
predictionsfrom sequencenformation hasbeeneminentin the last decadedueto the
factthatmary developmentdn bio-technologyfor instancedrug design,rely on the 3-
dimensionaktructureof proteins. The understandingf proteinfolding lies in the heart
of thesemattersand still remainsan unsoled problem. It hasbeensuggested[[Lthat
the processof proteinfolding from synthesisuntil the establishingof eventualfolding
intermediatesnay be modelledasan elasticrod. To establishsucha continuougprotein
backbonenodel,apotentialenegy asfunctionof spacecurve geometryhasto bedefined.
The questionof to which extend this is possible,is the main motivation of the work
presentedhere.

It is alsorelevantto askhow well-definedmathematicallya spacecurve geometryof
the proteinbackboneshouldbe for beingof useto constructhe complete3-dimensional
structureof the backbone Evidently full knowledgeof all the dihedralanglessufficesto
constructhe essentiaB-D backbonestructure.However, the oppositecaseof deriving a
continuousspacecurve geometryfrom 3-D proteinstructuredatahasambiguitiesbuild
in, a factthat is dueto the discretenessf the latter data. Since protein structuresin
3-D for mostproblemsis the final answey to e.g. drug design,one might askwhatthe
relevanceof constructingaspacecurve geometnyis. Therelevanceis understoodrom the
factthatthe proteinfolding problembecomesasierto solveif the spacecurve geometry
of a protein,i.e., the overall shapeor fold, is given,andin turn the curve geometrye.g.
in termsof torsionandbendingprofiles,areeasierto predictfrom sequencelatathanthe
full 3-D structureof the protein. The predictionsare often madefrom knowledgebased
systemssuchasneuralnetworks andhiddenMarkov models[2, 3, 4]. Theseprediction
tools aretrainedfrom existing 3-D structuressuchasX-ray crystallographidiffraction
data. Therefore|t is importantto understandhe mathematicaproblemof constructing
spacecurve geometryfrom 3-D proteinstructuresWe shallbeconcerneadnostlywith the
mathematicaproblemof representingroteinstructureby spacecurvesin thisfirst paper
while in thesucceedingaperwe shalldealwith globalgeometriadescriptionof protein
backbonechains.

The shapeof a proteinbackboneseenfrom a distances oftenrepresentedr merely
visualizedby a continuousspacecurwve that eg. joins the C, atoms. Backbonesare
equippedwith an orientationthat goesfrom nitrogento oxygen. This orientationis in-
ducedto curvesrepresentingpackbonesFurthermorethe curwve is often equippedwith
an orthogonalunit vectorfield to modelthe planarlinks in backbonechains. Hence,a
ribbonor aframedcurve is usedto modelor visualizethe shapeof a backbone Thefirst
guestiononehasto addresss: “Whatis the spacecurverepresentatiorgoingto be used
for?”. In thecaseof structuralanalysesonsideratubearoundtheproteinbackboneThe
structuralpoint of view is to emphasizeéhe shapeof the tuberatherthanwhatis inside
it. Thatis to saythattwo backbone$iave equivalentlarge scalestructureif thelie in the
sametube evenif their dihedralanglesetc not arethe same. Collapsingthis tubeto a
curwe, it is seenthatlarge scaleshapeof proteinbackboness preciselycapturedoy space
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curve geometry In the caseof proteindynamicswve showv thatsuchalarge scalestructure
doesnot containenoughinformationto definea potentialenegy, thatis spacecurve evo-
lution doesnotapplyto proteindynamics. An interestingguestionis thus:“Is therea 1-1
map betweerprotein geometryand spacecurve geometry?. This questionis answered
by calculatingthe determinanbf the Jacobiarbetweerproteingeometryandspacecurve
geometryanddemandinghatit is zerofree. From this analysisit follows thatribbons
or elasticrodscannot be usedto modelproteindynamicsashave beensuccessfuin the
caseof DNA [5].

In this paperwe have analysedocal propertiesof backbonegeometry In the subse-
guentpaperwe shalldevelopandperformanalysidor classifyingproteinstructuresvhen
consideringglobalgeometrigoroperties.

2 Onribbons

Letr : | — R3 beaspacecurve parametrizedy arch-lengtts, i.e. % = r’ isanunit

tangentvectort ateachpointof thecurve. Letd, : | — S? beaunit vectorfield alongr
thatis orthogonalto r. The scalarproductds - t vanisheghusfor all s. The pair {r, d»}
definesaribbonby themapF (s, u) = r(s) + uda(s) fors € | and|u| < e. Supplying
with d3 = t x dy andrenamingt asds, the set{d1, do, d3} (of directies)constitutesan
orthonormalbasisof R® for eachpoint of the curve r. By orthonormalityFrenetlike
equationsareobtained:

d/l = kido +kods
d, = —kids ka3 @)
d, = —kod; —kady

In caset’ is non-zerathe unit principalnormaln andthe cunaturex > 0 maybedefined
by the equationg'—g = kn. Definingthebinormalby b = t x n theusualFrenetframeis
obtainedwhich obeys the Frenetequations:

t = KN
n = —«t +1b , (2)
b = —1Nn

wherer is thetorsionof thespacecurve. Thefundamentatheoremof spacecurve geom-
etry (seeeg. [6]) stateghatupto translatiorandrotationaspacecurve with non-vanishing
curvatureis uniquelygivenby its curvatureandtorsion,thatis the shapeof a spacecurve
is givenby its cunatureandtorsionfunctions.

