De Casteljau’s Algorithm Revisited

Jens Gravesen

Abstract. It is demonstrated how all the basic properties of Bézier
curves can be derived swiftly and efficiently without any reference to
the Bernstein polynomials and essentially with only geometric arguments.
This is achieved by viewing one step in de Casteljau’s algorithm as an
operator (the de Casteljau operator) acting on a sequence of points, pro-
ducing a sequence with one point less. The properties of Bézier curves are
then derived by analysing de Casteljau’s operator.

§1. Introduction

We consider one step in de Casteljau’s algorithm as an operator (the de Ca-
steljau operator), acting on a sequence of points, producing a new sequence
with one point less. We produce a Bézier curve by applying de Casteljau’s
operator a number of times, so it is clear that the properties of a Bézier curve
can be found by studying products of de Casteljau’s operator with itself. The
final ingredient is the observation that de Casteljau’s operator is built from
the two extremely simple operators, which remove the first and the last points
from a sequence, respectively.

A slight modification of the idea has been used by M. Hosaka and M. Ku-
roda, cf. [3,4], and by J. Hoschek and D. Lasser cf. [5]. Instead of finite
sequences they use infinite sequences.

§2. The de Casteljau Algorithm
The de Casteljau algorithm can be described by the scheme

P, — P — — Py -5 Py
/ / / /
P - P - — prt
/! /! /
(1)
/! /!
P, n—1 P, 7} 1
/!
P,
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Using matrix notation one step in the algorithm (going from one column to
the next) can be written as

péﬂ-l 1—t¢ t 0 ... 0 P}
k+1 . . k
Py _ 0 1-¢t ¢ I 1
: : : 0 :
Pk+1 P
n—k;—l 0 .. O 1_t t n_k

1 0 0 0 1 0 0 Pk

. Pk

- la-p|? 1 ° Sl E 1

0 . 0
0 0 1 0 0 0 0 1 Pk

Inspired by this, we introduce two basic operators which act on a sequence of
points.

Definition 1. The right truncation operator R and the left truncation operator
L is defined by
R: (Po,...,Pm) = (PO;---y-Pm—l);

LZ(Po,...,Pm)l—)(Pl,...,Pm).

Remark 1. To be precise we should indicate the length of the sequence on
which the operators acts, so the definition reads

Rm:(P(),...,Pm)H(PQ,...,Pm_l),
Lm : (P(),...,Pm)H(Pl,...,Pm).

Remark 2. In this paper all sequences are finite. It is possible to work
with infinite sequences, (P%, Pi,...), then the scheme (1) becomes infinite
downward and to the right, and our scheme is just the top left triangle of
this infinite scheme. The operator R is then the identity and the operator L
is left-shift. We may even use bi-infinite sequences, (..., P_1n, P¢, P}, ...) in
which case the left-shift operator L is invertible.

Even though the definition of R and L is as simple as you could possibly
want, they are all we need for the development of the Bézier curve theory. We
start by stating some basic properties of R and L.

Lemma 2. The operators R and L “commute”, i.e.
LR = RL.
Proof: This is clear, both LR and RL removes the first and the last point of

a sequence. [

Remark. Strictly speaking the word “commute” is a misnomer, because the
L’s and the R’s on the two sides of the equation is different. The equation
should read L,,_1R,, = R,,—1L,,.
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Lemma 3. If we identify a point P and the sequence (P) consisting of just
that point, then,

P, =LFR™*Py,...,Py,), for0<k<m.

Proof: The operator L*R™~* removes the first k£ points Py,..., P,_; and
the last m —k points Pyy1, ..., Pp, so we are left with the sequence consisting
of just one point P,. O

From the basic operators R and L we can define two new operators.

Definition 4. The (well known) forward difference operator A is
A=L-R.
Definition 5. Ift € IR, then the de Casteljau operator C(t) is
C(t)= (1 —t)R+tL = R+tA.
By definition
Ct): (Poy..., Pp)— (1—=t)Py+tPy,...,(1 = t)Pp—_1 +tPp,),

and we see that C(t¢) describes one step in de Casteljau’s algorithm. By
Lemma 2 we have the following corollary.

Corollary 6. Let s,t € R, then the operators R, L, A, C(s), C(t) “com-
mute”.

