Chapter 2

Differential Geometry of Curves

2.1 Introduction

Intuitively a curve is a one-dimensional object, i.e., an object that can be described
by a single parameter. A curve with a particular choice of parameter is called

a parameterized curvand we have in the previous chapter already seen many

examples of this concept.

In this chapter we will studyocal properties of abstract curves. The main result
is that a plane curve is completely determined by a single real valued function,
the curvature and a space curve is completely determined by two real valued
functions, thecurvatureandtorsion A curve inR" is completely determined by

n — 1 functions, called the curvatures.

2.2 Parameterized Curves

Our study of curves will be restricted to a certain class of curves. First of all we
want to use calculus in the analysis so a curve has to be described by a differential
functiorf]. If the derivative of a map : R — R" vanishes at some point then the
image can have sharp corner or a cusp, see Problemis 2.7.Tand 2.2.2, and we want
to avoid that too. So we will only work witregular curves Our main interest are

plane curves or space curves so in the following you may thifik"aisR? or R,

Definition 2.1. A regular parametrizatiorof classCK, with k > 1, of a curve in
R" is a vector functiom : | — R" defined on an intervdl which satisfies

1Besides the convenience of being able to use calculus there is a more severe reasons for
insisting on differentiable functions. There exists continuous @y — [0, 1]" whose image
is all of [0, 1]" and we do not want to call them curves.
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40 CHAPTER 2. DIFFERENTIAL GEOMETRY OF CURVES

1. r is of classCk.
2. r'(t) #0Qforallt e I.

The variabld is called theparameterand| is called theparameter interval

Example 2.1 The functionr (t) = (t, t? — 1), t € R, is a regular parametrization because
r is of classC™ andr’(t) = (1, 2t) # (0, 0) for all t € R. The image of is the parabola
shown in Figurg 2|1

Example 2.2 The functionr (t) = (r cost, r sint, ht), wherer, h > 0, is a regular para-
metrization becauseis of classC® and|r’(t)|2 = r2sirft+r2coft+h? =r2+h? #£0
forallt € R. The image of is theright circular helix shown in Figurg¢ Z]1.
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Figure 2.1: To the left a parabola to the right a circular helix.

Definition 2.2. An allowable change of parameterf classCK is a real function
f : 11 = | such that

1. f is of classCk.
2. f/(t) £0allt € 1.

As | is an interval we have eithel’(t) > 0 for allt € I, in which case we call

f orientation preservingor f’(t) < 0 for allt € I, in which case we calff
orientation reversinglf f : 11 — | is an allowable change of parameter of class
CK then the conditiorf’(t) # 0 implies that the inverse exists and is an allowable
change of parameter of cla€X. If r : | — R" is a regular parameterization
of a curve andf : 11 — | is an allowable change of parameter and both are of
classCX thenry = r o f : I3 — R"is of classCX too, and it satisfies] (t) =
r'(f(t)) f'(t) £ 0,i.e., itis a regular parametrization, see Figuré 2.2. We say that
r1 is areparameterizatiorf r, and this defines an equivalence relation on the set
of parametrizations, cf. Problem 2]2.5. We will consider a regular parametrization
of classC* and any reparametrization as defining the samee that is
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Figure 2.2: Reparametrization of a curve

Definition 2.3. A regular curvein R" is a collection of regular parametrizations
r: 1 — R" of classCK any two of which are reparametrizations of each other.

An oriented regular curvén R" is a collection of regular parametrizations| —
R of classCk any two of which are orientation preserving reparametrizations of
each other.

A regular parametrization : | — R" uniquely determines a curve and all other
parametrizations are related to it by an allowable change of parameter. Thus we
may say “the curve given bit)...”. However, a property of or a concept associ-
ated with the parametrization: | — R" need not be a property of the underlying
curve. Any property of or concept associated with the curve must be common to
all representations or, as we say, “independent of the parameter”.

A regular curve given by : | — R" is said to besimpleif there are no multiple
points; that is, ifty # to impliesr(t1) # r(t2). This is clearly a property of the
curve, not of the parametrization. Locally, a regular curve is always simple, cf.
Problem2216.

If we think of the curve as the path of a moving particle thé&ty) is the velocity
of the particle at timé = to.

