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Abstract

This paper deals with isogeometric analysis of the 2-dinoerad, steady state, incompress-
ible Navier-Stokes equation subjected to Dirichlet boupd@nditions. We present a detailed
description of the numerical method used to solve the baynddue problem. Numerical inf-
sup stability tests for the simplified Stokes problem confilh@ existence of many stable dis-
cretizations of the velocity and pressure spaces, and iticpkar show that stability may be
achieved by means of knot refinement of the velocity spaceorEpnvergence studies for the
full Navier-Stokes problem show optimal convergence rédeshis type of discretizations. Fi-
nally, a comparison of the results of the method to data ftogriterature for the the lid-driven
square cavity for Reynolds numbers up to 10,000 serves ahbwnking of the discretizations
and confirms the robustness of the method.
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1. Introduction

Isogeometric analysis unites the power to solve compleineeging problems from finite
element analysis (FEA) with the ability to smoothly reprgseomplicated shapes in very few
degrees of freedom from computer aided design (CAD) [1, 2thWrecent years, isogeomet-
ric analysis has been applied to various flow problems andegrits value within the field of
fluid mechanics. Some of the first studies were on steadg-stabmpressible Stokes flow in
the benchmarking lid-driven square cavity [3]. Subseqaeatysis of the full time dependent
Navier-Stokes equations using the isogeometric methodtasn its advantages both in terms
of continuity of state variables [4] and the ability to acat@ly represent complicated dynamic
flow domains [5]. Benchmarking of the method for the turbtileaylor-Couette flow shows very
nice performance of the method [6].
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An important issue in the analysis of the mixed formulatiénhe governing equations for
fluids is the stability of the element, or discretizationedido approximate the state variables.
The first stable B-spline discretization for the Stokes pgobwas proposed in [3]. Recently, two
more families of stable B-spline discretizations were tdid in [7], thereby further emphasiz-
ing how easily high degrees of continuity may be achievedagé&ometric analysis. Mathemat-
ical proofs of the stability of a range of discretizationsé&aery recently been made [8, 9].

The aim of this paper is threefold. Firstly, we wish to extehd list of stable B-spline
discretizations for the 2D steady state, incompressildkeStproblem. Secondly, we wish apply
the method to the non-linear 2D steady state, incompresNinier-Stokes problem and examine
how these discretizations perform in terms of error congeeg based on a flow problem with
an analytical solution. Finally, the benchmarking lidvei square cavity will be analysed and
the results of the discretizations compared to data frontitdrature.

The outline of the paper is as follows. Section 2 presentedfuations that govern problems
in fluid mechanics, and section 3 outlines how the probleraligesl using isogeometric analysis.
In section 4 we perform a numerically test offdrent isogeometric discretizations in terms of
stability, and an error convergence study for these digatins is presented in section 5. Finally
in section 6, a comparison of the discretizations agairstlte from the literature is presented
for the benchmarking lid-driven square cavity.

2. Boundary Value Problem

We consider a fluid contained in the domé&lrwith boundaryi” = 9Q, see figure 1. We as-
sume the fluid to be a viscous, incompressible, isothermaktbhian fluid, and we furthermore
assume it to be stationary. The fluid is then governed by:

—puAu +pu-Vu+Vp-pf =0 inQ (1a)
V.-u=0 inQ (1b)

Equation (1a) is the the steady-state Navier-Stokes emyatixpressing conservation of mo-
mentum for the fluid and written in the primitive variablpsand u, wherep is pressure and
u = (ug, Up) is the fluid velocity. The quantitigs ¢ and f denote the density, dynamic viscosity
and additional body forces acting on the fluid, respectiMéuation (1b) is the incompressibility
condition, and it expresses conservation of mass.

We assume the velocityto be prescribed along the bond&rand we take the mean pressure
to be zero:

onll’ (1c)

u=up
ffpdA:O (1d)

Q

whereD in equation (1c) stands for Dirichlet. Other boundary ctinds, such as Neumann
boundary conditions, could also be considered but have lefayut for simplicity.

Numerical methods for solving Navier-Stokes equation ¢ka) employ dierent formula-
tions of the equation. The main results of the present stueybased on theonvective for-
mulation. Comparisons to thexew-symmetric formulation are also made, while thmetational



formulation is left out to avoid the introduction of stakaition [10]. The two formulations fier
in their treatment of the non-linear inertial tetm Vu:

1
(u-Vju or (@U-Viu+ EV - u. (2)
Compared to the convective formulation, the skew-symmé&rimulation additionally involves
the divergence of the velocity field. Even though these fdatimns on a continous level are
exactly equivalent, due to the incompressibility condlit{@b), this is not the case on a discrete
level, and therefore the numerical solutions migffiedi

3. Isogeometric Method

Equations (1) together comprise tsieong form of the boundary value problem that governs
the state of the fluid. We use NURBS-based isogeometric aisdiyilt on Galerkin’s method to
solve the problem numerically. This section outlines thecpdure. See also [2, 11, 12].

