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Abstract

Extending earlier work on polynomial Bézier curves, we define ap-
proximations to the length and energy of rational Bézier curves. The
approximations are defined directly in terms of the control points
and we investigates how the approximations behave under subdivi-
sion. The approximation to the arc-length form the basis for a fast
recursive and adaptive algorithm which calculates the arc-length of a
rational Bézier curve.

1 Introduction

Suppose we want to find the arc-length £ of a Bézier curve ~ of degree n as
in Figure 1. We can easily find the length of the chord, L., i.e., the distance
between the end points, and length of the control polygon L,, i.e., the sum of
the distances between consecutive control points. We may consider L. and
L, as approximations of £ and as L. < £ < L,, we might expect that a
suitable convex combination of L. and L, approximate £ better than either
of them. This is indeed the case, if we put L = nLHLC + Z—;}Lp, then we
get the best approximation, in the sense that it under subdivision converges
faster than any other affine combination of L. and L,. If we subdivide the
curve k times, we get 2% segments 7; and we can find the chord length L.(v;)
and the polygon length L,(v,) of each segment. We can add these numbers
and get the total length of the chords L¥ and the total length of the control
polygons L’;. As a Bézier curve is rectifiable we have LF ' £, and it is easily
seen that we have Ll; N\ £. In an earlier paper [2] it is shown that the error

in both cases goes to zero as 272* and that the error when using the convex



subdivision
-

2L, + (n—1)L,

L ~ L(left) + L(right)

n+1
error = 22% error = 0.85%

Figure 1: Calculating the length of a Bézier curve

combination L goes to zero as 274:

9k

,C(’}/) _ Z 2Lc(/7j) +n(iz 1)Lp(/7j) + 0(2—419)’ (1)

J=1

It was furthermore shown that the energy £ = % [ K?ds of the curve can be
approximated by another combination of L. and Ly:

n—1L,(v;) — Le(v; L
5(7):;12n+1 p(%L)g(%) (7)+O(2 ", (2)

In [2] these results was shown for polynomial Bézier curves and in this paper
we show that the exact same formulae holds for rational Bézier curves.

At first it might seems surprising that the weights of the rational Bézier
curve does not enter in to the formulae. But it is the combination of subdivi-
sion and the above formulae which gives the good approximation, and effect
of the weights is hidden in the subdivision.

Throughout the paper we consider curves in an affine space £ modeled
on a vector space V' equiped with some inner product (-, ), and we equip the
space C*([0,1], V) of C*-maps [0,1] — V with the C*-norm.

2 Expansion of rational Bézier curves

A key ingredients in the proof of (1) and (2) was theorem 2.2 and theorem 2.3
in [2] which describes an expansion of the curve and its control points in terms
of the length of a subinterval. We can reformulate the results as:
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Theorem 2.1. Let y(t) be a C*-curve, with k > 2, defined on an interval I.
Then the restriction of vy to the interval [a,a+h| C I can be written uniquely
as

v(a+th) = P+ thv + B?(t)h*w + h*u(t), t e [0,1], (3)
where the map
{(a,h) |a,a+h eI} =V xV xC¥[0,1],V) : (a,h) — (v,w,u)
18 bounded, and
u(0) = u(1) = /01 u(t)dt = 0. (@)

Furthermore, if '(t) # 0 for all t € I, then v is bounded away from 0. If
~(t) is a Bézier curve of degree n, then the restriction of v to the interval
[a,a + h] has control points

i(n —1)

1
P,=P+—h 2—=
+nv+ n(n —1)

h2W + hglli, (5)
where the vectors u; are bounded functions of (a, h), and satisfies
uozun:Zui:O. (6)
i=0

Remark 2.2. The points u; are the control points for the Bézier curve u(t).

Remark 2.3. We can determine P, v and w by

P =~(a+h) or P=F
hv =~(a+ h) —~(a) or hv=P,—HR,
! 3 < i
h’w = 3 th) — — thv)dt hPw = P,—P——v).
w=3 [ (et ) 20 - )t or iw =203 ( i)

=0

Remark 2.4. In [2] it was not stated explicitly that u(¢) is bounded in the
C*-topology, but this is trivial as soon as we notice that v(a + th) and its
first k& derivatives with respect to t is bounded as functions of a and h.