Definition 2.4. The velocity vectorof a regular parametrization : | — R"
att = tg is the derivativer’(tp). The velocity vector fields the vector valued
functionr’ : | — R". Thespeedofr att = tp is the length of the velocity vector
att = to, r’(to)\. Thetangent vectors the unit vectot(tg) = r’(tg)/|r'(to)|, and
thetangent vector fields the vector valued function— t(t).

Observe that the regularity condition ensures that the instantaneous speed always
is different from zero so we are able to divide py| and definet. When we
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have a vector field : (a, b) — R" along a curve then we should think of the
vectorv(t) to be attached to the pointt), see Figur¢ 213. If andr; =r o f

Figure 2.3: To the left the velocity vector field and to the right the tangent vector field.

are reparametrizations of each other thé¢) = f'(t)r’'(f(t)) so the velocity
vector depends on the parametrization, but the tangent vectors satigfjes-
f/@t)/| f @) t(f(t)) = £t(f(t)) so the tangent vector is a well defined property
of an oriented curve, but is in general only defined up to a sign.

Definition 2.5. The straight line through a pointt) on a regular curve parallel
to the tangent vector is called thengent lineto the curve at (t).

A more geometric way of defining the tangent

line at a pointxg on a curve is as the limit po- —=
sition of asecanti.e., a straight line through two /%
pointsx; # X2 on the curve whemy, X2 — Xo,

see Figur¢ 24. Figure 2.4: Asx; and x;
approachesxy the secant ap-

roaches the tangent line.

That the limit position of such a secant indeed
the tangent is shown in Probldm Z]2.7.

The tangent to a regular curve given by: | — R" at the pointr(tg) can be
parameterized as

U r(tg) + ut(tg) or u > r(to) + ur'(to) (2.1)

2.2.1 Length of curves

An arc of a curve given by : | — R"is a curve given by the restriction ofto
aclosedinterval(a, b] C |. The points (a) andr (b) are called thend pointsof
the arc.
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Definition 2.6. If r : | — R" is a regular parametrization of a curve dadb] ¢
| then thelengthof the arcr (4, IS

b
/ Ir’(t)] dt.
a

The following proposition shows that the length of an arc is independent of the
parametrization.

Proposition 2.7. Let f : 11 — | be a reparametrization of a curve: | — R",
andletry =ro f. If f([a, b1]) = [a, b], then

b by
/Ir/(t)ldtzf Iri(u)| du.

The proof is left as Problein Z.2.8.

Definition 2.8. If r : | — R" is a regular parametrization of a curve apd |
then thearc lengthmeasured fronty is the function

t
sty = | |r'(x)|dr, tel. (2.2)

fo

If t > to, thens > 0 and is equal to the length of the arc betweép) andr (t).

If t < tg, thens < 0 and is equal to minus the length of the arc betwea#) and

r(t).

If r is of classCK then the velocityr’ is of classCk—1 and as the velocity never
vanishes the spedd’| is of classC*~1 too. It now follows that the arc length

s is of classCk and thats'(t) = |r’(t)| > O for allt € |. Hences = s(t) is an
allowable change of parameter and we cansas®a parameter on the curve. This,
of course, is an abuse of notati@genotes both the function defined ly{2.2) and
a parameter, i.e, a real number. Similarly, we will denote the inverse function of
t — s(t) by s — t(s) sot will also denotes both a function and a parameter. The
reparametrization of — r(t) by arc length, i.e.s — r(t(s)) will be denoted

by the same symbal, the advantage of this abuse of notation is that we now can

write identities like

dr
ds

A parametrization by arc length is calledhatural parametrizationor more pre-

cise

dr
dt

dt
ds

dr
dt

ds
dt

dr
dt

dr
dt

_ - - —1 (2.3)
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Definition 2.9. A parametrizatiom : | — R" is called anatural parametrization
if r'(s)]=1forallse .

We now have

Proposition 2.10.1f r : | — R" is a natural parametrization, then
1. The length of the arc betweers;) andr(sp) is |, — s1].
2. If s* — r*(s*) is another natural parametrization, thens +s*+constant.
3. Ift is an arbitrary parameter, thefds/dt| = |dr /dt|.

