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Abstract

Extending earlier work on polynomial Bézier curves, we define ap-
proximations to the length and energy of rational Bézier curves. The
approximations are defined directly in terms of the control points
and we investigates how the approximations behave under subdivi-
sion. The approximation to the arc-length form the basis for a fast
recursive and adaptive algorithm which calculates the arc-length of a
rational Bézier curve.

1 Introduction

Suppose we want to find the arc-length L of a Bézier curve γ of degree n as
in Figure 1. We can easily find the length of the chord, Lc, i.e., the distance
between the end points, and length of the control polygon Lp, i.e., the sum of
the distances between consecutive control points. We may consider Lc and
Lp as approximations of L and as Lc ≤ L ≤ Lp, we might expect that a
suitable convex combination of Lc and Lp approximate L better than either
of them. This is indeed the case, if we put L = 2

n+1
Lc + n−1

n+1
Lp, then we

get the best approximation, in the sense that it under subdivision converges
faster than any other affine combination of Lc and Lp. If we subdivide the
curve k times, we get 2k segments γj and we can find the chord length Lc(γj)
and the polygon length Lp(γj) of each segment. We can add these numbers
and get the total length of the chords Lk

c and the total length of the control
polygons Lk

p. As a Bézier curve is rectifiable we have Lk
c ր L, and it is easily

seen that we have Lk
p ց L. In an earlier paper [2] it is shown that the error

in both cases goes to zero as 2−2k, and that the error when using the convex
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Figure 1: Calculating the length of a Bézier curve

combination L goes to zero as 2−4k:

L(γ) =

2k∑

j=1

2Lc(γj) + (n− 1)Lp(γj)

n + 1
+ O

(
2−4k

)
, (1)

It was furthermore shown that the energy E = 1
2

∫
κ2 ds of the curve can be

approximated by another combination of Lc and Lp:

E(γ) =
2k∑

j=1

12
n− 1

n + 1

Lp(γj)− Lc(γj)

L2
c(γj)

+ O
(
2−2k

)
, (2)

In [2] these results was shown for polynomial Bézier curves and in this paper
we show that the exact same formulae holds for rational Bézier curves.

At first it might seems surprising that the weights of the rational Bézier
curve does not enter in to the formulae. But it is the combination of subdivi-
sion and the above formulae which gives the good approximation, and effect
of the weights is hidden in the subdivision.

Throughout the paper we consider curves in an affine space E modeled
on a vector space V equiped with some inner product 〈·, ·〉, and we equip the
space Ck

(
[0, 1], V

)
of Ck-maps [0, 1]→ V with the Ck-norm.

2 Expansion of rational Bézier curves

A key ingredients in the proof of (1) and (2) was theorem 2.2 and theorem 2.3
in [2] which describes an expansion of the curve and its control points in terms
of the length of a subinterval. We can reformulate the results as:
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Theorem 2.1. Let γ(t) be a Ck-curve, with k ≥ 2, defined on an interval I.
Then the restriction of γ to the interval [a, a+h] ⊂ I can be written uniquely
as

γ(a + th) = P + thv + B2
1(t)h

2w + h3u(t), t ∈ [0, 1], (3)

where the map

{(a, h) | a, a + h ∈ I} → V × V × Ck
(
[0, 1], V

)
: (a, h) 7→ (v,w,u)

is bounded, and

u(0) = u(1) =

∫ 1

0

u(t) dt = 0. (4)

Furthermore, if γ′(t) 6= 0 for all t ∈ I, then v is bounded away from 0. If
γ(t) is a Bézier curve of degree n, then the restriction of γ to the interval
[a, a + h] has control points

Pi = P +
i

n
hv + 2

i(n− i)

n(n− 1)
h2w + h3ui, (5)

where the vectors ui are bounded functions of (a, h), and satisfies

u0 = un =

n∑

i=0

ui = 0. (6)

Remark 2.2. The points ui are the control points for the Bézier curve u(t).

Remark 2.3. We can determine P , v and w by

P = γ(a + h) or P = P0

hv = γ(a + h)− γ(a) or hv = Pn − P0,

h2w = 3

∫ 1

0

(γ(a + th)− γ(a)− thv) dt or h2w =
3

n + 1

n∑

i=0

(
Pn − P −

i

n
v

)
.

Remark 2.4. In [2] it was not stated explicitly that u(t) is bounded in the
Ck-topology, but this is trivial as soon as we notice that γ(a + th) and its
first k derivatives with respect to t is bounded as functions of a and h.

