OPTIMALLY SPARSE APPROXIMATIONS OF 3D FUNCTIONS BY
COMPACTLY SUPPORTED SHEARLET FRAMES
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Abstract. We study efficient and reliable methods of capturing and sparsely representing aniso-
tropic structures in 3D data. As a model class for multidimensional data with anisotropic features,
we introduce generalized three-dimensional cartoon-like images. This function class will have two
smoothness parameters: one parameter [ controlling classical smoothness and one parameter o
controlling anisotropic smoothness. The class then consists of piecewise CP-smooth functions with
discontinuities on a piecewise C'*-smooth surface. We introduce a pyramid-adapted, hybrid shearlet
system for the three-dimensional setting and construct frames for L2(R3) with this particular shearlet
structure. For the smoothness range 1 < a < 8 < 2 we show that pyramid-adapted shearlet systems
provide a nearly optimally sparse approximation rate within the generalized cartoon-like image model
class measured by means of non-linear N-term approximations.
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1. Introduction. Recent advances in modern technology have created a new
world of huge, multi-dimensional data. In biomedical imaging, seismic imaging, as-
tronomical imaging, computer vision, and video processing, the capabilities of mod-
ern computers and high-precision measuring devices have generated 2D, 3D and even
higher dimensional data sets of sizes that were infeasible just a few years ago. The
need to efficiently handle such diverse types and huge amounts of data has initiated
an intense study in developing efficient multivariate encoding methodologies in the
applied harmonic analysis research community. In neuro-imaging, e.g., fluorescence
microscopy scans of living cells, the discontinuity curves and surfaces of the data are
important specific features since one often wants to distinguish between the image “ob-
jects” and the “background”, e.g., to distinguish actin filaments in eukaryotic cells; that
is, it is important to precisely capture the edges of these 1D and 2D structures. This
specific application is an illustration that important classes of multivariate problems
are governed by anisotropic features. The anisotropic structures can be distinguished
by location and orientation or direction which indicates that our way of analyzing
and representing the data should capture not only location, but also directional infor-
mation. This is exactly the idea behind so-called directional representation systems
which by now are well developed and understood for the 2D setting. Since much of
the data acquired in, e.g., neuro-imaging, are truly three-dimensional, analyzing such
data should be performed by three-dimensional directional representation systems.
Hence, in this paper, we therefore aim for the 3D setting.

In applied harmonic analysis the data is typically modeled in a continuum setting
as square-integrable functions or distributions. In dimension two, to analyze the
ability of representation systems to reliably capture and sparsely represent anisotropic
structures, Candés and Donoho [7] introduced the model situation of so-called cartoon-
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like images, i.e., two-dimensional functions which are piecewise C'?-smooth apart from
a piecewise C? discontinuity curve. Within this model class there is an optimal sparse
approximation rate one can obtain for a large class of non-adaptive and adaptive
representation systems. Intuitively, one should think adaptive systems would be far
superior in this task, but it has been shown in recent years that non-adaptive methods
using curvelets, contourlets, and shearlets all have the ability to essentially optimal
sparsely approximate cartoon-like images in 2D measured by the L2-error of the best
N-term approximation [7,13,17,24].

1.1. Dimension three. In the present paper we will consider sparse approxima-
tions of cartoon-like images using shearlets in dimension three. The step from the one-
dimensional setting to the two-dimensional setting is necessary for the appearance of
anisotropic features at all. When further passing from the two-dimensional setting to
the three-dimensional setting, the complexity of anisotropic structures changes signifi-
cantly. In 2D one “only” has to handle one type of anisotropic features, namely curves,
whereas in 3D one has to handle two geometrically very different anisotropic struc-
tures: Curves as one-dimensional features and surfaces as two-dimensional anisotropic
features. Moreover, the analysis of sparse approximations in dimension two depends
heavily on reducing the analysis to affine subspaces of R2. Clearly, these subspaces
always have dimension and co-dimension one in 2D. In dimension three, however,
we have subspaces of co-dimension one and two, and one therefore needs to perform
the analysis on subspaces of the “correct” co-dimension. Therefore, the 3D analysis
requires fundamental new ideas.

Finally, we remark that even though the present paper only deals with the con-
struction of shearlet frames for L?(R?) and sparse approximations of such, it also
illustrates how many of the problems that arises when passing to higher dimensions
can be handled. Hence, once it is known how to handle anisotropic features of differ-
ent dimensions in 3D, the step from 3D to 4D can be dealt with in a similar way as
also the extension to even higher dimensions. Therefore the extension of the presented
result in L?(R3) to higher dimensions L?(R™) should be, if not straightforward, then
at least be achievable by the methodologies developed.

1.2. Modelling anisotropic features. The class of 2D cartoon-like images
consists, as mentioned above, of piecewise C?-smooth functions with discontinuities
on a piecewise C?-smooth curve, and this class has been investigated in a number of
recent publications. The obvious extension to the 3D setting is to consider functions of
three variables being piecewise C2-smooth function with discontinuities on a piecewise
C2-smooth surface. In some applications the C?-smoothness requirement is too strict,
and we will, therefore, go one step further and consider a larger class of images also
containing less regular images. The generalized class of cartoon-like images in 3D con-
sidered in this paper consists of three-dimensional piecewise C?-smooth functions with
discontinuities on a piecewise C surface for o € (1,2]. Clearly, this model provides
us with two new smoothness parameters: g being a classical smoothness parameter
and « being an anisotropic smoothness parameter, see Figure 1.1 for an illustration.
This image class is unfortunately not a linear space as traditional smoothness spaces,
e.g., Holder, Besov, or Sobolev spaces, but it allows one to study the quality of the
performance of representation systems with respect to capturing anisotropic features,
something that is not possible with traditional smoothness spaces.

Finally, we mention that allowing piecewise C“-smoothness and not everywhere
C“-smoothness is an essential way to model singularities along surfaces as well as
along curves which we already described as the two fundamental types of anisotropic
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FIGURE 1.1. The support of a 3D cartoon-like image f = foxp, where fo is CP smooth with
supp fo = R3 and the discontinuity surface OB is piecewise C* smooth.

phenomena in 3D.

1.3. Measure for Sparse Approximation and Optimality. The quality of
the performance of a representation system with respect to cartoon-like images is
typically measured by taking a non-linear approximation viewpoint. More precisely,
given a cartoon-like image and a representation system, the chosen measure is the
asymptotic behavior of the L? error of N-term (non-linear) approximations in the
number of terms N. When the anisotropic smoothness « is bounded by the classical
smoothness as a < % [, the anisotropic smoothness of the cartoon-like images will be
the determining factor for the optimal approximation error rate one can obtain. To
be more precise, as we will show in Section 3, the optimal approximation rate for the
generalized 3D cartoon-like images models f which can be achieved for a large class
of adaptive and non-adaptive representation systems for 1 < a < g <2 is

If = fnl32 <C-N72 as N — oo,

for some constant C' > 0, where fy is an N-term approximation of f. For cartoon-like
images, wavelet and Fourier methods will typically have an N-term approximation
error rate decaying as N~'/2 and N=/3 as N — oo, respectively, see [23]. Hence, as
the anisotropic smoothness parameter a grows, the approximation quality of tradi-
tional tools becomes increasingly inferior as they will deliver approximation error rates
that are far from the optimal rate N~=%/2. Therefore, it is desirable and necessary to
search for new representation systems that can provide us with representations with
a more optimal rate. This is where pyramid-adapted, hybrid shearlet systems enter
the scene. As we will see in Section 6, this type of representation system provides
nearly optimally sparse approximations:

C-N~°27  ifpela,?2),

as N — oo,
C-N'logN)? iff=a=2,

If = full2s < {

where fy is the N-term approximation obtained by keeping the N largest shearlet
coefficients, and 7 = 7(a) with 0 < 7 < 0.04 and 7 — 0 for « — 1" and for o — 2.
Clearly, the obtained sparse approximations for these shearlet systems are not truly
optimal owing to the polynomial factor 7 for & < 2 and the polylog factor for a = 2.
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On the other hand, it still shows that non-adaptive schemes such as the hybrid shearlet
system can provide rates that are nearly optimal within a large class of adaptive and
non-adaptive methods.

1.4. Construction of 3D hybrid shearlets. Shearlet theory has become a
central tool in analyzing and representing 2D data with anisotropic features. Shearlet
systems are systems of functions generated by one single generator with parabolic
scaling, shearing, and translation operators applied to it, in much the same way
wavelet systems are dyadic scalings and translations of a single function, but includ-
ing a directionality characteristic owing to the additional shearing operation and the
anisotropic scaling. Of the many directional representation systems proposed in the
last decade, e.g., steerable pyramid transform [29], directional filter banks [3], 2D
directional wavelets [2], curvelets [6], contourlets [13], bandelets [28], the shearlet sys-
tem [25] is among the most versatile and successful. The reason for this being an
extensive list of desirable properties: Shearlet systems can be generated by one func-
tion, they precisely resolve wavefront sets, they allow compactly supported analyzing
elements, they are associated with fast decomposition algorithms, and they provide
a unified treatment of the continuum and the digital realm. We refer to [22] for a
detailed review of the advantages and disadvantages of shearlet systems as opposed
to other directional representation systems.

Several constructions of discrete band-limited and compactly supported 2D shear-
let frames are already known, see [9, 11,15, 20, 21, 26]; for construction of 3D shear-
let frames less is known. Dahlke, Steidl, and Teschke [10] recently generalized the
shearlet group and the associated continuous shearlet transform to higher dimensions
R™. Furthermore, in [10] they showed that, for certain band-limited generators, the
continuous shearlet transform is able to identify hyperplane and tetrahedron singu-
larities. Since this transform originates from a unitary group representation, it is not
able to capture all directions, in particular, it will not capture the delta distribution
on the zj-axis (and more generally, any singularity with “z;-directions”). We will
use a different tiling of the frequency space, namely systems adapted to pyramids in
frequency space, to avoid this non-uniformity of directions. We call these systems
pyramid-adapted shearlet system [22]. In [16], the continuous version of the pyramid-
adapted shearlet system was introduced, and it was shown that the location and the
local orientation of the boundary set of certain three-dimensional solid regions can be
precisely identified by this continuous shearlet transform. Finally, we will also need
to use a different scaling than the one from [10] in order to achieve shearlet systems
that provide almost optimally sparse approximations.

Since spatial localization of the analyzing elements of the encoding system is
very important both for a precise detection of geometric features as well as for a
fast decomposition algorithm, we will mainly follow the sufficient conditions for and
construction of compactly supported cone-adapted 2D shearlets by Kittipoom and
two of the authors [20] and extend these result to the 3D setting (Section 4). These
results provide us with a large class of separable, compactly supported shearlet systems
with “good” frame bounds, optimally sparse approximation properties, and associated
numerically stable algorithms. One important new aspect is that dilation will depend
on the smoothness parameter . This will provide us with hybrid shearlet systems
ranging from classical parabolic based shearlet systems (o = 2) to almost classical
wavelet systems (« ~ 1). In other words, we obtain a parametrized family of shearlets
with a smooth transition from (nearly) wavelets to shearlets. This will allow us
to adjust our shearlet system according to the anisotropic smoothness of the data
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at hand. For rational values of @ we can associate this hybrid system with a fast
decomposition algorithm using the fast Fourier transform with multiplication and
periodization in the frequency space (in place of convolution and down-sampling).

Our compactly supported 3D hybrid shearlet elements (introduced in Section 4)
will in the spatial domain be of size 277%/2 times 279/2 times 279/2 for some fixed
anisotropy parameter 1 < o < 2. When « = 1 this corresponds to “cube-like” (or
“wavelet-like”) elements. As « approaches 2 the scaling becomes less and less isotropic
yielding “plate-like” elements as j — oo. This indicates that these anisotropic 3D
shearlet systems have been designed to efficiently capture two-dimensional anisotropic
structures, but neglecting one-dimensional structures. Nonetheless, these 3D shearlet
systems still perform optimally when representing and analyzing cartoon-like func-
tions that have discontinuities on piecewise C'*-smooth surfaces — as mentioned such
functions model 3D data that contain both point, curve, and surface singularities.

Let us end this subsection with a general thought on the construction of band-
limited tight shearlet frames versus compactly supported shearlet frames. There seem
to be a trade-off between compact support of the shearlet generators, tightness of the
associated frame, and separability of the shearlet generators. The known construc-
tions of tight shearlet frames, even in 2D, do not use separable generators, and these
constructions can be shown to not be applicable to compactly supported genera-
tors. Moreover, these tight frames use a modified version of the pyramid-adapted
shearlet system in which not all elements are dilates, shears, and translations of a sin-
gle function. Tightness is difficult to obtain while allowing for compactly supported
generators, but we can gain separability as in Theorem 5.4 hence fast algorithmic
realizations. On the other hand, when allowing non-compactly supported generators,
tightness is possible, but separability seems to be out of reach, which makes fast
algorithmic realizations very difficult.

1.5. Other approaches for 3D data. Other directional representation systems
have been considered for the 3D setting. We mention curvelets [4, 5], surflets [8], and
surfacelets [27]. This line of research is mostly concerned with constructions of such
systems and not their sparse approximation properties with respect to cartoon-like
images. In [8], however, the authors consider adaptive approximations of Horizon
class function using surflet dictionaries which generalizes the wedgelet dictionary for
2D signals to higher dimensions.

During the final stages of this project, we realized that a similar almost optimal
sparsity result for the 3D setting (for the model case « = 8 = 2) was reported by
Guo and Labate [18] using band-limited shearlet tight frames. They provide a proof
for the case where the discontinuity surface is (non-piecewise) C2-smooth using the
X-ray transform.

1.6. Outline. We give the precise definition of generalized cartoon-like image
model class in Section 2, and the optimal rate of approximation within this model
is then derived in Section 3. In Section 4 and Section 5 we construct the so-called
pyramid-adapted shearlet frames with compactly supported generators. In Sections 6
to 9 we then prove that such shearlet systems indeed deliver nearly optimal sparse
approximations of three-dimensional cartoon-like images. We extend this result to
the situation of discontinuity surfaces which are piecewise C'*-smooth except for zero-
and one-dimensional singularities and again derive essential optimal sparsity of the
constructed shearlet frames in Section 10. We end the paper by discussion various
possible extensions in Section 11.
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1.7. Notation. We end this introduction by reviewing some basic definitions.
The following definitions will mostly be used for the case n = 3, but they will however
be defined for general n € N. For z € R"™ we denote the p-norm on R™ of z by |[z[,.
The Lebesgue measure on R™ is denoted by |-| and the counting measure by #|-|.
Sets in R™ are either considered equal if they are equal up to sets of measure zero or if
they are element-wise equal; it will always be clear from the context which definition
is used. The LP-norm of f € LP(R") is denoted by | f||,,. For f € L'(R™), the
Fourier transform is defined by

f©= [ @)

R

with the usual extension to L?(R™). The Sobolev space and norm are defined as
s/mny n 2 o 2\S| 7 2
H(R)_{f:R —>(C:||f||Hs:—/]R (1—|—|§|)|f(§)} d§<+oo}.

For functions f : R™ — C the homogeneous Hélder seminorm is given by

07 f () = 7 f ()
4 1= max  sup
||f||CB lv|=L3] x,x' ER™ HI - x/”36}

where {8} = B — |5] is the fractional part of 8 and |y| is the usual length of a
multi-index v = (1,72, - - ., ). Further, we let

:= max sup |07 f| + 8
Il = mass sup |01+

and we denote by C%(R™) the space of Holder functions, i.e., functions f : R® — C,
whose CP-norm is bounded.

2. Generalized 3D cartoon-like image model class. The first complete
model of 2D cartoon-like images was introduced in [7], the basic idea being that
a closed C?-curve separates two C?-smooth functions. For 3D cartoon-like images we
consider square integrable functions of three variables that are piecewise C'”-smooth
with discontinuities on a piecewise C'“-smooth surface.

Fix @ > 0and 8 > 0, and let p : [0,27) x [0, 7] — [0, 00) be continuous and define
the set B in R3 by

B={xeR*: |z|, < p(br,02),z = (||z],,01,02) in spherical coordinates}.
We require that the boundary 0B of B is a closed surface parametrized by

p(01,62) cos(61) sin(hs)
b(91,92) = p(91,92) sin(ﬁl)sin(Hg) , 0 = (91,92) S [0,27‘() X [O,ﬂ'] . (21)
p(91, 92) COS(GQ)

Furthermore, the radius function p must be Holder continuous with coefficient v, i.e.,

|07 p(0) — 97 p(6")]
., = Imax su <v, = p(61,05), < < 1. 2.2
Pl = max ~sup 16— o) p=p(01,02), p<po (2:2)

For v > 0, the set STAR*(v) is defined to be the set of all B C [0,1]° such
that B is a translate of a set obeying (2.1) and (2.2). The boundary of the sur-
faces in STAR®(v) will be the discontinuity sets of our cartoon-like images. We
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remark that any starshaped sets in [0, 1]3 with bounded principal curvatures will be-
long to STAR?(v) for some v. Actually, the property that the sets in STAR®(v) are
parametrized by spherical angles, which implies that the sets are starshaped, is not
important to us. For a = 2 we could, e.g., extend STAR? (1) to be all bounded subset
of [0, 1]3, whose boundary is a closed C? surface with principal curvatures bounded
by v.

To allow more general discontinuities surfaces, we extend STAR®(v) to a class of
sets B with piecewise C* boundaries 0B. We denote this class STAR® (v, L), where
L € N is the number of C* pieces and v > 0 be an upper bound for the “curvature”
on each piece. In other words, we say that B € STAR®(v, L) if B is a bounded subset
of [0, 1]3 whose boundary dB is a union of finitely many pieces 9By, . ..,0B which
do not overlap except at their boundaries, and each patch 0B; can be represented
in parametric form p; = p;(61,62) by a C“-smooth radius function with ||p[|se < v.
We remark that we put no restrictions on how the patches dB; meet, in particular,
B € STAR(v, L) can have arbitrarily sharp edges joining the pieces 0B;. Also note
that STAR®(v) = STAR*(v, 1).

