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ABSTRACT. In this paper we extend the investigation of quasi-affine systems, which
were originally introduced by Ron and Shen [J. Funct. Anal. 148 (1997), 408-447]
for integer, expansive dilations, to the class of rational, expansive dilations. We
show that an affine system is a frame if, and only if, the corresponding family
of quasi-affine systems are frames with uniform frame bounds. We also prove a
similar equivalence result between pairs of dual affine frames and dual quasi-affine
frames. Finally, we uncover some fundamental differences between the integer and
rational settings by exhibiting an example of a quasi-affine frame such that its affine
counterpart is not a frame.

1. INTRODUCTION

Quasi-affine systems are little known cousins of well-studied affine systems also
known as wavelet systems. Let A be an expansive dilation matrix, i.e., n X n real

matrix with all eigenvalues |A| > 1. The affine system generated by a function ¢ €
L*(R™) is

A@W) = {qu,k(x) = |det AP Y(Alw —k):jeZ, ke Z"} . (1.1)

The affine systems are dilation invariant, but not shift invariant. However, if the
dilation A has integer entries, that is AZ" C Z", then one can modify the definition
of affine systems to obtain shift invariant systems. This leads to the notion of a
quasi-affine system

det AP p(Alg —k):j >0, keZ"
det A Y(AM(z — k) :j <0, k ez

which was introduced and investigated for integer, expansive dilation matrices by Ron
and Shen [20]. Despite the fact that the orthogonality of the affine system cannot
be carried over to the corresponding quasi-affine system due to the oversampling of
negative scales of the affine system, it turns out that the frame property is preserved.
This important discovery is due to Ron and Shen [20| who proved that the affine
system A (¢) is a frame if, and only if, its quasi-affine counterpart A9(¢)) is a frame

A() = { i) = { (1.2)
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(with the same frame bounds). Furthermore, quasi-affine systems are shift invariant
and thus much easier to study than affine systems which are dilation invariant.

The goal of this work is to extend the study of quasi-affine systems to the class
of expansive rational dilations. Let A be an expansive dilation with rational entries,
that is AQ™ C Q™. The first author [3| generalized the notion of a quasi-affine frame
for rational, expansive dilations which coincides with the usual definition in the case
of integer dilations. The main idea of Ron and Shen [20] is to oversample negative
scales of the affine system at a rate adapted to the scale in order for the resulting
system to be shift invariant, i.e., ¢ € A9(¢Y) = Ty € A9(¢) for all k € Z™. In order
to define quasi-affine systems for rational expansive dilations one needs to oversample
both negative and positive scales of the affine system (at a rate proportional to the
scale) which results in a quasi-affine system that in general coincides with the affine
system only at the scale zero. This can easily be seen in one dimension where the
quasi-affine system has a relatively simple algebraic form. Suppose that a = p/q € Q
is a dilation factor, where |a| > 1, p, ¢ € Z are relatively prime. Then, the quasi-affine
system associated with a is given by

PPl (e —q k) §>0, ke
e _{ ol a2 wlis — ) : <0, ke | 3

In the rational case it is much less clear than in the case of integer, expansive dila-
tions (where both systems coincide at all non-negative scales), whether there is any
relationship between affine and quasi-affine systems. Nevertheless, the first author
proved in [3] that the tight frame property is preserved when moving between ratio-
nally dilated affine and quasi-affine systems. This result has initially suggested that
there is not much difference between integer and rational cases.

In this work we show that this belief is largely incorrect by uncovering substantial
differences between the theory of integer dilated and rationally dilated quasi-affine
systems. For any rational, non-integer dilation we give an example of an affine system
which is not a frame, but yet, the corresponding quasi-affine system is a frame. This
kind of example does not exist for integer dilations due to the above mentioned result
of Ron and Shen.

To understand the broken symmetry between the integer and rational case we
introduce a new class of quasi-affine systems indexed by the choice of the oversampling
lattice A C Z". In short, the quasi-affine system A} (¢)) is defined to be the smallest
shift invariant system with respect to a lattice A, i.e., ¢ € A% (Y) = Th¢ € Ax () for
A € A, which contains all elements of the original affine system A (¢). In order to
make this definition meaningful we also need to renormalize the elements of A} (v))
at a rate corresponding to the rate of oversampling as it was done previously. Again,
this is best illustrated in one dimension. We take A = (pq)’Z for J € Ny since this
particular choice gives the oversampled quasi-affine system A} (¢)) a nice algebraic
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form:

P2 a7 plade — " IR) > T ke
P2 g P (e = p k) <~ kEZ

see Example 3. Then our main result can be stated as follows.

Theorem 1.1. The affine system A (¢) is a frame for L*(R") if, and only if, every
N-oversampled quasi-affine system AR () is a frame with uniform frame bounds for

all N C Z™.

In the case when the dilation A is integer-valued, the class of A-oversampled quasi-
affine systems reduces to the standard quasi-affine system A%(¢)) and its dilates, see
Example 2. Hence, the original result of Ron and Shen [20] follows immediately from
Theorem 1.1. The proof of Theorem 1.1 is influenced by the work of Hernandez,
Labate, Weiss, and Wilson [13,14], where the authors obtain reproducibility charac-
terizations of generalized shift invariant (GSI) systems including affine, wave packets,
and Gabor systems. The key element of these techniques is the use of almost peri-
odic functions which was pioneered by Laugesen [17,18] in his work on translational
averaging of the wavelet functional. Using these methods Laugesen [18] gave another
proof of the equivalence of affine and quasi-affine frames in the integer case. In this
work we show that these techniques can be generalized to treat rationally dilated
quasi-affine systems as well.

In the next part of the paper we investigate more subtle frame properties of quasi-
affine systems. We characterize when the canonical dual frame of a A-oversampled
quasi-affine frame Aj(¢) is also a quasi-affine frame. In the case of integer dilations,
such characterization is due to the first author and Weber [5]. Theorem 1.2 generalizes
this result to the case of rational dilations. It is remarkable that the existence of the
canonical quasi-affine dual frame is independent of the choice of the oversampling
lattice A. Hence, if such canonical dual frame exists for some A-oversampled quasi-
affine system, then it must exist for all lattices A C Z".

Theorem 1.2. Suppose the quasi-affine system AR (1) is a frame for L*(R™) for
some lattice Ng C Z". Then, the canonical dual frame of AZI\O(Q/)) is of the form
Ao (@) for some ¢ € L*(R™) if, and only if, for all a € Z™ \ {0},

ta(§) = Y B(BIOYBI(E+a) =0 forae &R, (1.5)

JEZ:0eBITL™

where B = A'. In this case, AX(¢) is the canonical dual frame of A% (W) for all lattices
NCz".

We also investigate pairs of dual quasi-affine frames. Here, the theory of ratio-
nally dilated quasi-affine frames parallels quite closely that of integer dilated systems.
Hence, we have a perfect equivalence between pairs of dual affine frames and pairs of
dual quasi-affine frames, regardless of the choice of the oversampling lattice A.
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Theorem 1.3. Suppose that A () and A(p) are Bessel sequences in L*(R™). Then
the following are equivalent:

(i) A(Y) and A(¢) are dual frames,
(ii) A}, () and A} (¢) are dual frames for some oversampling lattice Ny C Z",
(111) A% () and Aj(¢) are dual frames for all oversampling lattices N C Z™.

Theorem 1.3 points at a location of the broken symmetry in the equivalence between
affine and quasi-affine frames in the rational non-integer case. If such non-equivalence
exists, then it can only exhibit itself for quasi-affine frames which do not have a dual
quasi-affine frame. The last section of this work is devoted to showing that such
phenomenon does indeed exist. For any non-integer rational dilation factor we give
an example of a quasi-affine frame A} (1)) such that the corresponding affine system
A () is not a frame.

Theorem 1.4. For each rational non-integer dilation factor a > 1, there exists a
function ¢ € L*(R) such that A% () is a frame for any oversampling lattice N C Z,
but yet, A () is not a frame.

Despite that each system Af (1)) is a frame, its lower frame bound drops to zero
as the lattice A gets sparser. Hence, this example does not contradict Theorem 1.1.
Moreover, in the light of Theorem 1.3, none of the quasi-affine frames A7 (1)) can have
a dual quasi-affine frame.

We end this introduction by reviewing some basic definitions. A frame sequence
is a countable collection of vectors {f;};cs such that there are constants 0 < C; <
Cy < oo satisfying, for all f € span{f;},

CullFIP < ) I P < CollFIP
JjeT
If span{f;} = H for a separable Hilbert space H, we say that the frame sequence
{f;i}jes is a frame for H; if the upper bound in the above inequality holds, but not
necessarily the lower bound, the sequence {f;} is said to be a Bessel sequence with

Bessel constant Cy. For a Bessel sequence {f;}, we define the frame operator of { f;}
by
StH—=H,  Sf=Y_{f.fi)h
JjET
If {f;} is a frame, this operator is bounded, invertible, and positive. A frame {f;} is
said to be tight if we can choose C = Cs; this is equivalent to S = CyI, where [ is
the identity operator. If furthermore C) = Cy = 1, the sequence {f;} is said to be a
Parseval frame.
Two Bessel sequences {f;} and {g;} are said to be dual frames if

f=>_(f9)f; forall feH.
JjeJ
It can be shown that two such Bessel sequences indeed are frames, and we shall say
that the frame {g;} is dual to {f;}, and vice versa. At least one dual always exists,
it is given by {S~'f;} and called the canonical dual.
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Let f € L*(R™) for some fixed n € N. The translation by y € R is T, f(z) = f(x —
y); dilation by an n x n non-singular matrix B is Dy f(z) = |det B|"/* f(Bz). These
two operations are unitary as operators on L*(R"). Let W = {4,...,9} C L*(R")
and let A be a fixed n x n expansive matrix, i.e., all eigenvalues \ of A satisfy
|A| > 1. The affine system of unitaries A associated with the dilation A is defined as
A ={DyTy:j€ZkecZ"}, and the affine system A(¥) generated by ¥ is defined
as

AW) ={Yjr:j€Z,k e Z" ¢ € V},

where ¢, = Dy Titp for j € Z,k € Z". We say that ¥ is a frame wavelet if A(W)
is a frame for L*(R™), and say that ¥ and ® is a pair of dual frame wavelets if their
wavelet systems are dual frames. The transpose of the (fixed) dilation matrix A is
denoted by B = A’

Following [12], the local commutant of a system of operators U at the point f €
L*(R™) is defined as

Cy(U):={T € B(L’(R"): TUf =UTf YUE€eU}.
For f € L'(R"), the Fourier transform is defined by

FIO=1©)= | e i

with the usual extension to L*(R™). We will frequently prove our results on the
following subspace of L*(R™)

9 = {f e L*(R") : f € L®(R") and supp f is compact in R™ \ {0}} : (1.6)

and extend the result by density arguments.

