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Abstract: In this work we extend classical structure and duality results in Gabor
analysis on the euclidean space to the setting of second countable locally compact
abelian (LCA) groups. We formulate the concept of rationally oversampling of
Gabor systems in an LCA group and prove corresponding characterization results
via the Zak transform. From these results we derive non-existence results for crit-
ically sampled continuous Gabor frames. We obtain general characterizations in
time and in frequency domain of when two Gabor generators yield dual frames.
Moreover, we prove the Walnut and Janssen representation of the Gabor frame
operator and consider the Wexler-Raz biorthogonality relations for dual genera-
tors. Finally, we prove the duality principle for Gabor frames. Unlike most duality
results on Gabor systems, we do not rely on the fact that the translation and mod-
ulation groups are discrete and co-compact subgroups. Our results only rely on
the assumption that either one of the translation and modulation group (in some
cases both) are co-compact subgroups of the time and frequency domain. This
presentation offers a unified approach to the study of continuous and the discrete
Gabor frames.

1 Introduction

In Gabor analysis structure and duality results, such as the Zibulski-Zeevi, the Walnut and the
Janssen representation of the frame operator, the Wexler-Raz biorthogonal relations, and the
duality principle, play an important role. These results go back to a series of papers in the
1990s |14}130-32,139-43,45-47] on (discrete) regular Gabor systems in L?(R) and L?(R"™) with
modulations and translations along full-rank lattices. The results now constitute a fundamental
part of the theory. In L?(R"™), a regular Gabor system is a discrete family of functions of the
form {E,Txg}\c azn e pns Where g € LA(R"), BE,T\g(z) = ™% g(x — \), and A, B € GL,,(R).

For Gabor systems on locally compact abelian (LCA) groups, the picture is a lot less complete.
Rieffel 38| proved in 1988 a weak form of the Janssen representation called the fundamental
identity in Gabor analysis (FIGA) for Gabor systems in L?(G) with modulations and translations
along a closed subgroup in G x G where G is a second countable LCA group and G its dual group.
Most other structure and duality results assume Gabor systems in L?(G) with modulations and
translations along discrete and co-compact subgroups (also called uniform lattices), e.g., the
Wexler-Raz biorthogonal relations for such uniform lattice Gabor systems appear implicitly in
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the work of Grochenig [23]. Uniform lattices are discrete subgroups whose quotient group is
compact, and thus, they are natural generalizations of the concept of full-rank lattices in R™.
However, not all LCA groups possess uniform lattices. This naturally leads to the question
to what extent the classical results on Gabor theory mentioned above can be formulated for
non-lattice Gabor systems. The current paper gives an answer to this question.

Thus, in this work we set out to extend the theory of structure and duality results to a
large class of Gabor systems in L?(G), where G is a second countable LCA group. We will
focus on so-called co-compact Gabor systems {EWT)\Q})\GA,WGF’ where translation and modu-
lation of g € L?(G) are along closed, co-compact (i.e., the quotient group is compact) sub-
groups A C G and I' C @, respectively. In L?(R") co-compact Gabor systems are of the form
{e2m7'z g(x — )‘)}/\eA(RSde*S) e B(R x74-) for some choice of 0 < r,s < d. Depending on the
parameters r and s, these Gab7or systems range from discrete over semi-continuous to continuous
families. If only one of the subsets A and I' is a closed, co-compact subgroup, we will use the
terminology semi co-compact Gabor system. Clearly, co-compact and semi co-compact Gabor
systems need not be discrete. More importantly, such systems exist for all LCA groups, and this
setup unifies discrete and continuous Gabor theory.

For co-compact Gabor systems we prove Walnut’s representation (Theorem and Janssen’s
representation (Theorem [5.7)) of the Gabor frame operator, the Wexler-Raz biorthogonal relations
(Theorem , and the duality principle (Theorem . As an example, we mention that this
generalized duality principle for L?(R") says that the co-compact Gabor system

{e%mg(x “A): A€ AR® x Z97%),y € B(R” x Zd—f)}
is a continuous frame if, and only if, the adjoint system
{27 gw = ) A e (BT) ({0} x 2077, v € (AT) ({0} x 277 }

is a Riesz sequence. We recall that a family of vectors {fi},c,, in a Hilbert space H is a
continuous frame with respect to a measure p on the index set M if || f]|* = Jag 1S fi)2 dp for
all f € H and that {gi},y is a Riesz sequence if lellZ = 12, cugrll? for all finite sequences
¢ = {ck}ren- Our proof of the duality principle relies on a simple characterization of Riesz
sequences in Hilbert spaces (Theorem .

As we will see, the setting of co-compact Gabor systems is indeed a natural framework for
structure and duality results. Closedness of the modulation and translation subgroups is a stan-
dard assumption, and one cannot get very far without it, e.g., closedness allows for applications
of key identifications between subgroups and their annihilators as well as applications of the Weil
and the Poisson formulas. Co-compactness is, on the other hand, non-standard, and to the best
of our knowledge this work is the first systematic study of co-compact Gabor systems. Under
the second countability assumption on GG, co-compactness is the weakest assumption that yields
an adjoint Gabor system with modulations and translations along discrete and countable sub-
groups. In this way, co-compactness of the respective subgroups is the most general setting for
which the Wexler-Raz biorthogonal relations, the duality conditions for dual generators and the
duality principle can be phrased in a way that resembles the classical statements in L?(R"). As
an example we mention that in the Wexler-Raz biorthogonal relations, one characterize duality
of two Gabor frames by a biorthogonality condition of the corresponding adjoint Gabor systems.
Since L?(G) is separable, such a biorthogonality condition is only possible if the adjoint systems
are countable sequences (which co-compactness exactly guarantees). Furthermore, co-compact
Gabor systems are precisely the setting, where the Walnut and Janssen representation of the
continuous frame operator are a discrete representation.
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However, we begin our work on Gabor systems with a study of semi co-compact Gabor
systems as special cases of co-compact translation invariant systems, recently introduced in
[7,)29]. For translation invariant systems we consider fiberization characterization of frames for
translation invariant subspaces (Theorem , generalizing results from [5,/7,(8/39]. Using these
fiberization techniques we will develop Zak transform methods for Gabor analysis in L?(G). This
leads among other things to a concept of rational oversampling in LCA groups (Theorem |4.3)
and a Zibulski-Zeevi representation (Corollary. Furthermore, we will prove the non-existence
of continuous, semi co-compact Gabor frames at “critical density” (Theorem . We also give
characterizations of generators of dual semi co-compact Gabor frames (Theorems and .

There are several advantages of the LCA group approach, one being that the essential ingre-
dient in our arguments often becomes more transparent than in the special cases. The abstract
approach also allows us to unify results from the standard settings where G is usually R™, Z",
or Z,. This is not only useful for the sake of generalizations, but, in some instances, it can also
simplify the proofs in the special cases. As an example we mention that our proof of the Zak
transform characterization of Gabor frames is based on two applications of the same result on
fiberizations of L?(G), but for two different LCA groups G. In the Euclidean setting this would
require two different fiberization results, one for G = R™ and one for G = AZ" for A € GL,(R).
In the setting of LCA groups we can unify such results into one general result. On the other
hand, even for G = R" most of our results are new.

For related work on locally compact (abelian) groups we refer to the recent papers [2,[3}/7,8,
131|181|29,134] as well as the book [20] and the references therein.

The paper is organized as follows. In Section [2] we give a brief introduction to harmonic
analysis on LCA groups and frame theory. In Section 3] we study co-compact translation invariant
systems, and specialize to semi co-compact Gabor systems in Section [d] In Section [ we study
the frame operator of Gabor systems, and in Section [6] we present duality results on co-compact
Gabor frames.

2 Preliminaries

In the following sections we set up notation and recall some useful results from Fourier analysis
on locally compact abelian groups and continuous frame theory.

2.1 Fourier analysis on locally compact abelian groups

In this paper G will denote a second countable locally compact abelian group. To G we associate
its dual group G which consists of all characters, i.e., all continuous homomorphisms from G
into the torus T = {z € C: |z| = 1}. Under pointwise multiplication G is also a locally compact
abelian _group. Throughout the paper we use addition and multiplication as group operation in
G and G respectively. By the Pontryagln duality theorem, the dual group of G is isomorphic to
G as a topologlcal group, i.e. G G. Moreover, if GG is discrete, then G is compact, and if G is
compact, then G is discrete.

We denote the Haar measure on G by pg. The (left) Haar measure on any locally compact
group is unique up to a positive constant. From pg we define L'(G) and the Hilbert space L?(G)
over the complex field in the usual way. L?(G) is separable, because G is assumed to be second
countable. For functions f € L'(G) we define the Fourier transform

Ffw) = fw) /f o(@) dpg(z), we@.

If fe LY (Q),fe Ll(é), and the measure on G and G are normalized so that the Plancherel
theorem holds (see [27, (31.1)]), the function f can be recovered from f by the inverse Fourier
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transform

z)=F Lf(z) = Flw)w(z ~(w a.e. T .
f@) = F (@) = [ fw)w(o) dngle). G

We assume that the measure on a group ue and its dual group p5 are normalized this way, and
we refer to them as dual measures. We will consider F as an isometric isomorphism between
L2(G) and L%(G).