3.1. Geometry Parametrisation

The physical domaif is parametrised using NURBS, Non-Uniform Rational B-sgdinTo
make the text self-contained, we very briefly revise thedesncepts of B-splines and NURBS
in the following. For a more in-depth treatment of this sghjeve refer the reader to e.g. [13].

To define univariate B-splines we choose a polynomial degree N and a knot vector
E={&,....&npwWith& e Rfori = 1,...,m. For simplicity, we assume the parametric domain
£ € [0, 1], and that the knot vector is open such that the boundariskmave multiplicityq + 1

with &y = & = ... = &1 = 0 andém = ém1 = ... = émq = 1. The univarite B-splines
Niq : [0; 1] — R are defined recursively as
o | 1 F&SE<E
NiE) = { 0 otherwise (32)
forq= 0, and
&-éi -1 §i+q+1 =& -1
NI = =—>5L NE + 2 N 3b
P(é) Ea=g &) B — & ) (3b)
forg=1,2,...

The bivariate tensor product B-splini?ﬁ’jr : [0,1]?> — R are defined from two polynomial
degreeg andr and two knot vectorg = {&;,...,&n} and® = {¢1, ..., ¢dn}:

P (1,60) = NEDM (&), @)

where N is thei™ univariate B-spline with degregand knot vectoE in the first parametric
dimension¢; as defined in equation (3), aple!fj is the j" univariate B-spline with degreeand
knot vector® in the second parametric dimensign

The bivariate NURBQQ%J.' : [0,1)> — R are defined from thé&lM bivariate B-splines in
equation (4) and the weight = {wy,...,wnym} Withwij € Rfori = 1,...,Nandj =
1,...,M: )
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Figure 1: A single patch parametrisation of the fluid doma@olors indicate how the boundafyof the parameter
domainQ is mapped into the boundafyof the physical domai.

With the basic concepts of B-splines and NURBS defined, we nmake a single patch
parametrisation of the fluid domaf®, see figure 1. We take the parameter dongaims the unit
square £, &) € [0, 1%, and use the bivariate NURBS defined in equation (5). Therpetrisa-
tion F : [0, 1]?> - R? reads:

N M
F(61,£2) = (xa(é1,£2), %(é1,62) ) = Z Z di iR (€1, £2), (6)
£ 4

i j=1
wheredy € R? are the control points. By a simple reordering, we can whiteabove as

9
Niar

F(é1,.62) = Z KR (1, £2), (1)
i1

whereNJ,, = NM is the number of NURBSY; are the reordered control points, aRI%Iare the
reordered NURBS. The superscripindicates that the NURBS functions refer to polynomial
degrees, knots vectors and weights that are specific forabmgtry representation.

3.2. Field Approximations

In a similar fashion as for the geometry representation iratign (7) above, we seek approx-
imations of the velocity : [0;1]> — R? and pressur@ : [0; 1]> — R as linear combinations
of the basis functions defined above. Since NURBS are onlgleteto represent the geometry,
and not the velocity and pressure, we will for simplicity i&splines to approximate the state
variables:

Uk
Nyar

U(é1.&2) = ) U P &), (82)
i=1

N\Far

PEr&) = ) pPPELE), (8b)
i=1

wherek = 1, 2 in (8a) refers to the two components of the velocity figlff, denote the B-spline

basis functions for thith component of the velocity field, Whif@ip similarly denote the B-spline

basis functions for the pressure field, all suitably recedeompared to the definition in equation
4



(4). They refer to separate sets of polynomial degrees aotMettors that are in general not the
same.Ny, andN,, are the number of velocity and pressure basis functiondewhiandp are
the unknown control variables for the velocity and pressa¢ are to be determined.