The actual objects of interest to us are, as mentioned, not these starshaped sets,
but functions that have the boundary 0B as discontinuity surface.

DEFINITION 2.1. Let v,pu > 0, o, 8 € (1,2], and L € N. Then Eg)L(R?’) denotes
the set of functions f : R® — C of the form

f=fo+ fixs,

where B € STAR®(v, L) and f; € CP(R3) with supp fo C [0,1]° and 1 fillge < w for
each i =0,1. We let E5(R?) := 5511( 3).

We speak of 55) . (R3) as consisting of cartoon-like 3D images having CB-smo-
othness apart from a piecewise C discontinuity surface. We stress that 557 L (R3) is

not a linear space of functions and that 55 L(R3) depends on the constants v and u

even though we suppress this in the notation. Finally, we let 8232 (R?) denote binary

cartoon-like images, that is, functions f = fo + fixs € Eg . (R?), where fy = 0 and
fi=1

3. Optimality bound for sparse approximations. After having clarified the
model situation 6’5) ;. (R3), we will now discuss which measure for the accuracy of
approximation by representation systems we choose, and what optimality means in
this case. We will later in Section 6 restrict the parameter range in our model class
EgﬁL(R?’) to 1l < a < B < 2. In this section, however, we will find the theoretical

optimal approximation error rate within 85 . (R3) for the full range 1 < o < 2 and
5 > 0. Before we state and prove the main optimal sparsity result of this section,
Theorem 3.2, we discuss the notions of N-term approximations and frames.

3.1. N-term approximations. Let ® = {¢;},.; be a dictionary with the index
set I not necessarily being countable. We seek to approximate each single element of
5’5 1 (R3) with elements from ® by N terms of this system. For this, let f € 55 L (R3)
beﬁarbitrarily chosen. Letting now N € N, we consider N-term approximationé of f,
ie.,

> cigi with Iy C I, #|In| = N.

ieln
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The best N-term approzimation to f is an N-term approximation
fn = citi,
i€ln
which satisfies that, for all Iy C I, # |Iy| = N, and for all scalars (¢;);er,
1 = fllge < |7 = D o

i€ln

L2

3.2. Frames. A frame for a separable Hilbert space H is a countable collection
of vectors {f;};cy for which there are constants 0 < A < B < oo such that

2
AP <DL < BISIP forall fe .
Jjeld
If the upper bound in this inequality holds, then { f;} ey is said to be a Bessel sequence
with Bessel constant B. For a Bessel sequence {f;} ey, we define the frame operator

of {fj}jes by

StH—H,  Sf=> (1)
JeI
If {f;j}jer is a frame, this operator is bounded, invertible, and positive. A frame
{fj}jes is said to be tight if we can choose A = B. If furthermore A = B = 1, the
sequence {f;}jer is said to be a Parseval frame. Two Bessel sequences {f;};ey and
{g,} ey are said to be dual frames if

F=>(fg)f; forall feH.
Jj€J

It can be shown that, in this case, both Bessel sequences are even frames, and we
shall say that the frame {g;};ey is dual to {f;},cy, and vice versa. At least one dual
always exists; it is given by {S™' f;},er and called the canonical dual.

Now, suppose the dictionary ® forms a frame for L?(R?) with frame bounds A4 and
B, and let {éi}ie 7 denote the canonical dual frame. We then consider the expansion
of f in terms of this dual frame, i.e.,

F= (.00
i€l

For any f € L*(R?) we have ({f, ¢i))ic1 € ¢*(I) by definition. Since we only consider
expansions of functions f belonging to a subset £ 5 1 (R3) of L?(IR3), this can, at least,
potentially improve the decay rate of the coefficients so that they belong to ¢P(I) for
some p < 2. This is exactly what is understood by sparse approzimation (also called
compressible approzimations). We hence aim to analyze shearlets with respect to this
behavior, i.e., the decay rate of shearlet coefficients.

For frames, tight and non-tight, it is not possible to derive a usable, explicit form
for the best N-term approximation. We therefore crudely approximate the best N-
term approximation by choosing the N-term approximation provided by the indices Iy
associated with the N largest coefficients (f, ¢;) in magnitude with these coefficients,
ie.,

fn=Y_(f,61)i.

i€ln
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However, even with this rather crude greedy selection procedure, we obtain very strong
results for the approximation rate of shearlets as we will see in Section 6.

The following well-known result shows how the N-term approximation error can
be bounded by the tail of the square of the coefficients ¢; = (f, ¢;). We refer to [23]
for a proof.

LEMMA 3.1. Let {¢;}icr be a frame for H with frame bounds A and B, and let
{(;Bi}iej be the canonical dual frame. Let Iy C I with # |In| = N, and let fn be the
N-term approzimation fn = ;o ([ ¢i)bi. Then

17 = il < 5 S 160

i¢Iy

for any f € L2(R?).

Let ¢* denote the non-increasing (in modulus) rearrangement of ¢ = (¢;);er =
({f, @i))ic1, e.g., ¢, denotes the nth largest coefficient of ¢ in modulus. This rear-
rangement corresponds to a bijection 7 : N — I that satisfies

T:N—= 1, ¢y =c), foralneN.

Since ¢ € £2(I), also ¢* € £%(N). Let f be a cartoon-like image, and suppose that |c;|,
in this case, even decays as

|| S n—(et/4 for n— o0 (3.1)

for some a > 0, where the notation h(n) < g(n) means that there exists a C' > 0
such that h(n) < Cg(n), i.e., h(n) = O(g(n)). Clearly, we then have ¢* € ¢?(N) for
P> 0%_2. By Lemma 3.1, the N-term approximation error will therefore decay as

1 * —« —a
1F = fwlP < 5 S lealP S 30 nmer < N, (32)

n>N n>N

where fy is the N-term approximation of f by keeping the IV largest coefficients, that

is,

N
N = C bagn)- (3.3)
n=1

The notation h(n) =< g(n), sometimes also written as h(n) = ©(g(n)), used above
means that h is bounded both above and below by g asymptotically as n — oo,
that is, h(n) = O(g(n)) and g(n) = O(h(n)). The approximation error rate N~/2
obtained in (3.2) is exactly the sought optimal rate mentioned in the introduction.
This illustrates that the fraction O‘T” introduced in the decay of the sequence ¢* will
play a major role in the following. In particular, we are searching for a representation
system ® which forms a frame and delivers decay of ¢ = ((f, ¢;))icr as in (3.1) for any
cartoon-like image.

3.3. Optimal sparsity. In this subsection we will state and prove the main
result of this section, Theorem 3.2, but let us first discuss some of its implications for
sparse approximations of cartoon-like images.

From the ® = {¢;}ic; dictionary with the index set I not necessarily being
countable, we consider expansions of the form

[ = Z ci i, (3.4)

icly
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where Iy C I is a countable selection from I that may depend on f. Moreover, we can
assume that ¢; are normalized by ||¢;|| = = 1. The selection of the ith term is obtained
according to a selection rule o(4, f) which may adaptively depend on f. Actually,
the ith element may also be modified adaptively and depend on the first (i — 1)th
chosen elements [14]. We assume that how deep or how far down in the indexed
dictionary ® we are allowed to search for the next element ¢; in the approximation
is limited by a polynomial 7. Without such a depth search limit, one could choose ®
to be a countable, dense subset of L?(R?) which would yield arbitrarily good sparse
approximations, but also infeasible approximations in practise. We shall denote any
sequence of coefficients ¢; chosen according to these restrictions by ¢(f) = (¢(f);)i-

We are now ready to state the main result of this section. Following Donoho [14]
we say that a function class F contains an embedded orthogonal hypercube of dimen-
sion m and side 0 if there exists fo € F, and orthogonal functions 1; y, 5,71 =1,...,m,
with [|[9i m.s| ;> = 0, such that the collection of hypercube vertices

H(m; fo, {¢i}) = {fo +) itims : & € {0, 1}}

i=1

is contained in F. The sought bound on the optimal sparsity within the set of cartoon-
like images will be obtained by showing that the cartoon-like image class contains
sufficiently high-dimensional hypercubes with sufficiently large sidelength; intuitively,
we will see that a certain high complexity of the set of cartoon-like images limits the
possible sparsity level. The meaning of “sufficiently” is made precise by the following
definition. We say that a function class F contains a copy of £ if F contains embedded
orthogonal hypercubes of dimension m(9) and side §, and if, for some sequence ¢ — 0,
and some constant C' > 0:

m(6,) > C6.7,  k=koko+1,... (3.5)

The first part of the following result is an extension from the 2D to the 3D setting
of [14, Thm. 3].
THEOREM 3.2.
(i) The class of binary cartoon-like images EL™(R3) contains a copy of €5 for
p=4/(a+2).
(ii) The space of Hélder functions CP(R3) with compact support in [0, 1]3 con-
tains a copy of €% for p =6/(26 + 3).
Before providing a proof of the theorem, let us discuss some of its implications
for sparse approximations of cartoon-like images. Theorem 3.2(i) implies, by [14,
Theorem 2], that for every p < 4/(a + 2) and every method of atomic decomposition
based on polynomial 7 depth search from any countable dictionary ®, we have for
f c (c/'(l;in (RS):

min max c JE——— 26
o(n,f)<m(n) .f€€f,L(R3) || (f)Hwé ( )

where the weak-£, “norm™! is defined as ||c(f)||,,;» = Sup,son'/? |c%,|. Sparse approx-
imations are approximations of the form ), ¢(f); ¢; with coefficients ¢(f);, decaying
at certain, hopefully high, rate. Equation (3.6) is a precise statement of the optimal

INote that neither ||-||wep nor ”'”Zp (for p < 1) is a norm since they do not satisfy the triangle
inequality. Note also that the weak-f, norm is a special case of the Lorentz quasinorm.
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achievable sparsity level. No representation system (up to the restrictions described
above) can deliver expansions (3.4) for £X7(R3) with coefficients satisfying c(f) € wé,
for p < 4/(a+2). As we will see in Theorems 6.1 and 6.2, pyramid-adapted shearlet
frames deliver ((f,¥x))x € wlP for p=4/(ac+ 2 — 27), where 0 < 7 < 0.04.

Assume for a moment that we have an “optimal” dictionary ® at hand that delivers
c(f) € we*©+2) and assume further that it is also a frame. As we saw in the
Section 3.2, this implies that

If = full7: SN2 as N — oo,

~

where fyn is the N-term approximation of f by keeping the N largest coefficients.
Therefore, no frame representation system can deliver at better approximation error
rate than O(N~/2) under the chosen approximation procedure within the image
model class EP(R3). If @ is actually an orthonormal basis, then this is truly the
optimal rate since best N-term approximations, in this case, are obtained by keeping
the N largest coeflicients.

Similarly, Theorem 3.2(ii) tells us that the optimal approximation error rate
within the Holder function class is O(N~2%/3). Combining the two estimates we
see that the optimal approximation error rate within the full cartoon-like image class
EB(R3) cannot exceed O(N~min{e/2:28/3}) convergence. For the parameter range
1 < a < B <2, this rate reduces to O(N_O‘/2). For o« = 8 = 2, as will show in Sec-
tion 6, shearlet systems actually deliver this rate except from an additional polylog
factor, namely O(N—%/2(log N)?) = O(N~'(log N)?). For 1 <a <3 <2 and a < 2,
the log-factor is replaced by a small polynomial factor N7(®), where 7(a) < 0.04 and
7(a) = 0fora — 17 or o — 27

It is striking that one is able to obtain such a near optimal approximation error
rate since the shearlet system as well as the approximation procedure will be non-
adaptive; in particular, since traditional, non-adaptive representation systems such as
Fourier series and wavelet systems are far from providing an almost optimal approxi-
mation rate. This is illustrated in the following example.

EXAMPLE 1. Let B = B(x,p) be the ball in [0,1]° with center x and radius r.
Define f = xp. Clearly, f € E2(R3) if B C [0, 1]3. Suppose ® = {e?™ Y, .. The
best N -term Fourier sum fn yields

If = fnlie < N7Y3 for N — oo,

which is far from the optimal rate N—'. For the wavelet case the situation is only
slightly better. Suppose ® is any compactly supported wavelet basis. Then

If = fnlie = N7Y2 for N — oo,

where fn is the best N-term approximation from ®. The calculations leading to these
estimates are not difficult, and we refer to [23] for the details. We will later see
that shearlet frames yield || f — fN||2L2 < N~Y(log N)?%, where fx is the best N-term
approximation.

We mention that the rates obtained in Example 1 are typical in the sense that
most cartoon-like images will yield the exact same (and far from optimal) rates.

Finally, we end the subsection with a proof of Theorem 3.2.

Proof. [Proof of Theorem 3.2] The idea behind the proofs is to construct a col-
lection of functions in £P*(R3) and C#(R?), respectively, such that the collection of
functions will be vertices of a hypercube with dimension satisfying (3.5).



12 G. KUTYNIOK, J. LEMVIG, AND W.-Q LIM

(i): Let ¢1 and @9 be smooth C*° functions with compact support supp p; C
[0, 27] and supp 2 C [0, 7]. For A > 0 and m € N we define:

Cim(t) = @iy iom(t) = Am™ o1 (mty — 2miy)pa (Mt — Tia),

for i1,i2 € {0,...,m — 1}, where i = (i1,i2) and t = (t1,t2). We let further ¢(t) :=
©1(t1)p2(t2). It is easy to see that || m||,, =m *"2A|¢l||,.. Moreover, it can also
be shown that [[¢; m|l¢e = All¢ll¢a, where [|-[| s denotes the homogeneous Holder
norm introduced in (2.2).

Without loss of generality, we can consider the cartoon-like images 2™ (R?) trans-

lated by —(%, %, %) so that their support lies in [—1/2, 1/2]3. Alternatively, we can

fix an origin at (1/2,1/2,1/2), and use spherical coordinates (p, 01, 62) relative to this
choice of origin. We set py = 1/4 and define

Viim = X{po<p<po+eim} TOr 1,42 €{0,...,m—1}.
The radius functions p, for v = (i, iy )iy inef0,..,m—1} With 74, 4, € {0,1} defined by
pr(01,02) = po+ D> Virin Pim (61, 62), (3.7)
ii=1iy=1
determines the discontinuity surfaces of the functions of the form:
f’y = X{p<po} + Z Z Fyil,izwi,m for Yi1,iz € {07 1}
ii=1iy=1

For a fixed m the functions 1; ,,, are disjointly supported and therefore mutually or-
thogonal. Hence, H(m?, X{p<po}» 1¥i,m}) is a collection of hypercube vertices. More-
over,

[$imll52 = A({(p,01,02) : po < p < po+ @i (61,62)})
27 Po+¢i,m(01,02)
/ / / p2 sin92 dp d92 d91
o
<Com™ e,

where the constant Cy only depends on A. Any radius function p = p(61,62) of the
form (3.7) satisfies

Ioyllge < Nleimllea = Allellea -

Therefore, ||p||so < v whenever A < v/ ||¢||za. This shows that we have the hyper-
cube embedding

H(mza X{p<po}s {wi,m}) c ggin(Rs)'

The side length 6 = |4 ||, - of the hypercube satisfies

52 < OO mfa72 H‘PHLI <v ||||(p||L1 m7a72
Ca

)



APPROXIMATIONS OF 3D FUNCTIONS BY COMPACTLY SUPPORTED SHEARLETS 13

whenever Cy < v/ ||¢]|¢a. Now, we finally choose m and A as

8 [lgllga \
m(d) = ( Ca) and A(6,v) = 6*m*T2/ llell e -

v el

By this choice, we have Cy < v/ ||¢]| s for sufficiently small §. Hence, H is a hyper-
cube of side length § and dimension d = m(J)? embedded in £ (R?). We obviously

have m(d) > Cll/%ﬂ 6_%+2, thus the dimension d of the hypercube obeys
d> Cyd atz

for all sufficiently small § > 0.

(ii): Let ¢ € C3°(R) with compact support suppe C [0,1]. For m € N to be
determined, we define for 41,149,135 € {0,...,m —1}:

Vin (1) = Viy giam(t) = mPo(mts — i1 )p(mts — iz)p(mts — is),

where i = (i1,42,13) and ¢t = (t1,ta,t3). We let 1(t) := @(t1)p(t2)p(ts). Tt is easy to
see that [[Viml|7, = m~ 273 |¢[|7.. We note that the functions 1;,, are disjointly
supported (for a fixed m) and therefore mutually orthogonal. Thus we have the
hypercube embedding

H(mga 07 {wl,m}) - Cﬁ(RB)v

where the side length of the hypercube is § = |[¢im . = m™#73/2||¢|| ;.. Now,

chose m as
s —1/(B+3/2)
m(d) = _— .
o= (1)

Hence, H is a hypercube of side length § and dimension d = m(J)® embedded in
CP(R3). The dimension d of the hypercube obeys

d>C§3Fm = 0§

for all sufficiently small § > 0. O

3.4. Higher dimensions. Our main focus is, as mentioned above, the three-
dimensional setting, but let us briefly sketch how the optimal sparsity result extends
to higher dimensions. The d-dimensional cartoon-like image class £%(R?) consists of
functions having C-smoothness apart from a (d — 1)-dimensional C“-smooth discon-
tinuity surface. The d-dimensional analogue of Theorem 3.2 is then straightforward
to prove.

THEOREM 3.3.

(i) The class of d-dimensional binary cartoon-like images EX™(RY) contains a
copy of 0§ forp=2(d—1)/(a+d—1).
(ii) The space of Hélder functions CP(RY) contains a copy of £ for p = %ﬁd.

It is then intriguing to analyze the behavior of p = 2(d — 1)/(av +d — 1) and
p = 2d/(28 + d). from Theorem 3.3. In fact, as d — oo, we observe that p — 2 in
both cases. Thus, the decay of any c¢(f) for cartoon-like images becomes slower as d
grows and approaches £? which is actually the rate guaranteed for all f € L?(R?).
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Moreover, by Theorem 3.3 we see that the optimal approximation error rate for N-
term approximations fy within the class of d-dimensional cartoon-like images &£ (R?)
is N~ min{e/(d=1),28/d} " Tp this paper we will however restrict ourselves to the case
d = 3 since we, as mentioned in the introduction, can see this dimension as a critical
one.