In the case of a rational Bézier curves the relation between the expan-
sion of the curve and the expansion of the control points is slightly more
complicated:



Theorem 2.5. Let y(t), t € I, be a rational Bézier curve with positive
weights, then the restriction of v to the interval [a,a + h] C I has control
points and normalized weights

P =P+ lhv + QMhQW + h3lli

n n(n —1)

i(n —1) (7)
wi=14+42— 2 K2y + h3,ui

n(n —1)

where v, w, w;, v, and p; are bounded functions of (a,h), and
uO:un:Zui:O, and ,uoz,un:Zui:O. (8)
i=0 1=0

The restriction of the curve can be written as
v(a+th) = P +thv + Bi(t)h* (w + B°W) + h*u(t), te€[0,1], (9)

where W is a bounded function of (a,h), and (a, h) — u is a bounded function

into C*([0,1], V) (for any k), which satisfies

u(0) = u(1) = /0 u(t)dt = 0. (10)

Furthermore, if v/ (t) # 0 for all t € I, then v is bounded away from 0.

Proof. We can consider P, ..., P, and wy,...,w, as control points for two
ordinary Bézier curves, so we do have an expansion (7) such that (8) is
satisfied. But when a and h varies we can not consider the points as control
points for the restriction of a fized Bézier curve, so we need to show that v,
w, u;, v, and y; are bounded functions of (a, h).
A rational Bézier curve is the projection of an ordinary Bézier curve in
a space of one higher dimension. We can write the control points of the
restriction of this curve as [Pw;,w;], where we according to Theorem 2.1
have
~ SR A i(n —1)
Pl-wi = P0w0+ —hV—f-Qi
n n(n —1)
(n—1i)
(n—1)
and as 7(t) have positive weights, we know that &y is bounded away from
zero. Due to affine invariance we may, with out loss of generality, assume
that Py = 0, and then we have
P,—F Pw, hv v

V ~
h 0o  heo+he) ot he oo

h*w + hiu;,

— %0 + WP,

G =G0+ —ha +2-
n n

A%
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As ¢ is a bounded function of (a, h), so is g, and as wy is bounded away from
zero, the vector v is bounded. In order to determine the vector w we need
the control points:

o _ P& _ LhV + 20012 + B
LW Dot he + 200D+ B

_ (ih; Lo lnzd) oW h?’i) (1 Sy N O(h2)>

n W nin—1) @ Wo n Wy

= Lh— +0(h?) = %hv +O(R?)

n wo
From this we obtain

3« i
20 _ _t _ 2
h*w = 1 E (PZ nhv) O(h?),

1=0

and we can see that w is bounded. To determine v we need the normalized
weights which are defined by

Oi @Wo+tho+O(R?) G+ Ltho 4+ O(R?)

Wi
VoigyT V@ +he) T 5, §/(1 +ihZ + O(h?))

— (1 + ihi + O(fﬂ)) (1 - %hg + O(h2)) =1+ 0(h?),

n (:VL)O wWo

Wi

see eg. [1]. Hence

n

S (Wi — 1) = 0(r?),

=0

3
n—+1

h*v =
and we can see that v is bounded. By affine invariance we may assume that
~v(0) = 0, and then we can write the restriction of the curve as

v(a +th) = thv + B (t)h*>W + h*u(t),

where u(0) = u(1) = [}

o u(t)dt = 0. To prove (9), we only need to show
that

I
<
—~

*
~—

)
|
g <
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>
[
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where W is bounded. We can write the restriction of the curve as

p(t)
q(t)’

where the denominator ¢(t) is a Bézier curve with control points w; and the
numerator p(t) is a Bézier curve with control points Pw;. Hence

v(a +th) =

q(t) = 1+ Bi(t)h*v + 1P p(t),
where 1(0) fo t)dt = 0. The curve P(t) can be written as
p(t) = tv + Bi(t)h*w + h*u(t),
where (0) = §(1) = [, @(t)dt = 0. As
v(a+h) =~(a) = pla+h) = pla) = P, = P,

we have

V=v=uv.
In particular, we have established (*). To determine the vector w we need
the control points for p(t):

Puw; = ( by + 2200 =) pa sy >(1+2Mh2u+h3ui)

n(n —1) n(n —1)
= —h +2—= in — ) h*w + hiu,
n(n —1)
2 2
4o~ (n=19) hPvv + 4¥h4uw + — h4,uzv + O(h°).

n?(n —1) n?(n —1)?