On any locally compact abelian group G, we define the following three operators. For a € G,
the operator T,, called translation by a, is defined by

T,: L*(G) = L*(G), (Tuf)(z) = f(x —a), z€G.
For x € @, the operator E,, called modulation by x, is defined by

By : L%(G) = LA(G), (Byf)(@) = x(@)f(x). €.
For t € L*°(G) the operator My, called multiplication by t, is defined by

M, : L*(G) = L*(G), (Mf)(z) = t(x)f(x), z€G.
The following commutator relations will be used repeatedly: T, Ey = x(a) E\To, Fly = E,—1F,
and FE, =T, F.
For a subset H of an LCA group G, we define its annihilator as

A(G H) ={we G|w(x)=1forall z € H}.

When the group G is understood from the context, we will simply denote the annihilator
A(@, H) = H'. The annihilator is a closed subgroup in @, and if H is a closed subgroup
itself, then H~@ JH* and CT/?—I =~ H1. These relations show that for a closed subgroup H the
quotient G/ H is compact if and only if H is discrete.

Lemma 2.1. Let H be a closed subgroup of G. If G/H is finite, then H- = G/H.

Proof. Note that any finite group G is self-dual, that is, G~ G. And so, by application of the
isomorphism H* = G/H we find that H+ =~ G/H = G/H. O

We also remind the reader of Weil’s formula; it relates integrable functions over G with
integrable functions on the quotient space G/H when H is a closed normal subgroup of G. For
a closed subgroup H of G we Let 7y : G — G/H, wy(x) = x+ H be the canonical map from G
onto G/H. If f € L*(G), then the function @ — [}, f(z 4+ h) dup(h), & = 7g(z) defined almost
everywhere on G/H, is integrable. Furthermore, when two of the Haar measures on G, H and
G/H are given, then the third can be normalized such that

Jpere= [ ] s ny ) ), (21)

Hence, if two of the measures on G, H,G/H, C:’, HY and G JH* are given, and these two are not
dual measures, then by requiring dual measures and Weil’s formula , all other measures are
uniquely determined. To ease notation, we will often write dh in place of dug(h) and likewise
for other measures.

A Borel section or a fundamental domain of a closed subgroup H in G is a Borel measurable
subset X of G which meets each coset G/H once. Any closed subgroup H in G has a Borel
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section |35, Lemma 1.1]; however, we shall in the following usually only consider Borel sections
of discrete subgroups H. We always equip Borel sections of G with the Haar measure pg|y.
Assume that H is a discrete subgroup. It follows that pug(X) is finite if, and only if, H is co-
compact, i.e., H is a uniform lattice |7]. From |7], we also have that the mapping z — = + H
from (X, ug) to (G/H, pg/p) is measure-preserving, and the mapping Q(f) = f’ defined by

f'(x+H)=f(z), »+H€eG/H,xeX, (2.2)

is an isometry from L?(X, ug) onto L*(G/H, pug /).
For more information on harmonic analysis on locally compact abelian groups, we refer the
reader to the classical books [22}26}27}37].

2.2 Frame theory

One of the central concept of this paper is that of a frame. The definition is as follows.

Definition 2.2. Let H be a complex Hilbert space, and let (M, Xy, uar) be a measure space,
where ¥j7 denotes the o-algebra and p5; the non-negative measure. A family of vectors { fi}ca,
is called a frame for H with respect to (M, Xns, par) if

(a) the mapping M — C,k +— (f, fx) is measurable for all f € H, and

(b) there exists constants A, B > 0 such that
AWVSAﬂﬁhWWMMSBWW for all f € H. (23)

The constants A and B are called frame bounds.

If {fx}rens is measurable and the upper bound in the above inequality holds, then
{fx}rear is said to be a Bessel system or family with constant B. A frame {f},c,, is said to be
tight if we can choose A = B; if, furthermore, A = B = 1, then {fi},c,, is said to be a Parseval
frame.

If pas is the counting measure and X, = 2M the discrete o-algebra, we say that {fitren
is a discrete frame whenever is satisfied; for this measure space, any family of vectors
is obviously measurable. Because the results of the present paper can be formulated for the
discrete and continuous setting, we shall refer to either cases as frames and be more specific
when necessary. We mention that in the literature frames and discrete frames are usually called
continuous frames and frames, respectively. The concept of continuous frames was introduced
by Kaiser [33] and Ali, Antoine, and Gazeau [1|. For an introduction to frame theory, we refer
the reader to [11].

To a Bessel family { fi},cs for H, we associate the the synthesis operator T : L3(M, ppg) —
H defined weakly by

T {ebpens = /M ) (2.4)

This is a bounded linear operator. Its adjoint operator T* : H — L?(M, puys) is called the
analysis operator, and it is given by

T*f = {<f7 fk>}keM- <2~5)

The frame operator S : H — H is then defined as S = T'T™*. We remark that the frame operator
is the unique operator satisfying

<ww=@mnwwwww for all f.g € 7, (2.6)
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and that it is well-defined, bounded and self-adjoint for any Bessel system { fj },.c/; it is invertible
if {fx}pear is a frame.

In case the frame inequalities only hold for f € K :=span {fi},c) C H, we say that
{fx}rens 1s a basic frame or a frame for its closed linear span. For discrete frames such frames
are usually called frame sequences; we will not adopt this terminology as basic frames need not
be sequences. A frame for H is clearly a basic frame with I = H. If we need to stress that a
basic frame spans all of H, we use the terminology total frame. Now, let us briefly comment on
the definition of the subspace K.

From the Bessel property of a (basic) frame { f}, we see that:

T = (ker T*)" = {f € H: (f, fr) = 0 Vk € M}* = span {fi}pens -

The lower frame bound for f € K implies that the operator 7%, is bounded from below, i.e.,
|T* | £l = VA f||, which is equivalent to T*|,- being injective with closed range which, in turn,
implies that T has closed range. Since T™|, is injective, the range of T" is dense in K. It follows
that im 7T = K.

We will only consider measures ps that are o-finite. Assume that {fx} is measurable. It is
known that T as in defines a bounded linear operator if, and only if, {fx},c,, is a Bessel
family [36]. Hence, the argument in the preceding paragraph shows that {fi},c,, is a basic
frame if, and only if, T" as in defines a bounded linear operator with im 7T = K.

Two Bessel systems { fx}cps and {gx},cps are said to be dual frames for H if

(f.9) = /M (F. 98) (fir g) diuns (K)  for all f,g € H. 2.7)

In this case

;= / (f.gu) fudpns (k) for f €, (2.8)
M

holds in the weak sense. For discrete frames, equation holds in the usual strong sense, i.e.,
with (unconditional) convergence in the H norm. Two dual frames are indeed frames. We also
mention that to a given frame for H one can always find at least one dual frame, the so-called
canonical dual frame {S~! fi}rens.

Let us end this section with the definition of a Riesz sequence.

Definition 2.3. Let {f;}7°, be a sequence in a Hilbert space H. If there exists constants

A, B > 0 such that
2
AY el < H > o HH <BY el
k k k

for all finite sequence {c }72 ;, then we call { f;}7° | a Riesz sequence. If furthermore span{ f; }7°, =
H, then {fr}72 is a Riesz basis.

3 Translation invariant systems

Before we focus on Gabor systems, let us first show some results concerning the class of translation
invariant systems, recently introduced in [7,/29], which contains the class of (semi) co-compact
Gabor systems.

We define translation invariant systems as follows. Let P be a countable or an uncountable
index set, let g, € L?*(G) for p € P, and let H be a closed, co-compact subgroup in G. For a
compact abelian group, the group is metrizable if, and only if, the character group is countable
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[26, (24.15)]. Hence, since G/H is compact and metrizable, the group CT/?{ =~ H+ is discrete
and countable. Unless stated otherwise we equip H with the counting measure and assume a
fixed Haar measure pug on G.

The (co-compact) translation invariant (TI) system generated by {g,}pep with translation
along the closed, co-compact subgroup H is the family of functions {Tj,g,} heH pe P We will use
the following standing assumptions on the index set P:

(I) (P,Xp, up) is a o-finite measure space,
(I1) p > gp, (P, Xp) = (L*(G), Bra(gy) is measurable,
(III) (p,x) +— gp(x), (P x G,Xp ® Bg) — (C, Bc) is measurable.

We say that {gp},cp is admissible or, when g, is clear from the context, simply that the measure
space P is admissible. The nature of these assumptions are discussed in [29]. Observe that any
closed subgroup P of G (or CA?) with the Haar measure is admissible if p — g, is continuous, e.g.,
if g, = Tpg for some function g € L*(G).

If P is countable, we equip it with a weighted counting measure. If the subgroup H is also
discrete, hence a uniform lattice, the system {Th,gp};cr cp is a shift invariant (SI) system.