In the case of a rational Bézier curves the relation between the expan-
sion of the curve and the expansion of the control points is slightly more
complicated:
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Theorem 2.5. Let γ(t), t ∈ I, be a rational Bézier curve with positive
weights, then the restriction of γ to the interval [a, a + h] ⊂ I has control
points and normalized weights

Pi = P +
i

n
hv + 2

i(n− i)

n(n− 1)
h2w + h3ui

ωi = 1 + 2
i(n− i)

n(n− 1)
h2ν + h3µi

(7)

where v, w, ui, ν, and µi are bounded functions of (a, h), and

u0 = un =

n∑

i=0

ui = 0, and µ0 = µn =

n∑

i=0

µi = 0. (8)

The restriction of the curve can be written as

γ(a + th) = P + thv + B2
1(t)h

2
(
w + h2w

)
+ h3u(t), t ∈ [0, 1], (9)

where w is a bounded function of (a, h), and (a, h) 7→ u is a bounded function
into Ck([0, 1], V ) (for any k), which satisfies

u(0) = u(1) =

∫ 1

0

u(t) dt = 0. (10)

Furthermore, if γ′(t) 6= 0 for all t ∈ I, then v is bounded away from 0.

Proof. We can consider P0, . . . , Pn and ω0, . . . , ωn as control points for two
ordinary Bézier curves, so we do have an expansion (7) such that (8) is
satisfied. But when a and h varies we can not consider the points as control
points for the restriction of a fixed Bézier curve, so we need to show that v,
w, ui, ν, and µi are bounded functions of (a, h).

A rational Bézier curve is the projection of an ordinary Bézier curve in
a space of one higher dimension. We can write the control points of the
restriction of this curve as [Piω̃i, ω̃i], where we according to Theorem 2.1
have

Piω̃i = P0ω̃0 +
i

n
hṽ + 2

i(n− i)

n(n− 1)
h2w̃ + h3ũi,

ω̃i = ω̃0 +
i

n
hσ̃ + 2

i(n− i)

n(n− 1)
h2ν̃ + h3µ̃i,

and as γ(t) have positive weights, we know that ω̃0 is bounded away from
zero. Due to affine invariance we may, with out loss of generality, assume
that P0 = 0, and then we have

v =
Pn − P0

h
=

Pnω̃n

hω̃n

=
hṽ

h(ω̃0 + hσ̃)
=

ṽ

ω̃0 + hσ̃
=

ṽ

ω̃0
+ h˜̃σ.
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As σ̃ is a bounded function of (a, h), so is ˜̃σ, and as ω̃0 is bounded away from
zero, the vector v is bounded. In order to determine the vector w we need
the control points:

Pi =
Piω̃i

ω̃i

=

i
n
hṽ + 2 i(n−i)

n(n−1)
h2w̃ + h3ũi

ω̃0 + i
n
hσ̃ + 2 i(n−i)

n(n−1)
h2ν̃ + h3µ̃i

=

(
i

n
h

ṽ

ω̃0

+ 2
i(n− i)

n(n− 1)
h2 w̃

ω̃0

+ h3 ũi

ω̃0

)(
1−

i

n
h

σ̃

ω̃0

+ O(h2)

)

=
i

n
h

ṽ

ω̃0
+ O(h2) =

i

n
hv + O(h2)

From this we obtain

h2w =
3

n + 1

n∑

i=0

(
Pi −

i

n
hv

)
= O(h2),

and we can see that w is bounded. To determine ν we need the normalized
weights which are defined by

ωi =
ω̃i

n
√

ω̃i
nω̃

n−i
0

=
ω̃0 + i

n
hσ̃ + O(h2)

n
√

(ω̃0 + hσ̃)iω̃n−i
0

=
ω̃0 + i

n
hσ̃ + O(h2)

ω̃0
n

√
(1 + ih eσ

eω0
+ O(h2))

=

(
1 +

i

n
h

σ̃

ω̃0
+ O(h2)

)(
1−

i

n
h

σ̃

ω̃0
+ O(h2)

)
= 1 + O(h2),

see eg. [1]. Hence

h2ν =
3

n + 1

n∑

i=0

(ωi − 1) = O(h2),

and we can see that ν is bounded. By affine invariance we may assume that
γ(0) = 0, and then we can write the restriction of the curve as

γ(a + th) = thv̂ + B2
1(t)h

2ŵ + h3u(t),

where u(0) = u(1) =
∫ 1

0
u(t) dt = 0. To prove (9), we only need to show

that

v̂ = v, (*)