To lay downtherelationbetweer{ks, ko, k3} and{«x, t},let6 : | — R beacontinuous
choiceof theanglefrom n to d», thatis, do = cog6)n + sin(@)b andd3z = — sin(6)n +
cog60)b. Straightforward calculationsgive k1 = k cog6), k» = —« sin(®), andks =
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Figurel: Onelink of abackbonechainfor the usualtranspeptidebondasgivenin [12].
Thebondlengthsareindicatedin A. The C andthe N atomsareplanarandthefollowing
anglesthendeterminethe geometry:/(N-C, — C) = 70°, /(C, — C - 0) = 119,
[(Cy —C—N) =11#4,and/(C— N—-H) = /(C— N — C,) = 123. Calculatingthe
centerof masseachC, atomis weightedby onehalf. ¢ is the dihedralanglegiven by
C-N-G,-C, ¢ is thedihedralanglegivenby N-C,-C-N, andbothanglesarezeroin their
resp.transconfiguration.

T +6’. Hencex = ,/k? + k2 and
ki

/
: (ka“%) koky — kak;
r=ks— 0 =kg— L —kg— —L 2

TR

JKe+k2

Note,thaton aribbonwho’s spacecurver haszerocurvatureatr (sp) botht andd’ may
andgenerallywill divergebut k3 staysfinite. Thisis thereasonwhy the Frenetframecan
not be usedto studygenerakibbons,but the Frenetframeis still the naturalframeto use
whendescribingwhathappensvhenmoving aribbon.

Considera family of ribbons,onefor eachtimet in someinterval, endaved with an
elasticenepy, thetwist, k3, obeying thetwist evolutionaryequationof theform

d2ks d2k3_d( dt)

az a2 —at VPGt

seee.g. ref. [7]. On afixed curve the solutionsto the twist evolutionary equationare
standardorsionalwaves,but in generathis equatiornprovidesthecouplingbetweercurve
motionandtwist andis studiedin e.g.[8, 9, 10, 11].

3 The geometryof protein backbones

A standardsimplified modelof a proteinbackboneconsistsof very stiff planarlinks that
arerelatively free to rotateat the C,-atoms,correspondingo the two dihedralangles
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Figure2: Onelink of abackbonehainfor theusualtranspeptidebond. Thethreespheres
indicatetwo C,-atomsandthe centerof massof thislink. Thetwo fully dravn surfaces
are the positionsof the next C,-atomresp. the centerof massof the next link corre-
spondingto (¢, ¥) in the squarewith vertices(—140, —80), (—30, —80), (—50, 210,
and (—240, 210) andin the squarewith vertices(70, —30), (140, —30), (70, 70), and
(20, 70), containingthe mostlik ely dihedralanglepairs,seeeg [13]. Thetwo netsarethe
positionsof the next C,-atomresp. the centerof massof the next link correspondindo
all dihedralanglepairs.Both of thesenetslie on asphere.

¢ andy. In this sectionthe large scaleshapeof a proteinbackbonas takento be the
polygonalcurve connectingeitherthe C,-atomsor the centersof massof eachlink in the
backbonechain,cf. Figurel.

The shapeof a simplified proteinbackbonds given by two discretefunctionsof its
length,namelythe pairsof dihedralangles.The shapeof a smoothspacecurvei givenby
thetwo functionsof its length,curvatureandtorsion. Thefollowing hypotheticakituation
shows however, that thereis a greatdifferencebetweenprotein backboneshapesand
elasticrods. Considera proteinbackbonehatis restrictedto lie in a plane. All dihedral
angleshave to beeither0 or 180degrees.Oncethedihedralanglesarechosertheprotein
backboneis totally ridged, whenregardingbondlengthsand anglesasstiff. This is in
striking contrastto the flexibility of e.g. a planarelasticrod. In the following this is
referredto asthe planarproblem.

Figure 2 shows the flexibility of the backbonechain. Note, that a given position
of the C,-atomor centerof masson the netson Figure 2 is obtainedby exactly two
setsof dihedralangles,exceptat the boundarieof thesenets(correspondindo v = 0
andy = 180)whereonly onesetof dihedralanglesgiveseachboundarypoint. When
restrictingthedihedralangelgo aregionrelatively freeof sterichindrancethisambiguity
still occursfor approximatelyhalf of thedihedralanglepairs.

Considera shortpieceof elasticrod thatis straightwhen relaxed, clampedat one



P. RegenandH. Bohr, Differentialgeometryandproteinbackbone 5

end,andfreeatthe otherend. The possiblepositionsof the free enddescribea spherical
cap. FromFigure2 it is clearthatsuchan elasticrod doesnot sene asa goodmodel of

a proteinbackbone.In caseof an elasticrod that prefersa given curvaturethe possible
positionsof the free end describea strip on a sphereasthe netson Figure 2. If such
anelasticrod is restrictedto lie in a planeit still hasthe sameflexibility aswhenfreely

situatedin space.Hence,naturally curved elasticrods do not solve the planarproblem
above.