4. The tangent vector is= dr/ds.

Proof. The proof of[1 and]2 is left as Probleins 212.9 and 2}2.10. Now 3 follows
from (2:3). Finallyt = & / | 9| = &, which proveg4. O

A more geometric definition of arc length is in
terms of approximating polygons. Let an arc be
given by a parametrization(t) with t € [a, b]
and consider a partition

a=l<h-< <tm=b (2:4) Figure 2.5: An approximating
of the interval[a, b]. This determines a sequenceolygonP and a refinemerf’.
of points inR"

Xo=ro), Xa=r), ... Xm=r(tm).
The points form arapproximating polygon Rs shown in Figur€ 2.5 The length
of P is clearly
m n

LP) =D Ixi —Xi_a| = Y _Ir(t) —r(ti_1)|

i=1 i=1

If the partition is refined to give a better polygonal approximati?ig see Fig-
ure[2.5 then we clearly hav&P’) > ¢(P) so we are lead to consider the quantity

m
0= sup{Z|r(ti) —rt )| |la=to<ti<--<tm=bme N}. (2.5)
i=1

Observe that this makes sense even i§ only continuous, but we may have
£ = o0.
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Definition 2.11. The image of a map : [a, b] — R" is calledrectifiable with
length? if

m
€=Sup{2|r(ti)—l’(ti—1)| a=ty<ty<--- <tm:b,meN} < 00.
i=1

The following theorem shows that the two notions of arc length coincide.

Theorem 2.12.Letr : [a, b] — R" be of class €, then the image is a rectifiable

arc with length
b
z:/ Ir'(t)] dt.
a

Proof. Letr(t) = (xa(t), ..., Xa(t)) and putM = max{|r'(t)| | t € [a, b]}. If
we have a partition{2.4) then

Do) —rtinl < Y0 X ) = Xj(ti—a)]
i=1

i=1j=1
=2 D IXGE DG =Dl <Y Y IXGE DIG —tiia)
i=1j=1 i=1j=1
< Xm:i: Mt —ti—1) = Xm:nl\/l(ti —ti-1) =nM(b - a),
i=1j=1 i=1

whereti_1 < & j < tj. SoZ is finite and the arc is rectifiable.

Now consider an arbitrary > 0. Asr is of classC! we can find$; > 0 such that

IXi () — X ()] < e/(Bnb—a), j =1,....n,if [t —t'| < 81. Furthermore,

we can finds, > 0 such that for a partition {2.4) with — t,_1 < 52 we have
SRrmrd — S 1 — ti_l)‘ < ¢/3. Now lets = min{s1, 85}, and
choose a partition such that the corresponding approximating polygon has a length
that satisfies G< ¢ — £(P) < ¢/3. If we refine the partition then the inequalities
are still satisfied so we may assume that the partitiortjhag;_1 < 8. For such

a partition we have

b
‘e — / Ir/(t)| dt
a

b
<€ —E(P)|+ ‘K(P)—/ |r’(t)|dt‘
a
m b
+ Z\r(ti)—r(ti—l)\—/ Ir'(t)] dt
i=1 a

m b
+1> —/a I/ (t)] dt

i=1

=<

wlm

Wl m

n
> (t) = Xj(ti-1)ey

=1
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whereey, .. ., &, is the standard basis IR", by the mean value theorem we get

b
i| (i —ti—l)—/ r'(t)| dt

) & —ti-2)

by adding and subtractiny; |r (ti)[(ti — ti—1), we obtain

m n
(2
j=1

i=1

n b
+ D Irt)I —ti—l)—/ Ir'(t)] ot
i=1 a

A

wim

as|Ipl - lal| < |p— q| we have

= 5+ 2 | XD =X M)er| 6 —t-n)| + 3
i=1]j=1
2 m n
s§+22\x &) — X )| —ti—p)
i=1j=1
2¢ AU €
< §+;;W(ti —ti_1) =¢
ase is arbitrary we see th::#f —f§|r’(t)|dt‘ = 0. O

2.2.2 Curvature

Definition 2.13. Letr : | — R" be a regular curve with arc lengsrand tangent

: dt .
vectort. Thecurvature vectoiis k = — and thecurvatureis ax = |k|. If « # 0

S
then theradius of curvaturas is p = 1/«, the center of curvatures the point
c=r + p?k, and thecircle of curvaturds the circle with centec and radiugp|.