3.1 Fiberization

TT systems are of interest to us since the Gabor systems we shall study are special instances of
these. As the work of Ron and Shen [39] and Bownik [5] show, certain Gramian and so-called
dual Gramian matrices as well as a fiberization technique play an important role in the study
of TI systems. The fiberization technique is closely related to Zak transform methods in Gabor
analysis, as we will see in Section [4.1]

Let © C G be a Borel section of HE in G as defined in Section Following [7] we define
the fiberization mapping T : L*(G) — L?(Q, (?(H*)) by

Tfw) = {fw)}aers, weE (3.1)

the inner product in L2(2, £2(H")) is defined in the obvious manner. Fiberization is an isometric,
isomorphic operation as shown in [7,8].
Our first result characterizes the frame/Bessel property of TI systems in terms of fibers. It

extends results from [5,7,[8] to the case of uncountable many generators {gp}pe P

Theorem 3.1. Let 0 < A < B < o0, let H C G be a closed, co-compact subgroup, and let
{9p},ep C L?(G), where (P,up) is an admissible measure space. The following assertions are
equivalent:

(i) The family {Thgp},cpr pep is a frame for L*(G) with bounds A and B (or a Bessel system
with bound B),

(it) For almost every w € Q, the family {Tgp(w)} cp is a frame for 2(HL) with bounds A and
B (or a Bessel system with bound B).

Proof. The proof follows from the proofs in [5,/7,8]. Indeed, the key computation in |7] shows
that

[ 1t Tig)al dinsro) = [ [ 1T 1), Tl dng)dur(v)
PJH PJQ
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for all f € L?(G). Let us outline the argument for the frame case; the Bessel case is similar.
Assume that (ii) holds. Then for a.e. w € Q we have

Allalle < / (@, Tgp(w))e|’ dup(p) < Bllall forall a € 2(H"Y).
P

If we integrate these inequalities over €2 and use that 7 is an isometric isomorphism, we arrive
at (i) using the key computation above. The other implication follows as in [5]. O

Remark 1. Theorem can also be formulated for basic frames using the notion of range func-
tions. A very general version of this result was obtained independently and concurrently in |28§].
Theorem is closely related to the theory of translation invariant subspaces which very recently
has been studied in [4}[28] using Zak transform methods (cf. Section [4.1]).

Theorem shows that the task of verifying that a given TI system {T},gp} heH peP is a
frame for L?(G) can be replaced by the simpler task of proving that the fibers {Tgp(w)}, cp are
a frame for the discrete space ¢£2(H"'), however, this needs to be done for every w € Q. For a
uniform lattice H, the Borel section Q of H* is compact, but for non-discrete, co-compact closed
subgroups H, this is not the case, in fact, mg(£2) = oo.

Let w € Q be given. The analysis operator L, : £?(H+) — L?(P) for the family of fibers
{Tgp(w)},cp in 2(H*') is given by:

Ly =p = (6, Tgp(@))pry, D(Lw) = coo(H™). (3.2)

Note that we have only defined the analysis operator L, for finite sequences since we do not, a
priori, assume that the family of fibers is a Bessel system, cf. . If L, is bounded, it extends
to a bounded, linear operator on all of £2(H™); clearly, L, is bounded with bound ||L,| < VB
if, and only if, {’7'gp(w)}pe p is a Bessel system with bound B. In this case the adjoint is the

synthesis operator L’ : L?(P) — ¢*(H") given by:

L::fz{ / f<p>gp<wa>duP<p>} C where f € I2(P).

acH+

From results in [10, Chapter 3] and [36] we know that this synthesis operator L} : L?*(P) —
(2(H") is a well-defined, bounded linear operator if, and only if, the fibers {Tap(w)} cp is a
Bessel system. The frame operator L} L, of the family of fibers is called the dual Gramian and
is denoted by G, : 2(HY) — (>(H'). Again, using results from |10, Chapter 3|, the frame
operator is a bounded, linear operator acting on all of £2(H 1) precisely when the fibers form a
Bessel system. Paying attention to the operator bounds and Bessel constants, we therefore have
the following result, extending results from [7,8] to the case of uncountably many generators.

Proposition 3.2. Let B > 0, let H C G be a closed, co-compact subgroup, and let {gp}peP -
L?(G), where (P, pup) is an admissible measure space. The following assertions are equivalent:

(i) {Thgp}hereP s a Bessel system with bound B,
(i) esssupeallGull < B,
(iii) esssup,cq || Lo| < VB.

In a similar fashion, it is possible to generalize |8, Proposition 4.9(2)| and the corresponding
result in |7] to the case of uncountably many generators.
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4 Semi co-compact Gabor systems and characterizations

In the the rest of this article we will concentrate on Gabor systems. A Gabor system in L*(G)
with generator g € L?(G) is a family of functions of the form

{EyThg} cr aen » Where I' C Gand A CG.

We will usually assume that at least one of the subsets I' C G or A C G is a closed subgroup; if
either of these subsets is not a closed subgroup, it will be assumed to be, at least, admissible as
an index set (cf. the previous section). We often use that semi co-compact Gabor systems are
unitarily equivalent to co-compact translation invariant systems in either time or in frequency
domain. If both I" and A are closed and co-compact subgroups, we say that {E'YTAQ}WGF,)\GA is a
co-compact Gabor system; if only one of the sets I' and A is a closed and co-compact subgroup,
we name the Gabor system semi co-compact. If both T' and A are discrete and co-compact, we
recover the well-known uniform lattice Gabor systems.

4.1 Characterizations of Gabor frames and the Zak transform

The fiberization technique from Theorem will play a crucial role in the characterizations
of semi co-compact Gabor frames, presented in this subsection. From Theorem for the TI
system {T,F "'Tyg} er rea, which is unitarily equivalent with {E'YT)‘g}'yGF,)\GA’ we immediately
have a characterization of the frame property of Gabor systems.

Proposition 4.1. Let g € L*(G), and let 0 < A < B < oo. Let T be a closed, co-compact
subgroup of G, and let (A, XA, up) be an admissible measure space in G. The following assertions
are equivalent:

(i) {E5TXG} croaen @ a frame for L*(G) with bounds A and B,

(i1) {{g(m—i—/\—i—()z)}aerl})\eA is a frame for (2(I'Y) with bounds A and B for a.e. x € X,

where X is a Borel section of T in G.

We will apply Theorem once more to Proposition under stronger assumptions on A.
In the following we will always assume that A is a closed subgroup of G. For a moment, let us
even assume that A = 't where I is a closed, co-compact subgroup of G. Note that this implies
that A is discrete and countable. For uniform lattice Gabor systems the condition A = I'* is
called critical density by Grochenig [23] since Borel sections X and Q of the lattices T+ and A+ in
this case satisfy ma(X)mg(€2) = 1. Theorem 6.5.2 in [23] states that the uniform lattice Gabor
system {E;Thg}ycp er only can be frame for L*(G) if mg(X)mg(Q) < 1. Clearly this is not a
necessary condition when either A or I' is non-discrete since, for closed, co-compact subgroups,
a Borel section of its annihilator has finite measure if and only if the subgroup itself is discrete.
Now, back to the assumption A = TI't with T being a (not necessarlly discrete) closed, co-
compact subgroup of G. In this case, the system in Proposition is a shift invariant system
of the form {Th¢}\cp in £2(A) with countably many generators gox ={g9(z+ a)},cp- We now
apply the fiberization techniques from Section with G = A and H = A. Since the annihilator
H> in this case is A(A, A) = {1}, the fiberization map is simply 7 f(w) = {f(w)} forw € Q,
where 2 is a Borel section of {1} in K, hence, Q = A. The Fourier transform of the generator
w0z € L2(A) is
= Zg(fc+a)w(a), (4.1)

aeA

which is the Zak transform Zyg(x,w) of g with respect to the discrete group A C G.
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By Theorem (or a result in |7], to be more precise), {Th¢@z}ycp is a basic frame in £2(A)
with bounds A and B if, and only if, {¢,(w)} is a basic frame in 2(A(A, A)) = C with bounds
A, B for almost all w € A. Now, a scalar {¢z(w)} is a basic frame in C with bounds A and B if,

and only if, its norm squared, whenever non-zero, is bounded between A and B. We conclude
that {E,T\g}., cp1 zen is a Gabor basic frame in L?(G) with bound A and B if, and only if,

2 ~
A< ‘Z gz +a)w(a)| <B forae ze€X,weQ=A for which ¢p,(w) # 0. (4.2)
acA
In particular, whenever A = I't with I" being a closed, co-compact subgroup, we see that

{EyThg}, cps zen I8 & total Gabor frame for all of L*(G) if, and only if, A < |Zrg(z,w)]* < B

for almost any x € X,w € Q = A. Still assuming I' = AL, this result can be shown to hold for
any closed subgroup A C G |2, Theorem 2.6]. However, the next result shows a non-existence
phenomenon of such continuous Gabor frames.

Theorem 4.2. Let g € L*(G), let 0 < A < B < 00, and let A be a closed subgroup of G. Suppose
that A is either discrete or co-compact. Then the following assertions are equivalent:

(i) {EZTAG} cps ren is a frame for L*(G) with bounds A and B,

(ii) The subgroup A is discrete and co-compact, hence a uniform lattice, and {E"/T)\g}’yGAJ-,)\EA
is a Riesz basis for L*(G) with bounds A and B.