Again the word “commute” should not be taking literally. The operators we
have introduced are affine operators:

Lemma 7. Let t € R and let M be any of the operators R, L, A, C(t). If
a+ B =1, then

M(a(P(),...,Pn))+,3(Q0,...,Qn)) :aM(Po,,Pn))+,BM(Q0,,Qn)

Proof: As linear combinations of affine operators are affine, we only have to
show that the lemma holds for the operators R and L, but this is obvious. O
Finally we have that de Casteljau’s operator is affine in it’s argument:

Lemma 8. Let a,b,t € IR then
C((1—t)a+tb) = (1—1)C(a)+tC(d).
Proof: The proof is a straightforward calculation:
C(1—t)a+th)=R+ ((1—t)a+tb)(L— R)
=(1-t) R+ (1 —t)a(L—R)+tR+tb(L — R)
=(1-t)(R+a(L—R))+t(R+tb(L —R))
=(1-t)C(a)+tC(b). O

The de Casteljau’s algorithm is encoded in the operator C(t), so we can use
it to define a Bézier curve.
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Definition 9. A Bézier curve of degree n with control points Py, ..., P, is
defined by
b(t) = C(t)"(Po,. .., Pn).

Remark. The symbol C(t)™ is a misuse of notation. The definition should
read b(t) = Ca(t)Cs(t)...Cry1(t)(Po,...,Py), but as it is clear from the
context what the interpretation of C(t)™ is, we will stick to the simple notation.
The same remark holds each time we compose any of our operators and in
the following we will use the abusive but simple notation without any further
comments.

§3. Properties of Bézier Curves

As a composition of affine operators gives an affine operator, Lemma 7 im-
mediately give us that the operator C(¢)™ is affine. This can be formulated
as:

Corollary 10. Let (Py,...,P,) be control points for the Bézier curve b(t)
and let (Qo, - ..,Qy) be control points for the Bézier curve c(t). If a + =1
then the Bézier curve ab(t) + Bc(t) has control points (aPy+ BQo, - . ., Py, +

BQn)-

Next we have the symmetry property of Bézier curves:

Theorem 11. If b(t) is a Bézier curve with control points Py, ..., P,, and
b(t) is the Bézier curve with control points P,, ..., Py, then

b(t) = b(1 — t).
Proof: Let J denote the operator which reverse the order of a sequence, i.e.
J:(Po,...,Py)— (Pn,...,Po).
We clearly have RJ = JL and JR = LJ, and hence

C(t)J = (1 —t)R+tL)J = (1 — )RJ +tLJ
= (1—t)JL+tJR=J(tR+ (1—t)L) = JC(1 —1).

By induction we have
crJ=JC(1-1t)",

and as J is the identity on a one point sequence, the theorem follows. O
The derivative of a Bézier curve is easily found.

Theorem 12. If b(t) is a Bézier curve with control points Py, ..., P,, then
the derivative is given by

%b(t) = nC(t)" TA(Py, . .., Py) = nACEH)" " (Py,. .., Py).
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Proof: As C(t) = R+tA we have 2C(t) = A and as A and C(t) commute,

n—1 n—1
n d n—1— n—1—
GO0 =Y cof (Few ) cort = Y cafacer
k=0 k=0
=nC(t)" TA =nACH)" . O
Remark. The expression

d n—1
Zb(t) =nCO)" APy, -, Pn)

tells us that the derivative of a Bézier curve is a new Bézier curve where
the control points are the forward differences of the original control points
multiplied by the degree. The expression

d n—1
Zb(t) =nACH)" " (P, ..., Pn)

shows us that the derivative of a Bézier curve is the forward difference of the
two points in the second last step in de Casteljau’s algorithm multiplied by
the degree.

Corollary 13. If b(t) is a Bézier curve with control points Py, . .., P,, then

fb(t)— " o)k APy, ..., Py)
v T (n—k)! Orrotn

n! n—
B (n - k)'AkC(t) k(P07 . -vPTL)‘

Proof: The corollary follows by induction, using theorem 12. O
As another corollary we get linear precision:

Corollary 14. If P and @ are two points and the Bézier curve b(t) has the
control points

p=""Dp 0. n
n n

then
b(t) = (1-1t)P + Q.

Proof: We only need to show that the derivative of b(t) is constant P — @,
but this is easy. The derivative b’(¢) has control points n(P;;1 — P;) = P —Q,
and if all the control points of a Bézier curve are one and the same point, then
the curve is constant equal to that point. O

The degree elevation formula is the most complicated in the this context,
and it is the one instance where it is better to use the Bernstein representation.
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Definition 15. The degree elevation operator is defined by

P+ P P, +nP,_
U:(P07"'7Pn)'_><P07n il +nn17Pn)7

n+l T ol

i.e., the k’th element of U(Py,...,P,) is

(n+1—k)Pk+kPk_1
n+1 )

Before we prove the degree elevation formula we need a lemma.
Lemma 16. Acting on sequences of length n + 1 we have,

n
n+1

AU = UA.