Thus
3« i
W = Pw; — —h
% n+1z( ¥ nv)
1 2 1 .
= h’w + h3yv+gn2—_i_nh VW + n;zuzh4v+0(h5)

so if we put




then w = w + Shvv + h2w + O(h?), and we can write
1 - ~
p(t) = thv + B3 (t)h? (w + 5huv + h%?r) + R*u(t) + O(h°),

where u(0) = = [, u(t)dt = 0. We now have an expression for the
restriction of the curve:

p(t) thv + B2(t)h? <w + Shvv + h%%) + h3U(t) + O(h°)
q(t) q(t) =14 Bi(t)h*v + h*p(t)
= (thv + Bi(t)h? (w + %huv + h%xv) + R*U(t) + O(h5))

x (1= Bi(t)h*v — B*u(t) + O(hY))

v(a +th) =

=thv + Bi(t (w + ~hvv + h*W > + h*u(2)
—tB? t)h3uv — BX(t)*h*vw — tu(t)h*v + O(h®),

and we can determine the vector w:

vAv:—/l(v(a—i—th)—thv) dt

1 ~ 1 2 !
=w+ ahyv + h*w — ihl/V - gh2yw — 3h2v/ tu(t) dt + O(h?)
0

1
=w + h? (W - guw 3V/ tu(t) dt) + O(R%).
0

Le, w — w = h*W, where W is bounded, and (**) is established.
Finally, hv = y(a + th) — v(a), hence v.— 7/(a) for h — 0, and v is
bounded away from zero if 7/(t) # 0 for all . O

3 The arc-length and energy

The results (1) and (2) for polynomial curves was proved by using the ex-
pansion (5) to calculate the length of the control polygon, and the expansion
(3) to calculate the length and energy of the curve vy(a+th), see Lemma 3.1,
Lemma 3.2 and Lemma 4.1 in [2]. Without the term W in (9) we would of
course obtain the same results, but it turns out that w have no effect on the
result, (to the appropriate order in h).



Theorem 3.1. Let y(t) be a rational Bézier curve of degree n, and let the
restriction of v to the interval [a,a + h] have control points Py, ..., P,. If v
and w are the vectors from the expansions (7) and (9), then

1
E(’y|[a,a+h]> :/0

Ty,
5(7|[a,a+h]) = 5/; K

Le(Via.atn) = |Po = Pol = [v|h, (11)
- 2n+ 1 |vw|? — (v,w)?
— _ 2 ) 5
LP(VI[a,a+h]) = ;1 |P; — Pi4| = |v|h (1 +h Cp— e + O(h%),
(12)
d 2 [vw]* = (v, w)?
— th)| dt = |v|h [ 1+ h*= ! O(R’
o+ ] av=vin (14 PR +O),
(13)
d |V|2|W|2 - <V7W>2 3
— th)| dt = 8h O(h3).
dtﬁY(ajL )' |5 + O(h?)
(14)

Remark 3.2. There are some misprints in Lemma 3.1 and 3.2 in [2]. In both

. .. Viia Wira .
cases an exponent 2 is missing on the term <M M>, and in Lemma 3.2

L(p|a,p)) should read L, (pjfa,5))-

Vi@l [Vifa,bl]

Proof. The formula for L, is trivial and the formula for L, follows directly
from the expansion (7) which is same as in the polynomial case. So we need
only consider the arc-length £ and the energy £. We put

where

and

43 7

p(t) = y(a+th) = P +thv + -+ B} (t)h*W + O(R?),
means: “the same expressions as in [2]”. Then

p'(t) = hv +--- + B¥(t)h*w + O(h%),
p'(t) = 4n*w + 4h'W + O(R),

/(O] = K*[v[* + - + 2B (t)h* (v, W) + O(h°)
= h?|v|? (1 +- 4+ zBf’(t)h?’w + O(h4)) :

v[?

p(1)] = h\vl\/ L2 o S oy

[v[?

= hlv| (1 -+ BY(t)h v, w) + O(h4)) .

v[?



Hence

- /01 p'(t)| dt = h|v\/01 (1+---+Bf’(t>h3 %? +O(h4)> dt
:MW(1+”.+MﬁE§XAuﬁﬁﬁh>+OWﬂ,

and as fo B (t)dt = B?(1) — B#(0) = 0, we have the same result as for the
polynomial curves in [2]. The energy is treated the same way:

? = R*|v]* 4o+ O(h),

2 = 16h*|w|* + O(hY),

)) = 4R (v, w) + -+ O(h?),
"=nhlv|(14---+O0(h?).

p'(t)
Ip" ()
(p'(t), p"(t

p'(H)]”