4. Hybrid shearlets in 3D. After we have set our benchmark for directional
representation systems in the sense of stating an optimality criteria for sparse ap-
proximations of the cartoon-like image class 55_ . (R3), we next introduce the class of
shearlet systems we claim behave optimally.

4.1. Pyramid-adapted shearlet systems. Fix o € (1,2]. We scale according
to scaling matrices Agi, Agi or Ay, j € Z, and represent directionality by the shear
matrices S, Sk, or Sk, k = (k1, ko) € Z?, defined by

2ia/2 0 2120 0 2120 0
A= 0 20/2 0o |, Ay=[ 0 2722 0o |, and Ay=[ 0 2/2 0o |,

0 0 2i/2 0 0 2/2 0 0 2ia/2
and

1 ki ko i 1 0 0 ) 1 0 0
Skz 0 1 0 5 Sk = kl 1 kz 5 and Sk = 0 1 0 s

0 0 1 0 0 1 ki ko 1

respectively. The case o = 2 corresponds to paraboloidal scaling. As « decreases, the
scaling becomes less anisotropic, and allowing o« = 1 would yield isotropic scaling. The
action of isotropic scaling and shearing is illustrated in Figure 4.1. The translation

X3 X3 T3
x2
l
T2 T2
9—3/2
9—i/2 9—i/2 9—i/2
— T — T JE— Tl

277 277 277
FIGURE 4.1. Sketch of the action of scaling (a = 2) and shearing. For 1 € L2(R3) with
supp ¢ C [0, 1}3 we plot the support of (S Aj-) for fized j > 0 and various k = (k1,k2) € 72. From
left to right: k1 = ko =0, k1 =0,k2 <0, and k1 < 0,k2 =0.

lattices will be genegated by the following matrices: M, = diag(ci,co,c2), M, =
diag(ca, 1, ¢2), and M, = diag(ce, c2,¢1), where ¢; > 0 and ¢y > 0.
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Ficure 4.2. Sketch of the partition of the frequency domain. The centered cube C is shown,
and the arrangement of the six pyramids is indicated by the “diagonal” lines. We refer to Figure 4.3
for a sketch of the pyramids.

We next partition the frequency domain into the following six pyramids:

{(€1,6,8) e R? & > 1, [6/6] <1, [&/&] <1} =1,
{(€1,62,8) eR? : &> 1, 61/&| <1, [&3/&] <1} 1=2,

D {(€1,6,6) ER* 1G5 > 1, [&4/&] < 1, [&/&] <1} + =3,
’ {(€1,62,8) eR® 1 & < =1, [&/&] <1, |&/&| <1} @ =4,
{(&1,62,83) €R? 1 & < =1, [&1/&] <1, |&3/6a <1} = 1 =5,
{(€1,62,83) eR? 1 &3 < =1, [&1/63] <1, |€2/&3| <1} : =6,

and a centered cube
C= {(51152153) € Rs : ||(§11§27§3)||00 < 1}

The partition is illustrated in Figures 4.2 and 4.3. This partition of the frequency
space into pyramids allows us to restrict the range of the shear parameters. In case
of the shearlet group systems, one must allow arbitrarily large shear parameters.
For the pyramid-adapted systems, we can, however, restrict the shear parameters
to [— [27'(0‘_1)/2], {Qj("‘_l)/21}. We would like to emphasize that this approach is
important for providing an almost uniform treatment of different directions — in a
sense of a good approximation to rotation.

These considerations are made precise in the following definition.

DEFINITION 4.1. For a € (1,2] and ¢ = (c1,¢2) € (Ry)?, the pyramid-adapted,
hybrid shearlet system SH (¢, 1, ), ¥; ¢, ) generated by ¢, 1, ¥, € L2(R3) is defined
by

SH (¢, ,,9;¢,0) = ®(¢;c1) U (¥ ¢,a) UT (1 c,a) U (35 ¢, ),
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(a) Pyramids P; and P4 and (b) Pyramids P2 and P5s and (c) Pyramids P3 and Ps and
the &1 axis. the &9 axis. the &3 axis.

FiGure 4.3. The partition of the frequency domain: The “top” of the sixz pyramids.

where

¢,Cl {¢m— m) :meclzg}u
V(e a) = {wj,k,m = 2j“T“¢(SkA2j c—m):j > 0,[k| < [277V2] m e MCZB} :
\i](iEv ¢, a)= {"/;ijm = 2jaT+2"/~J(gkA2j c—m):j >0,k < |_2j(a71)/2~|7m € MCZB}v

and
(s, a) = {4) km = Qj#i(gkfizj c—m):j >0, k| <[22 m e M.Z%},

where j € No and k € Z?. Here we have used the vector notation |k| < K for
k = (ki,k2) and K > 0 to denote |ki| < K and |ka| < K. We will often use U(1))
as shorthand notation for W(¢;c, o). If SH (¢, ¥, 1,105 ¢, ) is a frame for L*(R3), we
refer to ¢ as a scaling function and v, 1/;, and 1/v) as shearlets. Moreover, we often
simply term SH(p, 1,1, ¢7 ¢, @) pyramid-adapted shearlet system.

We let P = P1 U Py, P=PU Ps, and P = Ps U ’Pﬁ In the remainder of this
paper, we shall mostly consider P; the analysis for P and P is similar (simply append
“and *, respectively, to suitable symbols).

We will often assume the shearlets to be compactly supported in spatial domain.
If e.g., suppy C [0, 1]3, then the shearlet element ., will be supported in a
parallelepiped with side lengths 277%/2 273/2 and 279/2, see Figure 4.1. For a =
2 this shows that the shearlet elements will become plate-like as j — oco. As «
approaches 1 the scaling becomes almost isotropic giving almost isotropic cube-like
elements. The key fact to mind is, however, that our shearlet elements always become
plate-like as j — oo with aspect ratio depending on a.

In general, however, we will have very weak requirements on the shearlet gen-
erators 1, 1/1, and 1/1 As a typical minimal requirement in our construction and
approximation results we will require the shearlet ¥ to be feasible.

DEFINITION 4.2. Let §,v > 0. A function ¢ € L*(R3) is called a (3, )-feasible
shearlet associated with P, if there exist ¢ > q >0, q>r >0, ¢ > s> 0 such that

(O] < min{1, lg& °} min {1,617} min {1, [r&| 77} min{1, [sés[ 7}, (4.1)

for all € = (&1,&2,&3) € R, For the sake of brevity, we will often simply say that 1 is
(6,~)-feasible.

Let us briefly comment on the decay assumptions in (4.1). If ¢ is compactly
supported, then z/AJ will be a continuous function satisfying the decay assumptions
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as [£] — oo for sufficiently small v > 0. The decay condition controlled by ¢ can
be seen as a vanishing moment condition in the z;-direction which suggests that a
(6, ~)-feasible shearlet will behave as a wavelet in the x;-direction.

5. Construction of compactly supported shearlets. In the following sub-
section we will describe the construction of pyramid-adapted shearlet systems with
compactly supported generators. This construction uses ideas from the classical con-
struction of wavelet frames in [12, §3.3.2]; we also refer to the recent construction of
cone-adapted shearlet systems in L?(R?) described in the paper [20].

5.1. Covering properties. We fix o € (1,2], and let ¢ € L?(R3) be a feasible
shearlet associated with 7. We then define the function ® : P x R3 — R by

pgw) =Y >[I0 [T A+ W) ()

720 k<2 (a—1)/2]

This function measures to which extent the effective part of the supports of the scaled
and sheared versions of the shearlet generator overlaps. Moreover, it is linked to the
so-called t4-equations albeit with absolute value of the functions in the sum (5.1). We
also introduce the function I' : R? — R defined by

I'w) = esssup (&, w),
gep

measuring the maximal extent to which these scaled and sheared versions overlap for
a given distance w € R3. The values

L;ny = essinf ®(&,0) and Ly = esssup ®(,0), (5.2)
£eP £epP

will relate to the classical discrete Calderén condition. Finally, the value

R(c) = Z [T (M;'m)T (—Mc_lm)]l/2, where c¢= (c1,c0) €RE,  (5.3)
meZ3\{0}

measures the average of the symmetrized function values I'(M_'m) and is again
related to the so-called t4-equations.

We now first turn our attention to the terms Ly, and R(c) and provide upper
bounds for those. These estimates will later be used for estimates for frame bounds
associated to a shearlet system; we remark that the to be derived estimates (5.5) and
(5.7) also hold when the essential supremum in the definition of L., and R(c) is
taken over all £ € R3.

To estimate the effect of shearing, we will repeatedly use the following estimates:

_ 2

sup Zmin{l, |y|} min {1, |z + ky| 7} <3+ ——=:C(y) (5.4)
(z.y)ER? | =7 v—1

and

_ 2
sup Zmin{l, |y|}min{1, |z + ky| 7} <24+ ——=C(v)—-1
(z,y)ER? k0 v—1

for v > 1.
PROPOSITION 5.1. Suppose 1 € L*(R3) is a (8,7)-feasible shearlet with § > 1
and v > 1/2. Then
2
7 o1 12 (2) )
Loy < = C(2) (1 —e [a loga(7) | +1) < o0, (5.5)
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where C(y) =3+ %
Proof. By (4.1), we immediately have the following bound for ®(¢,0):

®(&,0) < sup Zmin {1, |q2_j0‘/2§1|25} min{1, |q’2_ja/2§1|_27}
£€R3 >0

- Z min{1, [r(279/2¢5 + /€127ja/2§1)|727}
k1 EZ

. Z min{1, |s(2779/2¢5 + k22_ja/2§1)|_27}'
ko €Z

Letting 11 = ¢&; and using that ¢ > r and ¢ > s, we obtain

B(€,0) < sup > min {1, [279 2| min{1, |g'q 127 2 |
(m1,€2,63)E€R? 550

. Z gmin{l, |rq_12_j0‘/2771|} mim{l7 |7“2_j/2§2 + kqu_12_jo‘/2771|_zv}
k1EZ

. Z gmin{l, |sq7127j°‘/2771|} min{1, |s279/2¢5 + k28q7127j0‘/2n1|727}. (5.6)
ko€Z

By (5.4), the sum over k; € Z in (5.6) is bounded by 2C(2). Similarly, the sum over
ky € Z in (5.6) is bounded by 2C(2v). Hence, we can continue (5.6) by

2
(I)(f, 0) < 3_50(27)2 sup Zmin {1, ‘2—ja/2n1‘26—2} min{l, ‘q/q—12—ja/2n1’—2V}
mERjZO

2
q —Jja 26—-2 —jo —jo
= 02y’ SUE%(E 1277200 17" X0, (1277 m) + X170 (1277920 ])
m >0

e—ia -2 .
q'a ™ 2772 | " X g g e (1277 /2n1|))

2
q i 252 .
< EC(27)2 SUP( > 2 Py +ZX[1,qi,)(|2 o l2p, )
n €ER |27j°‘/2771|§1 >0
+ > |q’q‘12‘j“/2771|‘2”)-

l[g'q=t2=d/2n1|>1

The claim (5.5) now follows from (A.1), (A.2) and (A.3). O

The next result, Proposition 5.2, exhibits how R(c) depends on the parameters ¢;
and ¢y from the translation matrix M,. In particular, we see that the size of R(c) can
be controlled by choosing ¢; and ¢y small. The result can be simplified as follows: For

any v/ satisfying 1 < ' < v — 2, there exist positive constants x; and ko independent
on ¢; and ¢ such that

R(c) < Kkyef + ko e

The constants 1 and ko depends on the parameters ¢,q’, 7, s,6 and v, and the result
below shows exactly how this dependence is.

PROPOSITION 5.2. Let ¢ € L*(R®) be a (6,7)-feasible shearlet for 6 > 2y > 6,
and let the translation lattice parameters ¢ = (c1,c2) satisfy ¢1 > co > 0. Then, for
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any ' satisfying 1 < ~' <~ — 2, we have

R(c) <T1(8¢C(y —2) —4¢(y — 1) + 2¢(7))

+ 3min{ {Z—;—‘ ,2}T2 (16((7 —2)—4C(y - 1)) + T3 (24((”y —2)+ 2{(7)), (5.7)

where

2 v
_q 2 [ 2a1 q 1 1
= rsc(y) ( q’ > ({logQ(q,)—‘ + 1—2-0+2y * 1-— 2—7)
q ) 2qcy M q 1
=L _dae2 2 |togy (L) | 4 ——
27 s cMe) (q’ min{r, s}> ( [O&(q’)—‘ * 1—2-0+2y

1 1 1
T Ti e T —2—7’)

q° 5 2c1 K 1
15 = EC(W) (7) o
and ¢ is the Riemann zeta function.
Proof. The proof can be found the Appendix B. O
The tightness of the estimates of R(c) in Proposition 5.2 are important for the
construction of shearlet frames in the next section since the estimated frame bounds
will depend heavily on the estimate of R(c). If we allowed a cruder estimate of R(c),
the proof of Proposition 5.2 could be considerably simplified; as we do not allow this,
the slightly technical proof is relegated to the appendix.

5.2. Frame constructions. The results in this section (except Corollary 5.6)
are presented without proofs since these are straightforward generalizations of results
on cone-adapted shearlet frames for L?(R?) from [20]. We first formulate a general
sufficient condition for the existence of pyramid-adapted shearlet frames.

THEOREM 5.3. Let ) € L?(R3) be a (6, )-feasible shearlet (associated with P) for
d > 2y > 6, and let the translation lattice parameters ¢ = (c1,ca) satisfy ¢y > ca > 0.
If R(¢) < Ling, then U() is a frame for L*(P) := {f € L*(R®) : supp f C P} with
frame bounds A and B satisfying

1 1

— [Ljnr — <A<B<—— [Lg )
|d€t Mc|[ f R(C)] — — — |det Mc|[ P + R(C)]

Let us comment on the sufficient condition for the existence of shearlet frames in
Theorem 5.3. Firstly, to obtain a lower frame bound A, we choose a shearlet generator
1) such that

PclJ U 4xsie, (5.8)

Jj>0 kez?
where
Q={ceR®: [{)(€)] > p}, for some p > 0.

For instance, one can choose Q = [1,2] x [-1/2,1/2] x [-1/2,1/2] here. From (5.8),
we have L;,; > p?. Secondly, note that R(c) — 0 as ¢; — 0% and co — 0% by
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Proposition 5.2 (see T1,T», and T5 in (5.7)). In particular, for a given L;,s > 0, one
can make R(c) sufficiently small for some translation lattice parameter ¢ = (c1, ¢2) so
that L, — R(c) > 0. Finally, Proposition 5.1 and 5.2 imply the existence of an upper
frame bound B. We refer to [23] for concrete examples with frame bound estimates.

By the following result we then have an explicitly given family of shearlets satis-
fying the assumptions of Theorem 5.3 at disposal.

THEOREM 5.4. Let K,L € N be such that L > 10 and % < K <3L-2, and
define a shearlet 1 € L*(R?) by

B(€) = mi(4€1)P(61)D(262)P(263), € = (£1,62,&3) € R,

where my s the low pass filter satisfying

n

L—1
(el = (costnen))* Y- (71T inre, @ e
n=0

m1 s the associated bandpass filter defined by

ma (€)= Imo (&1 +1/2)1%, & €R,

and ¢ is the scaling function given by
$(&) = [[mo(274), & eRr.
j=0

Then there exists a sampling constant ¢ > 0 such that the shearlet system W(¢)
forms a frame for L?(P) for any sampling matriz M. with ¢ = (c1,¢2) € (Ry)? and
co < c1 < ¢é1. Furthermore, the corresponding frame bounds A and B satisfy

[Ling — R(c)] <A< B

[det(M,)] S Al

where R(c) < Liyy.

Theorem 5.4 provides us with a family of compactly supported shearlet frames
for LQ(P). For these shearlet systems there is a bias towards the z; axis, especially at
coarse scales, since they are defined for L?(P), and hence, the frequency support of
the shearlet elements overlaps more significantly along the x; axis. In order to control
the upper frame bound, it is therefore desirable to have a denser translation lattice
in the direction of the x; axis than in the other axis directions, i.e., ¢; > cso.

In the next result we extend the construction from Theorem 5.4 for L?(P) to all of
L?(R3). We remark that this type of extension result differs from the similar extension
for band-limited (tight) shearlet frames since in the latter extension procedure one
needs to introduce artificial projections of the frame elements onto the pyramids in
the Fourier domain.

THEOREM 5.5. Let ¢p € L*(R®) be the shearlet with associated scaling func-
tion ¢ € L?(R) introduced in Theorem 5.4, and set ¢(w1, w2, 23) = ¢(21)d(w2)0(23),
1/;(171,172,173) = Y(xe, 21, 23), and i(xl,xg,xg) = (x5, 22, 21). Then the correspond-
ing shearlet system SH(gf),l/},l/;,l/v};C, a) forms a frame for L?(R3) for the sampling
matrices M., M., and M, with ¢ = (c1,c2) € (Ry)? and c3 < ¢ < é4.

For the pyramid P, we allow for a denser translation lattice M.Z> along the
r1 axis, i.e., co < c¢q, precisely as in Theorem 5.4. For the other pyramids P and
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75, we analogously allow for a denser translation lattice along the zo and x3 axes,
respectively; since the position of ¢; and ¢g in M, and M, are changed accordingly,
this still corresponds to co < ¢1.

The final result of this section generalizes Theorem 5.5 in the sense that it shows
that not only the shearlet introduced in Theorem 5.4, but also any (d,)-feasible
shearlet ¢ satisfying (5.8) generates a shearlet frame for L?(R3) provided that § >
274 > 6. For this, we change the definition of R(c), Lns and Ly, in (5.2) and (5.3) so
that the essential infimum and supremum are taken over all of R? and not only over
the pyramid P, and we denote these new constants again by R(c), Lins and Lgyp.