ŵ−w = h2w, (**)
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where w is bounded. We can write the restriction of the curve as

γ(a + th) =
p(t)

q(t)
,

where the denominator q(t) is a Bézier curve with control points ωi and the
numerator p(t) is a Bézier curve with control points Piωi. Hence

q(t) = 1 + B2
1(t)h

2ν + h3µ(t),

where µ(0) = µ(1) =
∫ 1

0
µ(t) dt = 0. The curve P (t) can be written as

p(t) = tṽ + B2
1(t)h

2w̃ + h3ũ(t),

where ũ(0) = ũ(1) =
∫ 1

0
ũ(t) dt = 0. As

γ(a + h)− γ(a) = p(a + h)− p(a) = Pn − P0,

we have
v̂ = ṽ = v.

In particular, we have established (*). To determine the vector w̃ we need
the control points for p(t):

Piωi =

(
i

n
hv + 2

i(n− i)

n(n− 1)
h2w + h3ui

)(
1 + 2

i(n− i)

n(n− 1)
h2ν + h3µi

)

=
i

n
hv + 2

i(n− i)

n(n− 1)
h2w + h3ui

+ 2
i2(n− i)

n2(n− 1)
h3νv + 4

i2(n− i)2

n2(n− 1)2
h4νw +

i

n
h4µiv + O(h5).

Thus

w̃ =
3

n + 1

n∑

i=0

(
Piωi −

i

n
hv

)

= h2w +
1

2
h3νv +

2

5

n2 + 1

n2 − n
h4νw +

3

n2 + n

n∑

i=0

iµih
4v + O(h5),

so if we put

̂̂w =
2

5

n2 + 1

n2 − n
νw +

3

n2 + n

n∑

i=0

iµiv
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then w̃ = w + 1
2
hνv + h2 ̂̂w + O(h3), and we can write

p(t) = thv + B2
1(t)h

2

(
w +

1

2
hνv + h2 ̂̂w

)
+ h3ũ(t) + O(h5),

where ũ(0) = ũ(1) =
∫ 1

0
ũ(t) dt = 0. We now have an expression for the

restriction of the curve:

γ(a + th) =
p(t)

q(t)
=

thv + B2
1(t)h

2
(
w + 1

2
hνv + h2 ̂̂w

)
+ h3û(t) + O(h5)

q(t) = 1 + B2
1(t)h

2ν + h3µ(t)

=

(
thv + B2

1(t)h
2

(
w +

1

2
hνv + h2 ̂̂w

)
+ h3û(t) + O(h5)

)

×
(
1− B2

1(t)h
2ν − h3µ(t) + O(h4)

)

= thv + B2
1(t)h

2

(
w +

1

2
hνv + h2 ̂̂w

)
+ h3û(t)

− tB2
1(t)h

3νv −B2
1(t)

2h4νw − tµ(t)h4v + O(h5),

and we can determine the vector ŵ:

ŵ =
3

h2

∫ 1

0

(γ(a + th)− thv) dt

= w +
1

2
hνv + h2 ̂̂w− 1

2
hνv −

2

5
h2νw − 3h2v

∫ 1

0

tµ(t) dt + O(h3)

= w + h2

(
̂̂w− 2

5
νw − 3v

∫ 1

0

tµ(t) dt

)
+ O(h3).

I.e, ŵ−w = h2w, where w is bounded, and (**) is established.
Finally, hv = γ(a + th) − γ(a), hence v → γ′(a) for h → 0, and v is

bounded away from zero if γ′(t) 6= 0 for all t.

3 The arc-length and energy

The results (1) and (2) for polynomial curves was proved by using the ex-
pansion (5) to calculate the length of the control polygon, and the expansion
(3) to calculate the length and energy of the curve γ(a+ th), see Lemma 3.1,
Lemma 3.2 and Lemma 4.1 in [2]. Without the term w in (9) we would of
course obtain the same results, but it turns out that w have no effect on the
result, (to the appropriate order in h).
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Theorem 3.1. Let γ(t) be a rational Bézier curve of degree n, and let the
restriction of γ to the interval [a, a + h] have control points P0, . . . , Pn. If v

and w are the vectors from the expansions (7) and (9), then

Lc

(
γ|[a,a+h]

)
= |Pn − P0| = |v|h, (11)

Lp

(
γ|[a,a+h]