Proof. The implication (ii)=-(i) is trivial so we only have to consider (i)=-(ii).

Assume first that the subgroup A is discrete. Then I' = At is co-compact. We use the
notation from the paragraphs preceding Theorem Then, as shown above, assertion (i)
is equivalent to {¢,(w)} being a frame for C for almost every # € X, w € A. However, a one
element set is a frame if, and only if, it is a Riesz basis with the same bounds. Now, we repeat the
argument above, but in the reverse direction using a Riesz sequence variant of Theorem By [8,
Theorem 4.3| the scalar {(p,(w)} is a Riesz basis for C if, and only if, the SI system {Thps } ¢y is @
Riesz basis in £2(A) with the same bounds. By a result in [7], which generalizes |8, Theorem 4.3],
this is equivalent to {T,,F 1T, \g}yeal ren being a so-called continuous Riesz basis. However, as
shown in |7] continuous Riesz sequences only exist if A+ is discrete. Hence, {T5F 'Thg} cat rea
is actually a (discrete) Riesz basis. By unitarily equivalence, this implies that {EVTAg}7 EALAEA
is a Riesz basis.

Assume now that A is co-compact. Then I' = A+ is discrete. Note that {TNEyg} cpt ren 38
unitarily equivalent to {E'YT)\g}’ye AL AeA and repeat the argument above for the co-compact TI

system {ThEyg} cp1 yen )

Remark 2. In the extreme case A = G, Theorem tell us that {Thg},c cannot be a frame

for L?(G) unless G is discrete; if G is discrete, then G is compact, and any g € L?*(G) with
0< A< |jw)]® < Bforae. we G will generate a frame {T\9} \ez With bounds A, B. For
discrete (irregular) Gabor systems in L?(R™) such questions are studied in [12]. On the other
hand, totality in L?(G) of the set {T\g}, ¢ is achievable for both discrete and non-discrete LCA

groups G; e.g., take any g € L?(G) with g(w) # 0 for a.e. w € G.

Due to Theorem we wish to relax the “critical” density condition A = I'*t, but in such a
way that we still can apply Zak transform methods. For regular Gabor systems

{e2m»yx glx =) :yeTl = AZ" A€ A= BZ"} (4.3)
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in L2(R") with A, B € GL,(R) rational density, where AZ™ N BZ" is a full-rank lattice, is such
a relaxation; for n = 1 rational density simply means AB = 2 € Q. Our assumptions on the
subgroups A and I' in the remainder of this section will mimic the setup of rational density,
and the characterization will depend on a vector-valued Zak transform similar to the case of
L2(R™) 16,40,47].

For a closed subgroup H of G the Zak transform Zy as introduced by Weil, albeit not under
this name, of a continuous function f € C.(G) is:

ZHf(x,w):/Hf(a:—i—h)w( ) dh for a.c. € X, w e H.

The Zak transform extends to a unitary operator from L%(G) onto L2(G/H x G/H™L) [2,144].
We will use the Zak transform for discrete subgroups H = I'‘, where I' is co-compact, in which
case, the convergence of the series Zp f(z,a) = . crr f(2 + a)w(a) is in the L2norm for a.e.
x and w.

The next result shows that the frame property of a Gabor system {E'YT)‘g}AEA,’yEF in L?(G)
under certain assumptions of A and I' is equivalent with the frame property of a family of
associated Zak transformed variants of the Gabor system in CP.

Theorem 4.3. Let g € L*(G), and let 0 < A < B < co. Let T be a closed, co-compact
subgroup of G. Suppose that A is a closed subgroup of G such that p := }FL/(A N I‘L)| < 00. Let

{x1,-- -, xp} = A(I:I,A NTY). Equip A with some Haar measure py, and let Kajanrty be the
unique Haar measure on A/(ANTL) such that for all f € L'(A)

/A F(2) dua (@) = p /A RN SIS L AvIC)

ANr) feAnrL

Also, we let K C A denote a Borel section of ANT* in A and pg be a measure on K isometric
to fip/(anrt) in the sense of (2.2). Then the following assertions are equivalent:

(1) {EvTrg} yen er s @ frame for L*(G) with bounds A and B,

(i) AlelZ < Jyc e A Zrage + mox)}loy)er 2 dyuse(w) < Bllcl, for all e € €7, ace. x € X
and w € TL, where X is a Borel section of '+ in G,
(iii)
A< essinf N (x,w), B> esssup Ai(z,w),

(2.w)eX xIL () EX XL

where A\i(xz,w) denotes the i-th largest eigenvalue value of the p X p matrix ,C’;(x,w), whose
(i,7)-th entry is

G(2,w) (5 = /K Zrig(z + Kk, wxi) Zprg(z + K, wx;)dpk (k).

Proof. We first remark that A(fI,A NT+) 2 T+/(ANT4) by Lemma . This shows that
{X1,--.,Xp} is well-defined due to the assumption p = [I+/(ANTH)| < cc.

By Proposition assertion (i) is equivalent to the sequence {{g(z + A + &)} s }AeA
a frame for £2(I'*) with bounds A and B for a.e. € X. Since ANT is a subgroup of A, every
A € A can be written in a unique way as A = p+# with g € ANT+ and k € A/(ANT4). Letting

being
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or = {g(x + a+ K)}epo, We can write the above sequence as {TMSOH}ueAmFi,neA/(AnFL)' By
assumption, this is a co-compact translation invariant system in £2(I'"). The Fourier transform
of p, € (1) is
Pr(w) = Z g(x + a+ k)w(a) forae we 1:1,
aelt

hence @R(w) = Zprig(x + K,w). As above, we apply the fiberization techniques from Sec-
tion [3.1] with G = 't and H = ANTL. The relationship between the measures via Weil’s
formula in the assumption guarantees that the subgroups are equipped with the correct mea-
sures. Since the annihilator H+ in this case is A(I‘L A NT1), the fiberization map is
Tf(w) = {f(wX)}xeA(l:I,AﬂFJ-) for w € T'L. By Theorem we see that assertion (i) is equiva-
lent to the system

{{ZFlg(x + K, wX>}XeA(F/I,AﬂFJ-) }HEA/(AQFJ‘)
being a frame in KQ(A(I:I, ANT+)) =2 CP with bounds A and B for a.e. z € X and w € TL. This
proves (1)< (ii). )

The dual Gramian matrix G(z,w) is a matrix representation of the frame operator of the
system in (ii) which shows the equivalence (ii)<(iii). O

Under the assumption p = [I+/(ANT)| < oo, we can view {Zp1g(z + &, wX)}XeA(ﬁ,AmFL)
as a column vector in CP. This vector is sometimes called a vector-valued Zak transform of g.
We remark that the quotient group A/(ANT+) in Theorem |4.3|can be infinite, even uncountably
infinite. If it is finite, however, we have the following simplification.

Corollary 4.4. In addition to the assertions in Theorem [{.3 assume that A is discrete, q :=
‘A/(AOFJ—)‘ < 0o and let A be equipped with the counting measure. Let k;, i = 1,...,q, be

a set of coset representatives of AJ(ANTL), and let {x1,...,Xp} := A(fj-,A NTL). Then the
following assertions are equivalent.

(1) {EvTrg} yen er 1S @ frame for L*(G) with bounds A and B,

(i1) {{Zrrg(x+ mi,wxj)}z; i is a frame for CP w.r.t. p~t times the counting measure, i.e.,

Alleligs < 3 X0 e AZrsg(@ + miwx)Yioy)or” < Blellgy for all c € CP,

forae rze X andw € 1”—, where X is a Borel section of 't in G,

(iii)
A<p !t ess inf ap(:n,w)g, B>p ! ess sup o1(z,w)?,
(zw)eX xTL (zw)eX xI+

where op(z,w) denotes the k-th largest singular value of the ¢ X p matriz ®(x,w), whose
(i,7)-th entry is Zpig(x + ki, wX;)-

The matrix p~1/ 20 (z,w) is called the Zibulski-Zeevi representation; it is the transpose of the
matrix representation of the synthesis operator associated with the frame in Corollary (ii).
This shows that the Zibulski-Zeevi representation is possible for Gabor systems with translation
along a discrete (but not necessarily co-compact) subgroup A C G and modulation along a
co-compact (but not necessarily discrete) subgroup I' C G.
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For lattice Gabor systems (4.3) in L?(R"), Corollary reduces to |6, Theorem 4.1]. We
remark that, in this case, the roles of p and ¢ are the same as in |6, Theorem 4.1] which can be
seen by an application of the second isomorphism theorem

)

p=|TH/(ANTH)

. q=[A/ANTY] = |[(A+Th/rt

and by noting that T' is assumed to be Z" in [6]. In particular, for regular Gabor systems in
L?(R) with time and frequency shift parameters a and b, we have ab = p/q € Q, where p and ¢
are relative prime.