2. GENERALIZED SHIFT INVARIANT SYSTEMS, LATTICES AND OVERSAMPLING

In this section we review some fundamental properties of lattices, shift invariant
systems, oversampling of shift invariant systems, mixed dual Gramians, and general-
ized shift invariant systems.

2.1. Lattices in R". A lattice ' in R" is a discrete subgroup under addition generated
by integral linear combinations of n linearly independent vectors {p;}, C R", i.e.,

F={zapr+-+2zupn:2,...,2, €L}.

In other words, it is a set of points of the form PZ"™ for a non-singular n x n matrix
P. Let I be a lattice in R". If [ = PZ", we say that the matrix P € GL,(R)
generates the lattice . A generating matrix of a given lattice is only unique up to
multiplication from the right by integer matrices with determinant one in absolute
value; in particular, if ' = PZ" for some P € GL,(R), then also = PSZ" for any
S € SL,(Z). The determinant of I is defined to be:

d(T) = |det P|, (2.1)
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where P € GL,(R) is a generating matrix for '; note that d(I') > 0 and d(Z") = 1.
The determinant d(I) is independent of the particular choice of generating matrix P
and equals the volume of a fundamental domain I of the lattice I', where

Ir=P(0,)")={eipr+ - +cupn:0< ¢ <1lfori=1,...,n}

with p; denoting the 7th column of a generating matrix P. Note that R" = U.cr (y+1r)
with the union being disjoint, and that the specific shape of Ir depends on the choice
of the generating matrix P.

Suppose that [ C A, in other words, that [ is a sublattice of some “denser” lattice
A. We define the index of I in A as

d(r)
= ) 2.2
an (2.2)
The index D is always a positive integer; it is actually the number of copies of paral-
lelotopes I that fits inside a larger parallelotope I. If D is the index of [ in A, we
have from [6, §1.2.2],

DANCT CA, (2.3)

and, from |6, Lemma I.1],

#{N/T} =D =d(I)/d(N), (2.4)
where #{A/I'} is the order of the quotient group A/I'. As illustrated in the following,
these simple relations are often very useful. Suppose I is a rational lattice, i.e.,
the points of the lattice have rational coordinates or, equivalently, the entries of a
generating matrix P are rational. In this situation we define I, the integral sublattice
of [, by I = Z"NT, and the extended integral superlattice of T by I + Z". Using the
characterization of lattices in |6, Theorem III.VI|, it is straightforward to show that
these point sets actually are lattices. Thus [ = NZ" is a sublattice of Z" with index
in Z" as

d(T) =
D= =d(l
d(Zn) 0,
and consequently, N -
dafyz"crcr. (2.5)

This shows that any rational lattice I' has a integral sublattice of the form ¢Z", where
the constant ¢ € N can be taken to be ¢ = d(I') = vol (I¢) = #{Z"/T}. Since we also
have #{I'/T'} = d(I")/d(T), the above calculations show that

H{2" [T} = #{T/T}d(T).
In a similar way, we have for the extended integral superlattice of I
H{(T+2M/2"} = d(T+Z") ' =vol (Iryz:)' €N
and
#{(T+2")/2"}yT+7Z") CcZ".
The dual lattice of T is given by
M={neR":(n,y)eZioryerl}, (2.6)
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thus if [ = PZ", then [* = (P')~'Z". The determinants of dual lattices satisfy the
following relation

a(ryd(r- =1.
If I € A, then A* C I'*. For rational lattices ' and A the dual lattice of N A and

[+ A are [ 4+ A* and [* N A*, respectively. Dual lattices are sometimes called polar
or reciprocal lattices. We refer to 6] for further basic properties of lattices.

2.2. Shift invariant systems.

Definition 2.1. Suppose that I is a (full-rank) lattice in R™, i.e., [ = PZ" for some
n X n non-singular matrix P. A closed subspace W C L*(R") is said to be shift
invariant (SI) with respect to the lattice ' or simply I'-SL, if f € W implies T, f € W
for all v € I'. Given a countable family ® C L?*(R") and a lattice ' we define the [-SI
system E'(®) and the I'-SI subspace ST (®) by

E'(@) = {Ty6: 6 €,y €T}, S(P) = spam £ (®).

We will need the following result on oversampling of shift invariant frame sequences;
in case the frame sequence is actually a frame for all of L*(R™) assertion (i) below
reduces to |14, Theorem 3.3|. Our proof is more elementary than |14, Theorem 3.3|
and is included to illustrate how well behaved shift invariant systems are under over-
sampling.

Proposition 2.1. Let I, be lattices in R™ and ®, ¥ C L*(R") countable sets of
the same cardinality. Suppose that T C T’ and ST(®) = ST (®). Then the following
assertions hold:

(i) If E™(®) is a frame sequence with bounds C1,Cy, then
I
iaUABSS

is a frame sequence with bounds Cy, Cs.

(ii) Suppose that ST(®) = S"™(¥) = ST(V). If E™(®) and E" (V) are dual frames for

ST(®), then

E"(®)

b
AT/

are dual frames for S™(®).

1

E"(®) and e

B (W)

Proof. To prove (i) assume that there are constant Cy,Cy > 0 such that
CUlfIP <D Y AT <GIIfIP forall f € ST(®).
ped yel

Let {dy,...,d,} be a complete set of representatives of the quotient group I'"/I'. For
each d., r =1,...,q, we then have

CIFIP <3N T £ T o) < CollfIIP forall f e ST(@)

ped vel
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using the isometry of the translation operator, i.e., || 7_q4.f|| = || f]|, and the "-SI of
S”(®) = ST(®). Adding these ¢ inequalities yield

gC 1P <D DD K T ) < aCa £

ped r=1 ~el
and thus,
CLIAP <Y D a7 PTe) P < Col £

ped ~vel’

Since ¢ = #{I"'/T'}, assertion (i) is proved.
Let ® and ¥ be indexed by Z, i.e., ® = {¢;},.; and ¥ = {¢);},.;. By our assumption
we have

F=Y D (fTo)Typ;  forall feS(®)=S"(T),

i€ ~vel

A1 =D Toda) (T, f).

1€ ~el

hence, in particular,

Using the same techniques as in the proof of (i) we arrive at
F=Y > (fqa PTo) ¢ PTowy forall f e ST(®) =S" (D).
i€T yel
By (i) the sequences ¢~'/2E" (®) and ¢~'/?E" (V) are Bessel sequences, and (ii) is
proved. O

As an immediate consequence of Proposition 2.1 we have the following useful fact
for SI frame sequences spanning all of L?(R").

Corollary 2.2. Let T be a lattice. If E™(®) is a frame for L*(R™) with bounds Cy, Cs,
then, for any superlattice T of T, i.e., T C T,

1
#{I /T3
is a frame for L*(R™) with bounds C1, Cy.

E"(®)

Corollary 2.2 is [14, Theorem 3.3] stated in terms of lattices rather than in terms
of lattice generating matrices. In the matrix version the condition I' C [’ becomes
the less transparent, but equivalent, condition C~'RC € GL,(Z), where I = CZ"
and ' = R7'CZ" for R,C € GL,(R), ie., E"(®) = {Tepo: k € Z",¢p € ®} and
E"(®) = {Trrcpd: k €Z", ¢ € D},

2.3. Oversampling SI systems. Following [3] we introduce the notion of oversam-
pling a SI system by a rational lattice.
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Definition 2.2. Let I, A be rational lattices in R", i.e., lattices with generating
matrices in GL,(Q). Suppose ® C L*(R") is a countable set. Define O}(®), the
oversampling of E'(®) by a rational lattice A C Q", as
1
D).

HHN (AN )

By definition O}(®) is always SI with respect to A, and if A C I, no oversampling
occurs, and the oversampled system O} (®) = E"(®). Moreover,

. 1
On(®) = {#{A/m AT

— {#{A/(Alﬂ r>}1/2Td+’Y¢ cped . de[N(ANT)],ye I'}

1 r
= Fmanpe, U T E®),

de[N/(ANT)]

ON(®) = E”"(

Tw¢:¢e<1>,wer+/\}

where the union runs over representatives of distinct cosets of the group A/(ANT).
Indeed, the penultimate equality is a consequence of the fact that by choosing rep-
resentatives of cosets of (I' + A)/I in A, we also have representatives of A/(ANT).
Likewise, choosing the representatives of cosets of (I + A)/A to be in I yields repre-
sentatives of I'/(ANT), hence

r _ 1 A
N = a1 E@). 0

This equation follows also from the obvious symmetry in Definition 2.2: the A over-
sampling of E™(®) is equal to the I oversampling of E"(®) up to a scaling factor; to
be precise,

d()'? O\ (@) = d(N)'"2 O (@),

where we have used formula (2.4) to obtain the scaling factors.

2.4. Mixed dual Gramians. Let A be a lattice in R"™, and let I5- denote a fun-
damental domain of A*. Define the isometric, isomorphism J between L?*(R™) and

L*(In-, C2(N)) by
Tfidn = CN), THE={f+ N}  for felX®).  (28)

Sequences of the form J f(£) are called fibers of £2(A*) parametrized by the base space
§ € In. Let {f;},c7 and {g;},.; be countable collections of functions in L?(R"™). By
generalizing |1, Theorem 2.3|, we have that E*({f;}) is a frame (or Bessel sequence)
in L?(R") if, and only if, {d(A*)Y/27 fi(€) }iez is a frame (or Bessel sequence) in £2(A\*)
for a.e. £ € In« with bounds being preserved. From this fact it is straightforward to
verify that EMN({f;}) and EM{g;}) are dual frames if, and only if, {d(A*)"/27 f;(€) }iez
and {d(A*)Y2 T g;(€)}iez are dual frames for a.e. £ € Ip..
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Now, assume that EMN{f;}) and EMN{g;}) are Bessel sequences. For a fixed £ € Iy
set t; = d(N)V2T fi(€) and w; = d(N*)V2 T gi(€) for i € Z. The synthesis operators
for the fibers {¢;} and {w;} are defined by

T: (1) — C(N), T({e:}) Zcz i

U: (1) = C(N), U{e)) = Zcu

respectively. The analysis operators are the adjoint operators, and one finds

T*(a) - {<CL, ti>}iez> U*(CL) = {<aa ui>}ieza

for a = {ar},cpe € €2(A*). The fibers {¢;} and {u;} being dual frames in £*(A*) means
in terms of the analysis and synthesis operators that

TU* = Igz A%) or, Uur* = Iﬁ(/\*),

where Ipz(z+) is the identity operator on C2(NF).
The mixed dual Gramian G = G(S ) is defined as G = UT*. In the standard basis
{er}rens of £2(A*) the mixed dual Gramian acts by (Gey, e)) = Sier tilk)ui(1), so

G(e) = ( d(N) Y fil€+ R)gi(E + l)) . (2.9)
i€l k,leN*
By the above, the SI systems EM{f:i}) and EMN{g;}) are dual frames if, and only if,
G(g) = IgQ(/\*) for a.e. 5 c I/\*.
The following result is a generalization of [3, Lemma 2.5|. Lemma 2.3 says that the

mixed dual Gramian of a pair of oversampled SI systems is in one part simply the
original mixed dual Gramian, whereas it, in the other part, has zero entries.