The velocity and pressure fields in equations (8) are defingzthiameter space, while the
governing equations (1) are formulated in physical space.ev&luate the fields in physical
space, the inverse of the geometry parametriséigmused; the pressume: Q — R over the
physical domain is computed @ F~1, and the velocity : Q — R? over the physical domain
asu o F~1. The Piola mapping could also be used to map the velocityi,since none of
the examined discretizations are exactly divergent freetake the simpler approach and map
each velocity component as a scalar field. With abuse of inatave use the same symbol for
the state variables both in parameter space and in phypiaets Gradients in parameter space,

Vp = [ g—g]T, are easily evaluated using the field approximations in toug8) and the

definition of B-splines in equation (4). Gradients in phgsispaceVp = |2 22|, are related
to the gradients in parameter space by the formula:

Vp=J"Vp & Vp=J"Vp, (9)

whereJ is the Jacobian matrix of the geometry parametrisation:

0%
| B 8| )
% 0%
which again is easily evaluated using the mapping in egng#ipand the definitions of NURBS

in equation (5).

3.3. Boundary Conditions

For simplicity we impose the Dirichlet boundary conditiomglc) strongly as opposed to the
weak enforcement suggested in [14, 15]. Hereby we avoidekd for definition of penalization
parameters which is favorable if a sequence of analysisdifterent geometries is to performed
as in shape optimization problems [16].

In general B-splines have compact support. This means ttatdew of the velocity basis
functionsP* in equation (8a) have support n We can simply arrange the functiof®$« so

that the firstN(‘;gf of these dmot have support on the boundary, and the corresponding control

variables of these are thus “degrees of freedom”, whileaheN;i‘; = Nk, — Nggf have support
onT, and the corresponding control variables are thus “fixed™:
Ngtl;f N\Tgr
U, &) = D U PHELE) + ) UL &), (11)
i=1

. Uk
i=Njort1

The strong imposition is done by directly specifying suiéalalues for these la ‘I’; velocity
control variablesi,;, so that the sum in equation (8a) approximates the speciieeuwy in (1c).
If up lies within the function space spanned®y, the conditions are satisfied exactly; otherwise
they are only satisified in a least square sense.

For the pressure, we note that only the presguadient appears in the Navier-Stokes equa-
tion (1a). The pressure is thus only determined up to anrargitonstant, which is dealt with

5



by the specification of the mean pressure in equation (1dhduthe approximation in equation
(8b), this gives rise to the following equation:

vaar
O:ffpdA:ffZEiPip(xl,xz)dxldXZ
Q o =1

NE, 11
b [ [ Pitese) dend) e = p”. 12)
=1 90

where p is the vector of pressure control variablés,the vector of integrals of pressure basis
functions, andl is given by (10). Since no pressure control variables neets fixed, we have
Nf = NfyrandNf, = 0.
3.4. Weak Form of the Governing Equations

The governing equations (1) are cast into tivegak, or variational, form. For this we use
the (image in physical space of the) B-spline introducedsatasweight functions for the gov-
erning equations. We will use only the firl!slg‘gf velocity basis functions, since these have no
support on the fixed boundary. We multiply tkilh component of the Navier-Stokes equation
(1a) by an arbitrary weight functioR* among these velocity basis functions, and the incom-
pressibility equation (1b) by an arbitrary weight functt@ﬁ among the pressure basis functions,
integrate the resulting equations o¥&rand then simplify using integration by parts. After some
manipulations we find the following weak form of the goveigequations:

0= ff((,uVPi“k + pPku) - Vug — (pVP™ + pP* f) - a<) dx; dx, (13a)
Q

0= ff@f’ (V- u) dxq dx (13b)
Q

fork=1,2,i=1,...,Nj andj=1,...,N} , and where is thek™ unit vector.

3.5. Matrix Equation

Finally, we insert the (image in physical space of the) agnations of the velocity and
pressure fields (8) into the weak form (13) of the governingggigns, split the superpositions of
u into parts with support on the fixed boundary and parts witlaslin equation (11), exchange
the order of summation and integration, rearrange to getithk@own terms on the LHS and
the known terms on the RHS, and pull the integration back tarpater space using standard
transformation rules for multiple integrals along with atjan (9). This gives:

M(U) )
—
K1+ C]_(L_J) 0 —G-]I_— Uip
0 K2 + Cz(L_]) —G-Zr LT_2
Gy Gy 0 P
f, K2 + Cx (1) 0 -
el o k@ || E ] e
0 G} G} 2

ull



or simply M(U) U = F, with

11

Ky =# f f I7TVPY) - (3TVPY) det(J) déy i, (15a)

Gl = p f PH(u(w) - (3 TVP)) det() de déo, (15b)
0101

G = f PPITVPY) - ecdet(d) déy dé, (15¢)
0101

fic=p | | P(f - a)det(d)dér dea, (150)
)

ﬁ =[ Kk K* ] (NdofX(Ndof+Nflx)) (158)

CW =] G Crw | (ngxmeny). (L5f)

Go=[ G G| (Nexnseni). (150)

wherek = 1,2, J is the Jacobian matrix in equation (1@)u) is given by the approximation
in equation (8),& is thek" unit vector,ul = [ULJ;T], and all starred quantities are given by
the boundary conditionsy is often called viscosity matriXCy convective matrixGy gradient
matrix, andfy force vector.