Using range functions, the equivalence of (i) and (ii) in all results in this subsection can be
formulated for basic frames. For Corollarythis simply reads: {E£,Thg},c Aqer IS a basic frame
in L?(G) if, and only if, {{Zr1g(z + ks, wx;)}_, }7, is a basic frame in CP. In the following
Example [I] we apply this version of Corollary @ to a non-discrete Gabor system and calculate
its Zibulski-Zeevi representation.

Example 1. Let r € N be prime. We consider Gabor systems {E,Thg}ycp er 1D L2(Z(r*)),
where the Priifer r-group G = Z(r*°), the discrete group of all r"™-roots of unity for all n € N, is
equipped with the discrete topology and multiplication as group operation. Its dual group can
be identified with the r-adic integers G = I,. For m,n € N define A C Z(r>) and ' C Z(r™)
as all " and 7™ roots of unity, respectively. Then A is a discrete, closed subgroup of Z(r*),
and I' is a co-compact, closed subgroup of I.. Note that neither A nor I' are uniform lattices.
Let X and  denote Borel sections of the subgroups I'* € G and A+ C CA;, respectively. For any
n,m € N, we have mg(X)mz(€2) = co. Moreover,

p= ‘FJ‘/(A N FJ_)‘ _ rm—min{m,n}’ q= ‘A/(A N FJ.)‘ _ T,n—min{m,n}.

If m > n, then p =™ ", g = 1, and the Zibulski-Zeevi representation is (up to scaling of
p~1/2) given as a (row) vector of length p:

O(z,w) = {ZFLg(fL'aWXj)}?:l ’

where {x; ?:1 = A(Tt,A). On the other hand, if n > m, then p = 1, ¢ = ™™, and the
Zibulski-Zeevi representation ®(z,w) = {Zpi(z + Kkj,w)}l; is a (column) vector of length g,
where {r;}J_, is a set of coset representatives of A/I't.

Thus, for any m,n € N, the system {E’YT)\Q})\EA,')/GF is a frame for its closed linear span, i.e.,

a basic frame in L?(Z(r*°)), with bounds A and B if, and only if,

1
A< |®(,w)|* < B
p

for almost every x € X and w € TL for which |®(x,w)|| # 0, where ®(z,w) is given as above.

Remark 3. As an alternative to the Zak transform decomposition of g used above in part (ii) of
Theorem [£.3] and Corollary [4.4] we can use a less time-frequency symmetric variant. The details
are as follows. By a unitary transform on CP the vector {1/\/]5ZFLg(x + K, wxi)}le is mapped

to the vector v

Ue(w,w) =9 Y glat+atrtbw), (4.4)
aceANT+ i=1
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where £;, i = 1,...,p, are distinct coset representatives of I'*/(A N T+), and k € K. The
assertions in Theorem are, therefore, equivalent with

AllellZ < /K (e (e, w))enl? durc (k) < Blle%s for all c e C,

a.e. € X and w € I/‘I, where X is a Borel section of I'" in G. Here pug is the measure on K
isometric to p15 /(anrt) (in the sense of (2.2))) such that for all f € L(A)

[r@dm@= [ S s O dnyaar @)

LeAnNTL

note that this is different from the measure px used in Theorem [£.3] Then the assertions in
Corollary [£.4] are equivalent to the fact that

q
AllellEr <Y e tw(@,w))er* < Bllef|gr  forall ce CP,
i=1

for a.e. z € X and w € T'L, where X is a Borel section of I't in G.

If we switch the assumptions on A and I and consider T1 systems of the form {T\E,g}
we obtain the following variant of Proposition [4.1

yel', e >

Proposition 4.5. Let g € L*(G), and let 0 < A < B < 0. Let A be a closed, co-compact
subgroup of G, and let (I', Xp, ur) be an admissible measure space in G. The following assertions
are equivalent:

(i) {E'YT)\g}'yeF xea 18 a frame for L?(G) with bounds A and B,

(1) {{f](w’yﬁ)}ﬂeAL }veF is a frame for £2(A+) with bounds A and B for a.e. w € ), where

is a Borel section of A+ in G.

From Proposition 4.5/ we get the following variant of Theorem we leave the corresponding
formulation of Corollary [4.4] to the reader.

Theorem 4.6. Let g € L*(G), and let 0 < A < B < co. Let A be a closed, co-compact
subgroup of G. Suppose that I is a closed subgroup of G such that p := ‘AL/(F N AJ-)! < 0. Let

{X1s-- s Xpt =AML T NAL). Equip T with some Haar measure pur, and let Br/rnaty be the
unique Haar measure over I'/(I' N AY) such that for all f € LY(T)

d = f)d H(z).
[ f@ et =p [ D SR CEULTIINE

Also, we let K C T denote a Borel section of T N AL in T' and px be a measure on K isometric
to pr/rnaty in the sense of (2.2)). Then the following assertions are equivalent:

(i) {E,YT)\g}VGF xea 18 a frame for L?(G) with bounds A and B,

(1) Al < Jicl(eAZnsg(wn.z + XY oy) oo durc(5) < B elsy for all c € €7, ae. w e Q)

and x € AL, where Q is a Borel section of A+ in G.
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4.2 Characterizations of dual Gabor frames

By a result on so-called characterizing equations from [29], we now characterize when two semi
co-compact Gabor systems are dual frames. Using the equivalence of frame properties for sys-
tems {E’YTAg})\EA,'yeF and {T,F 'Tyg} errea with generator g € L?(G) yields the following
characterizing equations in the time domain.

Theorem 4.7 ([29]). Let T be a closed, co-compact subgroup of G, and let (A, $a, pua) be an ad-
missible measure space in G. Suppose that the two systems {E,Txg}yeraea and {ET\h}yer xen
are Bessel systems. Then the following statements are equivalent:

(1) {EyThg}verren and {E,T\h} erren are dual frames for L2(G),

(ii) for each a € T+ we have
Sa(x) := / glx — X —a)h(z — N) dupr(N) = 0q0 a.e. xz € G, (4.5)
A

If we want to stress the dependence of the generators g and h in (4.5)), we use the notation
Sg,h,o G — C.

Corollary 4.8. Let I be a closed, co-compact subgroup of@, and let (A, X5, pa) be an admissible
measure space in G. The family {EyTrg}yeraen s an A-tight frame for L*(G) if and only if
Sg.g.0(T) = Abap a.e. for each o € T+,

Example 2. Let g € L*(G) and consider {E\Trg}, carens

measure space in G. By Corollarywe see that {EWTAg}W cBrch
if, and only if, for a.e. z € G

where (A, X4, ) be an admissible
is a Parseval frame for L?(G)

[ lote =N dan) = 1. (4.6)

If we take A = G with the Haar measure, then equation becomes simply ||g|| = 1 which is
the well-known inversion formula for the short-time Fourier transform [23}24].

Suppose now that G contains a uniform lattice. Take A as a uniform lattice in G, and let X
denote a (relatively compact) Borel section of A in G. Equation becomes

Do lglz = NP =X

AEA

Let g1, ..., 9 € L?(G) be functions positive on X with support supp g; C X so that g; is constant
on X for at least one index i. Following [13], the function on G defined by the r-fold convolution

W, =gilx xgolx *x...%g.1x

is called a weighted B-spline of order r. As shown in [13|, the function W, is non-negative
and satisfies a partition of unity condition up to a constant, say Y ., Wr(z — A) = C,.. Take
g € L*(G) so that

1 1
lg(=)|* = mWr(UC)a eg, g(@)= W\/ W ().

Then {EVTAQ}ye@ xen is a Parseval frame.

Viewing Gabor systems as unitarily equivalent to {7\ E,g} el aeh> We arrive at characterizing
equations for duality in the frequency domain.
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Theorem 4.9 (|29]). Let A be a closed, co-compact subgroup of G, and let (I'yXp, ur) be an ad-
missible measure space in G. Suppose that the two systems { E;Txg}yer yen and {EyT\h}yer xea
are Bessel systems. Then the following statements are equivalent:

(i) {EyThg}yeraen and {ETxh}yerren are dual frames for L*(@G),

(ii) for each B € A+ we have

tg(w) = /Fg(w’ylﬁl)ﬁ(w’y_l)dup(fy) =051 a.e we€ G. (4.7)

As for sg p, o We write typ, 5 G — C for tg in (4.7)) if we want to stress the dependence of the
generators g and h.

Corollary 4.10. Let A be a closed, co-compact subgroup of G, and let (D, Xp, ur) be an admissible
measure space in G. The family {EyTrg}yeraen s an A-tight frame for L*(G) if and only if
tyg8(®) = Ads1 a.e. for each B € AL

Let us now consider co-compact Gabor systems, i.e., we take both A and I' to be closed,
co-compact subgroups. We first remark that in this case, under the Bessel system assumption,
we have equivalence of conditions and . More importantly, s, 5. and ¢4 3 can be
written as a Fourier series.