COROLLARY 5.6. Let ¢ € L*(R?) be a (0,7)-feasible shearlet for 6 > 2y > 6.
Also, define ¢ and v as in Theorem 5.5 and choose KA L2(R3) such that |$(€)] <
(14¢])~7. Suppose that Ly > 0. Then SH((b 0,0, 0 ¢, a) forms a frame for L*(IR3)
for the sampling matrices M., M,, and M, for some translation lattice parameter
¢ = (e1,¢2).

Proof. The proofs of Proposition 5.1 and 5.2 show that the same estimate as in
(5.5) and (5.7) holds for our new R(c) and Ls,,; this is easily seen since the very first
estimate in both these proofs extends the supremum from P to R®. Furthermore, by
Proposition 5.2, one can choose ¢ = (c1, ¢2) such that L;,; — R(c) > 0. Now, we have
that Ly, + R(c) is bounded and L,y — R(c) > 0. Since R(c) and L, are associated
to the t,-terms and a discrete Calderén condition, respectively, following arguments
as in [12, §3.3.2] or [20] show that frame bounds A and B exist and that

0 < (R(c) — Ling)/det M. < A < B < (R(c¢) + Lgup)/ det M, < oo.

6. Optimal sparsity of 3D shearlets. Having 3D shearlet frames with com-
pactly supported generators at hand by Theorem 5.5, we turn to sparse approximation
of cartoon-like images by these shearlet systems.

6.1. Sparse approximations of 3D Data. Suppose SH (¢, 1, 0, 15; ¢, ) forms
a frame for L*(R?®) with frame bounds A and B. Since the shearlet system is a

countable set of functions, we can denote it by SH(¢, 9, ¥, ;¢ a) = {oi},e; for
some countable index set I. We let {;}:c; be the canonical dual frame of {o;}, ;.

As our N-term approximation fy of a cartoon-like image f € EB(R?) by the frame
SH(¢,v,1;c), we then take, as in Equation (3.3),

In=> it c=(f0)
1€ln

where ((f,0;))icry are the N largest coefficients (f, o;) in magnitude.
The benchmark for optimal sparse approximations that we are aiming for is, as
we showed in Section 3, for all f = fo + xpf1 € E5(R?),

If = fyl SN as N — oo,
and
a+2

k| Sn™71 as n — oo,

where ¢* = (¢ )pen is a decreasing (in modulus) rearrangement of ¢ = (¢;);ey. The
following result shows that compactly supported pyramid-adapted, hybrid shearlets
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almost deliver this approximation rate for all 1 < o < 8 < 2. We remind the reader
that the parameters v and p, suppressed in our notation £%(R3), are bounds of the
homogeneous Holder C® norm of the radius function for the discontinuity surface OB
and of the C? norms of fy and fi, respectively.

THEOREM 6.1. Leta € (1,2], ¢ € (Ry)?, and let ¢, ¥, 1,9 € L*(R?) be compactly
supported. Suppose that, for all &€ = (&1,&2,&3) € R3, the function v satisfies:

(i) [£(©)] < C-min{1, [&[°} - min{1, &7} - min{1, [€&2| 7} - min{1, €] 77},

.o n 7’}[ 77 .

) [Zo©| <mel- (1 fef) (rigr) o =28
where § > 8, v >4, h € LY(R), and C a constant, and suppose that ¢ and 1) satisfy
analogous conditions with the obvious change of coordinates. Further, suppose that

the shearlet system SH(¢,1/),1/~),1/V); c,a) forms a frame for L*(R3).
Let 7 = 7(a) be given by

32— a)(a—1)(a+2)

") = S0+ Tra—10)

(6.1)

and let § € [o,2]. Then, for any v,u > 0, the shearlet frame SH((b,w,iE,’JJ;C, @)
provides nearly optimally sparse approzimations of functions f € EZ(R®) in the sense
that

N~/ if B € la,2),

_ 2. <
||f fN||L2 ~ {N—l (10gN)2, ’Lfﬁ == 2,

} as N — oo, (6.2)

where fn is the N-term approximation obtained by choosing the N largest shearlet
coefficients of f, and

_Lﬂ_i_l .

4 27 e 72 )

len] S " 5 €la2) asn — oo, (6.3)
n~ ! logn, if =a=2,

where ¢ = {{f, 1/)>\> A€ A,J) = 1/),1/) = or 1/?} and ¢* = (¢} )nen is a decreasing (in
modulus) rearrangement of c.

We postpone the proof of Theorem 6.1 until Section 9. The sought optimal
approximation error rate in (6.2) was N~%/2 hence for a = 2 the obtained rate (6.2)
is almost optimal in the sense that it is only a polylog factor (log N)? away from the
optimal rate. However, for @ € (1,2) we are a power of N with exponent 7 away
from the optimal rate. The exponent 7 is close to negligible; in particular, we have
that 0 < 7(a)) < 0.04 for a € (1,2) and that 7(a) — 0 for « — 1+ or @ — 2—, see
also Figure 6.1. The approximation error rate (6.2) obtained for o < 2 can also be
expressed as

6a347a2—11a+46

||f - fN”iz = O(N_ 9a2417a—10 )7

which, of course, still is an 7 = 7(«) exponent away from being optimal. Let us
mention that a slightly better estimate 7(«) can be obtained satisfying 7(«) < 0.037
for a € (1,2), but the expression becomes overly complicated; we can, however, with
the current proof of Theorem 6.1 not make 7(a) arbitrarily small. As o — 2+ we
see that the exponent —«/2 + 7 — —1, however, for &« = § = 2 an additional log
factor appears in the approximation error rate. This jump in the error rate is a
consequence of our proof technique, and it might be that a truly optimal decay rate
depends continuously on the model parameters.
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If the smoothness of the discontinuity surface C* of a 3D cartoon-like image
approaches C'' smoothness, we loose so much directional information that we do not
gain anything by using a directional representation system, and we might as well
use a standard wavelet system, see Example 1 and Figure 6.1(a). However, as the
discontinuity surface becomes smoother, that is, as a approaches 2, we acquire enough
directional information about the singularity for directional representation systems to
become a better choice; exactly how one should adapt the directional representation
system to the smoothness of the singular is seen from the the definition of our hybrid
shearlet system.

The constants in the expressions in (6.2) depend only on v and p, where v is a
bound of the homogeneous Hélder norm for the radius function p € C* associated with
the discontinuity surface B and y is the bound of the Hélder norm of f, fo € C#(R?)
with f = fo + xBf1, see also Definition 2.1. We remark that these constants grow
with v and p hence we cannot allow f = fy + xpf1 with only || fi| os < oo.

1 ! T ! !
0.9 ' ' | '
0.8
0.7
0.6
0.5

3 2
(a) Graph of 6a”+7a“—11a+6

9a?417a—10  and the optimal rate /2 (dashed) as a function of a.

0.04 , . : :

0.03
< 0.02

Y 0.01 L
0 ; ; ; ;

(b) Graph of 7(a) given by (6.1).

FIGURE 6.1. The optimality gap for B € [a, 2): Figure 6.1a shows the optimal and the obtained
rate, and Figure 6.1b their difference 7(c).

Let us also briefly discuss the two decay assumptions in the frequency domain on
the shearlet generators in Theorem 6.1. Condition (i) says that v is (9, v)-feasible and
can be interpreted as both a condition ensuring almost separable behavior and con-
trolling the effective support of the shearlets in frequency domain as well as a moment
condition along the 7 axis, hence enforcing directional selectivity. Condition (ii), to-
gether with (i), is a weak version of a directional vanishing moment condition (see [13]
for a precise definition), which is crucial for having fast decay of the shearlet coeffi-
cients when the corresponding shearlet intersects the discontinuity surface. We refer
to the exposition [23] for a detailed explanation of the necessity of conditions (i) and
(ii). Conditions (i) and (ii) are rather mild conditions on the generators; in particular,
shearlets constructed by Theorem 5.4 and 5.5, with extra assumptions on the param-
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eters K and L, will indeed satisfy (i) and (ii) in Theorem 6.1. To compare with the
optimality result for band-limited generators we wish to point out that conditions (i)
and (ii) are obviously satisfied for band-limited generators.

Theorem 1.3 in [24] shows optimal sparse approximation of compactly supported
shearlets in 2D. Theorem 6.1 is similar in spirit to Theorem 1.3 in [24], but for
the three-dimensional setting. However, as opposed to the two-dimensional setting,
anisotropic structures in three-dimensional data comprise of two morphological differ-
ent types of structures, namely surfaces and curves. It would therefore be desirable
to have a similar optimality result for our extended 3D image class 557 L(R3) which
also allows types of curve-like singularities. Yet, the pyramid-adapted shearlets in-
troduced in Section 4.1 are plate-like and thus, a priori, not well-suited for capturing
such one-dimensional singularities. However, these plate-like shearlet systems still
deliver the nearly optimal error rate as the following result shows. The proof of the
result is postponed to Section 10.

THEOREM 6.2. Leta € (1,2], ¢ € (Ry)2, and let ¢, v, 1,9 € L2(R3) be compactly
supported. For each k € [—1,1] and x3 € R, define 92)13 € L?(R?) by

I o (1, 22) = (21, 22, kT2 + T3),

and, for each r € [—1,1] and x € R, define g. ,, € L*(R?) by

9h 2y (1, 23) = (21, kT3 + 2, 3).

J(€)] < € - min{1,[&1]°} - min{1, 677} - min{1, |67} - min{1, |&] 77},

Suppose that, for all £ = (£1,&9,63) € R?, k € [—1,1], and 2,23 € R, the function 1)
. 2!
) 30,6 8] < Ihen) - (1+82) 7 pore=o0,1,

f 1

satisfies:
|
i
|G2) 3k wlr, &) < bl (1+18]) 7 fore=o0,1,

()
where § > 8, v >4, h € LY(R), and C a constant, and suppose that ¥ and 1Z satisfy
analogous conditions with the obvious change of coordinates. Further, suppose that
the shearlet system SH (¢, 0,4, ¢,) forms a frame for L2(R3).
Let 8 € [«,2]. Then, for any v > 0, L > 0, and u > 0, the shearlet frame
S’H((b,w,i;,i;; ¢, ) provides nearly optimally sparse approximations of functions f €
Eg)L(Rg) in the sense that

i
0&2
o
(iii) 76

N=/27 0 if B e [a,2),

. ) . as N — oo,
N~ (logN)*, iff=a=2,

I1f = fwllze S {

and

_D‘_+2+I .
E 2 3 6 3 2 )
ler] < " B €la2) as n — oo,
n~!logn, if=a=2,
where T = () is given by (6.1).
We remark that there exist numerous examples of 1,1, and 1 satisfying the
conditions (i) and (ii) in Theorem 6.1 and the conditions (i)-(iii) in Theorem 6.2. One

large class of examples are separable generators 1), 15, 15 € L3(R3), ie

b(x) = n(@)p(x2)p(es), b(x) = plz)n(z)p(es), V(@) = p(a1)(@2)n(zs),
where 7, ¢ € L?(R) are compactly supported functions satisfying:
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(i) ()] < C1 - min{l, jw]?} - min{1, |77},

(ii) }(6%)%@)} < Cy-min{l, w7} for £=0,1,
for w € R, where a > 8, v > 4, and C, C are constants. Then it is straightforward
to check that the shearlet ¢ satisfies the conditions (i)-(iii) in Theorem 6.2 and v,
satisfy analogous conditions as required in Theorem 6.2. Thus, we have the following
result.
COROLLARY 6.3. Let a € (1,2], ¢ € (Ry)?, and let n,¢ € L*(R) be compactly

supported functions satisfying:

(i) [9(w)] < Cy -min {1, ||} - min {1, || 7},

(ii) }(6%)%@)} < Co-min{l, w7} for£=0,1,
for w € R, where § > 8, v > 4, and Cy and Co are constants. Let ¢ € L*(R?) be
compactly supported, and let 1,1,1) € L*(R3) be defined by:

P(x) = n(@1)e(@2)p(zs), V(@) = pa)n()e(@s), D(x) = @(@1)p(z2)n(zs).

Suppose that the shearlet system SH(¢,1/),1/~),1/V); c,a) forms a frame for L*(R3).

Let B € [a,2]. Then, for any v > 0, L > 0, and p > 0 , the shearlet frame
SH(qﬁ,w,iE,iﬁ; ¢, ) provides nearly optimally sparse approximations of functions f €
EgﬁL(R?’) in the sense that

N~/ if B e [a,2),

— fyl?, <
Hf fNHL2 ~ {Nl (10gN)27 ’Lfﬁ = = 2,

} as N — oo,

and

—ot2 7 .

N if B € la,2),

k| < fela?) as n — oo,
n~! logn, iff=a=2,

where T = () is given by (6.1).
In the remaining sections of the paper we will prove Theorem 6.1 and Theorem 6.2.

6.2. General Organization of the Proofs of Theorems 6.1 and 6.2. Fix
a € (1,2] and ¢ € (R} )?, and take B € STAR®(v) and f = fo + xBf1 € E(R3).
Suppose SH (¢, 1, ¥, zZ; ¢, ) satisfies the hypotheses of Theorem 6.1. Then by condi-
tion (i) the generators 1, 15 and zZ are absolute integrable in frequency domain hence
continuous in time domain and therefore of finite max-norm ||-||; . Let A denote the
lower frame bound of SH (¢, ), 0,0, Q).

Without loss of generality we can assume the scaling index j to be sufficiently
large. To see this note that supp f C [0, 1]3 and all elements in the shearlet frame
SH ((;5,1/),1/3,1/?; ¢, a) are compactly supported making the number of nonzero coeffi-
cients below a fixed scale jj finite. Since we are aiming for an asymptotic estimate,
this finite number of coefficients can be neglected. This, in particular, means that we
do not need to consider frame elements from the low pass system ®(¢;c). Further-
more, it suffices to consider shearlets U(¢)) = {9 x,m} associated with the pyramid
P since the frame elements 1/;j7k7m and J)j,k,m can be handled analogously.

To simplify notation, we denote our shearlet elements by 1, where A = (4, k, m)
is indexing scale, shear, and position. We let A; be the indexing sets of shearlets in
U (1)) at scale j, i.e.,

V() ={Pa: A€ A;,j >0},
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and collect these indices cross scales as
oo
A={JA;
=0

Our main concern will be to derive appropriate estimates for the shearlet coef-
ficients {(f,9¥x): A € A} of f. Let ¢(f)X denote the nth largest shearlet coefficient
(f,%a) in absolute value. As mentioned in Section 3.3, to obtain the sought esti-
mate on || f — fn||,2 in (6.2), it suffices (by Lemma 3.1) to show that the nth largest
shearlet coefficient ¢(f)* decays as specified by (6.3).

To derive the estimate in (6.3), we will study two separate cases. The first case
for shearlet elements 1, that do not interact with the discontinuity surface, and the
second case for those elements that do.

Case 1. The compact support of the shearlet 1) does not intersect the boundary of
the set B, i.e., [suppy NIB| = 0.

Case 2. The compact support of the shearlet ¥, does intersect the boundary of the
set B, i.e., |[supp ¢\ N dB]| # 0.

For Case 1 we will not be concerned with decay estimates of single coefficients
(f, ), but with the decay of sums of coefficients over several scales and all shears and
translations. The frame property of the shearlet system, the Sobolev smoothness of f
and a crude counting argument of the cardinal of the essential indices A will basically
be enough to provide the needed approximation rate. We refer to Section 7 for the
exact procedure.

For Case 2 we need to estimate each coefficient (f,,) individually and, in par-
ticular, how |(f, ¥\ )| decays with scale j and shearing k. We assume, in the remainder
of this section, that fo = 0 whereby f = xpfi. Depending on the orientation of the
discontinuity surface, we will split Case 2 into several subcases. The estimates in each
subcase will, however, follow the same principle: Let

M = supp N B.

Further, let H be an affine hyperplane that intersects M and thereby divides M into
two sets M; and M;. We thereby have that

(fs0x) = (xar fr0x) + (xar fr ) -

The hyperplane will be chosen in such way that vol (M) is sufficiently small. In
particular, vol (M) should be small enough so that the following estimate

|0t £ 0] < 1 g oAl vOL (M) < 200D % vol (M)

does not violate (6.3). We call estimates of this form, where we have restricted the
integration to a small part M; of M, truncated estimates (or the truncation term).
For the other term (xas f, %) we will have to integrate over a possibly much
large part M; of M. To handle this we will use that ¢, only interacts with the
discontinuity of x s, f on a affine hyperplane inside M. This part of the estimate is
called the linearized estimate (or the linearization term) since the discontinuity surface
in (xag f, %) has been reduced to a linear surface. In (xas, f, 1) we are integrating
over three variables, and we will as the inner integration always choose to integrate
along lines parallel to the “singularity” hyperplane H. The important point here is
that along all these line integrals, the function f is C?-smooth without discontinuities
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on the entire interval of integration. This is exactly the reason for removing the M;-
part from M. Using the Fourier slice theorem we will then turn the line integrations
along H in the spatial domain into two-dimensional plane integrations the frequency
domain. The argumentation is as follows: Consider ¢ : R®> — C compactly supported
and continuous, and let p : R? — C be a projection of ¢ onto, say, the x5 axis, i.e.,
p(x1,x3) = ng(CCl,CCQ,Ig)dIQ. This immediately implies that p(&1,E&3) = §(€1,0,&3)
which is a simplified version of the Fourier slice theorem. By an inverse Fourier
transform, we then have

/9(58179627303)61&62 Zp($1,$3)=/ §(&1,0,&)e?m{@nma).(E8a))qe, dgs, (6.4)
R R2

and hence
/ g1, w9, 23)| iy = / 19(60,0,65)| dé,dés. (6.5)
R R2

The left-hand side of (6.5) corresponds to line integrations of g parallel to the zjx3
plane. By applying shearing to the coordinates z € R?, we can transform H into a
plane of the form {z € R?: 21 = Cy, 23 = Cy }, whereby we can apply (6.5) directly.