Hence

B’ (OF[p" ()] = (P'(1), p"(1))* = 16h° (|[v[*|w|* — (v, w)?) + -+ + O(h"),

and

PO /)"0
e=g[a=g ] Ok «

|V| |W|2 < > h —I—O(h3)

L.e., once more we have the same result as for the polynomial curves in [2]. O

As the total arc-length (or energy) of the curve v is the sum of the arc-
length (or energy) of the 2F segments obtained after k-times repeated subdi-
vision, we easily obtain:

Theorem 3.3. Let y(t), t € [t,0] be a rational Bézier curve of degree n, with
positive weights and with v'(t) # 0, all t € [t,0]. Let

V) =r((j —1+1)/2"), j=1...,2%

be the 28 segments obtained after k-times repeated subdivision. Let P]k;o ceey Pﬁn
be the control points for the segment %’? and put

k __ k




Then we have the following approzimations for the arc-length and energy of
the curve :

L) = Z 2L.(7}) +n(iz 1)L, (7])

+0(27%) (15)

k k

Z| k| <1+2| k| |W |‘V]?|4<V]’WJ>2> +O(2_4k)7 (16)

Zl — 1 Ly( 7]) LC(V_;?)
n+1 Lg(’yj)

+0(27%) (17)

2 (vh wh)?

E(r)=> 12 87 J|V,?‘5 Il 1 0(27%), (18)
1 J

Proof. The prof of (15) is a straight forward calculation using Theorem 3.1:
9k
- Z £(5)
2 [VEPIwW I — (v, w))*
k Wi 5k
= 1+ = O(2
z(| 1 (1 3L o
2L.( —1)L,(v*
_ Z ( ’y‘] ( ) p(’y]) +O(2_5k)>
n+1

n+1

and similar for (16)—(18). O

The ingredients L. and L, in (15) and (17) require the calculations of
n + 1 square-roots, while the ingredients in (16) and (18) only need one
square-root, (to calculate |v|). On the other hand, the vector w has no
immediate geometric interpretation, in contrast to the chord-length L. and
the polygon-length L,,.

4 Algorithms for the arc-length

The convergence in (15) and (16) is so fast that it is obvious to use these
results as the basis for an algorithm. Suppose we want to calculate the arc-
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length of a curve v with control points Fy, ..., P,. As an approximation to
the arc-length we can then use either

_ 2L(y) + (n = 1)Ly (v)

L
n-+1

~ 2 2 _ 2
o Tl (10 VEE = (vwy
v

where v =P, — Py and w = niﬂ Z?;ll (Pn — Py — %V) If we estimate the
error of the approximation to be sufficiently small, then we just use this
approximation, else we subdivide the curve, calculates an approximation for
each piece and add the two values to get an approximation to the total arc-
length of the curve. In Figure 2 and Figure 3 we present pseudo code for

length(b): real
b: record of BezierCurve; Bezier curve: degree, control points, weights, etc.

begin
Lp < poly_length(b); The length of the control polygon.
Lc¢ « chord_length(b); The length of the chord.
n « degree(b); The degree of b.
if good approximation
then

return (2*Lc+(n-1)*Lp)/(n+1);
else begin
bl, b2 « subdivide(b); The two halfs of b.
return length(bl) + length(b2);
end;
end length

Figure 2: Pseudo code for the calculation of arc-length, using (15).

this adaptive and recursive method. We have not considered the question of
how to determine whether we have a “good approximation” or not, but the
discussion in [2] of this issue apply just as well to the present rational case.

5 Conclusion

We have extended earlier work on the arc-length and energy of polynomial
Bézier curves to the case of rational Bézier curves. There is no difference
in the final results, so the earlier algorithm for polynomials curves works
equally well in the case of rational curves. We have furthermore presented
an alternative algorithm which uses fewer square-roots, but for which the
geometric interpretation is less obvious.
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length(b): real

b: record of BezierCurve; Bezier curve: degree, control points, weights, etc.
begin
v « first_order_term(b); The vector v.
w « second_order_term(b,v); The vector w.
if good approximation
then
v2 « scalar_product(v,v);  The square length |v|?.

w2 « scalar_product(w,w); The square length |w|?

vw « scalar_product(v,w);  The inner product (v, w)

return sqrt(v2)(1+2/3*(v2*w2-vw*vw)/(v2*v2));
else begin

bl, b2 « subdivide(b); The two halfs of b.
return length(bl) + length(b2);
end;

end length

Figure 3: Pseudo code for the calculation of arc-length, using (16).
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