Remark 4. (i) For g,h € L*(G) assume that two co-compact Gabor systems {E\Trg} sen ner
and {E’YTAh})\eA,A/eF are Bessel systems with bounds By and Bj, respectively. By an
application of Cauchy-Schwarz’ inequality and [29, Proposition 3.3|, we see that s, €
L>*(G); to be precise:

|5g,ha(T)] < B;/2Bf1/2 for a.e. = € G.

(ii) Note that s : G — C is A-periodic. Furthermore, G/A is compact and s, is uniformly
bounded, we can therefore consider s, as a function in L?(G/A) and its Fourier series
is given by

smam=§j%wm>mm%ﬁ=/ Sgnal@)B(E) di

BeAtL G/A

We can compute the Fourier coefficients ¢, g directly using Weil’s formula:
Cos = / syma(@)B@) dit = / / 9oz A —a)hiz - \) Bl = N) dAdé
G/A G/AJA

:Lm@mm@—@mzw@nm (4.8)

(iii) Similarly, we find tg 5 g(w) = Zaerl<il, E\T3§) w(a).
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5 The frame operator of Gabor systems

Let us begin with the definition of the frame operator. Let ¢ € L?(G), and let A C G, T C G be
closed subgroups. If {E,Tyg} AEA7ET is a Bessel system, the frame operator introduced in 1)
reads:

S=8,,:L*G) = L*G), S= /P/A{,EVT,\g}EVT,\gd)\dfy,

given weakly by
(S i, fa) = / / (1, BoTag) (B Tag, fo) ANy Vfi, fo € L2(G).
TJA

Similarly, for two Gabor Bessel systems generated by the functions g, h € L?(G), we introduce
the operator

Syn s L*(G) — L*(G), Sg,h_//(-,EWTA@EWTAhdAdy. (5.1)
I"JA

We follow the Gabor theory tradition, referring to this operator as a (mixed) frame operator. If
we want to emphasize the role of A and I', we denote this operator Sy, A, Where A specifies
the translation subgroup and I' the modulation subgroup.

As in Gabor theory on L?(IR™), it is straightforward to show that the frame operator commutes
with time-frequency shifts with respect to the groups A and I'.

Lemma 5.1. Suppose that T and A are closed subgroups. Let g,h € L*(G) and let {E\Txg} yen Ser
{E,T\h} o ~er be Bessel systems. Then, for all v € T' and A € A, the following holds:

(i) SgnEyTx = EyT)Sgh,
(i) If {E5TAg} en er @ a frame, then

ST E,T\ = B,T\S™".

Lemma [5.1] implies that the canonical dual of a Gabor frame again is a Gabor system of the
form {E,T\h}, ~eTs where h = S~1¢. Finally, we note that by a direct application of the
Plancherel theorem, one can show that for all fi, f» € L*(G),

(Sgnarfi, f2) = <5g,il7p,Af17 f2),

where A and I are only assumed to be measure spaces.

5.1 Feichtinger’s algebra

In applications of our results, one often needs to show that the Gabor system {E,Tyg} AEA7ET
generated by g € L?(G) constitutes a Bessel family. This task, however, can be non-trivial,
and even if g generates a Bessel system for subgroups A; and I'y, it may not generate a Bessel
system for another pair of translation and modulation groups As and I';. A solution to this
problem is to consider functions in the Feichtinger algebra So(G). It follows from [17, Theorem
3.3.1] that Gabor systems {EAYTAQ}/\GANGF with respect to any two uniform lattices A and I in
R™ generated by functions in Sp(R™) are Bessel systems. The proof relies on properties of the
Wiener-Amalgam spaces. The purpose of this section is to give an alternate proof in the setting
of LCA groups that any g € So(G) generates a Bessel system {E£,Thg}, . Aner for any two closed

subgroups A C G and I C G.
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Let g € C.(G) be a non-zero function with Fg € Ll(@). The Feichtinger algebra Sy(G) is
then defined as follows:

So(G) ={f:G—C: feL'G)and /G/éyvgf(x,w)ydwdx<oo},

where V, f(z,w) = fG g(t —x)dt is the short time Fourier transform of f with the
window g. Equipped with the norm || flls, = [ona [V f (2, w)|dwdz, the function space Sp(G) is
a Fourier-invariant Banach space that is dense in L?(G) and whose members are continuous and
integrable functions. Moreover, So(G) is continuously embedded in L'(G), that is, there exists
a constant C' > 0 such that

1 fllzr @) < Cllfllsoa) for all f € So(G).

If g,h € So(G), then Vsh € Sp(G x G). Furthermore, for any closed subgroup H C G the
restriction mapping

Ry : S()(G) — S()(H), (RHf)(.%') = f(x), xeH

is a surjective, bounded and linear operator. We refer the reader to |16,(17,21] for a detailed
introduction to Sy(G).

In order to prove Theorem [5.4] we need the following two results. Lemma relies on
properties (ii) and (iv) from above, whereas Lemma [5.3|is an adaptation of |29, Lemma 2.2|.

Lemma 5.2. Let H be a closed subgroup in G and let a € G, g € So(G). Then there exists some
constant Kg > 0 which depends on H such that

[ late = @l dui@) < K lglsyc) for alla € G.

Proof. The result follows from the fact that So(H) is continuously embedded in L'(H) and the
boundedness of the restriction mapping:

/H 9z — )] dpsz(2) = [Rir(Tog)l 2oty < C R (Tog) sy
< OCq |Tugllsoa) = CCH 9l s0(c)

Here we also used that the Sy-norm is invariant under translation. Now take Ky = CClhy. O

Lemma 5.3. Let g € L>(G) and T’ C G be a closed subgroup. For all f € C.(Q)

[ naR duty = [ [ @7 =) T Tale = ) dirs (@) dpa(o). (652
With these results in hand, we can prove that functions in So(G) always generate Gabor

Bessel systems.

Theorem 5.4. Let g € So(G) and let A C G and T C G be closed subgroups. Then {EVTAg} sep er

is a Bessel system with bound B = K 1 ||g||%O(G), where Ka 1 is a constant that only depends on
A andT.
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Proof. From Lemma [5.3| follows that for all f € C.(G):

| [1.en9P dvay

:// f@) f(x — a)Thg(x) Thg(x — o) dadx dX
AJG JTL

:/A/G/N/FL/FLg(x—)\—a)f(x—a)g(x—)\—a’)f(a:—a’)dada’di:d)\.

In the latter equality we used Weil’s formula and a change of variables a+a’ — «. An application
of the triangle inequality and the Cauchy-Schwarz inequality now yields the following estimate:

/ / (2 ByTog) 2 dur(v) daa (M)

/G/I‘l/I‘l/Fl (= a)f(x—d ‘/‘gx— —a)g(x — A — )| dXda do'di
</G/FL(/FL\fx—a| //m (= A—a)g(z — A —d) \dadAda)/
(/Fl\f(l’—a’)\ /A/Fl \g(az—A—a)g(x—A—a’)\dadAda’> di.  (5.3)

The order of integration can be rearranged due to Tonelli’s theorem. We now apply Proposi-
tion to the two innermost integrals and find that there exists a constant Kar > 0 such
that

||, late-r-ayge-r-a)|dadr = [ lgte-r-a)| [ lgte-r-a)ldadr < Kar ol
AJrt A rt ’ 0
where o € T't. Using this inequality in (5.3) yields the Bessel bound:

/ / (s ExTag)? dur () dpa (V)
AJT

9 ) 1/2
< [ (L el Karlsliyo)

2 ) 1/2 .
([ =) Kar lolfyq) " duyrs ()
= Karllllé, ) 11726
Since C.(G) is dense in L?(G), the result follows. O

5.2 The Walnut representation of the frame operator
The continuous Gabor frame operator associated with semi co-compact Gabor systems defined
in can be converted into a discrete transform called the Walnut representation. The Walnut
representation plays an important role the usual discrete (lattice) theory of Gabor analysis. For
Gabor theory on L?(R) the result goes back to [43] and is also presented in [24]. See [9] for a
detailed analysis of the convergence properties of the Walnut representation in L?(R).

In order to state our version of the Walnut representation, we need to introduce two dense

subspaces of L?(G):

D,:={f¢€ L*(G) : f € L°°(G) and supp f is compact in G} (5.4)
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and

Dy:={fe L*G) : fe Loo(a) and supp f is compact in @} (5.5)
Recall also the definition of s, and tg from (4.5) and (4.7)), respectively.

Theorem 5.5. Let g,h € L?(G). LetT be a closed, co-compact subgroup of@, and let (A, XA, pp)
be an admissible measure space in G. Suppose that {EyTrg}ycp epand {EyTah}ycp o are
Bessel systems, and let Sy be the associated mized frame operator. Then

Sonf =Y M Tof  forall f €D, (5.6)
acllt
with unconditional, norm convergence in L*(G).

Proof. By the proof of the main result in |29], we have that for all f1, fo € Ds,

(Sgnf1, f2) Z/A/F<f1,E7TAg><E7TAh, f2) dy dX
= ZE: <A4éa7bjﬁyjb>'

acl+

Moreover, the convergence is absolute and thus unconditionally. Because D; is dense in L?(G)
spaces we have that (Sy f1, f2) = > crt <MsaTaf1, f2> holds for all fo € L?(G). By the Orlicz-
Pettis Theorem (see, e.g., [15]), this implies unconditional L?-norm convergence for ([5.6]). O

Remark 5. If we assume g, h € Sp(G), then (5.6) extends to all of L?(G).