The integrals in equation (15) are evaluated using Gausgiadrature. The necessary num-
ber of quadrature pointsg in each knot span is estimated from the relation 2Ng — 1, where
g is an estimate of the highest polynomial degree of the iateds. Since the integrands are in
general rational functions, we simply estimgtas'the sum of polynomial degrees of the numer-
ator and the denominator. Using polynomial degree 2 for dantetry and 4 for the velocity and
pressure, we estimate a polynomial degreg ofT2 for the integrand of, and this dictates that
we should use at leabk; = 7 quadrature points in each knot span. All results in thefalhg are
based on 7 quadrature points per knot span, which is a cats&rehoice compared to recent
studies on morefcient quadrature rules [17].

We need to solvely’, + N2, + N of €quations from (14) supplemented by the equation from
the condition on the mean pressure from (12N[jgf N“Zf + Ndof unknowns, and we do this in
the least square sense. The problem is non-linear, and semieatal Newton-Raphson method
is used by gradually increasimiRg, see e.g. [11].

4. Stability for Stokes Problem:Wall-Driven Anullar Cavit y

In the following section, we deal with the stability of thegeometric method when applied
to Stokes flow, which is the problem that arises when we nétfiecnon-linear inertial term in
Navier-Stokes equation (1a). Some discretizations of thxedformulation of Stokes problem
are stable while others are unstable. Unstable discrigimatan leave the system mati& in
equation (14) singular or badly scaled, which in turn leadspurious, unphysical oscillations
for the pressure field, while the velocity field may still logkite reasonable. Figure 3 below

7
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Table 1: Discretization names, knot vectors and inf-saity. Velocity knot vectors are shown in red and greenilevh
the pressure knot vector is shown in blue.

shows an example of this. Furthermore, it deterioratesahgargence properties of the method
and thus prohibits iterative solutions for the full Navigtekes problem. In order for a given
discretization to be stable, it needs to satisfy the sodatiesup condition, also known as the
BB or LBB condition:

[f pV-udA

inf supﬂi
pou lIplHull
where the positive constagtis independent of the mesh. In equation (16), the norpisfthe
L2-norm, while the norm ofl is theH*-norm.

In this section we study how stable discretizations may Instracted by using flierent basis
functions for the velocity and pressure fields. More spedificwe will establish suitable choices
of polynomial degrees and knot vectors for the velocity am$gpure such that the discretizations
are stable. This idea follows the approach in a recent wdtkrf&vhich three families of stable
discretizations were presented, but contrasts to theligedbimethod in which identical basis
functions for the velocity and pressure may be used on thetbasstabilizing terms must be
added to the Stokes equation, see e.g. [3].

We report the stability of the isogeometric discretizagidisted in table 1. The discretiza-
tions difer in polynomial degrees, knot refinements and inner knotipligities between the
velocity and pressure representations. We have adobtedrstienomenclature for naming of
the individual discretizations. For thé%p?% discretization (d), e.g., both velocity components
are approximated using quartic B-splineg), and the pressure using cubic B-splines (p3). Su-
perscript indicates the multiplicity of inner knots, andishalso the degree of continuity across

8

>8>0, (16)



knots, since this is just the degree minus the multiplicBubscript indicates the number lof
refinements by halfing all knot spans. For the strategieseaa}) of the velocity componenents
u; andu, are represented identically, which reduces the compuiatexpenses since equality
of the basis functionﬁiul = Ri”z implies equality of the matricelj; = Kjj2, and in addition all
fields are represented identically in both parametric tives. This is not the case for the strate-
gies h and i, which are modified versions of the Nédélec amddRt-Thomas elements presented
in [7]. Compared to the original formulation in [7], the velty fields have beeh-refined once.

It should be stressed that with this enlargement of the Wglepace, the exact fulfillment of the
divergence-free constraint for the Raviart-Thomas disa#on is lost. Theu4§p?% discretiza-
tion (d) was originally proposed in [3] and subsequentlyddticed in [7] as the Taylor-Hood
element.