Lemma 2.3. Let [ and N be lattices, and let ¥ = {¢;},.; and ® = {¢;},.; be
countable sets in L*(R™). Suppose O)\(¥) and O)\(®) are Bessel sequences. Then the
mized dual Gramian of O\(¥) and O\ (®) is given for k,l € A* as

() = AM) iz b€+ R)G(E+1)  ifk—1eT NA, (2.10)
S0 ifk—1eN\T".

Proof. We paraphrase the oversampled systems O} (¥) and O} (®) using (2.7) which
yields

r A ! / 1
ON®) = EMNU'), where ¥/ = | | {#{/\/(/\mr)}lﬂTd\I’}’

dell/(ANI)]

and

1
Of (@) = EN@'), where & = U { qu)}.
de[r/(Ann)] #{N/(NNT)}1/2
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Hence, by (2.9),

d(N) ' G(E)ry W Z Z Tuthi(€ + B)Tudi(€ +1)

i€ de[r/(AT)]

= ; —2mi(k—1,d) ]{7 l

Using Lemma 3.6 and #{I/(ANT)}/#{N/(ANT)} = d(N)/d(T) = d(I'™*)/d(N*) yields
(2.10). O

2.5. Generalized shift invariant systems. Generalized shift invariant system were
introduced and studied in the work of Hernandez, Labate, and Wilson [13], and
independently by Ron and Shen [23].

Definition 2.3. For a collection of functions {g,},ep, a generalized shift invariant
(GSI) system is defined as

U E™ (). (2.11)

where {I',} _; is a countable collection of lattices in R". The I-SI system E'(g,) is
said to be the pth layer of the GSI system.

Letting ® = {g,},p and [ =T, for each p € P in (2.11) for a GSI system, we

recover the SI system E'(®). Moreover, a GSI system is SI if there exists a (sparse)
lattice I so that [ C T, for each p € P. Furthermore, if C,, € GL,(R) is chosen such
that [, = C,Z" for each p € P, then the GSI system in (2.11) takes the form

{Te,rgp: k€ Z",peP}. (2.12)

We will use the following results about GSI systems from [13]. Here, we state the
results from [13] in terms of lattices in R™ rather than in terms of (2.12) and matrices
{C,}. The reason behind this convention is that a matrix C, satisfying I, = C,Z" is
not unique and most of our conditions simplify when stated in terms of lattices rather
than matrices.

Theorem 2.4 (Theorem 2.1 in [13]). Let P be a countable set, {gy},p a collection
of functions in L*(R™) and {Tp},cp a collection of lattices in R™. Assume the local
integrability condition (L]C’):

L(f) :: / §+m)} d(T) 19,(& PdE <oo forall feP. (2.13)
peP mery 7 supp f
Then the GSI system UpepE™(g,) is a Parseval frame for L*(R™) if, and only if,
> d(M)3p()gp(€ + @) =6ap  for ae £ ERT (2.14)
peEP

Jor each a € Upepl'.
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The fact that LIC, in general, is necessary can be found in [4, Example 3.2]. We
also recall the relation between the determinants of dual lattices d(I';) = 1/d(T}).

Proposition 2.5 (Proposition 2.4 in [13]). Let P be a countable set, {gy},.p a col-
lection of functions in L*(R") and {Tp},cp @ collection of lattices in R". Assume that
the LIC given by (2.13) holds. Then, for each f € 9, the function

2
w(z) =Y (Tt Tigy)| (2.15)
pEP kel
is a continuous function that coincides pointwise with the absolutely convergent series
w(z) = Z Z Wb, (m)e™me) (2.16)
peEP mel’;;

where

wy(m) =d(T) [ FOF(E+m)3,()g,(& +m)dE. (2.17)

R

The function w in (2.16) is an almost periodic function. In case the GSI system
from Proposition 2.5 is a [-SI system for some lattice I, the function w is actually
[-periodic, and can thus be considered as a regular Fourier series on the fundamental
parallelotope Ir.

Proposition 2.6 (Proposition 4.1 in [13]). Let P be a countable set, {g,},.p a col-
lection of functions in L*(R™) and {Tp},cp a collection of lattices in R™. If the GSI
system U,epE7(g,) is a Bessel sequence with bound Cy > 0, then

D 1317 /d(T,) < Cy for ae. £ €R™ (2.18)
pEP

The following result is a generalization of Proposition 5.6 in [13|. The result states
that the local integrability condition for affine systems A (1) is equivalent with local
integrability of a Calderén sum (2.19), hence the name of the condition.

Proposition 2.7. Let A € GL,(R) be ezpansive and ¢ € L*(R"). Then,
> [pee] et o) (219)
if, and only if, )
H=- % /Suppf\ﬂu Bm) det ) |F Dysth(€) dé

JEZ meZ"
=> > / flf(€+ Bim)|* [{p(B7€)|Pd¢ < oo forall f € D. (2.20)
J€Z mezn Y SuPP

In the proof of Proposition 2.7 we use the following elementary lattice counting
lemma.
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Lemma 2.8. Let B € GL,(R) be expansive and R > 0. Then, there exists C > 0
such that

#{(€+BZ")NB(0,R)} < C'max(1, |det B| ™) forany j €Z, £ € R". (2.21)

Proof. Since the matrix B is expansive, there exists J € Z such that

B(0,v/n) C B7(B(0,R))  forall j <J. (2.22)
For the same reason, once J is fixed, there exists Ry > 0 such that
B (B(0,R)) c B(0,Ry)  forall j > .J. (2.23)

Let
K;={keZ":(+BkeB(0,R)}={keZ": B¢+ ke B7(B(0,R))}.
Using (2.22) and (2.23)
g . 2 2B7/(B(0,R)) for j < J,
U (B7¢+k+10,1]") € BY(B(0, R)) + B(0,/n) C {B(O’Rﬁ\/ﬁ) for j > ]

k)EKj
Thus,
» cn(2R)" |det B| for j < J,
K — B¢+ k+[0,1]") <
#h; kg( ¢ 0,117 < {cn(Ro +/n)" for j > J,
where ¢, = |B(0, 1)|. This immediately implies (2.21). O

Proof of Proposition 2.7. Assume (2.19). Let f € 2 and choose R > 1 such that

R

Since the matrix B is expansive, there exists a constant K € N such that, each
trajectory {B7¢} ez hits the above annulus at most K times. Thus,

#iez: e B uwp )} <K
On the other hand, by Lemma 2.8 we have that, for any £ € R",
#{(€+ B’Z") Nsupp f} < C'max (1, |det B| 7).

Combining the last two estimates

LﬁSEJM&meumMBrwf JdBe)| ae

jez supp f

<WWCZ/ B¢) %WWCZ/

>0 supp f j<0 ~J (supp f)

A(s>) d < oo.

suppr{fGR":i<|§|<R}.

2

dS

< |Ifll%.c /Suppr‘w ]5‘ de + | fII2.CK

7>0

The last inequality is a consequence of (2.19) and ¢ € L2(R").
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Conversely, if L(f) < oo for all f € 2, then in particular by choosing f =g for
a compact set £ C R™\ {0} we have

A}j@wﬂof%=§;éwwﬁmﬂgguﬂ<m

Since the set £ was arbitrarily chosen, the validity of (2.19) follows. O

Remark 1. One should add that (2.19) and thus (2.20) hold if, and only if, the Bessel-
like condition holds on the dense subspace Z,

Z Z ‘<f7 ¢j,k>‘2 < 00 for all f € 9. (2.24)

JEZ kezn

Indeed, this fact is a consequence of |2, Lemma 3.1] which holds for real expansive
dilations.

3. OVERSAMPLING AFFINE SYSTEMS INTO QUASI-AFFINE SYSTEMS

In this section we show that the frame property is preserved when going from
affine to quasi-affine systems. To characterize under what conditions we can also go
from quasi-affine to affine systems, we introduce a new family of oversampled quasi-
affine systems. We then show that an affine system is a frame if, and only if, the
corresponding family of quasi-affine systems are frames with uniform frame bounds.

3.1. Properties of quasi-affine systems. For a rational lattice A we introduce the
notion of a A-oversampled quasi-affine system.

Definition 3.1. Let A € GL,(Q) be a rational, expansive matrix, and let A be
rational lattice in R", i.e., A = PZ" with P € GL,(Q). Suppose ¥ C L*(R") is a
finite set. Define A3 (W) the A-oversampled quasi-affine system by

= Jor " (D).
JEZ

When A = Z" we often drop the subscript A, and we say that AY(V) = A2, (V) is the
standard quasi-affine system.

By definition A} (¥) is SI with respect to A. Note that we need to assume that
the dilation A and the lattice A are rational in order to guarantee lattice structure of
ATIZ™ + N for each j € Z. If N = Z™, we recover the usual quasi-affine system, i.e.,
A% (¥) = A7), introduced in [3].

We will use the following notation throughout this paper. The translation lattice
for the affine system at scale j € Z is denoted by [, = A7JZ"; its A-sublattice is
Fj = A7Z" N A and its A-extended superlattice is K; = A™Z" + A. Note that K;
is the translation lattice for the A-oversampled quasi-affine system at scale j € Z.

Finally, for J € N, let

li1<J lj1<J
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and note that M is an integral lattice. Summarizing, we will use the following lattices
together with their dual lattices:

r,=A7z" M =piz", (3.1)

[, = A7Z"NA, I = BIZ" + N, (3.2)

K; = AZ" + A, Ki = BIZ" NN, (3.3)

My = DJAJZ", M= & BZ" = BZ" + ...+ B'7" (3.4)
1 <

Let ¥, ® C L*(R") be finite sets. For j € Z and f € L*(R") define the affine
functionals

K(f)= Y. o, NEO=>K(f)= > ol (35)

gEEAijZ"(DAj\I/) JEZ geA(D)

and quasi-affine functionals

KL= Y Whel’s NIFw =) K (= > Kfal (36)

geoL 2D, ;) JEL gEA{(Y)

Whenever unambiguous, we drop the reference to the set of generators and simply
write N(f) and N{(f).

Before going deeper into our investigation we illustrate the notion of a quasi-affine
system in a few specific situations.