Remark 6. In Theorem if we instead assume that A is a closed, co-compact subgroup of G
and that (T, Xp, ur) is an admissible measure space in G, then

FSynf =Y MyTsf  forall f €D, (5.7)
BeA+
holds.

We can now easily show the following result.

Corollary 5.6. (i) Under the assumptions of Theorem and if {EyTxg} yen ~er s a frame
with bounds A and B, then

Ag/]g(x+)\)|2d>\§B ae z€G.
A

(i) Under the assumptions of Remark@ and if {EyTg}yep er @ a frame with bounds A and
B, then

A< / 19(wy)|?dy < B ae. weQ.
r

In either case, if {EvTx\g}AeA €T s a Bessel system with bound B, then the upper bound holds.
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Proof. If {E,Txg}yca er is a frame, then, in particular,

ANfI? < (Sgof. ) < BIIfIIP for all f € Dy(G).

Pick now a function f € Ds(G) so that the support of f lies within a fundamental domain of the
discrete group I't € G. Then, by (5.6)),

ANFIP < (Y- My, Tof, ) < BIIFIP

aclt

& AP < sof ) < BIIP
xr 2 X T 2 Xz 2 X T 2 xZ.
o aflf@Pir< [ ([l NEa) @< B [ (1@

From this assertion (i) follows. By use of (5.7)), one proves assertion (ii) in the same fashion. [

5.3 The Janssen representations of the frame operator

The Walnut representation was formulated for semi co-compact Gabor systems. In case both
A and I' are co-compact, closed subgroups, we can offer a more time-frequency symmetrical
representation of the Gabor frame operator; this is the so-called Janssen representation.

Theorem 5.7. Let g,h € L*(G) and let A C G,T C G be closed, co-compact subgroups such that
{EyTrg} e ~er and {ET\h}, o\ er are Bessel systems. Suppose that the pair (g,h) satisfies

condition A:
> ) [h EsTag)| < oc. (5.8)

acll BeAL
Then
Sgn=_ Y (h,EgTug)EgTs (5.9)
aell BeAL

with absolute convergence in the operator norm.

Proof. Define the operator S : L?(G) — L*(G) by

S= "> (h EsTag) EsTs.

aclt BeAt

This series converges absolutely in the operator norm by (5.8). Hence, the convergence is uncon-
ditionally. Replacing s, in the Walnut representation by its Fourier series representation from
Remark [ yields

(Sgnfis f2) = (> Mo Tafr, f2) = (> Y (b, EgTag)B(@)Tufr, f2)

acl’t aell BeAt
= Z Z (h, EgTag)(EsTaf1, f2) = (Sf1, f2)
acl't BeA+

for f1, fo € Ds. Since D; is dense in L%(G), it follows that Sg.h = S.
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Note that indicates convergence in the uniform operator topology, while Walnut’s rep-
resentation, on the other hand, conveyed convergence in the strong operator topology.

For generators g, h € Sp(G) in Feichtinger’s algebra, the assumptions of the Janssen represen-
tation in Theorem[5.7 are automatically satisfied. The Bessel condition follows from Theorem
while follows from the next result.

Proposition 5.8. Let g,h € So(G), and let A and T be closed subgroups in G and @, respectively.
The pair (g, h) satisfies (5.8)), that is,

/Al /Fl (g, EgToh)| dacdf < 0.

Proof. By [17, Corollary 7.6.6] we have that g, h € Sp(G) implies (z,w) = (g, E,Tyh) € So(G x
G). If we restrict this mapping to I't x A+ € G x G and use that Sy is continuously embedded
into L', we find that (5.8) is satisfied. O

The next version of the Janssen representation holds for arbitrary (not necessarily co-compact)
closed subgroups A C G,T" C G. Tt is called the fundamental identity of Gabor analysis (FIGA).
In [19] Feichtinger and Luef give a detailed answer to when holds in the setting of R", see
also |17,[21] for related results. The FIGA was first proved by Rieffel |38| for generators g, h in
the Schwartz-Bruhat space S(G). Rieffel’s proof uses the Poisson summation formula and also
holds for the non-separable case with closed subgroups in G' x @; it is also possbile to give an
argument based on Janssen’s proof for (lattice) Gabor systems in L?(R) [30,31].

Theorem 5.9. Let fi, f2,9,h € L*(G), and let A C G,T' C G be closed subgroups. Assume that
{E\Tag} senner and {EyTNRY\cp e are Bessel systems. If

(o, B) = (EgTuf1, fa)(h, EgTag) € L' (T x A1),

then
(Sonfis f2) = / / (h, EsTag)(EsTa fr, f2) dB do (5.10)
L JAL

6 Co-compact Gabor systems and their adjoint systems

The Janssen representation shows that the frame operator of a co-compact Gabor system can
be written in terms of the system {E3Thg}aert gert- In this section we present further re-
sults that connect a co-compact Gabor system {E,Tyg} AEA el with its adjoint Gabor system
{EsTag}aert pere-

The time-frequency shifts in a Gabor system and its adjoint system are characterized by the
fact that they commute |21, Section 3.5.3|, |24, Lemma 7.4.1]. That is, for (A,v) € AxTI" the
point (o, 8) C G X G belongs to 't x A+ if and only if

(EWTA)(EBTOK) = (EﬂTa)(EVT/\)~

We remind the reader our convention equipping the annihilator of A and I' with the counting
measure. The following results will, therefore, only after appropriate modification take the
familiar form of the lattice Gabor theory in, e.g., L%(R").
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6.1 Bessel bound duality

Bessel bound duality states that a co-compact Gabor system is a Bessel system with bound B if,
and only if, the discrete adjoint Gabor system { EgTng},ert geat is a Bessel system with bound
B. The result is stated in Proposition and its proof is divided into two parts, Lemma
and 6.3

We begin with the definition of the operator L, : D(L,) — L?*(A) with D(L;) C 2(T't). Let
z € G, let g € L*(G) be given and let {ca},ecrs be a finite sequence. Then for almost every
x € G we define the linear operator

Le({cataers) =X Y gz —A—a)ca, D(Ls) = coo(T). (6.1)

acl+

Note that L, essentially (up to complex conjugations, etc.) is the analysis operator, as introduced
in 1j of the family of fibers associated with the TI system {TA,]-" - )\g} In light of

o } el AeA
Proposition we therefore have the following result.

Lemma 6.1. If {EVTAQ}AGA ~eT 1s a Bessel system with bound B, then for almost every x € G

the operator L, extends to a linear, bounded operator with domain 62(1”-) and bound BY/2.

Let us now show one direction of the Bessel duality between a co-compact Gabor system and
its adjoint.

Lemma 6.2. Let A C G and T C G be closed, co-compact subgroups. If {ETxg}ycp yer s @
Bessel system with bound B, then {EgTog}aert genr s a Bessel system with bound B.

Proof. We consider the discrete Gabor system {EgTng}aert geat and its associated synthesis
mapping
F: 2+ x AY) - L2(G), F =Y > cla, B)EsTayg.

aelL geAtL

We will show that F is a well-defined, linear and bounded operator with ||F|| < B'/2; the result
then follows from [10, Theorem 3.2.3]. To this end, let ¢ € £2(I't x A1) be a finite sequence and
for each x € G consider

me(x) := Z c(a, B)B(x), a el (6.2)

BeAL

It is clear that {mq(z)},cre is a finite sequence as well. Note that m, as a function of z € G
is constant on cosets of A. Thus m, defines a function on G/A, which we will denote by mq ().

By use of the identification G/A = AL and the Parseval equality, we find

L @ dnn@ = [ ] Y et dnge o

BeEAL

= lle(e, B2 ay = D lela (6.3)

BeAL

By definition we have that

Fe= j{: EE: E@]@g«— j{: Aﬁnajhg

aelL geAtL ael’'t
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Using this expression together with Weil’s formula we find the following for the norm of Fe:

el = [ [Feta) dpa(o) / Z ()9 — ) o (2)g(s = @) duc(2)

/G/A/ = #)g(x — A — oz)) ( Z me (&)g(z — A — a’)) dpa(A) dpgya ()

o’elrt

- /G @)l a2 (6.4)

The rearranging of the summation is possible because the summations over I'" are finite. Since
{E,T\g} AeA el is a Bessel system with bound B, we know by Lemma that L, is bounded

by B/2. We therefore have that

|ILema(@)]|? < Blma(@)|> =B Y |ma()

aelt

Using this together with (6.3)) and (6.4]) yields the following inequality.

e < B [ Ima@l duin@) =B Y 3l B = Bl oy

aclt a€elL BeAt

We conclude that F is bounded by B'/2 and so {EsTug}aert peat is a Bessel system with bound
B. O

Note that in the classical discrete and co-compact setting we simply apply Lemma to
the adjoint Gabor system, as it would also be discrete and co-compact. However, in our case
the Gabor system {EAYT/\g}AeA’A/.EF is co-compact and the adjoint system is discrete (and not
necessarily co-compact). We thus need another result for the reverse direction.