To examine the numerical stability, we consider the wall«hr annular cavity problem out-
lined in figure Z&. This is a slight modification of the standard benchmladkdriven square
cavity problem, see the treatment of the problem in Sectjartibzing the capability of isoge-
ometric analysis to exactly represent circular arcs. The fRicontained in an annular cavity.

a b
2t 2t
> 1t > 1r
of of
0 1 2
X X

Figure 2: Driven annular cavitya: Domain and boundary conditiond: Control net (black dots and blue lines) and
image of the computational mesh for velocity and pressae énd green lines).

The inner circular wall moves with constant tangential sh@&éhile the remaining three walls are
at rest. The velocity field is specified along the boundanhefdomain, assuming no-slip con-
ditions. No body forces act upon the fluid, and the fluid mot®thus caused—or driven—by
the moving wall. We adopt the so-calleshky-lid boundary condition, meaning that the corners
(% y) = (0,1) and &,y) = (1, 0) belong to the moving wall boundary. We parametrise thealom
using quadratic NURBS. The control net is shown in figuiog &nd the data for the geometry
parametrisation are listed in table A.2 in Appendix Appendi. For the velocity and pressure
representation, wi-refine the parameter mesh for the geometry by halfing the dants, lead-
ing to a familiy of parameter meshes ranging from 2 to 64x 64 knot spans, one of which is
also depicted in figurel®

Figure 3 shows the computed velocity and pressure fieldsafordifferent discretizations,
namely theu4lp4 discretization (top row) and the41p4; discretization (bottom row). Both of
these produce a reasonable, rotational flow field. Cleaspresscillations, however, are seen

9



for first discretization, whereas the latter nicely appnoxies the pressure singularitites in the
inner corners.

udip4

2000

-2000

N

-100
2

Figure 3: Computed fields far4jp4% (top) andud}p4t (bottom) discretizations. Left: stream function contdne$ and
velocity arrows. Right: pressure (note th&elient vertical scalings).

To test the stability of the discretization strategies, we the approach described in [18,
19]. For each discretization, we vary the grid size for thieeity and pressure representations,
and for each of these meshes we determine a numerical estohtte inf-sup “constant3 in
equation (16). If this value does not change appreciablly warying grid size, it indicates that
the discretization is stable. On the other hand, if the vedues to zero as the grid size changes,
it indicates that the discretizationusstable.

The results of these computations are shown in figure 4. Fhisnate are led to conclude,

that the discretization with identical polynomial degreevelocity and pressure is stable if either
the velocity knot vector is refined (a) or the inner knot nplitiity for the velocity is increased
(b). The same conclusion applies to the discretizationsvfich the polynomial degree of the
velocity is larger than the polynomial degree of the presdiyr one (¢ and d) and two (e and
f). The stability ofu43p3} (d) was already known from [7]. Both the modified Nédélerghd
Raviart-Thomas (i) discretizations are seen to be statfiereas the simple discretizatioatp2}
(g) with a diterence in polynomial degree of two but with identical inneots doesiot pass the
stability test. The stability of each of the discretizagas summarized in the right-most column
of table 1.

Several discretizations have been tested in addition &ethsted in table 1. It was found that

10
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Figure 4: Numerically computed inf-sup “constants” foryiag grid size using dferent discretizations. The bottom
plot shows an enlargement of the top plot as marked by theeddBtes.

increasing the dierence between the polynomial degree of the velocity appraton and the
degree of the pressure approximation does influence treuimtability, even without inserting
or repeating knots. More specifically, the value of grid dize&here the inf-sup “constang
starts decreasing seemed to decrease with increasinggmoigidegrees.

Assuming that the examined discretizations are reprethemtawo simple strategies for
choosing stable discretizations for the velocity and presapproximations can be established
by means of induction. Given a simple discretization for phessure, i.e. open knot vectors,
choose the velocity degrees at least equal to the pressgireed@nd then either take the velocity
knot vectors as the refinement of the pressure knot vectousesthe pressure knot vectors with
all inner knots repeated. Or conversely, given simple diszations for the velocity, i.e. with
open knot vectors and single or double inner knots, choasprisssure degree less than or equal
to the velocity degree, and take the pressure knot vectdiseagelocity knot vectors with ev-
ery 2nd inner knot removed. The knot refinement strategyesl dar the cases a, ¢ and e, and
the knot repetition strategy for cases b, d and f. The modRadart-Thomas (i) also uses the
refinement strategy, while the modified Nédélec (h) corabimoth strategies.