Elasticrodsareup to Euclideanmotionsgivenby three(four whenextendible)func-
tions of arch-length.Hence,their conformationalfreedomhasto be constrainedf rods
areto modelproteinbackbonesThis coulde.g. bedoneby letting thetwist beafunction
of curvatureandtorsion. However, Sectionss and7 show thatelasticrodscannotmodel
proteinbackbonesmnakingfurtherelaboratioron their conformationafreedomabsolute.

4 1-pointed shapesof protein backbones

Letr, denotethe positionof then’th C,-atom.Choosea coordinatesystentor thezeroth
link in the peptidechainasfollows: Setrg = 0 andlet the x-axisbein thedirectionfrom
the0’th C,-atomto theC-atomandchoosédhe y-axisin theplaneof thelink orthogonato
the x-axis, suchthatthe O-atomhasnegative y coordinate seeFigurel. Finally, choose
the z-axis (pointingdirectly upwardsfrom the planeof this paperon Figurel) to obtaina
positve orthonormabasisasonFigure2. In thiscoordinatesystenthenext C,-atomlies
app.atry = (3.52, 1.44, 0) = vinunitsof A. Thenext coordinatesystem(numberl) is
choserasthefirst, but with respecto the next link in the chain. Thusthethird C,-atom
lies atthe samev, but with respecto coordinatesystemnumberl. Hencers = v + Ov,
whereO is anorthonormaimatrix thatcanbe calculatedexplicitly in termsof ¢ andyL.
Considerthe situationthat the pairs of dihedralanglesare equalfor all links in the
chain.By induction,thepositionof then’th C, atomisr, = v+0v+02/+- - -+0"1y,
Let p bethecoordinate®f thechoiceof pointwith resp.to eachlink. The positionof the
n’th p-pointis thusry(p) = v+ OV + O%v + - -- + O"1v 4 O"p. A polygonalcurve
givenby r(p) for varyingn andfixedp is referredto asan1-pointedshapeof abackbone
sinceit describeghe shapeof abackbonavhenfocusingatonepoint, p, of eachresidue.
Asrni1(p) — rn(p) = O" (v + Op — p) the polygonalcurve (for givenrepeatedli-
hedralangle pair) hasequallengthline segments. This polygonalcurvesis thus fully
describedyy this commonlengthtogethemwith a curvatureangle(whichis nonzero,see
Figure 2) andthe dihedralangleover eachline segment. To calculatetheseangleslet
t = ﬁgg:& bethe zerothunit (tangent)vector i.e., the unit vectorpointing from rq(p)
to r1(p). Note, thatthe n’th tangentvectoris given by O"t. The inverseof O equals

1The columnsof O aregivenby
(.3378+ .1470cosp, .0535— .9281cosp, —.9397sing),
((—.9281+ .0535c0s¢p) cosyr — .1564sin¢ sinyr, (—.1470— .3378cos¢) cosyr
+.9877sing sinyr, —.3420cosyr sing — cos¢ siny), and
(—.1564cosy sing + (—.0535cos¢p + .9281) sinyr, .9877cosy sing
+ (.1470+4 .3378cos¢) siny, cosy cosyr + .3420sin¢ siny).
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Figure3: The bendinganglew to theleft andin the middle the torsionalangled of the
polygonalcurve throughthe C,-atomsareshovn asfunctionsof thedihedralangles.The
discontinuityin themiddlefigureis artificial asplusandminuss correspondso thesame
angle. To theright the graphof the Jacobiarof themap (¢, ¥) — (w, 0) is intersected
with a partof the zero-planecorrespondingo a fundamentablomain. This intersection
is madeto visualizethe sign of the Jacobiarasthe map (¢, ¥) — (w, 6) is1to 1 only
whenrestrictedo a setof dihedralanglesgiving constansingon this figure.

the transposeaf O denotecby OT. Herebythe triple of successie tangentgyiving the
easiespossiblecalculationss {OTt, t, Ot}. Thecurvatureangle,0 < w < 7, is given
by

w = Arccos(t - (Ot)).
The (torsional)dihedralangle6 is well-definedup to an integral multiple of 2z, since
o # 0, 7 andcanbedeterminedy theequations:

[O't t Ot] [O't t Ot]

sin(®) = So) = [ @ LR
tt — ((O') - : th _ (4. .
coso) — Ot=((0') Y - ©Y _ (O't—t-©O)1)- Oy

togethemwith afundamentainterval for 6 of length2x .

By thefirst of the Frenetequationgheintegral of curvatureoveraninterval equalsghe
lengthof the curve tracedout by its unit tangentson the unit 2-sphere 2. The shortest
curve betweertwo pointst; andt, on % is a partof a greatcircle andhaslengthequal
to theanglew betweent; andt,. Hence,w is the smallestintegral of curvaturefor ary
spacecurve startingandendingwith tangentg; resp.t>. Theanglew thuscorresponds
to theintegratedcurvatureperresidueof thebackbone.