Finally, the decay assumptions on 1/3 in Theorem 6.1 are then used to derive
decay estimates for |(f,1x)|. Careful counting arguments will enable us to arrive at
the sought estimate in (6.3). We refer to Section 8 for a detailed description of Case 2.

With the sought estimates derived in Section 7 and 8, we then prove Theorem 6.1
in Section 9. The proof of Theorem 6.2 will follow the exact same organization
and setup as Theorem 6.1. Since the proofs are almost identical, in the proof of
Theorem 6.2, we will only focus on issues that need to be handled differently. The
proof of Theorem 6.2 is presented in Section 10.

We end this section by fixing some notation used in the sequel. Since we are
concerned with an asymptotic estimate, we will often simply use C' as a constant
although it might differ for each estimate; sometimes we will simply drop the constant
and use S instead. We will also use the notation r; ~ s; for r;,s; € R, if Cir; <
5; < Cyrj with constants C; and Cy independent on the scale j.

7. Analysis of shearlet coefficients away from the discontinuity surface.
In this section we derive estimates for the decay rate of the shearlet coefficients (f, 1)
for Case 1 described in the previous section. Hence, we consider shearlets ¢, whose
support does not intersect the discontinuity surface 9B. This means that f is C?-
smooth on the entire support of ¥, and we can therefore simply analyze shearlet
coefficients (f, 1) of functions f € C#(R3) with supp f C [0,1]°. The main result of
this section, Proposition 7.3, shows that ||f — fx||3. = O(N"2/3+¢) as N — oo for
any &, where fy is our N-term shearlet approximation. The result follows easily from
Proposition 7.2 which is similar in spirit to Proposition 7.3, but for the case where
f € HB. The proof builds on Lemma 7.1 which shows that the system W(¢) forms
a weighted Bessel-like sequence with strong weights such as (2%57) j>0 provided that
the shearlet v satisfies certain decay conditions. Lemma 7.1 is, in turn, proved by
transferring Sobolev differentiability of the target function to decay properties in the
Fourier domain and applying Lemma 5.6.

LEMMA 7.1. Let g € HP(R3) with suppg C [0,1]>. Suppose that ¢ € L2(R?) is
(0,7)-feasible for 6 > 2y + B, v > 3. Then there exists a constant B > 0 such that

S Y 2(g, by < B0 12,

3=0 |k|< [27(e=1)/2] meZ3
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where 8P0:0) g denotes the B-fractional partial derivative of g = g(x1, 0, x3) with
respect to xy.

Proof. Since ¢ € L*(R3) is (6, v)-feasible, we can choose ¢ € L?(R?) as

(2mig1)Pp(6) =€)  for £ € R,

hence 1) is the 0(?00)-fractional derivative of ¢. This definition is well-defined due to
the decay assumptions on . By definition of the fractional derivative, it follows that

‘<3(ﬁ’0’0)9, sﬁj,k,m>’2 = ‘<(27Ti§1)ﬁ§(§), m>‘2
= }<g; 8(5’070)¢j,k,m>i2 = 2aﬁj }<ga 1/}j,k,m>|27
where we have used that 9300 f; , . = (200/2)8(9(B.00) £y, . for f € HP(R®). A

straightforward computation shows that ¢ satisfies the hypotheses of Lemma 5.6, and
an application of Lemma 5.6 then yields

Z Z Z 2aﬁj|<gv¢j,k,m>|2 = Z Z Z ’<8(5’0’0)g, ¢j1k1m>‘2

J=0 |k|<[20(a=1)/2] meZ3 J=0 |k|<[20(e=1)/2] meZ3
< BJ|l9P00][7.,
which completes the proof. O
We are now ready to prove the following result.

PROPOSITION 7.2. Let g € HP(R3) with suppg C [0,1]>. Suppose that 1 €
L?(R3) is compactly supported and (3, ~)-feasible for § > 2y + 3 and v > 3. Then

Z| 2 N2/ as N — oo,
n>N

where c(g)% is the nth largest coefficient (g,¥x) in modulus for 1y € V().

n

Proof. Set
Aj={N€eA; :suppyyNsuppg # 0}, j >0,

i.e., A; is the set of indices in A; associated with shearlets whose support intersects
the support of g. Then, for each scale J > 0, we have

J—1 J—1

Ny = ‘ U |~ D (@it i2)2gies2 9i/2 9i/2 — 9B/ (7.1)
j=0 j=0
where the term (2/(®~1)/2)2 is due to the number of shearing |k| = |(ki,ko)| €

27(@=1)/2 at scale j and the term 27%/227/22i/2 is due to the number of transla-

tion for which g and v, interact; recall that ¥, has support in a set of measure
9—j/2 . 9=3/2 .9-i/2,

We observe that there exists some C' > 0 such that

Z 9aBjo Z le(g): P < C - Z Z Z2O‘ﬂj0|<g,1/fj,k,m>|2

jo=1 n>Nj, Jo=1j=jo k,m

~C. ZZ| )] (Zj:zam)_

Jj= 1km Jo=1
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By Lemma 7.1, this yields

3720800 N ()i <00 29| (g, g g P < o0,

Jo=1 n>Nj, j=1km
and thus, by (7.1), that

Z le(g)%|2 < €27l = . (2B3/2do)=28/3 < (. Nj;2ﬂ/3.

n>Nj0
Finally, let N > 0. Then there exists a positive integer jo > 0 such that
N ~ Nj, ~ 203/2)edo,

which completes the proof.

We can get rid of the Sobolev space requirement in Proposition 7.2 if we accept
a slightly worse decay rate.

PROPOSITION 7.3. Let f € C?(R®) with suppg C [0,1]3. Suppose that ¢ €
L2(R3) is compactly supported and (3, ~)-feasible for § > 2y + 3 and v > 3. Then

o lelgpP SNTHEE L as N oo,
n>N

for any e > 0.

Proof. By the intrinsic characterization of fractional order Sobolev spaces [1], we
see that Cg (R3) C HOB “°(R3) for any € > 0. The result now follows from Proposi-
tion 7.2. O

8. Analysis of shearlet coefficients associated with the discontinuity
surface. We now turn our attention to Case 2. Here we have to estimate those
shearlet coefficients whose support intersects the discontinuity surface. For any scale
j > 0 and any grid point p € Z3, we let Q;,, denote the dyadic cube defined by

Qjp=[—279/2279/23 4 073/29p

We let Q; be the collection of those dyadic cubes Q;, at scale j whose interior
int(Q; ,) intersects 0B, i.e.,

Q; ={Q;yp:nt(Q;,)NOB #0,p € Z°}.

Of interest to us are not only the dyadic cubes, but also the shearlet indices associated
with shearlets intersecting the discontinuity surface inside some Q;, € Q;, i.e., for
j > 0and p € Z* with Q;,, € Q;, we will consider the index set

Ajp={A €A, int(supp ) Nint(Q, ) N OB # 0}.

Further, for j > 0, p € Z3, and 0 < & < 1, we define A ,(c) to be the index set
of shearlets 1), A € Aj,, such that the magnitude of the corresponding shearlet
coefficient (f,%») is larger than e and the support of ¢, intersects Q;, at the jth
scale, i.e.,

Ajp(e) ={N € Ajp [{f,0)| > e}
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The collection of such shearlet indices across scales and translates will be denoted by
Ae), ie.,

M) = JAsl).

As mentioned in Section 6.2, we may assume that j is sufficiently large. Suppose
Q;, € Q; for some given scale j > 0 and position p € Z*. Then the set

Sip=|J suppen
AEA; p

is contained in a cube of size C'-277/2 by C' -279/2 by C' -277/2 and is, thereby,
asymptotically of the same size as Q; .

We now restrict ourselves to considering B € STAR™(v); the piecewise case B €
STAR®(v, L) will be dealt with in Section 10. By smoothness assumption on the
discontinuity surface 0B, the discontinuity surface can locally be parametrized by
either (1, x2, E(x1,22)), (x1, E(x1,23),x3), or (E(xe,x3),x2,x3) with E € C* in the
interior of S;,, for sufficiently large j. In other words, the part of the discontinuity
surface OB contained in S;, can be described as the graph z3 = E(x1,12), 2 =
E(x1,23), or 1 = E(x2,23) of a C* function.

Thus, we are facing the following two cases:

Case 2a. The discontinuity surface OB can be parametrized by (E(z2,x3),x2,x3)
with £ € C“ in the interior of S;,, such that, for any A € A}, we have

0V B (42, 835)| < +o0 and [0V E(&s, &3)| < 400,

for all & = (&1, 22, 43) € int(Q;,,) Nint(supp ) N IB.

Case 2b. The discontinuity surface 0B can be parametrized by (z1,x2, E(x1,x2))
or (z1, E(x1,23),x3) with E € C® in the interior of S, such that, for any
A € Ajp, there exists some & = (&1, T2, &3) € int(Q, ) Nint(suppyr) NIB
satisfying

OO E(#),52) =0 or MO E(#y,#5) =0.

8.1. Hyperplane discontinuity. As described in Section 6.2, the linearized
estimates of the shearlet coefficients will be one of the key estimates in proving The-
orem 6.1. Linearized estimates are used in the slightly simplified situation, where the
discontinuity surface is linear. Since such an estimate is interesting in it own right,
we state and prove a linearized estimation result below. Moreover, we will use the
methods developed in the proof repeatedly in the remaining sections of the paper.
In the proof, we will see that the shearing operation is indeed very effective when
analyzing hyperplane singularities.

THEOREM 8.1. Let ¢ € L?(R3) be compactly supported, and assume that 1)
satisfies conditions (i) and (ii) of Theorem 6.1. Further, let X € Aj, for j > 0 and
p € Z3. Suppose that f € EZ(R3) for 1 < a < B < 2 and that OB is linear on the
support of ¥y in the sense that

supp¥yNOB C H

or some affine hyperplane H of R3. Then,
f ffine hyperp
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(i) if H has normal vector (—1, s1, $2) with s1 <3 and s2 < 3,

) 9—ila/4+1/2)
ol <O mi, { i+ 270 D2 } &
for some constant C > 0.
(i1) if H has normal vector (—1, s1,s2) with s1 > 3/2 or so > 3/2,
(foa)] < C - 273 (/AF1/2Ha/2) (82)

for some constant C > 0.

(iii) iof H has normal vector (0, s1, s2) with s1,s2 € R, then (8.2) holds.

Proof. Let us fix (j,k,m) € Aj, and f € E¥(R®). We can without loss of
generality assume that f is only nonzero on B. We first consider the cases (i) and
(ii). The hyperplane can be written as

H={zeR®: (x— w0, (—1,51,52)) =0}
for some xg € R3. We shear the hyperplane by S_ for s = (s1,52) and obtain

S_oH = {z € R*: (Syx — z0, (~1,51,52)) = 0}
= {33 eR?: <‘T - S_swo, (SS)T(_L 51, 52)> = 0}
= {IE S RB : <I — 8755507 (_170a0)> - O}

= {x = (z1,22,23) € R3: 2 = :%1} ,  where z =5_,x0,

which is a hyperplane parallel to the xox3 plane. Here the power of shearlets comes
into play since it will allow us to only consider hyperplane singularities parallel to the
xoxg plane. Of course, this requires that we also modify the shear parameter of the
shearlet, that is, we will consider the right hand side of

(fstikm) = (F(Ss)s ¥, fom)

with the new shear parameter k defined by ]Aﬁ = ky + 2/(@=1/24 and l%g = ko +
2/(a=1)/25, The integrand in (f(Ss), @[ijfc’m) has the singularity plane exactly located
onxr; = Iy, i.e,on S_ H.

To simplify the expression for the integration bounds, we will fix a new origin on
S_sH, that is, on x1 = Z1; the x5 and x3 coordinate of the new origin will be fixed in
the next paragraph. Since f is assumed to be only nonzero on B, the function f will
be equal to zero on one side of S_;H, say, 1 < Z1. It therefore suffices to estimate

(fo(Ss)xa:¥; 4 )

for fo € CP(R3) and Q = R, x R2. We first consider the case |ki| < |kz|. We further
assume that ]Aﬁ < 0 and 1%2 < 0. The other cases can be handled similarly.

Since v is compactly supported, there exists some L > 0 such that suppvy C
[-L, L]g. By a rescaling argument, we can assume L = 1. Let

Pk = {:1: € R?: |209%0) + 292k g + 2 2 kons| < 1, |29|, |as] < 27j/2}, (8.3)

With this notation, we have supp ;o0 C Pjr. We say that the shearlet normal
direction of the shearlet box P;¢ is (1,0,0), thus the shearlet normal of a sheared
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element v} 1., associated with P; y is (1,k; /27~ 1/2 ky/20(e=1)/2) Now, we fix our
origin so that, relative to this new origin, it holds that

supp(¥; 4.n) C Pji + (279972 0,0) =: 7531@

Then one face of ’ﬁj ; intersects the origin.
For a fixed |#3| < 279/2, we consider the cross section of the parallelepiped 75j P
on the hyperplane x5 = #3. This cross section will be a parallelogram with sides
_ :|:2—j/2’
2ja/2I1 + 2j/2i€1I2 + 2j/2k2I3 = O, and 2ja/2I1 + 2j/2k1I2 + 2j/2k2I3 =2

As it is only a matter of scaling we replace the right hand side of the last equation
with 1 for simplicity. Solving the two last equalities for zo gives the following lines
on the hyperplane =3 = Z3:

2j(a—=1)/2 k 9J(a—=1)/2 i 9-3i/2
Ly 3:2:—A7:171—A—23:3, and Lo : I2:—7$1——2I3+ .
kl kl kl kl kl

We therefore have

Ky Ly

|(Fo(Se X0V ) - So(Sua) g (o) dradardag) - (8.4)

_92-3j/2

where the upper integration bound for x; is K1 = 2—i(a/2) _ 2‘ja/2k1 — 2j(o‘_1)/2/%2x3
which follows from solving Ly for ; and using that |zo| < 277/2. We remark that the
inner integration over x, is along lines parallel to the singularity plane 9Q = {0} x R?;
as mentioned, this allows us to better handle the singularity and will be used several
times throughout this paper.

For a fixed |z3| < 279/2, we consider the one-dimensional Taylor expansion for
fo(Ss+) at each point & = (x1, 22,23) € Lo in the za-direction:

9i(a—1)/2 ko 9—3/2
fQ(SSIE) = CL(:El,{Eg) + b({El,:Eg) Tog+ ———— T1 + =3 — =
k1 kq k1
gila—1)/2 b 292\’
+c(xr, 0, 23) | X2 + ——— 1 + =23 — — )
k1 k1 k1

where a(z1,x3), b(x1, z3) and ¢(z1, x2, z3) are all bounded in absolute value by C'(1+
|s1|)?. Using this Taylor expansion in (8.4) yields

0—i/2 K,
[(fo(Se)x0s 85, )| S (1 [ ])? / . / Zn z1,23) daydas), - (8.5)
92—
where
Lo
I (w1, 23) = ¥, hm(@)dz2|,
Ly

3

Ly
IQ(Il,Ig) = / (ZEQ —|—K2) 1/1j7,;)m(3:)d:1:2
L

1

)

—2 1/2/191
Is(21, 23) = / (@2)° 0, o (1,02 — Ko, w3)day
0




APPROXIMATIONS OF 3D FUNCTIONS BY COMPACTLY SUPPORTED SHEARLETS 33

and

9J(a—=1)/2 k 9-3/2
Ky=—r— 21+ 21:3 - —
k1 k1 k1

We next estimate each of the integrals I, I, and I3 separately. We start with
estimating I (z1,23). The Fourier Slice Theorem (6.4) yields directly that

L(wr,2) = | / 0 o (@)dza | = | / (60,0, €9) 218 6 606 gy .
R R

By assumptions (i) and (ii) from Theorem 6.1, we have, for all £ = (£1,&,&3) € R3,

2+o¢

) I |p(2 e i/ A / N
[0, 5. ()] 27755 27926 | (14| i+ la|) T (14| 2 + )

for some h € L'(R). Hence, we can continue our estimate of I;:

P T S i/ S\ Y
Rlevan) 5 [ 2705 )|+ D) (1450 + k) a6,

and further, by a change of variables,

ja/4 P =y 53 -
Li(zy,23) S | 2 [h(&1)] (1 + |K1]) 5 + ks dé1dés
Rz

S 279741 + [k |) 7,

since h € LY(R) and (1 + |&3/&1 + k2|)™" = O(1) as |&| — oo for fixed &3.
We estimate I(z1,23) by
/@[Jj)fc’m(x)dxz
R

Applying the Fourier Slice Theorem again and then utilizing the decay assumptions
on ¢ yields

+ | Ko| =:51+ 5

IQ(,’El,,’Eg) < ‘/ €2 ’%[Jj)];’m(x)dxz
R

Sl = ‘/ I2¢j,%,m($)dx2
R

o . . 9i(a/4-1/2)
b L0, &) 2™ @La).(€83)) 4, dgy | < _ )
. <6£21/)J,k,m) (€1,0,83) §1d&s| < (L+ [fa )Pt

Since |21| < —k1/27 and |€5] < 279/2, we have that

2j(a—l)/2 ]%1 2—j/2

_ 9—3/2 _

Ky < - =
k1 27 k1

The following estimate of Sy then follows directly from the estimate of I;:
Sy S K| 209/ (14 [l )77 S 274D (1 (R )

. < 2ie/a-1/2)
From the two last estimate, we conclude that Iy(z1,238) S RERTI
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Finally, we estimate I3(x1,x3) by

,2*]'/2/]%1
L1, 3) < / (22)% 14 e o
0

72—j/2/f€1
/ (xg)ﬁ d.IQ
0

Having estimated I, I and I5, we continue with (8.5) and obtain

9j(a/4—5/2)
|1;1 |B+1

< 9ila/4+1/2)

[(fo(Se)x0, 5, )| S (1 Isa])? (

9-i(a/a+1/2)  9—i(a/dt+1/2+5/2)
= + ~
(1+ [ka[)r =t | |

By performing a similar analysis for the case |ko| < |1, we arrive at

9—i(a/4+1/2) 9—j(a/4+1/2+5/2)
[(fo(S)xX00 5 )| S i 9 (14 [s:])°

= + =
(1 + [kt i |P
(8.6)

Suppose that s; < 3 and s2 < 3. Then (8.6) reduces to

|(fs ) km)| S mi

{ 9—i(a/4+1/2)  9—j(a/4+B/2+1/2) }
n
i=1,2

- - -
(14 [Ra[)7 =1 |kl

. 9—i(a/4+1/2)
~ glinz { ki + 20(a=D/25,]3 } 5

since v > 4 and § > «. On the other hand, if s; > 3/2 or s; > 3/2, then

‘<f= ¢j,k,m>] < 9—i(a/2+1/4)o

To see this, note that

9—j(a/4+B/2+1/2)
min < (14 |s;])” - = mi
i=1,2 (1 + |k1|)6 i=1

=4

s 9—j(a/4+B/2+1/2)
n { Qtlsi] 4
,2 sl (|(1 + k;) /s + 29(@=1)/2|)B
- 9—j(a/4+B/2+1/2)
~ T 9jle-nBR

9—i(a/4+1/2+ap/2)

This completes the proof of the estimates (8.1) and (8.2) in (i) and (ii), respectively.