)
=

n∑

i=1

|Pi − Pi−1| = |v|h

(
1 + h22

3

n + 1

n− 1

|v|2|w|2 − 〈v,w〉2

|v|4

)
+ O(h5),

(12)

L
(
γ|[a,a+h]

)
=

∫ 1

0

∣∣∣∣
d

dt
γ(a + th)

∣∣∣∣ dt = |v|h

(
1 + h22

3

|v|2|w|2 − 〈v,w〉2

|v|4

)
+ O(h5),

(13)

E
(
γ|[a,a+h]

)
=

1

2

∫ 1

0

κ2

∣∣∣∣
d

dt
γ(a + th)

∣∣∣∣ dt = 8h
|v|2|w|2 − 〈v,w〉2

|v|5
+ O(h3).

(14)

Remark 3.2. There are some misprints in Lemma 3.1 and 3.2 in [2]. In both

cases an exponent 2 is missing on the term
〈

v|[a,b]

|v|[a,b]|
,

w|[a,b]

|v|[a,b]|

〉
, and in Lemma 3.2

L(p|[a,b]) should read Lp(p|[a,b]).

Proof. The formula for Lc is trivial and the formula for Lp follows directly
from the expansion (7) which is same as in the polynomial case. So we need
only consider the arc-length L and the energy E . We put

p(t) = γ(a + th) = P + thv + · · ·+ B2
1(t)h

4w + O(h5),

where “. . . ” means: “the same expressions as in [2]”. Then

p′(t) = hv + · · ·+ B2
1
′
(t)h4w + O(h5),

p′′(t) = 4h2w + 4h4w + O(h5),

and

|p′(t)|2 = h2|v|2 + · · ·+ 2B2
1
′
(t)h5〈v,w〉+ O(h6)

= h2|v|2
(

1 + · · ·+ 2B2
1
′
(t)h3 〈v,w〉

|v|2
+ O(h4)

)
,

|p′(t)| = h|v|

√
1 + · · ·+ 2B2

1
′
(t)h3

〈v,w〉

|v|2
+ O(h4)

= h|v|

(
1 + · · ·+ B2

1
′
(t)h3 〈v,w〉

|v|2
+ O(h4)

)
.
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Hence

L =

∫ 1

0

|p′(t)| dt = h|v|

∫ 1

0

(
1 + · · ·+ B2

1
′
(t)h3 〈v,w〉

|v|2
+ O(h4)

)
dt

= h|v|

(
1 + · · ·+ h3 〈v,w〉

|v|2

∫ 1

0

B2
1
′
(t) dt

)
+ O(h5),

and as
∫ 1

0
B2

1
′
(t) dt = B2

1(1)− B2
1(0) = 0, we have the same result as for the

polynomial curves in [2]. The energy is treated the same way:

|p′(t)|2 = h2|v|2 + · · ·+ O(h4),

|p′′(t)|2 = 16h4|w|2 + O(h6),

〈p′(t),p′′(t)〉 = 4h3〈v,w〉+ · · ·+ O(h5),

|p′(t)|−5 = h|v|
(
1 + · · ·+ O(h3)

)
.

Hence

|p′(t)|2|p′′(t)|2 − 〈p′(t),p′′(t)〉2 = 16h6
(
|v|2|w|2 − 〈v,w〉2

)
+ · · ·+ O(h8),

and

E =
1

2

∫
κ2 ds =

1

2

∫ 1

0

|p′(t)|2|p′′(t)|2 − 〈p′(t),p′′(t)〉2

|p′(t)|5
dt

= 8
|v|2|w|2 − 〈v,w〉2

|v|5
h + · · ·+ O(h3).

I.e., once more we have the same result as for the polynomial curves in [2].

As the total arc-length (or energy) of the curve γ is the sum of the arc-
length (or energy) of the 2k segments obtained after k-times repeated subdi-
vision, we easily obtain:

Theorem 3.3. Let γ(t), t ∈ [t, 0] be a rational Bézier curve of degree n, with
positive weights and with γ′(t) 6= 0, all t ∈ [t, 0]. Let

γk
j (t) = r((j − 1 + t)/2k), j = 1 . . . , 2k,

be the 2k segments obtained after k-times repeated subdivision. Let P k
j;0 . . . , P k

j;n

be the control points for the segment γk
j and put

vk
j = P k

j;n − P k
j;0,

wk
l =

3

n + 1

((
n−1∑

i=1

P k
j;i

)
− (n− 1)

(
P k

j;0 +
1

2
vk

j

))
,
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Then we have the following approximations for the arc-length and energy of
the curve γ:

L(γ) =

2k∑

j=1

2Lc(γ
k
j ) + (n− 1)Lp(γ

k
j )

n + 1
+ O

(
2−4k

)
(15)

L(γ) =

2k∑

j=1

|vk
j |

(
1 +

2

3

|vk
j |

2|wk
j |

2 − 〈vk
j ,w

k
j 〉

2

|vk
j |

4

)
+ O

(
2−4k

)
, (16)

E(γ) =

2k∑

j=1

12
n− 1

n + 1

Lp(γ
k
j )− Lc(γ

k
j )

L2
c(γ

k
j )

+ O
(
2−2k

)
(17)

E(γ) =

2k∑

j=1

12
n− 1

n + 1
8
|vk

j |
2|wk

j |
2 − 〈vk

j ,w
k
j 〉

2

|vk
j |

5
+ O

(
2−2k

)
, (18)

Proof. The prof of (15) is a straight forward calculation using Theorem 3.1:

L(γ) =

2k∑

j=1

L(γk
j )

=

2k∑

j=1

(
|vk

j |

(
1 +

2

3

|vk
j |

2|wk
j |

2 − 〈vk
j ,w

k
j 〉

2

|vk
j |

4

)
+ O

(
2−5k

)
)

=

2k∑

j=1

(
2Lc(γ

k
j ) + (n− 1)Lp(γ

k
j )

n + 1
+ O

(
2−5k

)
)

=

2k∑

j=1

2Lc(γ
k
j ) + (n− 1)Lp(γ

k
j )

n + 1
+ O

(
2−4k

)

and similar for (16)–(18).

The ingredients Lc and Lp in (15) and (17) require the calculations of
n + 1 square-roots, while the ingredients in (16) and (18) only need one
square-root, (to calculate |v|). On the other hand, the vector w has no
immediate geometric interpretation, in contrast to the chord-length Lc and
the polygon-length Lp.

4 Algorithms for the arc-length

The convergence in (15) and (16) is so fast that it is obvious to use these
results as the basis for an algorithm. Suppose we want to calculate the arc-
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length of a curve γ with control points P0, . . . , Pn. As an approximation to
the arc-length we can then use either

L =
2Lc(γ) + (n− 1)Lp(γ)

n + 1
or L̃ = |v|

(
1 +
|v|2|w|2 − 〈v,w〉2

|v|4

)
,

where v = Pn − P0 and w = 3
n+1

∑n−1
i=1

(
Pn − P0 −

i
n
v
)
. If we estimate the

error of the approximation to be sufficiently small, then we just use this
approximation, else we subdivide the curve, calculates an approximation for
each piece and add the two values to get an approximation to the total arc-
length of the curve. In Figure 2 and Figure 3 we present pseudo code for

length(b): real

b: record of BezierCurve; Bezier curve: degree, control points, weights, etc.

begin

Lp ← poly length(b); The length of the control polygon.

Lc ← chord length(b); The length of the chord.

n ← degree(b); The degree of b.
if good approximation
then

return (2*Lc+(n-1)*Lp)/(n+1);
else begin

b1, b2 ← subdivide(b); The two halfs of b.
return length(b1) + length(b2);
end;

end length

Figure 2: Pseudo code for the calculation of arc-length, using (15).

this adaptive and recursive method. We have not considered the question of
how to determine whether we have a “good approximation” or not, but the
discussion in [2] of this issue apply just as well to the present rational case.

5 Conclusion

We have extended earlier work on the arc-length and energy of polynomial
Bézier curves to the case of rational Bézier curves. There is no difference
in the final results, so the earlier algorithm for polynomials curves works
equally well in the case of rational curves. We have furthermore presented
an alternative algorithm which uses fewer square-roots, but for which the
geometric interpretation is less obvious.
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length(b): real

b: record of BezierCurve; Bezier curve: degree, control points, weights, etc.

begin

v ← first order term(b); The vector v.

w ← second order term(b,v); The vector w.

if good approximation
then

v2 ← scalar product(v,v); The square length |v|2.
w2 ← scalar product(w,w); The square length |w|2

vw ← scalar product(v,w); The inner product 〈v,w〉
return sqrt(v2)(1+2/3*(v2*w2-vw*vw)/(v2*v2));

else begin

b1, b2 ← subdivide(b); The two halfs of b.
return length(b1) + length(b2);
end;

end length

Figure 3: Pseudo code for the calculation of arc-length, using (16).
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