We should emphasize firstly that the presented inf-sup ndathty serves as a numerical test
of the stability of the examined discretizations, and setpthat the inductive step, going from
the stability of the examined discretizations to the sihilf a general discretization strategy, is
only motivated by a limited number of tests. None of thesaukhim no way be mistaken for a
rigorous mathematical proof.

11



5. Error Convergence: Forced Elliptic Cavity

To asses the validity of the isogeometric method for theNalier-Stokes problem, we con-
sider a test case for which an analytical solution existd,examine how well the discretizations
listed in table 1 are able to reproduce the exact solution.

The problem is outlined in figureab We take the physical domaif as the elliptic disk
{(x1, %2) € R? | (x1/@)? + (X2/b)? < 1} with a = 2 andb = 1. Assuming appropriate units are
assigned to all quantities and focussing only on their nisakvalues, we sgt = u = 1, take
the body forcef = (f1, f2) to be

1, w2 1r ., . 13 2
fl__ZU smz(nr)x—ZFsm(nr)x+7nU cos(nr)y

—47%U sin(nfz) Y - %nzu sin(nfz) X2y

f, = —% U? sirf ( 7) y—% sin(xf) y- gnU cos(r?) x

+ 1—167r2U sin(nfz) 2 + 72U sin(nfz) V2 X,

wherer = F(x,y) = +/(X/2)? + ¥2, and assume no-slip boundary conditions= O onT. The
following velocity and pressure fields solve the governiggaions and satisfy the boundary
conditions:

ur = -Usin(@@i?)y,
1 s
uy = 7Y sin(rf?) x,

4
p* = = + cosf),
/s

whereU is a velocity scale which in the following is assumed tolbe= 200/ V5. These fields
are depicted in figuretsc. UsingL = Va2 + b2 = /5 as length scale, the Reynolds number
for the problem isRe = 200 which makes the problem weakly nonlinear. We parangethis
domain using quadratic NURBS. The control net and the cearsemputational mesh for the
velocity and pressure fields are shown in figude 5

We examine how well the exact velocity and pressure fieldsegreoduced by a given dis-
cretization as the computational parameter medhrsfined by knot insertion. For each dis-
cretization we uniformly vary the computational mesh fotoe@ty and pressure in the range
from 4 x 4 to 64x 64 knot spans, and for each of these meshes we compuité-therm and the
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Figure 5: Forced elliptic cavitya: Domain and boundary condition®: Analytical stream function contour lines and
velocity arrows.c: Analytical pressure contour lined: Control net (black dots and blue lines) and image of theszsir
computational mesh for velocity and pressure (red and diees).

H-seminorm of the velocity residual and the pressure resakimeasures of the error:

€ = f llu(x1, X2) — U* (X1, X2)lIPdx1dXo,

Q
ES = fflp(xl, X2) — P* (X1, X2)PdxedXz,
Q

2
€ou = f f > IVU(x1. Xe) — VU (%0, X)lPlxs .
o k=1
E%p: fflle(Xl, %) — Vp* (X1, %) IPdxcdXo.
Q

The results are shown in figure 6. The figure depicts the vigleaior (top) and pressure error
(bottom) as function of the total number of variables of thalgsis, using both the?-norm (left)
and theH!-seminorm (right). We note that the discretizations a-fakpairwise have identical
polynomial degrees, the knot refinement strategies (a, kbae} a significantly lower velocity
error than the knot repetion strategies (b, d, f). In additithe diference between the two
strategies grows as the number of degrees of fredoom iresgas is most evident for thé!-
seminorm. The dierence in pressure error between the two strategies vades tyut the error
of the knot refinement strategy is never larger than the efrtre corresponding knot repetion
strategy. This make the knot refinement strategy favoralaeer-degree-of-freedomsense. The
knot refinement strategy, unlike the knot repetition strateonserves the degree of continuity
for the velocity field. This therefore confirms the high imgaorce of continuity alluded to in
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Figure 6: Convergence of error2-norm (left) andH-seminorm (right) of velocity residual (top) and pressiesidual
(bottom) as function of the total number of variables of thalgsis using dferent discretizations.

[4]. However, although the increase in humber of degreesesfdom for a given refinement
is nearly identical for the two strategies, the knot refinetrstrategy is computationally more
expensive than the knot repetition strategy, since it desitie number of knot spans and thus
guadruples the number of function evaluations needed &Gi#wssian quadrature, unless more
efficient quadrature rules are employed [17]. It is also worttingathat although the pressure
error of the unstable discretizatiun})p% (g) flattens out quit quickly as the number of degrees of
freedom increases, the velocity error falf§impressively. Lastly, the modified Raviart-Thomas
discretization (h) seem to perform somewhat better thamibaified Nédélec discretization (i)
for both the velocity and the pressure.

