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Abstract

The Moineau pump was invented in 1931 by the French engineer René Moineau
and exhibits an intriguing geometry. The original design is based on hypo- and epi-
cycloids and all except one design has either cusps or less severe inflexion points
with infinite curvature. By using the support function to represent planar curves it
is possible to make an explicit analysis of a general design and we can show that
points of infinite curvature are unavoidable.
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1 Introduction

The Moineau pump is an invention from 1931 by the French engineer René
Moineau, see [11]. The Moineau pump has two parts rotating relative to each
other in an eccentric motion. The shapes in an axial cross section are in the
original design based on epi- and hypo-cycloids. In 2006 the large Danish pump
manufacturer Grundfos wanted an investigation of other possible designs and
brought the problem to the 57th European Study Group with Industry held
at the Technical University of Denmark. All but one of the classical designs
possesses points with infinite curvature and it is of particular interest too see
if that can be avoided.

In a previous analysis of the scroll compressor [3] planar curves was represented
by specifying the radius of curvature as a function of tangent direction. In the
present work we specify the support as a function of normal direction. In both
cases it is trivial to find a point with a given tangent or normal and this makes
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Fig. 1. The circle C; rolls inside the circle Cy and the point P rolls back and forth
on the diameter Hs. To the right P and Hs are offset with 4.

it possible to get closed analytical expressions for the envelope of a moving
curve.

The support function is a classical tool in convex geometry [2] and was first
suggested for use in geometric design by M. Sabin in 1974 [12]. Lately there
has been renewed interest in this representation [1,5,7,10,13,14]. Using the
support function it is possible to analyse a general design and show that
infinite curvature can not be avoided.

The paper is organised as follows. In Section 2 we introduce the original designs
and explain how the pump works. In Section 3 we introduce the representation
by the support function and give some properties of the representation. In
Section 4 we analyse a general design, show that points of infinite curvature
can not be avoided and give a few examples of new designs.

2 The original design

If a circle C; with radius 1 rolls inside a circle C,, of radius n then a fixed
point P on (] traces a hypo-cycloid H,, with n cusps, see Fig. 3. In the case
where n = 2 the hypo-cycloid is simply a diameter of C5 traced twice, once
in each direction, see Fig. 1. The rolling of C inside C5 also defines a motion
in the plane and under this motion the point P moves along H,. If we offset
both P and H, with the same amount § we obtain the rotor, a circle, moving
back and forth in the stator, two parallel lines with semicircles attached at the
ends. The picture is a horizontal section in the pump and the areas to each
side of the rotor are sections in two pump chambers.

To construct the pump we now lift the right hand picture in Fig. 1 to horizontal
planes z = constant, see Fig. 2 to the left. We then roll each copy of the circle
C1, to which the rotor is attached, a distance proportional to the height z, see
the second picture in Fig. 2. Finally we rotate each horizontal plane, with both
the rotor and the stator, such that all copies of the circle C'; are back to the
original position, see the third picture in Fig. 2. The stator is now formed by
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Fig. 2. The construction of the pump is illustrated in the first three pictures and
the pumping in the last two pictures.

the thick “rounded rectangles”, the rotor is formed by the thick small circles,
and the space in between forms two series of pump chambers. In Fig. 2 the
horizontal sections in one of the pump chambers are coloured in gray but only
a portion corresponding to half the height of a pump chamber is shown, (any
other portion can be found by symmetry). As all copies of C} now are above
each other they form a cylinder as do the copies of Cs. If the C'; cylinder now
rolls inside the C' cylinder the thick small circles moves back and forth inside
the “rounded rectangles”. As we see from the difference between the third
and the last picture this has same effect as a vertical translation followed by a
rotation, i.e., the pump chambers are moved up (or down) by a screw motion.
For more pictures and animations, see [8,9].

2.1 Then+ 1:n hypo-cycloid construction

Consider Fig. 3. We have three circles C, C,, and C),; with radii 1, n, and n+1
respectively. Rolling C] inside C), and C),; produces the two hypo-cycloids H,,
and H, ., respectively. Now consider the motion generated by letting C), roll
inside C,,;; and let H,, follow the motion. It is easily seen that H, is (part of)
the envelope for this moving curve. Furthermore, a straightforward calculation
shows that the cusps of H,, stays on H, i during the motion, see [6]. We can
now perform the same procedure as above. Lift the construction to horizontal
planes z = constant, roll each copy of C,, a distance proportional to z, and
rotate each horizontal plane such that the copy of C,, returns to its original
position. This way n + 1 series of pump chambers are formed and when the
cylinder formed by the copies of C,, rolls inside the cylinder formed by the
copies of C, 1 the pump chambers move up or down by a screw motion, see
[8,9].
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Fig. 3. Above the n + 1:n hypo-cycloid construction for n = 2,3, 4. Below offsets of
the same constructions. In the 3:2 construction we have zoomed in on a point where
a semicircle connects to the offset H3. The zoom uses different scales in the x and
y direction.