Finally, we need to consider the case (iii) in which the normal vector of the hyper-
plane H is of the form (0, s1, s2) for s1,s2 € R. Let 2 = {:v €R3: 5129 > —32:103}. As
in the first part of the proof, it suffices to consider (xg fo,%j,k,m), Where supp ¢ . m C
Pjr — (277%/2,0,0) = P, 1, with respect to some new origin. As before the boundary

of P, 1 intersects the origin. By assumptions (i) and (ii) from Theorem 6.1, we have
that

o\’
<6_§1> 1/}(0552753)20 foré:ovla
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which implies that
/Rzzrfw(:z:)dxl =0 forall z3,2z3 € Rand £ =0,1.
Therefore, we have
/Rx{zp(skx)dxl =0 forall 9,23 € Rk = (ky, ko) € R?, and £ =0,1,  (8.7)

since shearing operations Sy preserve vanishing moments along the z; axis. Since
the x; axis is in a direction parallel to the singularity plane o9, we employ Taylor
expansion of fy in this direction. By (8.7) everything but the last term in the Taylor
expansion disappears, and we obtain

0—3/2 0—3/2 o—ja/2
}(ngoﬂ/fg,k m>’ < 2J(a/4+1/2)/ / / (1) Bd$1d(b2d$3
2-3/2 2-3/2 —ja/2

< 9i(a/4+1/2) 9=j 9=i(+)a/2 _ g=i(a/4+1/2+af/2)

which proves claim (iii). O

8.2. General C“-smooth discontinuity. We now extend the result from the
previous section, Theorem 8.1, from a linear discontinuity surface to a general, non-
linear C'"*-smooth discontinuity surface. To achieve this, we will mainly focus on the
truncation arguments since the linearized estimates can be handled by the machinery
developed in the previous subsection.

THEOREM 8.2. Let ¢ € L?(R3) be compactly supported, and assume that 1)
satisfies conditions (i) and (ii) of Theorem 6.1. Further, let j > 0 and p € Z3, and
let X\ € Ajp. Suppose f € EBR?) for 1 < o < B < 2 and v, > 0. For fized
& = (&1,%2,%3) € int(Q; ) Nint(suppr) N OB, let H be the tangent plane to the
discontinuity surface OB at (&1,%2,%3). Then,

(i) #f H has normal vector (—1, s1, $2) with s1 < 3 and s < 3,

9—ila/4+1/2)
|<f7 1/))\>| <C- Hlln {|k + 2j(a—1) /25 |a+l} (88)
for some constant C > 0.
(i) if H has normal vector (—1, s1,82) with s1 > 3/2 or so > 3/2,
|<f7 w>\>| <C. 27j(0¢/2+1/4)a7 (89)

for some constant C > 0.
(iii) if H has normal vector (0, s1, s2) with s1,s2 € R, then (8.9) holds.

Proof. Let (j,k,m) € A;p, and fix & = (&1, &2, &3) € int(Q; ) Nint(supp ¥ )NIB.
We first consider the case (i) and (ii). Let (—1,s1, $2) be the normal vector to the
discontinuity surface OB at (&1, &2,43). Let OB be parametrized by (F(z2,23), 2, 23)
with £ € C° in the interior of S;,. We then have s; = 6(1’O)E(§’:2,Lf’:3) and so =
OOV E(iy, i3).

By translation symmetry, we can assume that the discontinuity surface satisfies
E(0,0) = 0 with (#1,Z2,&3) = (0,0,0). Further, since the conditions (i) and (ii) in
Theorem 6.1 are independent on the translation parameter m, it does not play a role
in our analysis. Hence, we simply choose m = (0,0,0). Also, since ¢ is compactly
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supported, there exists some L > 0 such that suppy C [—1, 1]3.

argument, we can assume L = 1. Therefore, we have that

By a rescaling

supp ¥;,k,0 C Pj -

where P; ;, was introduced in (8.3).

Fix f € £7(R3). We can without loss of generality assume that f is only nonzero
on B. We let P be the smallest parallelepiped which contains the discontinuity surface
parametrized by (E(z2, x3), T2, x3) in the interior of supp ¢; 1 0. Moreover, we choose
P such that two sides are parallel to the tangent plane with normal vector (—1, s1, $2).
Using the trivial identity f = xpf + xpef, we see that

(f, V5,00 = (XP S, ¥jk0) + (XPe fr 0 k0) - (8.10)

We will estimate |<f7 ¢j,k,0>| by estimating the two terms on the right hand side of
(8.10) separately. In the second term (xpef,1; k0) the shearlet only interacts with a
discontinuity plane, and not a general C'® surface, hence this term corresponds to a
linearized estimate (see Section 6.2). Accordingly, the first term is a truncation term.

Let us start by estimating the first term (xp f, ¥;.x,0) in (8.10). Using the notation

i€1 = kl + 2j(o¢—1)/2$1 and IACQ = k2 + 2j(o¢—1)/2$27 we claim that

ap1 273(/441/2) )
2

7(1+ |l§:1-|)°‘+1 (8.11)

\(xp fr i k0)| S min ((1 + 57)

We will prove this claim in the following paragraphs.

We can assume that IA€1 < 0 and 1%2 < 0 since the other cases can be handled
similarly. We fix |#3| < 277/2 and perform first a 2D analysis on the plane z3 = i3.
After a possible translation (depending on i3) we can assume that the tangent line
of OB on the hyperplane is of the form

€T = Sl(ii'3)$2 + 3.

Still on the hyperplane, the shearlet normal direction is (1,%;/27/2). Let d = d(i3)
denote the distance between the two points, where the tangent line intersects the
boundary of the shearlet box P; . It follows that

92—3/2
‘1 + k1 + 2j(a_1)/281 (fg)’

d(#3) S (1+ 51(3))"/?
as in the proof of Proposition 2.2 in [24]. We can replace s1(Z3) by s1 = s1(0) in the
above estimate. To see this note that £ € C® implies

s1(3) — 51(0) < |as[* 7 < 27970/,
and thereby,
—j/2 —j/2
277 < 277

1+k1+2j(a—1)/281(j3)’ ~ ‘14_];1_,_23‘(0471)/251(0) )

where ky = ki 4 27(@=1/2 (5, (&3) — 5,(0)). Since

k| — C < |ka| < |ka| +C



APPROXIMATIONS OF 3D FUNCTIONS BY COMPACTLY SUPPORTED SHEARLETS 37

for some constant C', there is no need to distinguish between k; and 12:1, and we arrive
at

9—3/2

A < 2\1/2 =
d(#3) S (1+57) 1+ |k1 + 23’(04*1)/251‘ '

d (8.12)

for any |23| < 279/,

The cross section of our parallelepiped P on the hyperplane will be a parallelogram
with side length d and height d® (up to some constants). Since |z3] < 277/2 for
(x1,x2,23) € Pjk, the volume of P is therefore bounded by:

—j(a/241)
< 9—3/2 jl+o _ 2y ofl 2™
vol(P) 5 2777°d (L+s) = a7 [y 1 20 D/25, [)art’

In the same way we can obtain an estimate based on ks and s, with k1 and s; replaced
by ko and so, thus

1 < mi 14 2)2 2y
2\ 3
vol(P) S min (1 +57) (11 [k + 2@ D2 ot [

Finally, using |(xpf,%jk0)| < [[¥jk,0] L VOl (P) = 27(/4F1/2) yol (P), we arrive at
our claim (8.11).

We turn to estimating the linearized term in (8.10). This case can be handled as
the proof of Theorem 8.1, hence we therefore have

9—ijle/4+1/2)  9—j(a/4+B/2+1/2)
}<f0(SS.)XQ,1/Jj),;7O>| < min {(1 + |si])? < + .

=12 (1+ [Eaf)r |k |
(8.13)
By summarizing from estimate (8.11) and (8.13), we conclude that
( _ { i)’ 9—ila/4+1/2)  9—j(a/4+B/2+1/2)
JVik0)| S ming (14 s; = + =
} 1/’]1@0” i=1,2 ( ) (1+|ki|)’Y*1 |/€Z|5
a1 20(0/441/2)
+(1 +s§)%A7}. (8.14)
(14 [Ra[)o+t

If s; < 3 and so < 3, this reduces to

9—ila/4+1/2)  9—jla/4+B/2+1/2)  9—j(a/4+1/2)
|<f7 1/’j,k,o>| < min _ + _ n g
i=1,2 (1 + |ki|)7*1 |k1|ﬁ (1 4 |ki|)a+1

9—i(a/4+1/2)
< min : 7
~i=1,2 | |k + 20(a-1D)/2g; ot
since v > 4 and 8 > «. On the other hand, if s; > 3/2 or s; > 3/2, then

|(fs¥jk0)| S 9—i(e/2+1/4)a.
which is due to the last term in (8.14). To see this, note that

ag1 279(a/4+1/2) 14 s2)% 9—j(a/4+1/2)

i (1 + |ky)o+1 15T (Iki/si + 29(@=D/2]jat1
9—ila/4+1/2)

_ o—jla/241/4)a
~ 9jla=1)(a+1)/2 =277
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This completes the proof of the estimates (8.8) and (8.9) in (i) and (ii), respectively.

Finally, we need to consider the case (iii), where the normal vector of the tangent
plane H is of the form (0, s1, $2) for s1,s2 € R. The truncation term can be handled
as above, and the linearization term as the proof of Theorem 8.1. O

9. Proof of Theorem 6.1. Let f € £7(R?®). By Proposition 7.2, for a < 3, we
see that shearlet coefficients associated with Case 1 meet the desired decay rate (6.2).
We therefore only need to consider shearlet coefficients from Case 2, and, in particular,
their decay rate. For this, let j > 0 be sufficiently large and let p € Z? be such that
the associated cube satisfies Q; ), € Q;, hence int(Q; ,) N IB # 0.

Let ¢ > 0. Our goal will now be to estimate first # |A; ,(e)| and then # [A(e)].
By assumptions on 9, there exists a C' > 0 so that ||¢]|, < C. This implies that

)] < Ul 1Al < O 202/,

Assume for simplicity pC = 1. Hence, for estimating # |A; ,(¢)]|, it is sufficient to
restrict our attention to scales

0<j<jor= logy (e71).

Cuase 2a. It suffices to consider one fixed & = (21, &2, &3) € int(Q, ) Nint(supp )
NOB associated with one fixed normal (—1, s1, s2) in each Q; ,,; the proof of this fact is
similar to the estimation of the term (xp f, 1 k,0) in (8.10) in the proof of Theorem 8.2.

We claim that the following counting estimate hold:

# ‘Mj,k.,Qj,p‘ ,S |k1 + 2j(a71)/251| + |I€2 + 2j(a71)/282| + 1, (91)
for each k = (ki, ko) with |ki|, |ko| < [27(2=1)/2], where
M;y.q,, = {m e Z>: |suppth; ., NOBN Q| # 0}

Let us prove this claim. Without of generality, we can assume Q := Q;, =
[-277/2273/2)3 and that H is a tangent plane to dB at (0,0,0). For fixed shear
parameter k, let P, be given as in (8.3). Note that supp k0 C Pj i and that

#IMj kol <C - #[{mi € Z: (Pip+ (27°9/%mq,0,0)) N HN QY|
Consider the cross section Py of ’Pj1 ¥

ky )
T ez T g n s

Po={recR?: x =0, |za|, |z3| < 279/%).
Then we have

Ainel £ #](m <20 G- 00) 001 0]
Note that for |za|, |z3| < 2-9/2,
H:xy — s1w0 — sawg =0, and

ks —_—
557201 P2t S5t 43 =

Po+ (2792my,0,0) : y — 279 2m,y + 0.
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Solving

k1 ko

—9—ai/2y, _
s122 + 8273 = 27T = oI ¥~ e U

we obtain
my = 2j/2((/€1 + 207207 D gy )z + (kg + 2j/2(a71)32)$3)'
Since |za, |x3| < 279/,
Ima| < |ky + 2072 D g | 4 |ky + 27/200Dg,y|.

This gives our desired estimate.

Estimate (8.8) from Theorem 8.2 reads T fwj(;a/f;;/:‘aﬂ 2 [{f,¥r)| > € which

implies that

(a/4+1/2)

|k + 20202, < C . g=V/(at1) 9= (9.2)

for i = 1,2. From (9.1) and (9.2), we then see that
#INpE)<C > #|Mjrg,, )]
(k1,k2)€K;(e)

<C Y ([l + 277D g [ky + 27272 4 1)
(k1,k2)€EK;(e)

< et 5o

3a/4+3/2)

where MJ kQJp {m S MJ kQjp - |<f, 1/}j,k,m>‘ > E} and Kj({:‘) = {k WA |kl +
2ila-1)/2g| < O 5—1/<a+1>2 (52,

Case 2b. By similar arguments as given in Case 2a, it also suffices to consider
just one fixed & € int(Q,,,) Nint(supp(¥y)) N OB. Again, our goal is now to estimate
[A5,(0)]

By estimate (8.9) from Theorem 8.2, |(f,1x)| > ¢ implies

C .27 9/241/Na 5 o
hence we only need to consider scales

. . 4 _
0<j<j1+C, wherej = mk’gz ().

Since Q;, is a cube with side lengths of size 277/2, we have, counting the number of
translates and shearing, the estimate

# |Aj,p| <C- 2j3(o¢—1)/2,
for some C. It then obviously follows that
# |0 p(e)| < O 2737D2,

Notice that this last estimate is exceptionally crude, but it will be sufficient for the
sought estimate.
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We now combine the estimates for # |A; ()| derived in Case 2a and Case 2b.
We first consider a@ < 2. Since

#1Q;l <C- 2.
we have,
'30( ljo 3 443 jl
#IA(e)] < Z 9i 9i3(a=1)/2 Z c—3/(at1) oj 22LER2 +3 279730/

J= 5o Jo J=0

Farido

Z 9i(Ba=1)/2 4 =3/(a+1) Z (sa4D +Z2J (Ba—1)/2

J=0 J=gaztdo J=0

22—a) 2(3a—1)
<ga+2 + £73/(a+]) . EID@IDE=D 4 ¢~ 22aFD) <e” <a+1><a+2)<%a . (9.3)

Having estimated # |A(e)|, we are now ready to prove our main claim. For this,
set N = #|A(e)], i.e., N is the total number of shearlets vy such that the magnitude
of the corresponding shearlet coefficient (f, 1) is larger than e. By (9.3), it follows
that

_ (a+D(a+2)(Ba=1)
e< N 9a2+17a—10

This implies that

2 .12 _2atl)(at2)Ba=1) g _6a347a%—11a+6
1f = fnlge S D le(HplP SNT - satsitato = SoTtiTa~10
n>N

which, in turn, implies

_ (et l)(at2)(Ba—1)
|C(f)7v| <C-N 9a24+17a—10

Summarising, we have proven (6.2) and (6.3) for o € (1,2). The case o = 2 follows
similarly. This completes the proof of Theorem 6.1.

10. Proof of Theorem 6.2. We now allow the discontinuity surface 9B to be
piecewise C*-smooth, that is, B € STAR*(v, L). In this case B is a bounded subset
of [0, 1]3 whose boundary 9B is a union of finitely many pieces By, . ..,0B which
do not overlap except at their boundaries. If two patches 0B; and 0B; overlap, we
will denote their comment boundary OI'; ; or simply 0I'. We need to consider four
new subcases of Case 2:

Case 2c. The support of ¥, intersects two C'* discontinuity surfaces 0B; and 0Bs,
but stays away from the 1D edge curve 0I'; 5, where the two patches 0By,
0B> meet.

Case 2d. The support of 1 intersects two C'* discontinuity surfaces 0B;, 0By and
the 1D edge curve OI'; 2, where the two patches 0B, 0B meet.

Case 2e. The support of ¥, intersects finitely many (more than two) C'* disconti-
nuity surfaces 0Bi,...,0By, but stays away from a point where all of the
surfaces 0By, ..., 0B meet.