The integral of torsion over an interval of a spacecurve equalsthe integral of the
geodesicurvatureof the correspondingmageof its tangentson S?, Theoreml5in [14].
Consideringpolygonalcurves, their associatedangentimagesare the piecavise great
circle curvesconnectinghetangentf the polygonalcurves. Greatcirclesaregeodesics
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Figure4: The bendinganglesw to theleft andin the middle the torsionalangleé of the
polygonalcurve throughthe centersof massareshovn asfunctionsof thedihedralangles.
To theright the graphof the Jacobiarof themap (¢, ¥) — (w, 6) is intersectedvith a
partof the zero-planecorrespondingo afundamentatlomain.

andhave zerogeodesicurvature. However the discontinuityof the tangentgo the great
circlesattheirintersection= 6) mustby the Gauss-Bonnet’ Theorembe considereds
integratedtorsion. Theangled thuscorrespondso theintegratedorsionoveroneresidue.

OnFigure3thetwo anglesw andd, areshovn asfunctionsof thedihedralanglepair
(¢, ¥). Also the Jacobiarof themap,sending(¢, ¥) into (w, 0), is shavn onthisfigure.
Notethat6 traversesafull rotationif either¢ or ¢y does. On afundamentadomain,v
thuscompleteswo full rotations.

By symmetriestheintegral of the determinanbf the Jacobiardeterminanshovn on
Figure 3 over onefundamentaperiodequalszero. Fromthis figureis alsoseenthatthe
map(¢, ¥) — (w, ) is 2to 1 atmostof the points.

Insteadof connectinghe C,-atoms,it couldbeinterestingo focusone.g.thecenters
of mass the positionsof the oxygenatoms,or ary otherfixed point at, above, or belov
eachlink. However, suchnew representationsorrespondo continuousdeformationsof
themapfrom dihedralanglepairsto thecurvatureandtosionanglepair consideredbove.
Hence they areat besttwo to onemaps.

5 On helical representationof protein geometry

Whenrepresentingthe overall” proteingeometryby spacecurvesthe family of circular
helicess anaturalcandidateéhathasbeenconsideredby severalauthors.Thisis primarily
dueto thefrequenthelicalsecondargtructuresConsideraproteinbackbonenwhichall
pairsof dihedralanglesareequal.Furthermorefor eachlink in the proteinchainchoose
apoint, suchthateachpointlies atthe samespotwith respecto its link. Suchasequence
of pointslie on a helix. Suchhelixesmay degeneratdo circlesandmay for almostall
dihedralanglepair be chosenin a uniqueway. We examineto what extentsuchcurves
canhelp bridgethe gabbetweenbackbonegeometryandspacecurve geometryin order
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to transformproteindynamicsto spacecurve dynamics.

If one,e.g. inspiredby the twist evolutionary equationfrom Section2, intendsto
modelproteindynamicsvia spacecurve dynamicsit is natural,at first, to seekto endav
spacecurveswith an enegy densitythatis independenbdf arch-length(homogeneous)
but dependenbn the geometryof the curve. Suchmodelshave beensuccessfuin the
caseof DNA andmay help understangroteinsin the processof folding, assuggested
in [1]. An symmetryargumentsuggestshata givenhelix alwaysis a stationarypoint of
the enegy functionalif the curve is constrainedo go throughequallydistributedpoints
onthegivenhelix andthelengthof the curve is unconstrainedAny homogeneouspace
curve modelwill, dueto longa-helices,s-strandsoftenbeforcedto assumehapeglose
to helixes. This givesyet a otherreasonto pay attentionto helical representationsf
proteingeometry

Eventhoughthe ideaof representingroteingeometryby heliceshasa long history
the authorshave beenunableto find ananalysisof the representatioitself. This section
is devotedto this analysisand concentrate®n the caseof proteinson which all pairs
of dihedralanglesare equal. Evenin this simple case,the conclusionis that a helical
representatiogan,at best,be uniqueandtreatablefor smalldeformationsof the a-helix
structureandnotfor moregeneraproteinswith repeatedlihedralangles.Thisconclusion
thusalsoholdsfor generallyshapedroteins.

To be ableto performthe below analysiswe have developeda newv way of defining
helicesfrom proteingeometrybasedon the factthatsucha helix is fully determinedoy
the euclidearmotionthatbringsonelink in the proteinchaininto the the following link
togetherwith the choiceof pointsthatthe helix hasto go through. Hence,assuminghe
ideal backbonegeometrygiven in Figure 1, the helix is given by one pair of dihedral
anglesandthe choiceof pointswith respecto the links. On a generallyshapedprotein
backbonea piecavise helicalcurve is thusdefinedby thevaryingpairsof dihedralangles
alongthe backbone.

In [15] thepositionsof four C,-atomsin sequencés usedto definea bestfitting helix.
As mentionedn Section3, half of the conformationainformationis thrown away when
consideringhe positionsof eg. the C,-atominsteadof thefull geometryof thebackbone
in termsof the dihedralangles. The numberof residuesneededo definea helix piece
here(thatis two) is thussmallerthanin [15], which givesa higherresolution(in factthe
highestpossible)whenappliedto structuralanalysis.

Considettheeuclidearmotionthatbringsonelink in the proteinchaininto thefollow-
ing link. With notationasi Section3 this Euclideanmotionis givenby atranslationby v
followed by therotationgivenby O. Figure2 shownsthatO is alwaysa properrotation.
Let v denotetheanglethatO rotates Thetraceof O equalsl+€" + e~V = 1+2cogv).
Hence,
trace(O) — 1

> .