In the patent [11] the construction is offset, probably to avoid the cusps. If
an offset of a curve passes through a centre of curvature, i.e., intersects the
evolute, then a cusp is formed. So to avoid cusps a curve can at most be offset
out to the minimum radius of curvature. The hypo-cycloids have zero radius
of curvature at the cusps so even though the offset is visually fine the offsets
do have cups, see Fig. 3.

2.2 The n+ 1:n epi-cycloid construction

Consider Fig. 4. We have three circles C1, C,, and C,,;; with radii 1, n, and n+1
respectively. Rolling C] outside C,, and C,, 1 produces the two epi-cycloids F,
and F, 1 respectively. Now consider the motion generated by letting C), roll
inside C,,1 and let E, follow the motion. As in the previous cases F, i is
(part of) the envelope for this moving curve and the cusps of F, i stays on
E,, during the motion, see [6]. A pump is constructed by the same procedure
as in the hypo-cycloid case and n + 1 series of pump chambers are formed.
Once again the cusps of a epi-cycloid has infinite curvature, so an offset has
cusps too, as is clearly seen in Fig. 4.
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Fig. 5. The construction consisting of alternating arcs of hypo- and epi-cycloids.

2.8 The n+ 1:n hypo-epi-cycloid construction

Consider Fig. 5. We have three circles C, Cy,, Cy,1o with radii 1, 2n, and
2n + 2 respectively. If we take every second arc of the hypo-cycloid Hy, and
every second arc of the epi-cycloid Es, we obtain a curve A, consisting of
alternating arcs of hypo- and epi-cycloids. Each of these arcs are obtained by
rolling C; on the inside or the outside of C5,,. We now let A,, follow the motion
generated by letting Cy,, roll inside C,, 5. It can be shown that the outer part



of the envelope is A, 1, that the tangents agree at each point in As, N A, 11,
and that there in general are n+1 points of contact except at specific instances
where two points of contacts come together, see [6]. By the same procedure
as in the case hypo-cycloid or epi-cycloids, n + 1 series of pump chambers are
formed and when the cylinder formed by the copies of Cy, rolls inside the
cylinder formed by the copies of C5,, 5 the pump chambers move up or down
by a screw motion, see [8,9]. This construction is without cusps but there are
n inflexion points on A,, and here the curvature is infinite.

3 The support function

We first introduce a rotating frame (e, f) and the rotation matrix R,

e(¢) = Cos ¢ 7 £(¢) = —sin g | R(6) = cos ¢ —sin @ W

sin ¢ cos ¢ sing cos ¢

Now let A : R — R be a real C? function and consider the parametrisation

x(¢) = h(¢) e() + h'(¢) £(9). (2)

Differentiation yields x'(¢) = (h(¢) + h"(¢)) £(¢) so x is regular if and only if
ds "

3~ M)+ (@) £ 0. (3)

In that case the tangent is t = £f(¢) and the normal is n = e(¢) . Hence
h =x-f =x-n = distance from origo to the tangent line. (4)

That is, h is the support function for the curve parametrised by x. We have

dx  dt  do dt

@_@_Edqs:(h_i_h//)flf/:_(h_i_h//)fle. (5)

We see that if h is a C* function with & > 2 and satisfying (3) then the
parametrisation by arc length is C* even though the parametrisation (2) is
only C*~1. We also see that the signed radius of curvature is given by

ds

= & = h(6)+ (). (6)

P

Any planar curve with non vanishing curvature, i.e., without inflexion points,
can be given as (2). If h is the support function of curve x then the rotated

L If p > 0 then (t,n) = (f,e) is a negatively oriented basis



curve R(t) x has the support function ¢ — h(¢—t), the translated curve x+a
has the support function ¢ — h(¢) + a-e(¢$), and the scaled curve cx has the
support function ch, see [1,5,7,10,12-14].

We can not use the normal direction as a parameter across an inflexion point,
but the modification in [4] allows us that.

Theorem 1 Consider an ordinary inflexion point (xg,yo) with curvature k =
K1Ss + %@52 + 0(53), where s 1s arc length and k; > 0. Denote the normal
direction by ¢ and let ¢y be the mormal direction at the inflexion point. We
can introduce a parameter u such that u?> = ¢ — ¢g and the support function
can be written

2 /2
h:xo—l—y0u2+§‘lﬁ—lu3+0(u4). (7)

Furthermore,
dh 2 dh 11
— / O(u? d — = /— = +0(1). 8

Proof. By a rotation we may assume that ¢y = 0. Then we have

d
df =K = K15+ %52 +0(s*) and u?=¢ = %82 + %53 +O(s?).
Thus
| 2 ap) r
S = au — 37'%%'&2 + O(US), (9)
and

1 1 1 1
cos(¢p) =1 — g,«;fs‘l - Em@:f +O(s%), sin(¢) = §/£182 + 65253 +0(sY).