Proof: This is just a calculation. Starting with the k-th element of the
sequence AU (P, ..., P,), we get

(n+1—(k+1)Pes+ (k+ 1Py (n+1—k)Py+kPys

n+1 n+1
n+l-k-1 n+1-—k +k+1 k P
- n+1 k+1 n+1 k n+1 k n+1 k-1
n—k n—k k k
= Priq— P, P, — P
n+1 k+1 n+1 k+n+1 k n+1 k-1
n n—k k
= Py, — P —(Py, — Py, _ }
n+1< - (Pr+1 k)-l-n(k k1)>

2 UA(Py,...,P,). O

We can now formulate the degree elevation formula as

and this is exactly the k-th element of the sequence

Theorem 17. Acting on sequences of length n, we have
Ct)"U =C(t)" . (2)

Proof: This is done by induction on n. If n = 1, (2) is trivial. So assume
C(t)"U = C(t)~!. We clearly have

C(0)"*'U = R**'U = R™ = C(0)",

and hence it is sufficient to show that (2) holds after differentiation, i.e. we

need to show that
(n+1)C(#t)"AU = nC(t)" *A.

By Lemma 16 the left-hand side is nC(¢t)"UA, but this is the same as the
right-hand side by the induction assumption. O

Remark. Even though both sides of equation (2) can act on sequences of
length greater than n, it is only valid when acting on sequences of length n.
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An important property of a Bézier curve is given in the subdivision theorem,
which states that the part of a Bézier curve, which is defined for ¢ € [0, ¢], is a
Bézier curve with control points Py, Py, ..., P, and the part, which is defined
for t € [c,1], is a Bézier curve with control points P}, P! ..., P,, where
Pik are the intermediate points in de Casteljau’s algorithm, evaluated for the
parameter value c. We obtain the subdivision theorem by letting (a, b) = (0, ¢)
and (a,b) = (¢, 1) in the following theorem.

Theorem 18. Let b(t) be a Bézier curve with control points Py, ..., P,, and
let a, b be two real numbers, then the restriction of b to the interval [a,b] is a
Bézier curve with control points Py, ..., P,, where

Py = C(a)" *C®) (P, Py).
Proof: If 0 < k <n — 1, then the k’th element of the sequence

C(1)(Cla)",Cla)*1C(b), ..., C(0)") =
(1 = )R+ tL)(C(a)™, Cla)" 1 C(b), ..., C(b)"),

is given by

(1=1)C(a)""*C(b)* + tC(a)"*1C(b)F !
= C(a)" "1 ((1 - t)C(a) + tC(b))C(b)*
= C(a)" *2C((1 - t)a + tb) C(b)*
= C(a)" *tC(B)*C((1 - t)a + tb).

Thus, we have

C(t)(Cla)™, C(a)"2C(b), ..., C (b))
= (C(a)™ Y, C(a)™ 2C(b),...,C(0)" 1) C((1 - t)a + tb),

and by induction we get
ct)"(C(a)*,Cla)"*C(b),...,C(H)") = C((1 —t)a+tb)".

Hence C(t)" (130, . .,]Bn) = C((1-t)a+ tb)n(PO, ..., P,) and the proof is
complete. O

Finally, we demonstrate how the Bernstein form is a consequence of the
binomial formula.

Theorem 19. Let b(t) be a Bézier curve with control points Py,...,P,.
Then

b(t) =)  Bi(t)Px,
k=0

where

Br(t) = (Z)a —n Rk k=0,...n,
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are the Bernstein polynomials of degree n.
Proof: We have

Ct)"=(1-tR+tL)" = kz:% (:) (1 —t)R)" *(tL)*
- zn: (Z) (1 —t)"kgkRrok Lk = zn: Bp(H)R" k¥,
k=0 k=0

w0 b(t) = C()*(Po, ..., Py)

n n
=Y BRt)R"FL*(Py,...,P) =Y Bp(t)P. O
k=0 k=0

It has recently been popular to view a Bézier curve as a symmetric multi-
affine map (the so called blossom) evaluated at the diagonal. In our notation
this amounts to the following:

Definition 20. The blossom of a Bézier curve of degree n with control points
Py, ..., P, is defined by

b(t1,...,tn) = C(t1)o...0C(ty)(Py, ..., Py).

Once again we can derive the basic properties of the blossom by utilizing
the commutativity of R and L, but we leave this as an exercise for the reader.

Acknowledgments. I am indebted to Lars-Erik Andersson who presented
the proof of Theorem 18 (using infinite sequences) at a summer school in
computational geometry, held at Linkoping University, May 7-11, 1990.
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