Note,thatcos(v) is independenotf the choiceof pointsonthelink.
Thefix pointsetof themapgivenby O is alwaysalinel, sinceO is newertheidentity,
seeFigure2. For ary integern andfor ary vectorc, notin I, the vector(O"c — O"~1c)

cos(v) =
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Figure5: Therise perresidue,n units of Angstrem,shovn asafunctionof the dihedral
angles.

is nonzeroandorthogonako |. Hence avectorg insidel, mayfor (O”*lc — O”*zc) X

~ n—1~_An—2 Nn~_n-1 .
(O"c— O"1c) # 0 bechosenasg = |8”*12—8”*22| x |8”g—8n*12| independenbf n.

SinceO is lengthpreservingO"c — O"~1c| = |0 (O"~1c — O"~%c)| = |O"~1c — O"Zc|.
As theinverseof O equalsthetransposef O it is easiesto calculateg as
- (c=0'c) x (Oc—c)
B |0c — ¢/?
whichis independentf c. Two choicesof ¢ thatnewerlie in| arec =v orc = (1, 0, 0).
However§ is ill-definedwhenever O rotates180degrees(but| is not). A naturalchoice
of aunitvectorinl isg = iI%_I suchthattheriseperresidued = g - v for theC, curve
is positive.
Let d(p) denotethe rise per residuewhen consideringa helix through points with

coordinateg with respecto eachlink. Thevectorfrom then’th pointto the (n + 1)’st
pointis, asin Section3, givenby O" (v + Op — p). Therise perresidues then

d(p) = -0"(v+Op—p)
= (O"q)-O"(v+Op—p)
= -(V+Op—p)
=q -V
—d,

9

wherewe usethatg isinvariantunderO, O is angelandlengthpreservingandfinally that
thevector(Op — p) is orthogonato g. Note,thatd (p) = d is independentf the choice
of pointsonthelink. Therise perresidueis shovn on Figure5. Note,thatd = 0 along
acurvein the (¢, ¥)-torus. At this curve in the parametespacethehelix is degenerated
to acircle andcrossingthis curve causesaninflectionof g, correspondindgo a changeof
orientationof the helical axis.

To determingheangelv onecan,in additionto theequationcos(v) = use

thatsin(v) = § -q orsin(v) = sign(§ - g) /1 — co (v), wherethelastexpressiorhas

tracgO)—1
2 ’
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Figure6: Therepresentatie, within theinterval [—7, [ to theleft andwithin theinterval
[0, 27| to theright, of theanglev asafunctionof thedihedralangles.

turnedoutto bethe easierfor computationapurposesOn Figure6 theanglev is shavn
asa function of the dihedralangles.Theanglev, mod 2, changesignalongthe curve
correspondingo d = 0 (seeFigureb). As g inflectswhencrossinghis curve, thereis no
discontinuityof the choserhelixesfor d = 0. On Figure6 on theleft handsidethe jump
for v betweerplusandminuss correspond$o ajump betweeraright handedhelix resp.
aleft handedelix.

Theangelv togethewith theriseperresiduds all theinformationon helixesthatcan
be extractedfrom O alone. The remaininginformationdependson the choiceof points
on eachchainlink.

Considemprojectionto aplaneorthogonatol andletw = (v+Op —p)—((v+Op —p)-€)Q
be the projectionof the vectorbetweenthe two first pointsin the helix, (v + Op — p).
FromFigure7 it followsthat

IW|2 = |(r cogv), I sin(v)) — (r, 0)|?> = 2r% (1 — coqv)),

giving theradiusof the helix as
f W - W . \/ W - W
V2@ —=cos(v)) V\ 3-trace©O)’

Considetthehelix givenby q(t) = (r cogvt), r sin(vt), dt). Theset{q(z)},cz equals
the set{r;},cz up to an Euclideanmotion. We saythat q interpolateghe discretehelix
givenby ther,’s. Thereareinfinitely mary helixesthatinterpolategher,’s (correspond-
ing to replacingv by v + 27z for ary integer z, thuschangingthe pitch). Curvatureand

torsionof thecurve q equalﬁzvr2r2 resp.ﬁ for eachchoiceof v. Thelengthof the

helix segmentusedto interpolatetwo pointsis L = fol g’ (t)| dt = Vr2v2 +d2.

Figure 8 showns dataon helical curves throughthe C,-atomswhen choosingv €
[—7, 7[. Whenv = (+)7 botharight handedanda left handedhelix interpolateequally
well. The discontinuityof the torsionoccursthuswhenthe interpolatinghelix changes
handednessThis discontinuitymay be moved by changingthe fundamentalinterval of
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B4

Figure 7: Planarprojectionof a helix. The anglebetweenw and Ow equalsv asthe
trianglesareisosceles.

v, asdoneon Figure9. Theline of discontinuity on Figure8 goesright throughthe set
of dihedralanglesthatcorrespondso S-strands.The geometryof g-stranddgs thusvery
badly capturedby the helixesconsiderean Figure8.