Example 1. Let J € N and consider the quasi-affine system obtained by oversampling
with respect to M; = F‘lmSJAjZ" introduced above. Since A™9Z" +M; = A~97Z" and
ATIZ" My = My for |j| < J, we see that

Oﬁ;jZ”(DAJ‘ U) = EATE My (#{MJ/MJ}_l/ZDAJ\I’) = EAijzn(DAJ\I]) g (3.7)

for |j| < J. Hence with this oversampling lattice, the scales |j| < J for the affine
system

AW) =B (Do D)
JET
and the M j-oversampled quasi-affine system
Al (0) = O, (D D)
JEZ
coincide.
Example 2. Suppose A € GL,(Z) is integer valued. Let A = A!Z" for some [ € 7Z.

Then the A-oversampled quasi-affine system is just a dilated version of standard quasi-
affine system (1.2). To be precise, we have the following relation:

AT (B) = Dy (AI(D)). (3.8)

Algn
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To see this note that

lryn . _
AT A= Az 4 Alge = AT T <L
A7, 5> —l,
and that
Az Az Ay — {HATAEY = it = e J <
#{AZ AL} =1, J =1,
whereby we have
A% (0) = | BY7E Dy W) U | B (et AU D, 0)

>l j<—l
Recall that
ANW) = | B (D) U B (|det A2 Dy W)
>0 j<0
and the validity of (3.8) follows by Dy-1Ty = Ty, D41 and a change of variables.

Example 3. The quasi-affine system has a relatively simple algebraic form in one
dimension. Suppose a = p/q € Q is a dilation factor, where |a| > 1, p,q € Z are
relatively prime. Let A C Z be a lattice. For simplicity, we assume that A = p’tq’2rZ
for some Ji, Jo € Ny, r € N, where pq and r are relatively prime. Then, the quasi-affine
system A} (V) associated with a is given by

A(/]\(\Il) = {'&J}k :j>k € Z> ’QD S \II}
Here, for ¢ € L*(R) and j, k € Z, we set

~ |a\{/2 1g|“ 22 (0l — ¢ k) it >y,
Uin(@) = { lal* p(az — k) if — i <j< . (39)
a2 [p| T (@l — k) < s

Note that the above convention for wj,k in the case when A = Z becomes the rationally
dilated quasi-affine system (1.3) introduced by the first author in [3]. In particular, if
the dilation factor a is an integer, this is the original quasi-affine system of Ron and
Shen [20]. To show (3.9) note that

, _ (T 4 g T = pdgminG DT for 1> 0
LA N=a T4 = e ) =r i =
HpZ+ pq”7rZ) = ¢p™™37VZ for j <0

p g7 for j > J,,
=< a7 for —J; <7< JQ,
p¢Z  for j < —J.
Hence, one needs to oversample at a rate |qf ™7 if j > J, (or [p|” "7 if j < —J;)
to obtain the quasi-affine system A} (V) from the affine system A (¥). Note that in
the intermediate range —J; < j < Js, no oversampling is required and both systems
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coincide at these scales. Also note that the choice J; = J; corresponds to oversampling
by My, see Example 1.

Remark 2. Let A be a rational lattice, and consider the A-oversampled quasi-affine
system A% (¥). By definition this system is A-SI. Take a rational superlattice A" of
A, i.e., AN C N. Then the further oversampled system A%, (¥) is obviously A-ST;
moreover, it can be written in term of A} (V) as

q _ 1 q
/\’(\I]) - #{/\///\}1/2 dE[LAJ/A] Ty (‘AA(\I])) :

By Corollary 2.2 we have the following useful result for oversampled quasi-affine
frames:

Lemma 3.1. Let A € GL,(Q). Suppose N C N for rational lattices N, N'. Then if
AL(V) is a frame for L*(R™) with bounds C1,Cy, then A% (V) is a frame for L*(R™)
with bounds C1, Cy.

3.2. Affine and quasi-affine systems as GSI systems. Since affine and quasi-
affine systems are GSI systems, the results from Section 2.5 can be applied to these
systems, see [13,14]. We restate some of these results in terms of lattices in R™. The
quasi-affine system A7 (V) introduced above can be expressed as a GSI system (2.11)
by taking P ={(j,1): j € Z,l=1,...,L} and

[, =Ty =A7Z"+A (3.10)
9p(x) = g (@) = #{N/ (N ATZ")} 2 Doy () (3.11)

for all p € P.
By applying Proposition 2.6 to affine and quasi-affine systems we immediately have
the following result, see also [3, Proposition 4.5].

Proposition 3.2. Suppose that ¥ C L*(R"™) and that either of the following holds:

(a) A € GL,(R) is expansive and A (V) is a Bessel sequence with bound Cs,
(b) A € GL,(Q) is expansive and A} (V) is a Bessel sequence with bound Cy for some
rational lattice N.

Then,
Z ZW(B’@P <Cy fora.e &e€R" (3.12)

YeV jEL

For the A-oversampled quasi-affine systems we have the following result on the
quasi-affine functional wj defined below.

Proposition 3.3. Let A € GL,(Q) be expansive, ¥ = {¢y,..., v} C L*(R"), and
let N be a rational lattice. Suppose that each v € U satisfies condition (2.19). Then,
for each f € @, the N-periodic function

wi@)= Y (Tf. o)=Y 3N (Tf dTiDuw)|”,  (3.13)

gEAY(D) I=1 jEZ keK;
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where dj = #{N/ (NN ATZ")} V2 and K; is given by (3.3), is a continuous function
that coincides pointwise with the (N-periodic) absolutely convergent series

ZZ > bja(p)e™ (3.14)

=1 jeZ ;LEK*

where

balpe) = | FOFE+ ) (BB + o)) de. (3.15)

Proof. The result follows by an application of Proposition 2.5 to quasi-affine systems.
In order to apply Proposition 2.5 we need to verify the LIC condition (2.13) for
quasi-affine systems, i.e., that

-y Y [ e <eo 610

=1 je€Z ,uGK

holds for f € D. Since each ¢ € U satisfies condition (2.19), Proposition 2.7 tells us
that the LIC condition for affine systems is satisfied, i.e., that L(f) < oo. Finally,
the estimate in (3.16) follows by

L

<YN Y [ e BmF B i = L) <

I=1 jE€Z meZn

where we have used that K} C BIZ™ for all j € Z. Consequently, the expression in
(3.15) follows directly from (2.17) by

|det A~
#H{N(NDATZM) )

1/d(K5) = d(K;) =

U

Proposition 3.4 below states a similar result for affine systems. The result is a
generalization of [14, Proposition 2.8, where the Bessel condition on A (V) is relaxed
by (2.19). Proposition 3.4 is a direct consequence of Propositions 2.5 and 2.7.

Proposition 3.4. Let A € GL,(R) be expansive and ¥ = {¢y,..., ¢} C L*(R™).
Suppose that each ¢ € W satisfies condition (2.19). Then, for each f € 2, the
function

w@)= Y WLl =D 3> [Tuf, DaTib)l (3.17)

geA(P) =1 jeZ keZ™

is an almost periodic function that coincides pointwise with the absolutely convergent

series
YT g, (3.18)

I=1 jE€Z meZn
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where

Gam) = | JOFE+Bm) g(BIYUBT(E + Bm)) e, (3.19)

Remark 3. As noted in [14] the sum over j € Z in Proposition 3.4 can be replaced by
a sum over a smaller set j € J C Z. The same holds for Proposition 3.3.

The series representing w and wj are very similar. By a change of variables, (3.14)

becomes .

wi@) =33 D eum)emiBma, (3.20)

=1 jEZ meZrNB~IN*

where the coefficients ¢;;(m) are given by (3.19). Since Z™ N B/A* C Z" for all
j € Z, we can consider the series for wj in (3.20) as the series representing w in
(3.18) with some coefficients set to zero; exactly those coefficients ¢;;(m) for which
m € Z™\ B77N*. We stress that this connection holds without any assumptions on
the rational lattice A, e.g., there is no assumption on A being integer valued.

3.3. From affine to quasi-affine systems. The frame property carries over when
moving from affine to A-oversampled quasi-affine systems for any rational lattice A.
This statement is the main result of this section and is contained in Theorem 3.5.

Theorem 3.5. Let A € GL,(Q) be expansive, ¥ C L*(R™), and let \ be any rational
lattice in R™. If the affine system A (V) is a frame for L*(R™) with frame bounds
Cy, Cy, then the N-oversampled quasi-affine system A% (V) is a frame for L*(R™) with
frame bounds C4, Cs.

The following lemma, which is needed in the proof of Theorem 3.5, is a consequence
of [15, Lemma 23.19].

Lemma 3.6. Suppose K, M are lattices in R™ such that K C M. Then, for m € K*,
1 o {1 m € M*
7r7,<m,d> — ? (3 21)
—_— g e :
#FIM/KY 0 meK\ M.

The proof of Theorem 3.5 relies on the following key result on translational aver-
aging of affine functionals.

Lemma 3.7. Let A € GL,(Q) be expansive, ¥ C L*(R™), and let A be an integral
lattice in R™. For each J € N define

M, = () Az".
lil<J
Suppose the affine system A (V) is a frame for L*(R™). Then
1
NI(f) = lim > N(T.f)  forfe, (3.22)

J=oo #{(Mj +A\)/M} dE[(M+A)/M,]

where 9 is given by (1.6), N by (3.5) and N by (3.6).
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Proof. Let W = {4n,...,¢}. For f € 9, by (3.20),

NI(f) = ZZ > cjulm), (3.23)

=1 JEZ meZrNB~IN*

where c¢;;(m) are given in equation (3.19). So fix J € N and let {d;,...,ds} be
a complete set of representative of the quotient group (M; + A)/M; so that s(J) is
the order of the group. We want to express Ni(f) as an average of N (T, f) over
r=1,...,s(J), thus we consider

_ _ L - e (m e27rz<B3mdr>
S(J);N(Tdrf> S(J) TZl;j'gjmezzn Jl( )
1 & i(BJ
S 5 g entons
r=1 I=1 |j|>J mezn
— L)+ IQ(J), (3.24)

which follows by (3.18). By absolute convergence of the sum above, we conclude that
I,(J) — 0 as J — oo. Assume that the following identity holds.

=> > > culm). (3.25)

I=1 |j|<J meZrNB-iA*
Taking the limit J — oo in (3.24) and using equation (3.23) yield

s(J)

Jim >N ) = Jim () + b)) = Jim YY)

r=1 =1 |j|<J meZ"NB~IN\*
= NA(f).