The curve can now be parametrised as
1. 3 1, 5 5
e /tds _ /f(gb)ds _ [T0 — gR18” = gyhas + O(s)
Yo+ 8 — 4—10@55 + O(s%)
Finally, the support function can be written

2
hzx.nzx.e<¢):$0+y()2’€182+</il—;yoliz>s3+0(84).

Substituting (9) into this expression shows (7). Using that - = QUi, equa-

tions (8) is a now a straightforward calculation. O



4 General designs

We consider designs as in Fig. 5, i.e., designs consisting of arcs with alternating
signs of curvature. We start with one positively curved arc of the rotor. This
arc is then moved around by the motion generated by a circle rolling inside
another circle and we find the stator as the envelope of this moving curve.
Then we reverse the viewpoint and consider the rotor as fixed while the stator
is moving. Now the full rotor can be found as an envelope of this new moving
curve.

The motion generated by rolling a circle of radius b inside a circle of radius a
is given by

x — R(t)x + ce(at), (10)
where ¢ = a — b and o« = b/(b — a). In particular, if we have a circle of radius
n rolling inside a circle of radius n + 1 then ¢ = 1 and a = —n. Observe that

a < 0 if a > b. Now consider the motion of the curve (2),
X(p,t) =R(t)x(¢) + ce(at) = h(p)e(p+1t) + h(o) f(p+ 1)+ ce(at). (11)

We have a point on the envelope if and only if the velocity and the tangent
are parallel. The partial derivatives of X are

oX

5 = (h(O) + H'(6) £(6 -+ 1), (12)
O = W) E(6+1) ~ W(6) el6+1) + ack(a). (13)

So we have a point on the envelope if and only if 0X /0t is orthogonal to
e(¢ +1t), i.e., if and only if

0= 65: ce(¢p+1t) = —h(¢) + casin(¢ +t — at) (14)
sin(p+ (1 — a)t) = hlc(j). (15)

We can solve this equation with respect to ¢ and obtain the complete solution

2k + 1_7"% 4 o arcsin (%) —
tok = : . o==%1, keZ.  (16)
—«

The value of k only matters in a few instances, so in the following we will just
write t,. Observe that

s+ 1) = on (15 s (M19)) <1 (M09

cx




The normal of the envelope X(¢,t,) is the normal of x(¢) rotated through
the angle t,, i.e., it is e(¢ + t,). So the normal direction of the envelope is

o =0+ 1, = 11a <2k7r + ! ; O7r + o arcsin (h/(¢>> - Oé¢> ) (18)

cx

and the derivative with respect to ¢ is

dé, oh”(¢) — ca®y /1 — (%)2
dp (1 —a)eay/1 — (%)2 .

The support function of the envelope is h, = X(¢,t,) - €(¢,) which becomes

(19)

ca

he = h(¢) + ccos(dy — aty) = h(¢) + UCJ 1-— (h/<¢>> : (20)

The first derivative with respect to normal direction is

jzz = '(¢5 — to) (1 — :11;‘;> — csin(¢, — at,) <1 — a;;i)
e dt, 1 (¢) dt,\ a—1,

and the second derivative is

@hy,  a—1,  (do,\ "t c(l—apPri(e)/1— (L)’
dg? a’“@( ) =

) d¢ —oh() + a2y 1 — (12)°

Ccx

If we interchange what is moving and what is fixed and reverse the time
then we just have to interchange a and b. Then c is replaced with —c and «
with 1 — a. Making the appropriate modifications to (18) we find the normal
directions

Pop =&+ ; ((25 — 2k + U;“) ™+ (1 — o) arcsin <hl(¢)>> - (23

cx

The support functions are

mw:hwwa—mﬁl—(”wﬁ, (24)




and the first and second derivative are
dhs
dcba "

"
hyy h'( ( ol
dgbg,u ( h/l

= h'(9), (25)

(26)

) + ca? (h/

We collect the information in the following theorem

Theorem 2 Let a positively curved arc of the rotor have the support function
¢ +— h(p) and let the motion be generated by a circle of radius n rolling inside
a circle of radius n + 1, where n € N. Let

1

(ng — arcsin(h'(¢)/n)) ,

¢-1(0) = n+1 (7 + n¢ + arcsin(h'(¢)/n)) ,

¢-11(¢0) = o+~ (77 — 2arcsin(h’(¢)/n)),

and

hn(6) = h(@) + ~/n? — (W(0))2.

ha(6) = h(6) = yfne = (W),
haa () = h(g) =~ — (W(G)P.