The determinanbf the Jacobiarof the mapfrom pairsof dihedralanglesto pairsof
curvatureandtorsionconcerningthe C,-atomsis shavn on Figure 8 at the bottom left.
Onaconnectedetof pairsof dihedralangleson which the determinanbf the Jacobian
hasconstansign,themapfrom pairsof dihedralanglego pairsof cunatureandtorsionis
invertible. The setof dihedralanglepairsthatcorrespond$o «-helixescontainsa serious
sign changeof the Jacobian.Considey a spacecurve representatiorthat goesthrough
the C,-atomsanddescribes helix in caseof a proteinin an«-helix shape.By the sign
changeof the determinanbf the Jacobianthe shape(i.e. the curvatureandtorsion)of
the spacecurve cannot be translatedo dihedralanglesin a uniqueway. Geometrically
this representatiofis not uniqueandit is e.g. impossibleto definea potentialenepgy of
the spacecurve from its shapesvenwhenconcerningmodelsthatonly hasto bevalid for
smallvariationsof the«-helix shape!

Figurel10 showvs dataon helical curvesthroughthe centersof masswhich arenatural
to considernf oneis interestedn dynamics.In the caseof v € [—x, 7| thereis arather
thin areawith positive determinanof the Jacobiarwhichis closeto both an«-helix and
a B-strandstructurebut noneof thesestructuresarecoveredby this region.

The determinantbf the Jacobiancoming from interpolatingthe oxygenatomswith
helixesis shavn on Figure11 at the bottomleft. It shavs thatthe oxygenatomlies ata
geometricallysignificantposition. Thereis a greatareawith positive Jacobiarthat con-
tainsbotha-helix aswell asg-strandin thecasev € [0, 2z[. This opensthe possibility
for building a representatiof protein backboneghat containsboth typesof the main
secondanstructures.The problemwith this representations thatthe lengthof the helix
piecerepresentingneresiduevariesfrom 1.5A to 20A.

When reconstructingprotein geometryfrom spacecurve geometry one, travelling
alonga spacecurve, hasto decidewhento reconstructhenext link in the peptidechain.
For given constantcunvatureandtorsion valuesone knows how far to travel alongthe
curve beforethenext link is to be(re-)constructedHowever, correspondingo agenerally
shapeg@rotein,thecurvatureandtorsionof its spacecurve representatie varieswith arch-
length.Hence thelengthof the curve piecethatcorrespondso alink in the peptidechain
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Figure8: Onthetop left andright: Curvatureresp.torsionof the helix interpolatingthe
Cq-atoms. At the bottomleft: The determinanif the Jacobianof the map (¢, ) +—

(x, 7). At thebottomright: Thelength(= +/r 2v2 + d?) of the helical pieceinterpolating
two neighbouringC,-atoms. The anglev is chosenin [—x, [ andin the grid on the
planeatthe bottomleft thelineslie 45 degreesapart.
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Figure9: Thisfigureshavsthehelicaldatafor helixesthroughthe C,-atomsason Figure
8, but with theanglev betweerzeroand2r .
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Figure10: Fromleft to right: Determinanif the Jacobiarof themap (¢, ¥) — (k, 1),
andlengthof helixesthroughthe centersof mass.In the two mostleft graphsthe angle
v € [—m, #[ andin thetwo mostright graphsv € [0, 27|.
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Figurell: Fromleft to right: Determinanif the Jacobiarof themap (¢, ¥) — (k, 1),
andlengthof helixesthroughthe Oxygenatoms. In the two mostleft graphsthe angle
v € [—m, [ andin thetwo mostright graphsv € [0, 2r].

varieswhenmoving alongaspacecurve andit is thusnot clearthatatransformatiorfrom
spacecurve to peptidechaincanbe constructed Evenif sucha transformatiorexistson
the ideal model considereduntil now, the factthat proteinbackbonegio not have ideal
geometry(asbondlengthsand anglesvary) implies that sucha transformationwill be
inaccurate. In the caseof interpolatingthe oxygenatoms,the relative variation of the
length of the curve piecesthat corresponds$o onechainlink is solarge, seeFigure 11,
thatevenwith a very accuratetransformatiorthe chainlinks may be misplacedseveral
chainlinks whenreconstructinge.g.a 150residuechain.

6 Analysing protein structure

Whenconsideringarge scaleproteinstructureinsteadof dynamicsthe non-invertability
of mapsfrom proteingeometryto spacecurve geometryis, asarguedin thelntroduction,
desirableinsteadof a “no go” result. Several authorshave consideredhe besthelical
approximatiorof four to five successie C,-atomsandusedcurvatureandtorsionof ap-
proximatinghelixesto analyseproteinstructure.The methodof calculatinga helix from
two links in aproteinbackbonechaingivenin theabove sectionmakesit possibleto geta
higher(actuallythe highestpossibleyesolution.Dueto thefinite resolutionof theatomic
coordinatesandthenotidealgeometryof eachink thechoiceof coordinatesystemsaken
in the above sectionis not appropriate The choicetakenhereis asfollows: Let P bethe
planethroughtwo neighbouringC,-atomsthat minimizesthe sumof the squaredlane-
pointdistancegor theremainingatomswithin thatlink in the proteinchain. Thefirst axis
isin thedirectionfrom thefirst C,-atomto the next, thethird axisorthogonato theplane
P, andthe secondaxisis suppliedto give anpositively orientedorthonormabasis.

The axis of the helical pieceis givenby the directiong anda point on the axis. As
seenfrom Figure12, this point maybechoseras

r +—W+I’|COS( /2)|a —W —d——(l’ + I'ny )—|—I’|COS( /2)|a —W
v X + = v X .
n 2 Wi 2 2 n n+l Wi
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Figurel2: Thisfigureis similarto Figure7 andshaws a pathfrom the C,-atom,atr, to
thepointonthehelix axisthatlies atthe “sameheight” asthe C,-atom.