Hence, to complete the proof we have only left to show (3.25). Taking K = M, and
M = M, + A in Lemma 3.6 gives us for all m € M%:

s(J) ~
2mi(m,dr) (J) m e M* m/\*
") — 3.26
Ze {0 e M%\ A", (3:26)

Fix j € Z with |j| < J. Take m = B’m. Obviously, m € M*% N A* precisely when
m € B77M% N B7/A\*, and m € M% \ A* precisely when m € B=IM% \ B~7A*. Since
BTIMY, = + B'z" > 7™,

—J—j<I<T—j

we conclude from equation (3.26) that, for all m € Z",

0  mezZ"\ BN, '

r=1
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and this holds for all |j| < .J. Using these relations we arrive at:

L s(J)
1 mi(Bim
L(J)= Z Z Z ch(m)@ 262 (Bim,dy)
I=1 |j|<J meZn r=1

=22 D, eulm)

=1 |j|<J meZrNB—iN*

which completes the proof of the lemma. U

Proof of Theorem 3.5. Assume that the affine system A (¥) is a frame for L*(R")
with bounds C7, Cs. It suffices to prove that A?\O (V) is a frame for integer lattices Ay,
i.e., Ay C Z", which follows from the fact that any rational lattice A has an integral
sublattice of the form ¢Z" for some ¢ € N, e.g., take ¢ = d(ANZ"), see equation (2.5).
Hence, if we prove that A%, (¥) is a frame with bounds Cy, Cy, then, by applying
Lemma 3.1, A3 (V) is a frame with the frame bounds being preserved.

So let Ag be an integral lattice. By our hypothesis there are constants Cy,Cy > 0
so that

CLIfI? < N(f) < Co|If1? Vf € L*(RM).

Fix J € N and consider M introduced above. For each representative d € [M; +
No)/M ] we have

CLlIfI? < N(Tuf) < Co|IfI? Vf € LA(R"),

where we have used that |7, f|| = || f|| for z € R™. Adding these equations for each
representative d yields:

#{My + Ao)/MCL | f] < > N(Tuf) < #{(My+ No)/MYCo ||

de[(My+No)/M]

By taking the limit J — oo, we have

1
Oy 1£I1? < lim N(Tyf) < Cy |IfI?
1 ||f|| = e #{(M] + /\())/MJ} de[(M(g/;O)/MJ] ( d.f) >~ L2 ||f||

for all f € L?(R™). Since A is an integer lattice, we can apply Lemma 3.7. This gives
us

CilIfIP < Ni(F) < Co |l 1P

for f € 2. Extending these inequalities to all of L*(R™) by a standard density
argument completes the proof. 0

Remark 4. The special case of Theorem 3.5 in one dimension with A = Z was first
shown in [14, Theorem 2.18]. In fact, [14, Theorem 2.18] is stated for quasi-affine
systems obtained by oversampling with respect to the lattice A = s7'Z, where s



22 MARCIN BOWNIK AND JAKOB LEMVIG

is relatively prime to p and ¢, and a = p/q is a dilation factor. In this case the
quasi-affine system A} (V) takes a nice algebraic form:

AT () = P a7 s (aix — sIq k) - § 20, kEZ
o Il (gl 18|72 p(aie — s7pk) : j<0, keZ [
Hence, the above system is obtained by further oversampling of the standard quasi-
affine system A% (W) given by (1.3). However, our Theorem 3.5 holds for oversampling
with respect to any rational lattice A, such as in (1.4) or in Example 3. The sparser

the lattice A is, the better result we have due to Lemma 3.1 on oversampling of
quasi-affine systems.

3.4. From quasi-affine to affine systems. When moving from quasi-affine to affine
systems the frame property only carries over if we impose stronger conditions on the
set of generators. Hence, we have only the following partial converse of Theorem 3.5.

Theorem 3.8. Let A € GL,(Q) be expansive and ¥ C L*(R"). If M -oversampled
quasi-affine system A, (V) is a frame for L2(R™) with uniform frame bounds C1, Cy
for all J € N, where My is given by (3.4), then the affine system A (V) is a frame for
L*(R™) with frame bounds Cy, Cy.
Proof. Assume that

CLlfIP < NG, () < G IfIF - forall fe

holds for all J € N. Since scale j of the affine system and the M ;-oversampled
quasi-affine system agrees whenever |j| < J, we have by (3.7),

K;(f) = Kw,;(f)  forall [j| <J, feL*R").
Thus, for J € N,

SR =D Ky < ClfIP

lil<J lil<J
Letting J — oo yields
. 2
= lim » K, (f) <h§nj£pZKM” f) < CAIfIP,
i< lgl=<J

whereby we conclude that A (V) is a Bessel sequence with bound Cs. Likewise for
the lower bound:

CLlIFIP < Y K, () + D K, () =D K() + D K,y (3:28)

lil<J li1>J ljl<J li1>J
Suppose that
lim Y K (f)=0 forfe2. (3.29)
i[>

Then, by equation (3.28),
CilIfI* < lim Y K;(f)=N(f) for fe2.

lj1<J
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Since A (¥) satisfies the upper bound, we can extend this inequality to all of L?(R")
by a density argument, hence the affine system A (V) satisfies the lower bound with
constant (.

To complete the proof we need to verify (3.29). We have already showed that A (V)
is a Bessel sequence, so by Proposition 3.4 the series in (3.18) converges absolutely

and
ST Y feutml <

I=1 jE€Z meZn

where ¢;;(m) is given by (3.19). Therefore, by (3.20) and Remark 3,

> K, ZZZ)N%DAM ZZ S Jeu(m)]

71> lj|>J =1 keK; lj|>J =1 meZrNB~IM%

<ZZZ\CN )] =0 asJ— oco.

lj|>J I=1 mezZn

This shows (3.29) and completes the proof of Theorem 3.8. O

The following result combines Theorems 3.5 and 3.8 in a more conceptually trans-
parent and less technical form.

Theorem 3.9. Let A € GL,(Q) be expansive and ¥ C L*(R"™). Then, the affine
system A (W) is a frame for L?*(R"™) with frame bounds Cy,Cy if, and only if, the
N-oversampled quasi-affine system AX(¥) is a frame for L*(R™) with uniform frame
bounds Cy,Cs for all integer lattices N.

3.5. Recovering known equivalence results. We end this section by illustrating
the general nature of Theorems 3.5 and 3.8. In particular, we will show that the well
known equivalence result of Ron and Shen [20] for affine and quasi-affine frames for
integer dilation A € GL,(Z) is a simple consequence of these results. Moreover, we
have the following generalization of their result.

Proposition 3.10. Let A € GL,(Z) be expansive and ¥ C L*(R). Then the following
assertions are equivalent:

(i) A(V) is a frame with bounds Cy, Cy,

(ii) Ax, (V) is a frame with bounds Cy, Cy for some oversampling lattice Ny C Z7,
(iii) AX(V) is a frame with bounds Cy,Cy for all oversampling lattices N C Z"™.

Proof. By Theorem 3.5, we are only left to prove (ii) = (i), but this will follow from
an application of Theorem 3.8. From Lemma 3.1 we have that A?(WV) is a frame for
L*(R™) with bounds Cy, Cy. Recall the identity

A% (W) = Dyt (AY(W)) forl e Z

from Example 2. This tells us, by unitarity of the dilation operator, that A%, (¥)
is a frame with (uniform) bounds Cy, Cy for each [ € Z. Since A has integer entries,
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we have
My= (| AZ" = A2 for J €N,
l71<J
and the conclusion follows from Theorem 3.8. O

4. DUAL AFFINE AND QUASI-AFFINE FRAMES

The goal of this section is to prove the equivalence between pairs of dual affine and
quasi-affine frames in the setting of rational dilations. To achieve this we will use
well-studied fundamental equations of affine systems.

Definition 4.1. Suppose that ¥ = {¢1,..., ¢} C L*(R") and ® = {¢y,..., ¢} C
L*(R™) are such that

S ((BTYP + |a(BVE?) < oo forae. £ (4.1)

=1 jez

We say that a pair (¥, ®) satisfies the fundamental equations if

(€)=Y > h(BYE)d(BE) =1 forae. ¢, (4.2)

=1 jez

L
LO=Y S G(BIOMBI(E+a) =0 forae. &andallaeZ"\{0}.
I=1 jeZ:acBIZ"

(4.3)

Remark 5. Note that the assumption (4.1) is made to guarantee that the series in (4.2)
converges absolutely, and hence the Calderén condition (4.2) is meaningful. On the
other hand, the series (4.3) converges absolutely for a.e. £ without any assumptions
(apart from ¥, ® C L?(R"), that is). Indeed, for any ¢ € L*(R") and a € R",

J+1
[ e apfac= [ 57 ieras - o
: R j<g

2
. et A =1 W7 <o
J<J
(4.4)
for any J € N. Since the dilation B is expansive, for any a # 0, there exists J € N
such that j € Z and a € B/Z" implies that j < .J. Hence, by 2 |zw| < |2|* + |w|* for
z,w € C,

Y [BIOKBIE+a)|[ <5 DY [h(BTYP

JEL:aeBIL™ JEL:aeBIL™

4 Z \q}l(B_j(g +a))* < oo for a.e. £ € R™.

jE€Z:aeBITN

N[

The last inequality is a consequence of (4.4).

We will need the following result which was originally proved by Frazier, Garrigos,
Wang, and Weiss [11] in the dyadic setting. Later it was extended by the first author
[2] to the setting of integer, expansive dilations and by Chui, Czaja, Maggioni, and
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Weiss [8] to the setting of real, expansive dilations. We include an alternative proof of
Theorem 4.1 for the sake of completeness and since its techniques will be used later.

Theorem 4.1. Let A € GL,(R) be expansive. Suppose that ¥ = {i,..., ¢} C
L*(R™) and ® = {(;Sl, .o, 0} C LA(R™) are such that

ZZ (BT + |di(BE)P) € L, (R™\ {0}).

=1 jeZ

Then, the affine systems A (V) and A (P®) form a weak pair of frames, i.e.,

L
AP =" (f. DaT)(DasTid, f)  forallf €2, (45)

I=1 jEZ keLr
if, and only if, the fundamental equations (4.2) and (4.3) hold.

Proof. The proof is based on Proposition 3.4 on affine systems and the idea of polar-
ization as in [18, Section 8]. By our assumption on ¥ and ®, we can define

N(f, ¥, @) ZZ > A DasTin)(DasTiy, f) for f € 9, (4.6)

I=1 jEZ kezn

where the multiple series converge absolutely. This follows immediately by Remark 1
and

2[{f, Das Tt} (DasTutr, F)| < 1(f, DasTi)|* + [(DasTedn, f)I -
By the polarization identity

4
1 2

1 D Lp

zw-4p§lz iz + w| for z,w € C,

we have
1 o - L p
N(f,0,@) = > i’N(f,0,), where ©, = {01}/, O ="+ & (47)
p=1
for f € 9.