Case 2f. The support of ¢, intersects finitely many (more than two) C* discontinuity
surfaces 0B1,...,0Br, and a point where all of the surfaces dBi,...,0B
meet.
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In the following we prove that these new subcases will not destroy the optimal
sparse approximation rate by estimating # |A(¢)| for each of the cases. Here, we
assume that each patch 0B; is parametrized by C'* function F; so that

0B; = {($1,$2,$3) S R3 X1 = Ei($2ax3)}

and [|E;||n < C. The other cases are proved similarly. Also, for each case, we let Q; ,
be the collection of the dyadic boxes containing the relevant surfaces 0B; and may
assume p = (0,0,0) without loss of generality. Finally, we assume supp® C [0,1]3
for simplicity and the same proof with rescaling can be applied to cover the general
case. We now estimate # |A(g)| to show the optimal sparse approximation rate in
each case. For this, we compute the number of all relevant shearlets 1; j ,, in each of
the dyadic boxes Q; , applying a counting argument as in Section 9 and estimate the
decay rate of the shearlets coefficients (f, ¥; k.m)-

(0B1)z4
Ly(z3)

(SUPP ¥j,k,m )5

Lo(%3)

(0B2)z,4

Ficure 10.1. Case 2c. A 2D cross sections of supp ¥y and the two discontinuity surfaces OBy
and 0B3.

Case 2c. Without loss of generality, we may assume that (&1, Z2,0) and (&}, &, 0)
belong to dB1 Nsupp ¥ i,m N Q;p and dBa Nsupp ¥ i,m N Q; p respectively for some
Z1,9,2, 2, € R. Note that for a shear index k = (k1, k2) and scale j > 0 fixed, we
have by a simple counting argument that

2

# ﬂ{m € Z* : int(supp ¥j x.m) NOB; N Q;p # 0}‘
i=1
< C min {|ki yoila=D/25) 4 1} (10.1)

1=1,2

where 51 = 0O Ey(i,0) and s = 9OV Ey(#),0). For each &3 € [0,279/2], we
define the 2D slice of supp ¥ i,m by

(SUpp ¥j k,m)as = {(x1,22,23) : (21,22, L3) € SUPP YV} jo,m }-

We will now estimate the following 2D integral over (supp ¥; k.m )i

ijkym(ig) = / f(xl,{EQ,i3)1/)j1k7m(I1,IQ,@g)dIld{EQ. (102)
(Suppw]‘,k,m)@



42 G. KUTYNIOK, J. LEMVIG, AND W.-Q LIM

This integral above gives us the worst decay rate when the 2D support (Supp ¥; k,m )z
meets both edge curves, see Figure 10.1. Therefore, we may assume that for each &3
fixed, the set (supp ;. x,m)z, intersects two edge curves

(8Bz)j3 = {(.Il,{EQ, 573) : (Il, T, 573) S 8BZ N Qj,p} for 1 = 1, 2.

By a similar argument as in Section 8.2, one can linearize the two curves (0B1)z,
and (0Bs)s, within (supp ¥ x,m)ss. In other words, we now replace the discontinuity
curves (0B1)z, and (0B2)s, by

Li(Z3) = {(si(@3)(x2 — L2) + 1,22, &3) € Qj p N (SUPD V) km ), © T2 € R}

where

si(23) = %;7903) for some (&1, T2, &3) € (0B;)sz, and i = 1,2.
2

Further, we may assume that the tangent lines L;(&3) on (Supp;km)sz, do not
intersect each other. In particular, one can take secant lines instead of the tangent
lines if necessary. The truncation error for the linearization with the secant line
instead of linearization with the tangent line would not change our estimates for
#|A(e)|. Now, on each 2D support (Supp ¥; k,m )z, we have a 2D piecewise smooth
function

flx1, 2, 23) = fo(x1, x2, T3) X0, + f1(z1, 22, £3) X0,

where fo, fi € C? and Qq,Q; are disjoint subsets of [0,277/%]? as in Figure 10.1.
Observe that

[ = foxao + fixa, = (fo— fi)xa, + f1

on Q;, N (SUPp ¥ k,m)z,- By Proposition 7.3, the optimal rate of sparse approxima-
tions can be achieved for the smooth part fi. Thus, it is sufficient to consider the first
term (fo — f1)xq, in the equation above. Therefore, we may assume that f = goxq,
with a 2D function go € C” on Q;, N (SUPP ¥, k.m )#5- Note that the discontinuities of
the function f lie on the two edge curves L;(Z3) for i = 1,2 on Q;, N (SUPP Y k,m )i -
Applying the same linearized estimates as in Section 8.1 for each of edge curves L;(Z3),
we obtain

9—ja/4
; 7 <
|1, km (23)] < g% { (L F [ £ 290 D725, (25 )01 } )

By similar arguments as in (8.12), we can replace s;(Z3) by a universal choice s; for
i = 1,2 independent of #3. Since @3 € [0,279/2], this yields

| = { s } |
Bl <] 2L 10.3
Wikm: I 050 e |

where /%l = ky + 2/(@=1/2g, for 4 = 1,2 as usual. Also, we note that the number of
dyadic boxes Q; , containing two distinct discontinuity surfaces is bounded above by

29/2 times a constant independent of scale j. Moreover, there are a total of [27%% | +1
shear indices with respect to the parameter ky. Let us define

K;(e) = {kl €Z: ln:ulu;{(l + |l;:i|)_(o‘+l)2_ja7+2} > a} .
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By (10.1) and (10.3), we have

stz log(e™h)
5 sa—1 ~
#lAEls 3 2P S0 min {1+ ki)
=0 ki€K;(e)

Without loss of generality, we may assume |k1| < |ks|. Then

%H log (5_1) %ﬂ .
j jol 7 . a®—2
#INIS Y, PPN (L) Seae Y e < ematz,
=0 k1€K; (<) =0

Letting N = # |A(¢)|, we therefore have that ¢ < N~*#. This implies that

If = fallge S D el S N2,

n>N

and this completes the proof.

Case 2d. Let OT' be the edge curve in which two discontinuity surfaces 0B; and
0By meet inside int(supp ¢ x,m). Let us assume that the edge curve OI' is given
by (Ei(x2, p(x2)),x2, p(x2)) with some smooth function p € C*(R). The other case,
(E1(p(x3),23), p(x3),23) can be handled in similar way. Without loss of generality,
we may assume that the edge curve T passes through the origin and that (0,0,0) €
sSupp ¥ x,m. Let k = p’(0), and we now consider the case || < 1. The other case,

A T2

“——Lo

<«—0DB>

(SUPP Y5, k,m ) é5

I

Ficure 10.2. Case 2d. The support of 1y intersecting the two C'* discontinuity surfaces OB,
0By and the 1D edge curve OI', where the two patches OBy and 0Bs meet. The 2D cross section
(SUpPpP ¥, k,m) s 15 indicated; it is seen as a tangent plane to OT.

|| > 1, can be handled by switching the role of variables xo and x3. Let us consider
the tangent line Ly to OI' at the origin. We have

T

o ~ 9E1(0,0) _ 9E41(0,0)
(s1 + Ks2)

T3
Lo: zacgzz, where S1= "5, and so = s

For each i3 € [0,277/2] fixed, define

(Supp ¥j k,m)as = {(z1, 22, KXo + T3) € SUPP Y oo © T1, T2 € R}
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Also, let

A o To,T: I o To,%: o OB (%),2x o OFEo (&), ,i:
1(x3) _ Elg;i m), S%(xg) _ Elé(?zz m), S%(xg) _ 2(%2 ac'a)7 S%(IE ): 2(%2 23)

for some I, ¥, € R such that
(E1(Z2,#3), &2, 23) € OB1 N (SUPP V) k,m )5 (10.4)

and

(El (fIQ, fg), 12'/2, Li'3) € 0Bs N (supp "/Jj,k,m)ig' (105)

If such a point &2 (or &%) does not exist, there will be no discontinuity curve on
(Supp ¥j.x,m )z, which leads to a better decay of the 2D surface integrals of the form
(10.2). Therefore, we may assume conditions (10.4) and (10.4) holds for any &3 €
[0,279/2]. For ky fixed, let ky = (k1 + rks) + 23'&771(51 + Ks2). Applying a similar
counting argument as in Section 9, for the shear index k = (/%1, k) fixed, we obtain an
upper bound for the number of shearlets 1; i intersecting OI" inside Q; ,, as follows:

# 1{(j. k,m) : int(supp e em) N Qjp N AT # B} < O ([ | + 1). (10.6)

Notice that there exists a region P such that the following assertions hold:

(i) P contains 0T inside supp ©; k.m N Qj p-

(i) P C {(z1,22, k22 + t) € suppYjpm : 0 < t < b} Nsupp ¥ p,m for some
b>0.
Here, we choose the smallest b so that (i) holds. For each &3 € [0,277/2] fixed, let
H;, = {(x1, 22, kxo + &3) : 1,22 € R}. Applying a similar argument as in the proof
of Theorem 8.1 to each of the 2D cross sections P N H;, of P, we obtain

. 1 o+l
vol(P) $2772 (|I% |2j/2) : (10.7)
1

Figure 10.2 shows the 2D cross section of P. Let us now estimate the decay rate of
shearlet coefficients (f, 1 r.m). Using (10.7),

[ s@sn@e] < | [ 1@suneis]+] [ 1@ nntasl
9—i(28)

= CW +’ - f(x)1/)j,k,m(:17)dx‘ (10.8)

Next, we compute the second integral [o,. f () km(x)dz in (10.8). For each &3 €
[0,277/2], define

(SUpp V5 k,m)as = Hzy N SUPP Vg i,m N PC.

Again, we assume that on each 2D cross section (supp; x,m)z, there are two edge
curves 0B1 N H;, and 0By N Hj;, since we otherwise could obtain a better decay rate
of (f,%¥jkm). As we did in the previous case, we compute the 2D surface integral
L e.m(Z3) over the cross section (Supp;i.m)s, defined as in (10.2). Applying a
similar linearization argument as in Section 8.2, we can now replace the two edge
curves 0B; N H;, for i = 1,2 by two tangent lines as follows:

Ll(fig) = {((s}(ﬁc;;) + Iisé(ig))fﬂg + &1, 9 + 2o, ka2 + .’2‘3) eR?: To € R}
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and
Lo(#3) = {((s3(23) + ks3(23))x2 + &, T2 + &4, koo + £3) € R® : 25 € R}.

Here, the points &1, T2, &), and &4 are defined as in (10.4) and (10.5), and we may
assume that the two lines L;1(Z3) and Lo(Z3) do not intersect each other within
(SUPp ¥j.k,m)#4; otherwise, we can take secant lines instead as argued in the pre-
vious case. Let Qgz, be the projection of (Supp v x.m)z, onto the x1x2 plane. By the
assumptions on 1, we have

Ijﬁkﬁm(jfg) =V 1 + ,{2 f(xl, T2, KT + £3)¢j,k,m($17 To, KT —|— ig)d.fgdfbl
Qg

:2jaT+2\/1+m2 f(z1, 29, Kxg + &3)

Qg
92,21/2@3 (2ja/2$1 + 2972 (ky + kok)ao + 292 ko 5, 2j/2$2)d$2d$1

The integral above is of the same type as in (8.5) except for the &3 translation param-
eter. The function f(x1,x9, kxe + &3) has singularities lying on the projection of the
lines L1(Z3) and Lo(#3) onto the xyxe plane which do not intersect inside int(Qz., ).
Therefore, we can apply the linearized estimate as in the proof of Theorem 8.1 and
obtain

Ca e . . —a—1
|I‘7k7m(i'3)| < Clrgfli)é {2_]4 (1 + |(/€1 + sz) + 2]71(811 (:@3) + ﬁsé(ig)”) } .

By a similar argument as in (8.12), we can now replace s, (Z3) by universal choices s;
for 7,7’ = 1,2 respectively, in the equation above. This implies

_jot2
’ - f(x)wj,k,m(:r)dx’ < O(lil;fﬁ' (10.9)
Therefore, from (10.8), (10.9), we obtain
279
[(fs ¥ e,m)] < OW. (10.10)

In this case, the number of all dyadic boxes @, containing two distinct discontinuity
surfaces is bounded above by 27/2 up to a constant independent of scale j, and there
are shear indices [2/°7] + 1 with respect to ky. Let us define

K5(e) = {Iy €2 (14 Jly])~@D279%H > e

Finally, we now estimate # |A(g)| using (10.6) and (10.10).

%Hlog(afl)
#AEl<c Y PP YT (k) <O
j=0 k1€K;(e)

which provides the sought approximation rate.
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Case 2e. In this case, we assume that f = foxa, + fixo, with fo, f1 € C?, and
that there are L discontinuity surfaces 0Bi,...0By inside int(supp; x,m) so that
each of the discontinuity surfaces is parametrized by x; = E;(z2,23) with E; € C®
fori=1,...,L. For each 3 € [0, 2_j/2}, let us consider the 2D support

(SUpp ¥j,k,m)as = {(21, 2, 23) € SUPP Yjk,m : 21,22 € R}
On each 2D slice (Supp t.k,m )z, let
AT, = (supp ¥y em)zs NOB;  fori=1,... L.

Observe that there are at most two distinct curves 9" and 81"2{3 on (Supp ¥ k,m)s
for some i,7 = 1,..., L. We can assume that there are such two edge curves 81"3123 and
or3, for each i3 € [0,277 /2] since we otherwise could obtain better decay rate of the
shearlet coefficients |(f,; ,m)|. From this, we may assume that for each &3, there
exist (571,572,573) and ({fll,.f&,jfg) S int(supp 1/}j,k,m) such that (571,572,@3) S 81—‘1(@3)
and (2,25, 23) € OT?(23). We then set:
s51(23) = 78&(;?2’22) and s1(23) = 78E2éi;’i2).

Applying a similar linearization argument as in Section 8.2, we can replace the two
edge curves by two tangent lines (or secant lines) as follows:

Ll(,fg) = {(S}(ig),fg + 21, T9 + To, fg) 1 X9 € R}
and
L?(23) = {(s1(&3)z2 + &), w2 + &, 33) : 22 € R} .

Here, we may assume that the two tangent lines L'(Z3) and L?(#3) do not intersect
inside (Supp ¥ k,m)as N Qj,p for each &3. In fact, the number of shearlet supports
¥ k.m intersecting Q; , N OB N---NIByL, so that there are two tangent lines L*(23)
and L?(#3) meeting each other inside (Supp ¥ k.m )z, for some &3, is bounded by some
constant C' independent of scale j. Those shearlets 1, . .., are covered by Case 2f, and
we may therefore simply ignore those shearlets in this case. Using a similar argument
as in the estimate of (8.5), one can then estimate I n(Z3) defined as in (10.2) as
follows:

2771
I jm(#3) < C min SR .
S| (L [k 42757 sl (@)

A_gain, applying similar arguments as in (8.12), we may replace the slopes st (#3) and
s} (Z3) by universal choices s%(0) and s} (0), respectively. This gives

2*jQT+2
i em)| < C ma — 5, 10.11
|<f 1/)J,k, >| i=1. L { (1 + |ki|)a+1 } ( )

where l;:{ = 5! (0)23‘(1771 + ki for i = 1,..., L. Further, applying a similar counting
argument as in Section 9, for k = (k1,k2) and j > 0 fixed, we have

i |{(]7k7m)} ;(SuI:I: w] v L) E‘Elm E‘EL QLP? E|
< 1 1 ]+ k . 1()12
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In this case, the number of all dyadic boxes Q;, containing more than two distinct

discontinuity surfaces is bounded by some constant independent of scale 7, and there
are [27 %] + 1 shear indices with respect to ko. Let us define

Kj(e) = {k1 €Z: 1:H11aXL{(1 + |/A€11'|)7(0‘+1)27ja7+2} > E} .

Finally, using (10.11) and (10.12), we see that

%ﬂlog(sfl)
jo—1 . i 2
[A(e)| < C Z 2072 Z i:rflf.r.l,L{l + |k}|} < Ce™wva,
=0 ki€ K ()

This proves Case 2e.
Case 2f. In this case, since the total number of shear parameters k = (ki, ko) is
bounded by a constant times 27 for each j > 0, it follows that

#IMjp(e) <C- 2.

Since there are only finitely many corner points with its number not depending on
scale j > 0, we have

%”1032 (e
#Ael<c Y <0,

=0

which, in turn, implies the optimal sparse approximation rate for Case 2f. This
completes the proof of Theorem 6.2.

11. Extensions.

11.1. Smoothness parameters o and 3. Our 3D image model class £7(R?)
depends primarily of the two parameters a and 3. The particular choice of scaling
matrix is essential for the nearly optimal approximation results in Section 6, but
any choice of scaling matrix basically only allows us to handle one parameter. This
of course poses a problem if one seeks optimality results for all o, 5 € (1,2]. We
remark that our choice of scaling matrix exactly “fits” the smoothness parameter of
the discontinuity surface «, which exactly is the crucial parameter when § > « as
assumed in our optimal sparsity results. It is unclear whether one can circumvent the
problem of having “too” many parameters, and thereby prove sparse approximation
results as in Section 6 for the case f < a < 2.

For o > 2 we can, however, not expect shearlet systems SH (¢, v, 15, zZ) to deliver
optimal sparse approximations. The heuristic argument is as follows. For simplicity
let us only consider shearlet elements associated with the pyramid pair P. Suppose
that the discontinuity surface is C2. Locally we can assume the surface will be of the
form 1 = E(z2,73) with E € C?. Consider a Taylor expansion of E at (z}, z}):

Blag,0) = Bl a5) + (01O B (], a) 00VE(h o) (12)

OO E(g, OV E((E, x
+ (962 UCB) (6(1,1)EE§1,Z; 6(0’2)EE§1=Z§) ($z> (11.1)
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Intuitively, we need our shearlet elements v; 1. ., to capture the geometry of 0B. For
the term FE(x,x}) we use the translation parameter m € Z3 to locate the shearlet
element near the expansion point p := (E(x},25), 25, 2%). Next, we “rotate” the
element t; j n, using the sharing parameter k € Z? to align the shearlet normal with
the normal of the tangent plane of B in p; the direction of the tangent is of course
governed by 900 E(x}, x4) and 9V E(z),25). Since the last parameter j € Ny is
a multi-scale parameter, we do not have more parameters available to capture the
geometry of OB. Note that the scaling matrix Ay; can, for a = 2, be written as

2 0 0 2 0 0\’
Ayy=[0 272 0 | =0 22 0
0 0 29/2 0 0 22

The shearlet element will therefore have support in a parallelopiped with side lengths
277, 279/2 and 277/2 in directions of the 1, x2, and x3 axis, respectively. Since

|oxs| <279 22 <279 and 22 <277,

for |z, 23] < 277/2, we see that the paraboliodal scaling gives shearlet elements of
a size that exactly fits the Hermitian term in (11.1). If 9B € C* for 1 < o < 2,
that is, £ € C% for 1 < a < 2, we in a similar way see that our choice of scaling
matrix exactly fits the last term in the corresponding Taylor expansion. Now, if the
discontinuity surface is smoother than C?, that is, 9B € C® for a > 2, say 9B € C°,
we could include one more term in the Taylor expansion (11.1), but we do not have
any more free parameters to adapt to this increased information. Therefore, we will
arrive at the same (and now non-optimal) approximation rate as for 9B € C?. We
conclude that for @ > 2 we will need representation systems with not only a directional
characteristic, but also some type of curvature characteristic.