In order to prove the reverse direction, Lemma we will reuse calculations from Lemma,
Furthermore, the proof also relies on Lemma Adapted to co-compact I' C G it states
that for all f € C.(G)

[ BB P dut) = [ ¥ @)= el Do - a)duc(@). (6

acl't

Lemma 6.3. Let A C G and T C G be closed, co-compact subgroups. If {EsTuag}aers peat is
a Bessel system with bound B, then {EVTAg})\GA ~er 1s a Bessel system with bound B.

Proof. Note that for finite sequences ¢ € £2(I't x A+) the calculations in (6.4) still hold. We let
meq(z) be given as in (6.2)). By assumption we know that the synthesis mapping F of the adjoint
Gabor system {EgTag}ert geat is bounded by B'Y/2. We therefore have that

Pl = | @) sy diya @) < Blellarinasy Ve P x ab)
By use of (6.3)) we rewrite the norm of ¢ and find

| ILema@ ey dion@ < B [ ma(@)xs, dhoya @) (6.6)
G/A G/A
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This implies that
I Zama() 32 < B lma() e (6.7
If ¢(a,8) = 0 for all B # 1, then my(z) = ¢(a,1). Therefore the mapping from all finite
c € 2(T x AL) to me(x) in (6.2) is a surjection onto all finite sequences indexed by I't. From
(6.7) we can therefore conclude that L, is a bounded operator from all finite sequences to L?(A)
with || L,|| < B'/2. Since L, is also linear, it uniquely extends to a bounded operator from all of
2(T4) to L2(A).
Let now f € C.(G) and consider the finite sequence ¢ = {f(x —a)},err. Replacing
{mq(2)}qery with ¢ in yields the following inequality:

Lac||?2, 5, du a';gB/ flz—a)|?du ) = B||f|?2/c- 6.8
Lo sl @) < B [ 3 (fe P dagyra () = Bl 69

acl+

Concerning the left hand side of , we find that

o el a9

_/G/FL/A Y g@—r—a)flz—a)glz —A—d) flx —a')d\dpgre

a,a’ert
= /G/FJ- //\ap%pg(w —A—d-a)flzr—a —a)glz —\— ) f(x — ) dAdMG/FL
:/ / Y gz —A—a)flz—a)glz—N) f(z)d\dpa(z)
G AaGFJ-
= [ 15 BT ) da () 0

The last equality follows by (6.5)). From and we conclude that
[ 0BT () a3 < BIAIE for al £ € C(G).

Since this holds for all f in a dense subset of L*(G) we draw the conclusion that {E,T\g}, €A~er
is a Bessel system with bound B. O

The combination of Lemmal6.2 and [6.3] yields the Bessel bound duality between a co-compact
Gabor system and its discrete adjoint system.

Proposition 6.4. Let B > 0 and g,h € L?*(G) be given. Let T C G and A C G be closed,
co-compact subgroups. Then {E,Txg}, er is a Bessel system with bound B if, and only if,
{EsTog} aert peat s a Bessel system with bound B.

6.2 Wexler-Raz biorthogonality relations

We now turn our attention to a characterization of dual co-compact Gabor frame generators by a
biorthogonality condition of the corresponding (discrete) adjoint Gabor systems. Feichtinger and
Kozek [17] proved the Wexler-Raz biorthogonality relations for Gabor systems with translation
and modulation along uniform lattices on elementary LCA groups, i.e., G = R" x T¢ x ZF x F,,,,
where F}, is a finite group. For a proof in the discrete and finite setting and on the real line we
refer to the original papers [45] and [31].
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Theorem 6.5. Let A C G and T' C G be closed, co-compact subgroups. Let g,h € L?*(G)
and assume that {EyT\g}ycp Ler and {EyTA\R}ycp (o are Bessel systems. Then the two Gabor
systems are dual frames if, and only if,

(h, BgTog) = 051000 YaeT+ BeAt. (6.10)

Proof. Assume that the two Gabor systems are dual frames. Then, for each o € T, we have
Sa = 0q,0 for a.e. x € G. By uniqueness of the Fourier coefficients (4.8]), the conclusion in (6.10))
follows. The converse direction is immediate. O

Remark 7. (i).
(i) From equation (6.10) with o/ € T+, 8’ € A+ we find

(5571(5%0 = <h,E5Tag> = <E3/Ta/h, (Oc)EglﬁTa/+ag>.
And thus the Wexler-Raz biorthogonality relations (6.10)) can equivalently be stated as

<E5Tah, ngTa/g> = 5a,a’6,8,6’ Ya, o € FJ', B,ﬂl S At

ii) For canonical dual frames {F,T\g and {E.,T,S" g , the biorthogonal se-
gt AEAyET gl AEAyET
quences {EﬂTag}aeFL BeAt and {]E’gTwS’_lg}aerl pepL Are actually dual Riesz bases for
the subspace span { EgTug}, o1 BeALs See [31, Proposition 3.3].

6.3 The duality principle

The duality principle for lattice Gabor systems in L?(R") was proven simultaneously by three
groups of authors, Daubechies, Landau and Landau [14], Janssen [31], and Ron and Shen [40].
Theorem below generalizes this principle to co-compact Gabor systems in L?(G). Our proof
of the duality principle relies on the following result on Riesz sequences in abstract Hilbert spaces,
cf. Definition It is a subspace variant of [11, Theorem 3.4.4| and |25, Theorem 7.13]; its
proof is due to Ole Christensen.

Theorem 6.6. Let {fi} be a sequence in a Hilbert space. Then the following statements are
equivalent:

(a) {fr} is a Riesz sequence with lower bound A and upper bound B,

(b) {fx} is a Bessel system with bound B and possesses a biorthogonal system {gr} that is also
a Bessel system with bound A™1.

Proof. Assume that holds. Set V = span {fx}. Let {gi} be the unique dual Riesz sequence
of {fx} in V so that span{g;} = V. This implies (b).
Assume that holds. Since {fi} and {gx} are biorthogonal, it follows that

fj:Z<fj7gk>fk

k

for all j. By linearity, we have, for any f € span {fx},

F=> (f k) fr-
k
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This formula extends to span { fx} by continuity. Now, for any f € span{fx}, we have

LA = K 20 = D2 (o) s )
k

1/2
< (S ol X1 m)
k k

—1/2 2 1/2
<AL DK P) (6.11)
k

We see that {fx} is a frame sequence with lower frame bound A; by assumption the upper frame
bound is B. By the fact that {fi} possesses a biorthogonal sequence, it follows that {fx} is, in
fact, a Riesz sequence with the same bounds. O

Theorem 6.7. Let g € L*>(G). Let A C G and T’ C G be closed, co-compact subgroups. Then
{EyT\g}\cp per s a frame for L*(G) with bounds A and B if, and only if, {EgTag}aers gent
Riesz sequence with bounds A and B.

Proof. Let {E,Txg}yca ver be a frame with bounds A and B. The canonical dual frame
{EVT,\S_lg})\eA ~er has bounds B~! and A~!. By Proposition the sequences { EgTug}aert geat

and {E5T0S g} qer 1 geat are Bessel systems with bound B and A~! respectively. By Wexler-
Raz biorthogonal relations, these two families are biorthogonal, hence, by Theorem {EsTuag}aert pent
is a Riesz sequence with bounds A and B.
Conversely, suppose { EgTag}aert geat is a Riesz sequence with bounds A and B. The dual
Riesz sequence of {EgTug}aert peps is of the form {EgTah}ert gepr for some h € L?(G) and
has bounds B~! and A~!. Using Proposition we see that {EVT,\g}AeAﬁeF has Bessel bound
B. On the other hand, {E,T\h}, €T has Bessel bound A~!. By Wexler-Raz biorthogonal
relations, {EWT)\Q}AEA,yeF and {E’YTAh})\eA,A/eF are dual frames. By a computation as in 1)
we see that A is a lower frame bound for {E;T\g}ycp er- ]

The co-compactness assumption on A and I' is a natural framework for the duality principle.
Indeed, if the Gabor system is not co-compact, the adjoint system is not discrete. However, we
know by a result of Bownik and Ross |7] that continuous Riesz sequences do not exist. Hence, if
either A or I' is not co-compact, the adjoint Gabor system cannot be a Riesz “sequence”.

Since a Riesz sequence with bounds A = B is an orthogonal sequence, we have the following
corollary of Theorem [6.7]

Corollary 6.8. Let I and A be closed, co-compact subgroups. A Gabor system {E,T\g}xe~rer
is a tight frame if, and only if, {EgTag}aert gepr s an orthogonal system. In these cases, the
frame bound is given by A = ||g||*.

We end this paper with the following general remark:

Remark 8. We have stated the results of the current paper for Gabor systems generated by a
single function, however, most of the results can be stated for finitely or even infinitely many
generators; the non-existence result, Theorem [4.2] is of course an exception to this rule.
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