We have in general good experiences with the Taonr-HocrdeIliizatiom4§p3é (d), since it
discretizes both velocity components identically, anddiet spans for the velocity and pressure
fields are also the same. We therefore base the following iedion of the influence of the
formulations of the Navier-Stokes equation on this diszagibn. We solve the problem outlined
above using both the convective formulation as above andki@-symmetric formulation, and
we do this for two diferent values of the Reynolds number, namely 200 and 2,00@) (4#00;
800; 1,000; 1,50pas intermediate values to ensure convergence. Figure 7atesithe con-
vergence of errors for the two formulations. For the low Réga number, both the velocity
and the pressure errors of the two formulations are prditicentical. For the higher Reynolds
number, some dlierences are seen for the pressure error, while the velaoityseemain similar.

It should also be mentioned that in our experience, morelim@ar solver iterations are needed
for the skew-symmetric formulation to converge compareithéoconvective formulation.

6. Benchmark: Lid-Driven Square Cavity

As a final validation of the isogeometric method, we compareresults for a standard
benchmark flow problem, namely the lid-driven square cg\li® 3], against results from other
14
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Figure 7: Convergence of errar2-norm (left) andH!-seminorm (right) of velocity residual (top) and pressigsidual
(bottom) as function of the total number of variables of thalgsis for diferent formulations and Reynolds numbers
using the discretization43p3} (d).

numerical simulations [20, 21, 22]. We consider a fluid corgd in a square cavity with the
top wall moving with constant speed, and the other walls kéfptas outlined in figure & This
prescribes the velocity field along the boundary of the domassuming no-slip conditions at
the walls and closed-lid conditions (= 0) at the upper corners. No body forces act upon the
fluid; the fluid is set in motion from the movement of the lid. \Werametrise the domain using
linear NURBS, and construct a stretched computational méshincreased resolution around
the corner singularities and boundary regions, see fighre8r the analysis, a computational
grid of 64x 64 regularly spaced knot spans is employed.

Using the isogeometric discretizations listed in table 1 fikgtly solve the problem for
Reynolds numbeRe = 5,000. We gradually increas®e, and the number of intermediate steps
in Re necessary to achieve convergenceRer= 5,000 is around five, but is in generattérent
for the various discretizations. The total number of basiefions for the analysis ranges from
13,604 for the discretizatiomépzé (g) to 72,865 for the Nédélec discretization (h), while th
remaining discretizations all have between 38,678 and/2halysis basis functions. Figure 9
compares the computed horizomaltical velocity profiles through the vertighbrizontal center
line of the cavity to the data from [20]. On the left, the vetgrofiles for all nine discretiza-
tions are seen to match very well with the data in [20]. On thbtrthe velocity residuals reveal
that all discretizations yield slightly larger fluid speeaisay from the center and towards the
boundaries compared to the data. The agreement betweeisthetidations, however, is very
good.

In the following, we once again focus on the discretizanimépSé (d). Figure 10 shows
velocity vectors and stream function contour lines Rer= 5,000. The general pattern of the
stream function matches very well with the results of [2@],][and [22]. The locations and the
extremal values of both the central main eddy as well as tmoneddies in the bottom right,
bottom left and top left corners are in overall agreementalBdiscrepencies are still seen, e.qg.
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Figure 8: Lid-driven square cavity: Domain and boundary conditionb: Control net (black dots and blue lines) and
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Figure 9: Comparison of velocity profile curves and residuales (velocity minus fit) for the lid-driven square cavity
for Re = 5,000 using dferent discretizations, plotted with data from [20] and adfitite data using a cubic spline. Top:
horizontal velocity profiles (left) and residuals (rightydugh the vertical center line. Bottom: vertical velogirofiles

(left) and residuals (right) through the horizontal cetitee.
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Figure 10: Four views of velocity vectors and stream functiontour lines in the lid-driven square cavity fee = 5,000
using theu42p3} discretization (d).

close to the boundary in the top left corner.