Since, for p = 1,2, 3,4,

S o) zzz

=1 jeZ

PY(BIE) + bi(BE)|

Z (I(B77E)|* + |ai(BTE)[?) € L (R™\ {0}),

we can apply Proposition 3.4 to ©,, for each p. This yields

MTF0) = 5 3 buglmyenen,

I=1 jEZ meZn
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where

biip(m) = [ F(&)F(&+ Bim)0,,(B=9€)6;,,(B~ (€ + Bim)) de, (4.8)

R
fori=1,...,L,j € Z,m € Z", and the integral in (4.8) converges absolutely. By the
polarization identity

4
Z1We = 1 E z'p(ipzl -+ wl)(z'p22 + ’LUQ) for 21, 22, W1, We € C,
p=1

we have

4 -
S BB (B + B

p=1

RN

> (7d(BIE) + G BE) (BT (€ + B'm)) + 4u(B7 (€ + B'm))

=1

"@

= (BIEG(B (€ + BIm)).
Therefore, by (4.7),

B(z) = NS, @) =3 S ST & (m)eriBma), (4.9)

I=1 jE€Z meZn

where

&ja(m Zzbﬂp = | FOFE+ Bim)in(B-IEG (B (€ + Brm)) dé.

R

By a change of summation order, using absolute convergence of the series in (4.9), we
have

w(z)= Y e’ (4.10)
aEUjeszZ”

where

f /(€ +a) Z > D(BHEYA(BT(E +a))dg
=1 jeZ:acBiZ"
FOFE+a)ta(€)ds,  for a € Ujep BIZ". (4.11)
R
Assume that the affine systems A (V) and A (®) form a weak pair of frames. Using
T fll = || f|l, this implies that the almost periodic function w(x) from (4.9) is con-
stant. To be precise: @(x) = ||f|°. By uniqueness of coefficients for Fourier series of
almost periodic functions [13, Lemma 2.5, this only happens if, for o € U;ezB/Z",

G =|IfII° and & =0 fora#0. (4.12)
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By (4.11), this shows that
| Jfe] w©a=1r =15F.  foranfes,

Since & is dense in L?(R"), this implies further that #(¢) = 1 for a.e. £ € R™ showing
that the first fundamental equation (4.2) holds.
For a nonzero o we have by (4.11) and (4.12),

| JOfE+a)ia(©)de=0,  forall fe,

for a € (UjezB’Z™) \ {0}. In particular, this equality holds for a € Z™\ {0}. We need
to show that f, = 0 almost everywhere for a € Z" \ {0}. The conclusion is almost
immediate from Du Bois-Reynold’s lemma that says that for local integrable functions
u on R" satisfying [uv = 0 for all v € C5° we have u = 0. We fix a € Z" \ {0},
and let Iz» denote a fundamental domain of Z". For arbitrary [ € Z™ we consider the
translated parallelotope I} = Izn +1 C R™ and define f by

1 for € € I,
f(&) = q1tal§) foré+acel,
0 otherwise.

This definition makes sense since Ujezn[; = R™ and (I, — ) NI, = () for a € Z™\ {0}.
Furthermore, since t, is bounded by Remark 5, we have f € 2. Consequently,

0= [ FOFE+a)i©de= [ 17,6 TE) e = /1 F (O de,

R 1 i

which implies that f,(¢) vanishes almost everywhere for ¢ € I;. Since | € Z" was
arbitrarily chosen we deduce that £,(¢) = 0 for a.e. ¢ € R". This shows that the
second fundamental equation (4.3) holds.

Conversely, assume that the fundamental equations (4.2) and (4.3) hold. Equation
(4.3) states that £,(¢) = 0 for a.e. £ € R for a € Z" \ {0}. By a change of variables
v = B¢ and 8 = Bla(l € Z), this implies t5(y) = 0 for 8 € B'Z" \ {0}. Since this
holds for all I € Z, we conclude ?,, = 0 almost everywhere for a € U,z B/Z" \ {0}.
Hence, by (4.11), &, = 0 for a € U;ezBIZ"\ {0}. Therefore, w(z) = & = || f||* for all
x € R"™ so, in particular,

N(f, W, ®) =w(0) = || f||> forall fe 2.
We conclude that the affine systems A (V) and A (®) form a weak pair of frames. [J

We are now able to prove the characterization of dual affine and quasi-affine frames
in terms of fundamental equations using the theory of mixed dual Gramians of Ron
and Shen [19,21,23]. An alternative proof using the ideas of polarization of affine
functionals is presented at the end of this section. In the integer case Theorem 4.2
was first shown by Ron and Shen [20,22] with some decay assumptions on generators
U and ®. Chui, Shi, and Stockler [9] proved the same result without any decay
assumptions, see also |2, Theorem 4.1]. Theorem 4.2 generalizes this result to the
setting of rational dilations.
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Theorem 4.2. Let A € GL,(Q) be expansive. Suppose A(V) and A(P) are Bessel
sequences in L*(R™). Then the following assertions are equivalent:
(i) A(V) and A (P) are dual frames.
(ii) Ax, (V) and AR (@) are dual frames for some integer oversampling lattice Ng C
ZTL

(111) AX(¥) and A3 (P) are dual frames for all integer oversampling lattices N C Z".
(iv) ¥ and © satisfy the fundamental equations (4.2) & (4.3).

Proof. The local integrability condition in Theorem 4.1 is satisfied by Proposition 3.2
since A (¥) and A (®) are assumed to be Bessel sequences. Furthermore, weak du-
ality (4.5) of two Bessel sequences implies “strong” duality |2, Lemma 2.7], i.e., that
A (¥) and A (P) are dual frames. Hence, by Theorem 4.1, we have (i) < (iv); this
equivalence is well-known, even for real dilations [8, Theorem 4].

The proof of the equivalences (ii) < (ili) < (iv) is based on the approach used

in [3, Theorem 3.4]. Let G;(£)x,; denote the mixed dual Gramian of O 77" (D D)
and O3 2" (Dy;®) for j € 7Z, see Section 2.4. By Lemma 2.3 with [ = A~/Z", this
mixed dual Gramian is given as

5o JIdet AP SOF Dut(e + B)Dud(E+1)  k—lem A,
Gj(f)k,l—
0 k—1eh\T
_ISb b Rde v k—le Bz AN,
0 k—1eN\ Bz

for k,1 € A*. The mixed dual Gramian of A} (¥) and Aj%(®) is found by additivity of
the jth layer mixed dual Gramian G;(§) as

GO =Y GO

JEL
o — 1 k—leBi7ZrAN,
:;JEZZWB €+ R)o(Bj(E+1D) X {0 kol N\ BT

for k,1 € N*. We only consider k,l € N* so k — 1 € N* is trivially satisfied. Thus, we
arrive at the following expression for the mixed dual Gramian:

GOr=Y_ >,  GBIE+R)aBE+D)) =trE+k).  (413)

=1 jeZ:k—leBIi7Z"

Assume (ii) holds. This implies that the mixed dual Gramian G(¢) is the iden-
tity operator on (?(A}) for a.e. & € Ips, hence G(§)r, = Opy for ae. & € Ins. By
equation (4.13), for a € A,

San=Y_ Y W(BIYNBI(+a) =t.(S) forae R (4.14)

=1 jeZ:acBIiZ"

This implies (iv) since Z" C N;.
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Assume (iv) holds. We will show that this implies (iii), i.e., that é(f)kl = 0y, for
a.e. £ € In and all k,1 € A", where A is any integer lattice satisfying A C Z". By a
change of variables, we see that #,(£) = 0 for a.e. £ and all o € U;ezBZ™ \ {0}. If
a € N\ UjezBZ", then obviously 7, = 0, hence equation (4.14) holds for o € A*.
This shows that the mixed dual Gramian G(¢) is the identity operator on ¢2(A*) for
a.e. £ € Ips which is equivalent to assertion (iii).

The last implication (iii) = (ii) is obvious. O

It is possible to give an alternative proof of Theorem 4.2 using the ideas of polariza-
tion from the proof of Theorem 4.1. Since the equivalence (i) < (iv) in Theorem 4.2
is well-known, we will only (re)prove (ii) < (iii) < (iv) here.

Another proof of Theorem 4.2. Let N C Z". For f € 2, we define the A-periodic
function wj () by

L
Wh(x) = NUTf, 0, @) =Y 3N (Tof, diTe Dast) (djTi Dastn, T f),  (4.15)
I=1 jEZ keK;
where d; = #{\/(ANN A=7Z")}~1/2 and K is given by (3.3). The series in (4.15) con-
verges absolutely since A} (¥) and A} (®) are Bessel sequences. Applying polarization
identities as in the proof of Theorem 4.1 yields

wi(x) = Z éae2m‘<a,gc>7 (4.16)

Qa€Ujcz BIZMNA*

where the coefficients {¢,} are given in (4.11).

Assume (ii) holds. It is well-known that under the Bessel condition the weak
duality of frames is equivalent to the duality of frames, see for example |7, Theorem
5.6.2]. Hence, (ii) is equivalent to N{ (f, ¥, ®) = |£|I” for all f € L?*(R™). Since
| T2 f|l = [|f]l, this implies that g (v) = |£]I. By uniqueness of coefficients of the
Fourier series of wgo, this happens only when

Ca = ||f||25a,0 for a € UjeZBjZn N A",

Following the proof of Theorem 4.1, we immediately have that this implies ¢, = 4.0
almost everywhere for a € U;ezB/Z" N A*. In particular, since Z" C A*, we have
ta(&) = 640 for a.e. £ and o € Z". This is precisely assertion (iv).

Assume (iv) holds. By a change of variables, this implies that ,(¢) = 0,0 for a.e.
¢ and all o € U;ezBIZ". Therefore,

Ca = ||f“2 504,0 for a € UjeszZn,

and we note that these equations are independent of A. Hence, by (4.16), for any
NCzm,

Ni(f, 0, @) =wf(0)=c = |f|*> forall fe 2.
By a density argument, this equality holds for all f € L?*(R"), and assertion (iii)
follows. O
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Remark 6. It is apparent from the proof above that the equivalence of (ii), (iii), and
(iv) in Theorem 4.2 holds under the weaker assumption that A{ (V) and A} (®) are
Bessel sequences in L?(R") for some Ay C Z".

5. DIAGONAL AFFINE SYSTEMS

In this section we study a particularly interesting subclass of generators where
the equivalence between affine and quasi-affine frames exhibits the largest degree
of symmetry. This is a class of diagonal affine systems for which the off-diagonal
functions t, defined below vanish. We show that the class of diagonal affine frames
consists precisely of quasi-affine frames having a canonical dual quasi-affine frame.
This extends a result of Weber and the first author [5] from the setting of integer
dilations to that of rational dilations.

Definition 5.1. For a given dilation matrix A and ¥ C L?(R") we introduce the
family of functions {¢,} on R" by:

aEeZ™

=Y D WUBIYHBI(E+a) for R (5.1)

YeV jeZ:aeBIZ™

In particular,
=D [(BOP
Yev jez
We say that the affine system A (V) is diagonal if t,(§) = 0 a.e. for all o € Z™\ {0}.