Then the positively and negatively curved arcs of the rotor have the support
functions

¢+ h(¢p+2km/n), ¢+ h_q1; (gbjl(gb + 2k7r/n)) , k=0,...,n—1,

respectively, and the positively and negatively curved arcs of the stator have
the support functions

¢ hy (671 (0 + 2kn/n)), ¢ hoy (6710 + 2kn/n)), k=0,....n,

respectively. We can parametrise the arcs as
x(¢) = h(g)e (¢+ Z=) + 1(¢) £ (¢ + %7),
X 11(¢) =h_11(p)e <¢—1,1(¢) + 21”) + ') f (¢—1,1(¢) + 2’%) ;
x1(6) = ha(@) e (61(0) + 22) + “Lh(0) £ (61(0) + 22),

x_1(6) = hi(@) e (-1(6) + 22) + ”“h’(qﬁ)f(qs (6) + 7).

10



A straightforward calculation shows that

(h” - acoz\/@)2
Po =P — 2

h! — O'COéQm
(h")? + a2 — (I)? — 2ach"m‘ (28)

20" — oca?y/1 — (h—/)z

cx

(27)

Q

Po,~o :P—2

We will now analyse the situation at the endpoints of the arcs of the horizontal
sections of the pump.

Theorem 3 Consider a Moineau pump design where the horizontal sections
of both the stator and rotor consists of smooth arcs with alternating strictly
positive and strictly negative curvature in the interior. If the support function
of the positively curved arc of the rotor either has an expansion

h= o+ (6= 60) + 20— o) + O((0— o)™, (29

where hy, # 0, or an expansion

2 h
h = ho + hju® + ?%3 1 547# +O®WP), (30)

where u? = ¢ — ¢y and hs # 0. Then there are points with infinite curvature
in the design.

Proof. As the arcs of the stator, with support functions h; and h_; respec-
tively, have to connect, the normal directions ¢; and ¢_; have to agree at the
endpoints. Hence (1/)? = c®a? at the endpoints. By a rotation we may assume
that @ = 0 at the endpoint we consider.

First we consider the case (29). If m = 2 then it is easily seen that

b3+ 0(¢'72)

pgzp—mﬂp—fm:ho, for ¢ — 0. (31)

If m > 4 then we have

Po =P — — m—1 mtl
—oca? hl(ihjnl)!gb P —i—O(qb 2 )

— p, for ¢ — 0. (32)

11



If m = 3 and hs # —a?h; then we have

2
o (ha — oeay/=ha/1)" 6 +0(¢*) U
(hs — oca\/=hs/h1) ¢ + O(¢?)

Finally, if m = 3 and hy = —a2h; then we obtain

(a? — Datc?¢? + O(¢?)
a?h1¢ + O(4?)

pP-11=p+ —p, for¢—0. (34)

We now consider the case (30). As - = 2u% we have

dh d2h 1
P = hy + hau + hgu* + O(u?)  and i hg& + hy + O(u).

Substituting this into (27) yields
po = ho+ O(u) — hy, foru— 0. (35)

As p1 > 0 and p_; <0, we can conclude that p; = p_; = 0 at the endpoint of
the arcs of the stator in the cases (31), (32), (33), and (35). Similar p > 0 and
p—11 < 0 so in the case (34) we have p_;; = p = 0 at the endpoint of arcs of
the rotor. In all cases the design has points of infinite curvature. O

4.1  Ezramples

We will consider a deformation of the 3:2 hypo-epi-cycloid design. We let ¢ = 1

and o = —2. An epi-cycloid arc of the rotor has the support function
2 2 4 2
h(¢) = 3 cos <;§> , W (¢) =—2sin <§b> . h'(¢) = —5 cos <3¢> ,
with ¢ € {—%ﬂ, 4?”] If we preserve the values of h, h’, and h” at the endpoints

then we consider deformations h + 7, where

A7 4w 47 47 47
AT L i (#47) 2 (247) < (£47) <0
K [ 3 3]_> e 1 A G B A G

One possibility is

0 () [+ 35 (o (5) e (5)))

See Figure 6 for a few examples of such deformations.

12



(ao,bl) = (%,0) (ao,bl) = (—%,O) (ao,bl) = (0, %)

Fig. 6. Below new designs of a Moineau pump. Above the radius of curvature of the
arcs of the stator and the arcs of the rotor are shown with solid and dotted lines
respectively.

5 Conclusion

The support function representation of planar curves are used to define and
analyse designs of Moineau pumps. In particular, it is proved that if the rotor
and stator consists of alternating arcs with positive and negative curvature
then it is impossible to avoid points with infinite curvature in the design.

It is an open problem whether the inclusion of straight lines in the design allows
for other curvature bounded designs than the 2:1 hypo-cycloid construction
in Figure 1.
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