For a < 1, we do not have proper directional information about the anisotropic
discontinuity, in particular, we do not have a tangential plane at every point on
the discontinuity surface. This suggests that this kind of anisotropic phenomenon
should not be investigated with directional representation systems. For the boarder-
line case a = 1, our analysis shows that wavelet systems should be used for sparse
approximations.

11.2. Needle-like shearlets. In place of Ay, = diag(2%9/2,27/2 21/2), one
could also use the scaling matrix Ay; = diag (27%/2,27%/2 27/?) with similar changes
for Ay; and 1212]'. This would lead to needle-like shearlet elements instead of the plate-
like elements considered in this paper. As Theorem 6.2 in Section 6.1 showed, the
plate-like shearlet systems are able to deliver almost optimal sparse approximation
even in the setting of cartoon-like images with certain types of 1D singularities. This
might suggest that needle-like shearlet systems are not necessary, at least not for
sparse approximation issues. Furthermore, the tiling of the frequency space becomes
increasingly complicated in the situation of needle-like shearlet systems which yields
frames with less favorable frame constants. However, in non-asymptotic analyses,
e.g., image separation, a combined needle-like and plate-like shearlet system might be
useful.

11.3. Future work. For o < 2, the obtained approximation error rate is only
near-optimal since it differs by 7(«) from the true optimal rate. It is unclear whether
one can get rid of the 7(a) exponent (perhaps replacing it with a poly-log factor)
by using better estimates in the proofs in Section 8. More general, it is also future
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work to determine whether shearlet systems with «, 5 € (1, 2] provide nearly or truly
optimal sparse approximations of all f € £7(R3). To answer this question, one would,
however, need to develop a completely new set of techniques. This would mean that
the approximation error would decay as O(N~ mi“{a/2’2ﬂ/3}) as N — oo, perhaps with
additional poly-log factors or a small polynomial factor.

Acknowledgements. The first and third author acknowledge support from DFG Grant
SPP-1324, KU 1446/13. The first author also acknowledges support from DFG Grant KU 1446/14.

Appendix A. Estimates. The following estimates are used repeatedly in Sec-
tion 5 and follows by direct verification. For ¢t = 27" ie., —logyt =m, m € Ny :=
NU {0}, we have

—log, t 9
Z 277)" = (2 = T for o # 0,
{j€Ng:2=I >t} j=0 -
. s . tL
S ee £ et s
{jENg:2—i <t} j=—log, t -
For t € (0,1], we have [—log, t] € Ny and therefore
) [—log, t] ] 1~ _9—t
Z (2_3)_L = (2L)] < ﬁ for + > 0, (Al)
{j€ENg:2=I >t} j=0 -
) i ) t
Yoeiy= Y @W<i—s fri>0 (A2)
{jeNg:2-7 <t} j=[—log, t] -

where we have used that 2l71082t] < ¢=1 and 2-[-log2t] = gllogat] < ¢ For ¢ > 1 we
finally have that

o0

Z (2_j)_L =0 and Z (2_j)L = 2(2_L)j = 1 _127L' (AS)

{j€Np:2-7 >t} {j€Np:2-7 <t} =0

Appendix B. Proof of Proposition 5.2. We start by estimating I'(2w), and
will use this later to derive the claimed upper estimate for R(c). For brevity we will
use K := [—[27(@=1/2] [23(e=D/2]] and k € K, to mean ki, ks € K;. By definition
it then follows that

F(2w1, 2&)2, 2W3)

Sesssup Y Y |4 (279002 k2 2 42702 ka2 I 2 + 270 ) |
EER? S0 kek;

: ’1/; (27”/251 + 2w, k1277928 + 27928y + 2w, ke279 28y 4 279/2¢5 + 2013)} -
For each (wq,ws,ws) € R3\ {0}, we first split the sum over the index set Ny into

index sets J; = {j > 0:[2779/2¢)| < [lw|| .} and Jo = {j > 0: [279%/2&| > ||w| . }-
We denote these sums by I; and Is, respectively. In other words, we have that

F(Zwl, 2LLJ2, 2&.)3) S €SS sup([l + IQ), (Bl)
£ERS
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where

I, = Z Z ’1/3(27”‘/251%1277‘0‘/251 +279/2gy ko279 2, 4 27j/2§3)’
jeJ1 keK;

[0 (279026 + 21, I 2792+ 279726, + By, k22 4+ 27912 4 )|
and

L= 3 |6 (27 e, 2 72 4+ 27926 k290 2 + 270 )|

jE€J2 kEK;

' ‘@ (2_ja/2§1 + 2w1, k1 277972€1 + 2791285 4 Qg kg2 I0/28 + 279265 + 2w3)‘ .

The next step consists of estimating I; and I, but we first introduce some useful
inequalities which will be needed later. Recall that § > 2y > 6, and ¢,q’,r, s are
positive constants satisfying ¢/, r, s € (0,q). Further, let v/ = v —~' for an arbitrarily
fixed 7/ satisfying 1 < v < v—2. Let + > v > 3. Then we have the following
inequalities for z,y, z € R.

min{1, |gz|*} min{1, |ry|~7} < min{1, |gz|*~7} min {1, |(q:v)_1ry|_v} , (B.2)

1+z2
Tty

gl
min{1, |z|~7} min {1, ' } <27 |y|77 min{l, 2|77 }max{1,|14+z|" }, (B.3)

1"

min{1, |gz|' ™"} min{1, |¢'z[ " }z|"" < (¢)77, (B.4)
and

min{1, g7} min{1, [zl Ml < (¢/)" mind1, lgal*"*" }mind1, |z},
(B.5)
We fix ¢ € R? and start with I;. By the decay assumptions (4.1) on ¥, it follows
directly that

<Y min {lg27707%6 °,1 f min { |2 799/2¢, 77,1}

JE€J1
. 5
- min {}q(23°‘/2§1 + 2w1)} , 1} min {
Z min{ |T(k12_ja/2§1 + 2_j/2§2)‘77} min{ ‘T(k12_ja/2§1 + 2_j/2§2 + 2w2)|7’y}
k}leKj

Z min { ’s(k227j°‘/2§1—|- 273‘/253)’77} min { ’s(k227j°‘/2§1—|- 279/2¢5 4 2w3)’7’y}.
ko€ K;

J(2/2%, 4 2wl)’_7 , 1}
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Further, using inequality (B.2) with ¢« = ¢ and ¢ = 2§ twice,

1<y min {Jg277/26 72,1 L min {|¢'277/ 2677, 1}

ViSO
5—2y
’ ,l}min{

- min { ’q(27j°‘/2§1 + 2w1

)
E:mm{

. -
q/(27ﬂa/2§1 +2w1)’ ,1}

r -
_(k1+2JTf2) .1
k1EZ q
. 2WQ G-l g, - 2w1 v
mln{‘a {<72_ja/2€1>+(k1+2 2 ) 1+2_ja/2€1 ,1
s _ —
Zmin —(kg—l—?JT&) 1
ko €Z q
] 2w3 st e N 2w |7
mln{;[(W)—F(kz-FQ 2 E_l) 1+m ;15 (BG)

where we, e.g., in the sum over ki, have used paraphrases as

T(k127j0‘/2§_1 +277/2¢,) _r (kl + i &5t 5_2)
q2*]0¢/2§1 El

and

q|\2-992¢

(k1 2790128, 4 279/2¢, + %) o ( 2ws )
q(277%/2¢; + 2wq) q

-1
2&)1
(1+ 5ot )

We now consider the following three cases: [[w||, = |wi| > [279%/2& |, |w|l =
|wa| > [2799/2¢4], and [|w]| . = |ws| > |277%/2£;|. Notice that these three cases indeed
do include all possible relations between w and &;.

Case I. We assume that |||, = |wi| > [279%/2&|, hence [277%/2¢; + 2w:| >

w1 Using the trivial estimates min{|q(277%/2¢; + 2w1)‘672’y 11 <1,

) 2w jasle 7
mm{EKW)W’““ =¢) st

and analogue estimates for the sum over ko, we can continue (B.6),
/o—ja/2 -
q (27776 + 2w1)‘

-
15

sa—1
+ (k277 2)

- 2&)1

1+ 57,

L < Z min {|q2_ja/2§1|6_2v, 1} min {|q’2‘j“/2§1|‘”, 1}

JjEJ1
- - ; 5 725t &
Zmln , 1 Zmln a(kg—i—Q 5—1)
ko €Z

ki1 €Z

sa—1
(1 + 27 g)

T
q
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Our assumption ||w|| = |w;| implies |¢/(277%/2¢; + 2w;)|” " < ||¢/'w||". Therefore,

. -
q27 2| ,1}

_ . §—2v
h< el 2 3 min {fa 2| 1 win §

JEJ

qz (,HQJ )7”1 S S min g |2 (k4 20%5 )
min 1 & , 5 qmln p 2 &

k1 GZ ko €Z

-
15

By the estimate (5.4) with y =7/¢ <1 (and y = s/q < 1) as constant, we can bound
the sum over k; (and ks), leading to

i< el Y min {226 1 b min {

je€N

q2 ] }Qcm?cm

Taking the supremum over {; = 11 /¢ € R and using equations (A.1) and (A.2) as in
the proof of Proposition 5.1 yields

. -
/ 7124ja/2n1‘ ,1}

q2 , -2y
L <=C()?|ldw| . sup Z mln{‘23°‘/2n1‘ ,1}min{
rs meR
JEJ1
2
q 200 =Y 2 q 1
< Lo 1wl (| 2ron (4) | + r—gmmm +1): B.7)

Case II. We now assume that ||lw|, = |wa| > [2779/2¢|. For v = o/ + 4",
> +2>3,4">1,+9">2by (B.3)

e - 1+T
min{‘i(kl—i-QjTlg—f) ,l}min 277028 1
! ' s (g th 2T )

- r a1 -7 2w
1 — J &2 1
mln{‘q(k1+2 2 51) , 1 5> max ‘1+2ja/2§1

Applied to (B.6) this yields

r 2wy

q2730/2g

27//

'YH
,1

L < Z min {|q2_ja/2§1|6_2v, 1} min {|q'2_ja/2§1 =7, 1}

JjEJ

. 6—2v . —
-min{‘q(2_]a/2§1+2w1)‘ ,l}min{ q'(2_]o‘/2§1+2w1)‘ ,1}
77// T‘ - 7’)[/ 2w 'YH

: r i & _ o
mln{‘q(k1+2 z 1) ,1 » max ‘1"_23@/251 , 1

_7,1}. (B.8)

r o 2wo
q2792/2¢

>

k1 EZ

(ks +27°5 &)

(]
E.

=}
—N—
| ®»
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Hence, by estimate (5.4),

2
g Nior, 11— : —ja/2¢ 16-2 : lo—ja/2¢ |—
L <2 Lomor) 2zl Y min {27267, 1 f min {|g277/% 7,1

JEJ1
: —ja/2 =2y : /o—ja/2 -
- min ‘(J(Q ! §1+2w1)‘ ;1 p min ’fI(Q ! §1+2w1)‘ 1
1" 'Y,,
—jor/2 v 2w1
’2 51’ max{‘1+72ja/2€l ,1}. (B.9)

We further split Case II into the following two subcases: 1 < |1 + 2,JQQ%gJ and
1> 1+ 2,]2+}2£| Now, in case 1 < |1+ W| then obviously
2W1

1+ 72_”[/251

, 5" 7" , ~y"
’2_30‘/251’ max < 1, < ’2_”/2514—2&)1‘ ;

which used in (B.9) yields

2
L < LemeE)ze)2” > min{la279/26 72, 1} min {|g277/2, 77,1}

rs
FISEA

] §—2v ) —y . ¥
.min{‘q@—ﬂx/?gl —1—20,)1)‘ ,1}min{ q/(2_Jo¢/2§1 —1—20,)1)‘ ,1} ’Q—Joz/2§1 +2w1‘ R

Hence, by inequality (B.4) with c =6 — 7, i.e.,

"
"

. 6—2v . — . v
min{’q(2_3a/2§1 —|—2w1)‘ ,l}min{‘q/(2_3a/2§1 —|—2w1)‘ ,1} ‘2_70‘/251 +2w1‘ <(¢) 7,
we arrive at

2 . .
1< LomeE) Gl Y min {Jg279/26 72,1 f min {|g'27/ 267, 1}

" jeJ1
2
L dr 2 4 ot
< LemeE)gtul (L[ logg(q/)-‘ + 5t 1)- (B.10)

On the other hand, if 1 > |1+ W| then,

min{’q(2_j%§1 + 2w1)’67’y, 1} min{’q/(Q_j%& + 2w1)‘77, 1} max{’l + 3““ "Y”, 1} <1,

151

for all j > 0. Hence from (B.9), by employing inequality (B.5), we arrive at

1"

q2 r : —i% 6—2v . Io—j< —y - ke
I < =CHCHE)Ew|" Y min g2 7267, 1pmin{ |¢2772&[ 7,1} 27724

rs

je1
2 a " . —iS e =
Sz_SO(V)C( )”er ~' Z(q/)f'y min{|q2_32§1|5*27+7 ,1}m1n{|q/2 J2§1| 771}
jeJ1

IN

2
q ' o 2 q 1
—C(MCH) 1wl ([a 1og2(?)—‘ T o T 1)- (B.11)

rs
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Case II1. This case is similar to Case II and the estimates from Case II hold with
the obvious modifications. We therefore skip the proof.

We next estimate I». First, notice that the inequality (B.6) still holds for I with
the index set J; replaced by Jo. Therefore, we obviously have

I < 3 min {|g277°/%6 27,1 } min {q'279°/26,| 7,1}

JEJ2
. r ja-le - . S ja=lg -
g min [— (k3 +2777 32 1 g min [— (kg + 2777 32 15
q fl q fl
ki1€Z ko€Z
by (5.4),

2 . .
n< Loy min{le2 7026720, min {|g2 77026 1}

r
Jj€J2
'S 2 -
< —C()lldwl - (B.12)
s
Summarising, using (B.1), (B.7), and (B.12), we have that
2 2 2 2
¢ C(y) ( (q) 1 1 ) ¢ Cy° 1
I'(2w) < — 1 — —
@) < e 2\ | T T T o) T geln o
whenever |lw||., = |wi|, and by (B.10), (B.11), and (B.12),

) < £ (2 iog, ()] + o + T +2)

" ||q"“i“%w|\zé’ @ q 1—270+2y 1 —2-0+27—"

¢ C(v)?

rs lgwll
otherwise. We are now ready to prove the claimed estimate for R(c). Define
Q={meZ:|mi| > |mg| and |mi| > |ms|},
and
Q= {m e Z%: ' my| > 5 ma| and ¢ ' my| > 5t masl}

If m € Q, that is, if ¢; *|my| > 5 *|ma| and ¢ mi| > ¢ *|magl, then

2 2 v
_ ¢ C(v)* (2 q 1 2
r+M-'m) <L -~ ( 1 (—) )
(EMm) < rs ||m|7 < q 082 q + 1 — 2—0+27 * 1—2-7

= (Ty + Ts) [mll

If on the other hand m € Q°\ {0}, that is, if ¢ ' m1| < ¢ Hmal| or ¢ tmi| < ¢5 ' |ms|
with m # 0, then

2 ’ ¥
_ 7* C(v)C(Y') (2qce q 1 1
DEM'm) < L . (21 (—)+
(M m)_TS il 7 08, . 1_276”7—1—1_2774—

/
1 1 P CH)? [(2¢1\7 1 ”
g ) (=4 — (Ty+ T g
1 —2-0+2v—" * 1- 2—V’) + rs||m|2 \ ¢ 1—2-7 (T2 +Ts) [Im 1 ,
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Therefore, we obtain

Rle)= Y (DM, 'm)T(~M,; 'm))""?
meZ3\{0}

< z:~T1Hm||EJ+T3Hm||;o7 + Z Tallmls + Tslmll
meQ meQe\{0}
(B.13)

Notice that, since O C Q,

S qlml < Y (im0

mGQ meQ
Also, we have
—~" . C1 i
7 < -1 gl
Z [l | _3m1n{{62-‘ ,2} Z ||| =7
meQe\{0} meQe\{0}
Therefore, (B.13) can be continued by
— _ . C1 e
R(c) < Y v —= L
@<t ¥ ol 41 Y i+ smin{ |22 Y gl
meZ3\{0} meQ meQc\{0}

To provide an explicit estimate for the upper bound of R(c), we compute
and ), oo\ Iml5) as follows:

meo Ml

(oo}

Yo lml =Y (24d® +2)d 77 = 24¢(y - 2) + 2¢(7)

mez3\{0} d=1

where (2d+1)% — (2d+1)3 = 24d? + 2 is the number of lattice points in Z? at distance
d (in max-norm) from origo. Further,

Slmly =2 @mi—1)*m" =Y 8mi 7 —8my 7 +2m;”)
meQ my=1 mi=1

=8C(y—2) —4¢(y— 1) +2¢(7)
and

> limlly =24¢(y = 2) + 2¢(v) = (8¢(y — 2) — 4¢(y — 1) + 2¢(y))
meQe\{0}

=16¢(y —2) —4¢(y - 1),

which completes the proof.
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