Note that the series in (5.1) converges absolutely for a.e.  in light of Remark 5. In
addition, if U C L?(R") generates an affine Bessel sequence A (V) with bound Cy, or
a quasi-affine Bessel sequence A} (V) for some lattice A, then each ¢, is well defined
and essentially bounded in light of Proposition 3.2 and

Z Z ‘QZ)(B_]E)QZ)(B J €—|—a < 1 Z Z |@2(B_j€)|2

VeV jeZ:ae BIZ™ VeV jeZ:ae BIZ™

+3> D, B+ )P <O

YeV jel:acBIT"

Now, with the extra assumption t,(£) = 0 a.e. for a € Z™\ {0}, we have the following
equivalence result.

Theorem 5.1. Let A € GL,(Q) be expansive, ¥ C L*(R™) and let C1,Cy > 0
be constants. Suppose that the affine system A (V) is diagonal. Then the following
assertions are equivalent:

(1) the affine system A (V) is a frame for L*(R™) with bounds Cy, Cs.
(i) the quasi-affine system A} (V) is a frame for L*(R™) with bounds Cy,Cy for
some integer lattice Ny C Z".
(iii) the quasi-affine system A%(V) is a frame for L*(R™) with bounds Cy, Cy for all
integer lattices N C 7.
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(iv)
CL< > N (BEP<Cy  forae £ER™

Yev jeZ

Proof. Let N C Z" be a lattice in R". For fixed f € 2, let w and wj be the functions
introduced in (3.13) and (3.17). By a change of summation order, using absolute
convergence of the series, these functions can be written as

_ 2mi{o, T q _ 2mil{a,x
w(z) = E Cq €2 wi(z) = E Cq €2 (5.2)
a€Ujcz BIZN a€Ujez BIZMNA*
where

= | FOFE+a)) " D d(BIYYBI(E+a))dE

Rm VeV jeZ:acBIZN
= [ FOFE+a)ta(6)dE,  for a € U BIZ". (5.3)
o

Our standing assumption in this theorem is that ¢,(§) = 0 a.e. for a € Z™ \ {0}.
By a change of variables, this implies #,(§) = 0 a.e. for a € UjezB/Z" \ {0}. Thus
the expressions in (5.2) reduce to

wle) = uf(e) = = [
RTL
hence w and wj are equal and constant functions of z. Therefore

N(f) = w(0) = w(0) = NA(f)
for f € 2. Since Z is dense in L?(R"), we find that (i) < (ii) < (iii). Note that (i)
= (iii) also follows directly from Theorem 3.5.
We will verify that (i) < (iv). In terms of the ¢,-functions, assertion (iv) reads, C; <
to(§) < Cy almost everywhere. By the above and an application of the Plancherel
theorem, assertion (i) is equivalent to

Cl(faf> S <t0faf> §02<f7f> fOI‘fEL2(]Rn). (54)
This implies that

f(g)rto(g)dg for all z € R,

Cy <ty(&) < Oy for a.e. £ € R”,
which, on the other hand, clearly implies (5.4). O

As a corollary we have the following converse of Theorem 3.5.

Corollary 5.2. Let A € GL,(Q) be expansive, ¥ C L*(R"), and let A(V) be di-
agonal. Suppose that the Ny-oversampled quasi-affine system A;Z\O(\If) 1s a frame for
L*(R™) with bounds Cy, Cy for some integer lattice Ny C Z™. Then, the affine system
A () is a frame for L*(R™) with bounds Cy, Cy.

As a direct consequence of Theorem 3.5 and Corollary 5.2 we generalize the equiv-
alence of affine and quasi-affine Parseval frames due to the first author |3, Theorem
3.4, see also [14, Theorem 2.17|.
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Theorem 5.3. Suppose A € GL,(Q) is expansive and ¥ C L*(R"™). Then the fol-
lowing assertions are equivalent:

(1) the affine system A (V) is a Parseval frame for L*(R")
(ii) the quasi-affine system A} (V) is a Parseval frame for L*(R™) for some integer
lattice Ny C Z"
(iii) the quasi-affine system AL(V) is a Parseval frame for L*(R™) for all integer
lattices N C Z"

Proof. The implication (i) = (iii) is a special case of Theorem 3.5, and (iii) = (ii)
is obvious. Proposition 3.2 and the proof of Proposition 3.3 show that the local
integrability condition (3.16) for the quasi-affine system is satisfied, hence we can
apply Theorem 2.4 to A%(¥). By equations (2.14), (3.10) and (3.11) this implies
that ¢, = 0 for a € Z™ \ {0}, hence the affine system is diagonal. An application of
Corollary 5.2 gives us (i) = (i). O

5.1. Canonical dual quasi-affine frames. Our next aim is to characterize when
the canonical dual of a quasi-affine frame is also a quasi-affine frame. To achieve this
we need the following result resembling |5, Proposition 1].

Theorem 5.4. Let A € GL,(Q) be expansive. Suppose the A} (V) is a frame for
some No C Z", which has a dual quasi-affine frame A} (®). Then, for any S €
B(L*(R™)) we have

S eCAY) forallp eV & Se{Dy,Th:Ae}

Note that we need to assume a much stronger hypothesis than the assumption
of |5, Proposition 1] saying that the quasi-affine system A%, (¥) is complete in L?(R™).

Proof. The fact that Aj_ (V) and A} (®) are dual frames implies that the fundamental
equations (4.2) and (4.3) hold, see Remark 6. By Theorem 4.1, the affine system A (¥)
is complete in L*(R™).

Suppose that S € Cy (A}, ). Since the quasi-affine system AR (V) is Ap-SI, S must
commute with translations T), A € Ag. Likewise, since the affine system A (¥) is
a part of the quasi-affine system A{ (V) (up to normalizing constants), S € Cy(A).
Since the affine system A (V) is complete in L*(R™) and A (V) is dilation-invariant,
S must commute with the dilation operator D,.

Conversely, if S € {Da, Ty : A € Ag}', then clearly S belongs to the local commutant
Cy (AR, ) for any choice of ¢ € L*(R"). O

Remark 7. Note that if S € {Da, T\ : A € Ag}’, then S commutes with all translation
Ty, A € R™. Indeed, by Thix = Ds—iT\Dy;, S must commute with T4y for j € Z
and A € Ag. Since A is expansive, U;ezA7Ag is dense in R". Hence, by continuity
of z +— T, f for f € L*(R"), we have S € {Da, Ty : A € R*}. In fact, we have the

following lemma which is a straightforward generalization of [5, Lemma 2|.

Lemma 5.5. Let A € GL,(R) be expansive, N a lattice, and S € B(L*(R")). Then,
S € {Dy, T\ : A€ N} if, and only if, S is a B-dilation periodic Fourier multiplier,
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i.e., there exists a function s € L>(R"™) such that

S1€) =s5©(€) fora.e &
where s(§) = s(BE) for a.e. &.

Proof. Assume S € {Dy, Ty : X € /\}/. By Twin = Da-iT\Dyi, S commutes with T'4;y
for j € Z and X\ € A, i.e.,

ST, =TS for k € UjezAj/\. (55)

The union UjezA’A is dense in R™ since A is expansive. For x € R" take {k,}nen
from Ujez AN such that k, — . By continuity of z — T, f for f € L*(R"), k,, = x
implies T}, f — T, f in the L? norm, i.e., Ty, — T, in the strong operator topology.
Hence, by equation (5.5), we have ST, = T,.S, proving that S is a Fourier multiplier.
Finally, by DS = SD4 and

FDuSFE) = | DaSf(x)e ™ éda = |det A|"? s(B~) f(B~Y),

R

and

FSDaf(€) = s(€) | Daf(a)e > dz = |det A" s(6) f(B7€),
RTL
we have B-periodicity of the symbol s.

Conversely, assume S is a Fourier multiplier with a B-dilation periodic symbol.
The operator S commutes with all translations by the Fourier multiplier property and
with dilations Dy by the B-dilation periodicity of the symbol and the two displayed
equations above. 0

Theorem 5.6. Let A € GL,(Q) be expansive. Suppose the oversampled quasi-affine
system AR (W) is a frame for L*(R™) for some integer lattices Ny C Z". Then the
canonical dual frame of AR (V) has the form A} (®) for some set of functions ® C
L*(R™) with cardinality #® = #V if, and only if,

(=Y > W$BIYPBIE+a)=0 foralacZ\{0}. (56)

VeV jeZ:aeBIZ"

Moreover, in the positive case A3(V) is a frame for all integer lattices N C Z" and
its canonical dual frame is A} (P).

Proof. Let S} be the frame operator of the quasi-affine system Aj_ (V). Since AR (V)
is a frame, equation (3.12) is satisfied, hence the expression for wy in (5.2) holds for
fea.

Assume that the canonical dual of A} (W) has the form Aj (®), i.e., S{ € Cy(A}))

for all ¢ € U. By Theorem 5.4 and Remark 7, Sf\o € {Dy, Ty : A € R"}, hence
wi (x) = (SETof Tof) = (T84 £ T f) = (SLf. f) Ve eR",

which shows that w7\0 is constant for every f € Z.
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For each f € & we express w7\0 as the Ag-periodic Fourier series (5.2). Such a
Fourier series is identically constant if, and only if,

ca= | FOFE+a)ta(6)dE =0 forallaE(UB]Z"ﬂ/\)\{O},

Rn | EZ

by the uniqueness of the Fourier coefficients. In particular, this equality holds for
a € Z"\ {0} since Z" C ;. Fix a € Z" \ {0}. Let I5+ denote a fundamental domain
of Ag and, for [ € Ag, let [; = Ip+ + I. Define f by

1 for € € I,
f(&) = qtal§) for{+acel,
0 otherwise.
Since t, is bounded by the Bessel bound Cy, we have f € 2. Now,
FEF(E+a)ta(€)ds = [ ta()ta(§)de = | [ta(€) de,
Rn Il Il

for each [ € Ag. Since UjepsI; = R™ we deduce that #,(§) = 0 for a.e. £ € R", and the
theorem is half proved.

Conversely, assume t,(§) = 0 for a € Z"\{0}. Then ¢,(§) = 0 for a € (U;ezBIZ™)\
{0} by a change of variables. In particular, t,(£) = 0 for a € (U;jezB’Z" N A§) \ {0},
hence w;l\o () = ¢o for every x € R, i.e., wjl\o is constant on R"™ for every f € Z.
Therefore, for every x € R",

<S,‘{0Txf, T.f)= wy (7) = wi, (0) = <S,‘{Of, ) for f € 9.
This equality extends to all f € L?(R") by a density argument, hence
((T_2SpTo = SR) f. f)=0  for fe L*(R").