Figure 13: This figure shavs the polygonalcurve throughthe C,-atomsof the protein
2HMQ:A togetherwith the piecavise helical approximationand the polygonal curve
throughthe chosenpointson the helix axes. The helical approximationis chosensuch
thattheanglev lies betweerplusandminus180degrees.
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Figure 14: As function of the residuenumberis from top left to bottomright showvn:
Thehelicalanglev, radiusof the helix, rise perresidue curvatureof the helix, torsionof
the helix, andthe bendingangleof the axis curve of the helicalapproximatiorshavn on
Figurel3.

On Figure 14 is shavn someof the datafrom applyingthe above methodto the pro-
tein 2HMQ:A. It is not surprisingthatthe datashavn on Figure 14 aremorenoisy than
wheninterpolatingover longerpiecesof the proteinbackboneespeciallyon the regular
a-helices,wherethe helix axis bendup to 20 degrees. Alone the fact, that the N-C, -
C-anglesvary within plus and minus6 degreesfrom the ideal angleof 70 degrees,has
to give somenoise. However, whenconsideringthe non-reyular regions, like turns, the
morelocal definition of helical approximationgiven hereseemgo be morenaturalthan
to interpolateover 4 to 5 C,-atoms,which corresponds$o a full turn. It hasbeentried to
vary the choiceof thelocal coordinatesystents thethreeaxesof inertig? of eachlink in
the chainusingmassesesp. Van der Wahl radi asweightsto emphasislynamicsresp.
structure but the resultsare almostindependenof thesechanges.The noisinesof the
dataon Figurel4,especiallyonthea-helicesof 2HMG:A, suggestshatproteingeometry
is not suitedfor local description.

7 Topologyand framing

In this sectionsomefundamentalquestionsregardingary representatiorof backbone
geometnby (framed)spacecurvesareaddressedrlo do this somenotationis introduced
in orderto formalizeconsiderations.

Definition 1

20neof theseaxesis perpendiculato the planeof thelink, see[16].
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1 A differential geometricrepresentationof protein badkbonegeometryis a map R
from a setof sequencesf dihedral anglesinto the setof orientedsmoothspace
curveshapesthatis,

R: (Sl x Sl>n_1 — ck {I — R3} /Euclideanmotions

wheee n is the numberof residuesf the protein,k > 3 givesthe smoothnessf the
representationandtwo spacecurvesare consideed equivalentf oneof themcan
be broughtinto the otherby an euclideanmotionpreservingorientation.

2 A differential geometricrepresentatiorof protein badkbonegeometryis saidto be
framedif eat spacecurveis equippedwith a framing

3 A smoothparametrized(framed)representationof protein badkbonegeometryis
asa differential geometric(framed)representatiorof proteinbadkbonegeometry-
exceptthat two (framed)regular spacecurvesare consideed equivalentif one of
themcanbebroughtinto the otherby an euclideanmotionpreservingparametriza-
tion. (In this casetwo identical curvesare consideed equivalentonly if they have
the sameparametrization.)

4 A differential geometricor smoothparametrizedframed)representatiorof protein
badkbonegeometryis saidto befaithful if R is injective

5 Adifferential geometricor smoothparametrizedframed)representatiorof protein
badbonegeometryis saidto be continuousf R is continuous.

Considerthe polygonalcurve givenby the- - . — C,—C-N-G, — ... bonds.Smooth-
ing the kinks of this polygonalcurve givesboth a differentialgeometriccontinuousand
faithful representatioaswell asa smoothparametrized¢ontinuousandfaithful represen-
tation.Using- - - —C,—C—-N-GC, —. .. polygonsascontrolpolygonswill for arny piecevise
rationalinterpolatingcurve family give a continuousrepresentationd, perhapsy in-
sertingadditionalcontrolpointsateachbond,alsoafaithful representationThenotvery
surprisingstartingpointis thus:

Proposition 2 Bothdifferential geometricandsmoothparametrizedepresentationshat
are continuousandfaithful exists.

Thenext resultis of atopologicalnatureandcameasa bit of a surpriseto theauthors.
The resultdealswith representationsaving the propertythatthe changeof the shapeof
the spacecurve andframeat one point dueto a changeof the proteinshapeat another
pointdecreasewith thelineardistancgthe numberof residuespetweerthetwo points.
We saythat sucha representatiomasfinite persistencdéength. This is e.g. the casefor
Béziercurvesthathave afinite “cut of” distancedependingontheir degrees.
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Theorem 3 Thele do notexista continuoudramedrepresentatiorwith finite persistence
length.

Proof: Considera proteinbackbonehatis solong comparedo its persistencéength
thatchangeperformedat onepoint have neggligible influenceat pointsthatlie atleasta
third of thelengthof the proteinaway. Clampthe proteinat both ends(allowing rotation
of theterminalend)andchoosea framedcurve c betweerthetwo clampedendsto givea
total closedframedcurve. The curve c maybechosersuchthatit avoids contactwith the
proteinunderthe deformationof the proteinconsideredelon. Thetotal closedframed
cunve fulfills the equationLinky = Wry 4 Twy p + Twy ¢, whereWr is the writhe of the
total closedcurve, Twy p is thetwist of the framealongthe spacecurve representatioof
the protein,andTw ¢ is thetwist of theframealongthe curve piecec.