Finally, the problem is solved for fierent values oRe in the range from 100 to 10,000:
{100; 400; 1,000; 2,000;3,200; 5,000; 7,500; 10,000}. Figure 1B/b shows the computed hori-
zonta}vertical velocity profiles through the vertighbrizontal center line of the cavity along with
the data from [20] for the values & printed in italic. In general, the velocity profiles from the
present study match very well with the data in [20]. Once magadwever, a closer examination
reveals a small dierence: for higheRe, we compute slightly larger fluid speeds close to the
boundaries than is done in [20], and thifféience increases witRe. There is, however, a very
nice agreement in the location of the velocity extrema.
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Figure 11: Velocity profile curves for the lid-driven squarity for seven values dRe (solid lines) using theu4§p3(1]
discretization (d) plotted along with data from [20] (paipta: vertical velocity profile through the horizontal centerdi

b: horizontal velocity profile through the vertical centerdic: vertical velocity residuald: horizontal velocity residual.
The profile curves have been translated to avoid clustefid@ta. We speculate that three obvious outliers, market wit
rings, stem from misprints in the tabulated data in [20]. iC@plines have been fitted to the remaining data.
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Regarding the dierences in flow speeds close to the boundaries, severasplgis¢rve men-
tioning. Firstly, the results depend critically on the a®bf boundary conditions specified for
the upper corners. We emphasize that closed-lid condifoasssumed in the present study.
Secondly, the results depend slightly on the formulatiothefNavier-Stokes equation (1a) for
Re > 5,000, depending on whether the convective or the skew-stnigrformulation is used.
This is shown in figure 12, where the computed velocity prsfilsing each of the two filerent
formulations are compared féte = 10,000. The convective and the skew-symmetric formula-
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Figure 12: Comparison of velocity profile curves and rediduaves (velocity minus fit) for the lid-driven square cavit

for Re = 10,000 with diferent formulations of the inertial term using thégp% discretization (d), plotted with data

from [20] and a fit to the data using a cubic spline. Top: hariabvelocity profiles (left) and residuals (right) through
the vertical center line. Bottom: vertical velocity profilfleft) and residuals (right) through the horizontal cefite.

tions are found to nearly match each other in the interioenshs some ferences are observed
close to the boundaries, in particular at the moving lid. Wepkasize that the present study
is based on the simpler convective formulation of the Na@ierkkes equation. Thirdly, the data
in [20] are relatively sparse at the boundaries where thiati@n in velocity is high. Finally, it
should be stressed that the data in [20] stem from anotheericah study, and an exact corre-
spondence between that and the present study should nopéeted.

7. Conclusions

This paper has examined various discretizations in isogéaeranalysis of 2-dimensional,
steady state, incompressible Navier-Stokes equatiomstduj to Dirichlet boundary conditions.
Firstly, a detailed description of the implementation haesrbgiven. Secondly, numerical inf-sup
stability tests have been presented that confirm the existehmany stable discretizations of
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Wall-Driven Annular Cavity

Degree q=r=2

Knots 2=0=1{0,0,0,1,1,1}

Point 1 2 3 4 5 6 7 8 9

X1 0 1 1 0 32 32 0 2 2

X2 1 1 0 32 32 0 2 2 0

w 1 yv2 1 1 V2 1 1 Iv2 1

Forced Elliptic Cavity

Degree q=r=2

Knots ==& ={0,0,0,1,1,1}

Point 1 2 3 4 5 6 7 8 9

X -2/v2 0 N2 -4/v2 0 4~N2 -2/V2 0 22

X -1/V2 -2/¥2 -1/V2 0 0 0 YN2 2/N2 12

w 1 yv2 1 1 V2 1 1 V2 1
Lid-Driven Square Cavity

Degree g=r=1

Knots E2E=0=1{0,0,1/2,1,1}

Point 1 2 3 4 5 6 7 8 9

X1 0 12 1 0 12 1 0 12 1

X2 0 0 0 12 12 12 1 1 1

w 1 12 1 12 14 12 1 12 1

Table A.2: Polynomial degrees, knot vectors, control goartd weights for the geometry of the analysed problems.

the velocity and pressure spaces. In particular it was fdabhat stability may be achieved by
means of knot refinement of the velocity space. Thirdly, recomvergence studies compared the
performance of the various discretizations and indicafgthal convergence, in a per-degree-
of-freedom sense, of the discretization with identicalypoimial degrees of the velocity and
pressure spaces but with the velocity space enriched byr&fioement. Finally, the method has
been applied to the lid-driven square cavity for benchmmaykiurposes, showing that the stable
discretizations produce consistent results that matchwithl existing data and thus confirm the
robustness of the method.

Appendix A. Data for Geometry Parametrisations

Table A.2 lists the polynomial degrees, knot vectors androbpoints for the geometry of
the analysed problems.
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