We conclude that S,[{OT:C = TxS,‘{O for all z € R"™, in other words, S,q\o is a Fourier
multiplier:

€) for a.e. £ € R" and all f € L*(R"), (5.7)
We claim the symbol of S is

=YY el

Yev jeZ

S5 1) = s(©)f (¢
).

for some symbol s € L>*°(R

This function is obviously a B-dilation periodic function, that is, s(§) = s(B¢). B
Proposition 3.2 the function is bounded by the upper frame bound s(¢) < C; for a.e.
€, s0 s € L°(R™). By the Plancherel theorem, we see

wi (0) = (SLf. f)=(Sif.f) foral fe 2,
and, by (5.3) with a = 0, that

w=[ FOTO Y S |iwel| a

Rm Yev ez




AFFINE AND QUASI-AFFINE FRAMES 35
Since wf\o(x) = ¢ for all z € R", we have, in particular,

<S,‘{Of,f>:w;{0(0):co:<sf,f) for all f € 2.
Therefore, s is a B-dilation periodic symbol of S,‘{O implying that S,q\o commutes with
Dy, see Lemma 5.5. The frame operator SXO belongs therefore to {Da, Ty : X € Ao},
As a result we find that (SX )~" € Cy(Aj,) for ¢ € W. This is equivalent to the
canonical dual of A} (¥) having the quasi-affine structure with the same number of
generators. U

6. BROKEN SYMMETRY BETWEEN THE INTEGER AND RATIONAL CASE

The goal of this section is to illustrate fundamental differences between integer
and rational cases. That is, a mere fact that a quasi-affine system is a frame does
not imply that an affine system must be a frame as well. This kind of phenomenon
cannot happen for integer dilations where we have a perfect equivalence of the frame
property between affine and quasi-affine systems. Moreover, this cannot happen for
Parseval frames due to Theorem 5.3, or more generally, for affine frames having duals
by Theorem 4.2. Moreover, Theorem 6.1 shows the optimality of our results. That
is, the assumption of uniformity of frame bounds of quasi-affine systems in Theorem
3.8 cannot be removed in general.

Theorem 6.1. Let 1 < a € Q\ Z be a rational non-integer dilation factor. Then,
there exists a function ¢ € L*(R) such that AX(¢) is a frame for any oversampling
lattice N C Z, but yet, A () is not a frame.

Remark 8. In the light of Theorem 3.8, the frame bounds of the quasi-affine systems
A% (1) are not uniform for all lattices A C Z. In fact, we will see that the lower frame
bound of A} (¢) drops to 0 as a lattice A gets sparser and sparser. Consequently, in
the limiting case, when no oversampling is present, we obtain an affine system A (1)
which is not a frame due to the failure of the lower frame bound.

We will need the following well-known result, see [16, Theorem 13.0.1] or the proof
of [10, Lemma 3.4]

Theorem 6.2. Suppose that ¢ € L2(R) is such that 1 € L>=(R) and
0(§) =0(g]")  as€ 0,
B(&) =0(g]7*°) as [¢] = o0,
for some 6 > 0. Then the affine system A (1)) is a Bessel sequence.
We define the space L?(K), invariant under all translations, by
LX(K)={f € L*(R) : supp f C K}
for measurable subsets K of R.

Proof of Theorem 6.1. Choose ¢ > 0 so that m <0< % < a21+1. Define ¢ €

L*(R) as )= 1(_q25—s)u(s,020)- First, we shall show that the affine system A (1) is not
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a frame. To achieve this we will follow the idea from [5, Example 2|. We will need
the following standard identity, which can be shown by the periodization argument

Z|ka¢| —/ ’fo—l—k‘ §+k) d¢  for any f € L*(R). (6.1)

keZ keZ
Let Ks = (1 — a?6,ad). By the restriction on §, we have

Ks; C (6,a*0) C (6,1 —9) and  Ks;—1C (—a*0,—6) C (=1 +6,-9).
Hence, by a direct calculation using (6.1) we have for any f € L*(R)

ST TP /\f& Def@Pact [ If@Pdt [ IfE-DPde

keZ (0,1—a26) (a26,1-5)
) (6.2)
In particular, by restricting (6.2) to a subspace L?(Ls), where
Ls = (—00,—14+0)U(Ks—1)U(=6,0) UKsU (1 —6,00),
we obtain a convenient formula
S UET) = [ [FE=1)+f(©Pd¢  forany f € L*(Ls).  (6.3)
keZ Ks

For any natural number N and sufficiently small e = e(N) > 0, we define a function
fn € L*(R) by

N
P =3 —1,0), (6.4)
k=0
where . . . .
+ a B a - (_ a o a
Ik_<a+1 €’a+1)’l’f_( at1l ° a+1)' (6.5)

Intuitively, one might think of fN as a linear combination of point masses

N
€ D (Fattarn) = -t /ar):
k=0

We claim that

Dy fy € L*(Ls)  forall j € Z. (6.6)
Indeed, (6.6) follows immediately from
o (IFUI) C ] (Ks—1)UK; j=kk+1,

(—o0,—1+d)U(l—0,00) j>k+2,
for k =0,..., N and for sufficiently small ¢ = ¢(N) > 0, i.e.,

2
0<e<minda M6 — L ca N2 I A R
ala+1) a+1
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Let S be the frame operator corresponding to the affine system A (¢)). Note that
by Theorem 6.2, S is bounded. Our goal is to show that S is not bounded from below.
Combining (6.3)—(6.6) we have

ISP =" 1w Do Tep) 2 =D (Do fv, T} P

JEZL z€L JEL z€L
N+1

—Zaj IfN 96— 1)) + fu(a IE)[2dE = 4e.

Here, we used that for 5 € Ks

113(5)_110*(5_1) J =0,
fu(@ (€= 1)+ fx(a€) =10 j=1,...,N
Lvirpt(§) = Lgvin (1) j=N+1
The presence of cancellations at scales 7 = 1,..., N is due to translation-dilation

linkage of the quadruple of points {£a/(a + 1), £1/(a+ 1)}. On the other hand,

1 fxl* = Il fnll* = 2e(N + 1)
Since N is arbitrary, this shows that the frame operator S is not bounded from below.
Consequently, A (7)) is not a frame.
Next, we will show that A7 (¢) is a frame for any choice of lattice A C Z. Since
A (1) is a Bessel sequence, Theorem 3.5 yields that A7 (1) is a Bessel sequence as
well. Hence, it remains to establish the lower frame bound for A7 (¢).

Let a = p/q, where p,q € N are relatively prime, and | € N be such that A = IZ.
Let

Jy = max{j € Ny : p’ divides [}, Jo = max{j € Ny : ¢/ divides [}.
Take any j € Z. Then, we have the equality of lattices a 7Z + AN = a7Z < [ is an

integer multiple of /. Clearly, this is equivalent to [ being divisible by ¢’ if j > 0
or [ divisible by p~/ if j < 0. Therefore,

a7 +N=a7 <& —J<j< . (6.7)
Consequently,

a7+ N= Cia_jZ for some ¢; > 2, where j < —J; or j > J,. (6.8)
j
The properties (6.7) and (6.8) enable us to identify the quasi-affine system Aj}(¢).
At the scales —J; < j < J,, the quasi-affine system A3 (¢)) coincides with the affine
system A (¢). However, outside of this finite range of scales the quasi-affine system
is obtained by oversampling the affine system at a rate ¢; > 2. This will lead to a
simple form of the frame operator Si of the quasi-affine system A} (v)).
Indeed, suppose that j < —J; or j > Jo. By Definition 3.1 and (6.8) the quasi-affine
system A3 (1) at the scale j is

—Jj —Jj 1
08 (D) = B

A (RAa )7

Daﬂ/’) _ Ea*j/CjZ((cj)—lﬂDaMb)‘
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Hence,

Z |< Z| f> a=Ik/c; a3¢>|

gEOX*jZ(DaJ_ V) ‘] kEZ
/ F(€)yiae)e

The last step is a consequence of the fact that supp(a™-) C (—a’,a?) and that
¢; > 2. Combining this with (6.7) yields

/|f )2l(a7e) e,

c] c;al

ISUIE = 50 304D T +< > +Z) / sy TOPE

j=—J1 k€EZ i<=Ji1  g>J2

Jo .
> S e ml ([ e Yifera 69

j=—n

By (6.2),

> Dus f, Te) P

kEZ ~ . ~ . . 1_a26 ~ . . 1_6 ~ .
—d [ 1f@e- D)+ fwPacrd [ 1f@ePaea [ |- )Pag
Ks ) a?d
— [ -y d©opass [ i@ (610)
alKs al6<|¢|<al (1—a?d)

We claim that for all j € Z,

€ — )+ FE)Pde + / o),

a’§<|€|<al (1—a?é)

al K

where [; := / _ |f(€)]2de.
alé<[¢|<aitls

Indeed, by a’(ad — 1) < —a’™'§, we have that

(6.11)

ait1s . altls R . . ) .
/ L f©Pa <2 / O fE - )P (e - )+ ()P
a’ (1—a?é) a’ (1—a?§)
—alt1ls

a/*1s A . ~ ~
<2 / (€ — o) + F(O)PE +2 / ).

ad(1—a26) —ait2§
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Likewise,

—al (1—a?6) R —al (1—a?6) R _ . ' .
/_ FOPRde <2 / (7 + )P + 7€+ ) + FO)P)de

altls —ait1l§
alt2§ alt2§
<2 Cife-a) s ferae [ iR
altls alt1l§
Adding the last two inequalities yields
/ P 2m 2 [ 1 -0+ floP

al (1—a?8)<|¢|<ait1é alKs

which, together with 6 < 1 — a?*§ < ad, shows (6.11).
Take any f € L*(R) with || f|| = 1 and let n = ||SZ(f)|]*>. By (6.9)
/ [fP<n,  where Z = {¢: [¢] <a Y U{E: ] > a6}, (6.12)
z

On the other hand, combining (6.9), (6.10), (6.11) shows that
I; <2(1i41 + 1) for —J; <j < s

By (6.12) we also have that I7,,; < n. Therefore, I; < 3-2727p for —J; < j < Js.
Consequently,

Ja
112 = / FOPdE+ S <320y

j=—J1+1

This proves that the frame operator Sj of A% (¢) is bounded from below by a constant
depending only on J; and .J5, thus completing the proof of Theorem 6.1. U

Remark 9. By Theorem 3.8, the frame bounds of the quasi-affine systems A} (¢) are
not uniform for all A C Z. More precisely, the lower frame bound of A% (¢)) must
approach 0 for some choice of sparser and sparser lattices A. By analyzing the proof
of Theorem 6.1 it is not difficult to show that this happens for the family of lattices
Ay = (pq)’Z as J — oo. This is due to the fact that in this case the quasi-affine
system A7 (1)) coincides with the affine system A (¢) at the scales —J < j < J and
the same argument as in the first part of the proof of Theorem 6.1 applies.

Theorem 6.1 says that the lower frame bound is not preserved in general when we
move from a quasi-affine system A} (V) to the corresponding affine system A (¥) for
rational non-integer dilations. It is not known whether the same could happen with
the upper bound. This leads to the following open problem.

Question 1. Let ¥ C L*(R") and A € GL,(Q). Suppose that Af (V) is a Bessel
sequence for some oversampling lattice Ay C Z". Is A (V) necessarily a Bessel se-
quence?
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