Fix thefirst andthe lastthirds of the proteinandperformaridgedfull rotationof the
lastthird. Due to the persistencéengthof the representatiothe framedcurve nearthe
first endis almostfixed and the framedcurve nearthe last end performsalmosta full
ridgedrotation. To compensatéor this rotationof thelastendof the proteinthe framing
of thecurve c (whichis keptfixed)hasto performafull rotationatthis endwhile its frame
is fixed at the otherend. Thetwist of ¢ is thusnow Two ¢ = Twy ¢ £1, wherethe sign
depend®nthehandednessf thefull rotationapplied. Theproteinmaybedeformedback
toits original positionby turningonedihedralangelof themiddlethird 360degreeswhile
keepingthe first andthe last thirds fixed. Recalculatinghe linking numberassociated
with thetotal framedclosedcurve givesLinky = Wro 4+ Twp p 4 Tw, ¢, Wwherethewrithe
of the total closedcurve, Wro = Wry, is unchanged]w, , = Twy p is the twist of the
framealongthe spacecurve representationf the protein,and Twy c = Twy c£1 is the
twist of the framealongthe curve piecec. Hence,Link, = Link1 1. Thisimpliesthat
theperformeddeformationof thetotal closedframedspacecurve hasbeendiscontinuous.
As therehasnot beendiscontinuitiesat c therehasbeenat leastonediscontinuityof the
framed representatiorof the protein. Hence,ary framedrepresentations potentially
discontinuousat eachlink whenconsideringproteinsthataresufficiently long compared
to therepresentationgersistencéength. O

Assumejn orderto obtaina contradictionthatadifferentialgeometriacepresentation
of proteinbackbonedasthe propertythatall curveshave non-vanishingcurvature. By
this they all have a well-definedFrenetframe. For eachcurwve in a family of curves
considerthe vectorfield given by the principal normals. The combinationof curvesand
principal normalfields givesa framedrepresentationBy Theorem3 this representation
is discontinuous.The conclusionis that curvaturehasto vanishat somepoint of some
curve in suchafamily of curves.A corollaryof Theorem3 is thus

Corollary 4 (of Theorem 3) Thele donotexista continuougepresentatior(or differen-
tial geometricrepresentationyith non-vanishingurvature andfinite persistencdength.

Thevanishingof curvatureassertedby Corollary4 hasto happersuchthattheintegral
of torsionover anarbitrarily smallinterval containingthe zerocurvaturepointis discon-
tinuousin time. A similar remarkcountsfor the discontinuityof framedrepresentations
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assertedy Theorem3 wherethe integral of twist, k3, over an arbitrarily small intenal
containingthe point of discontinuityof the framingis discontinuous.The existenceof
the discontinuityof the helical representatiombsenedin Section5 is a consequencef
corollary 4. As the problemis of a topologicalratherthanof a geometricnatureit will
not disappeaif oneslightly changethe classof curvesusedto representhe backbone
geometry This wasalsoseerasmoving the choiceof pointsfor the helicesto go through
did notchangeaheglobalpicturenamelythatgoingfrom dihedralanglego curvatureand
torsionis at besta two to onemap.

In orderto apply spacecurve geometryto proteinsonethushasto usedifferenttypes
of representatione.g. asin the constructve proof of Proposition2. This is donein
the following section. It seemshowever that the local differentialgeometricinvariants
cunatureandespeciallytwist andtorsion,dueto Theorem3 resp. its corollary, cannot
beappliedto spacecurve representatiesof proteinstructure.

We concludethis sectionby pointing out a very seriousconsequencghen trying
to describeproteindynamicsvia framedspacecurvesequippedwith an elasticrod like
enegy. A quadratictwist termof the potentialenegy hasaninfinite enegy barrierthat
preventsframe discontinuities.Hence,ary elasticmodelwith non zeroquadratictwist
enegy prohibitsfull rotationsof eachdihedralangelof the modelledprotein.

8 Conclusion

To conclude purinvestigatiorof local spacecurve representatioonf proteinshave identi-
fied thefollowing:

Regardingproteindynamics:It is impossibleto represengeneralproteinbackbonedy

spacecurves, suchthat the spacecurve canbe endaved with a translationallyinvariant
potentialenegy correspondindo the part of the potentialenegy of the proteincoming

from neighbourindinks in the backbonechain. Whenrestrictingthe configurationspace
of the proteinsuchthata potentialenegy functionalmay be defined ,we have foundthe

remainingpartof the configurationspaceoo smallto be of interest.

Regardingproteinstructuredescription:We introducea newv way of defininghelix pieces
approximatingprotein backbonesthat dependson two neighbouringlinks in the back-
bonechainonly. This givesthe highestpossibleresolutionfor alocal helicalrepresenta-
tion, which indicatethat proteingeometryis not suitedfor local description.

Undersomenaturalassumptionswe prove the generalresultthatit is impossibleto
constructa framedrepresentatiomf proteinbackboneghatis continuousunderdefor
mation of the protein. Consequentlyany notion of torsionor even integratedtorsion of
proteinbackboneshouldbe avoided.
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