Ast-t = 1 differentiation with respect to arc length shows th&t= 0 and hence
thatt L «.

In practise curves are rarely given by their natural parametrization, but the follow-
ing lemma tells us how to determine the curvature of curve given in an arbitrary
parametrization.
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Figure 2.6: To the left a curvature plot and to the right a porcupine plot of a cubic B-spline
curve. The endpoints of Bézier segments are indicated on both plots.

Theorem 2.14.Letr : | — R" be a regular parametrization of a curve. Then

e — (- VIFIr2 — (- 12
= and « =
r/|4 |3

Furthermore, ifc # O, then

2 2 2 2
d_lC _ 4(r/ ) r//) _ |r/| |r//| _ |r/| (r/ . r///)r/ B r/ . r// v r-///
dt |r/|6 |r/|4 |r/|2'
Proof. We havet =r'/|r’| so
a 7 r'.r’

) |r/|2r// _ (I’/ . r//)r/

d ol R IEE
SO
dt  dt /ds /A" = -’
K= — = — —_— = ,
ds dt dt Ir'|4
and hence
|r/|4|r//|2 + (r/ . r//)2|r/|2 _ 2|r/|2(r/ . r//)2 |r/|2|r//|2 _ (I’/ . r//)2
K = ==
Ir'|8 Ir'|®
Differentiating the equation far finishes the proof. O

The curvature is often used to assess the quality of a curve, either in the form of
acurvature plotor aporcupine plot see Figur¢ 216. In a porcupine plot the curve

is plotted along with the vector field-scalex «’. A designer normally wants a
slowly varying curvature plot without unnecessary undulations, so the curve above
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would not be satisfactory. The designer would then change the curve slightly
either by changing the control points manually, or by an automatic procedure, eg.
by minimizing f(d;c/ds)2 ds, under the side condition that the control points are
only allowed to move a certain distance. This process is cédleshg and the

goal is to obtain dair curve.

2.2.3 Contact
An important notion in geometry is the concept of contact between objects. First
we need the distance between points and subsets.

Definition 2.15. Let p be a point inR" and letA be a nonempty subset &".
Thedistancebetweenp and A is

d(p, A =inf{lp—ql | g€ A}.

Normally A will be a nice geometric object like a line, a plane, a circle, etc., but
the definition makes sense for any subseR®f

Example 2.3 Let L be the line parametrized s> Xo+tewhereeis a unit vector. Then

dix,L) =+/r-r—(r-e2, wherer =Xx— Xo. (2.6)

Let C be the circle parametrized &s— Xg + r coste; + r sinte,, whereey, e, is an
orthonormal pair of vectors. Then

dx,C) = \/r T +r2=2r/(r-e)2+(r-e)2 wherer =x—Xo.  (2.7)

Definition 2.16. Letr : | — R" be a regular parametrization of a curve andAet
be a subset dR". We say that the curve hasntactwith A of orderk atr (tp) if

d(rt), A)
(t —to)k
If t = f(u) is a reparametrization witli (ug) = to then we have

—- 0 for t— to.

dir(fw), A) _ drm, A (fw - f (Ug))
(U — ug)* (fu) — fup)<  (U—uok
_d(rm, A) (f(u)— f (Up) \ ¥
- -tk U~ Uo )
and as(f(u) — f(ug)) / (u—ug) - f’(Up) # O foru — up we see that the
notion of contact of ordek is a property of the curve. It can in general be difficult

to determine the order of contact, but when it comes to contact between curves the
following theorem is helpful
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Theorem 2.17.Letr1 andro be natural parametrizations of two regular curves
of class . Supposea(s) # ri(sp) if s # o, thenr1 has contact of order k with
rp atri(sp) if and only ifr(ll)(so) = r(z')(so) foralll =0,...,Kk.

Proof. We only prove the ‘if’ part. As the Taylor expansionsrafandr, agree
up to orderk we haver1(s — sp) — ra(s — So) = 0((s — s0)¥) and hence

d(ru(s),rz) _ infg|ra(s) —ra(sp)|

(s—s0)% (S — s0)
ris) —ra(s)]  o((s —s0)¥)
< = = 0 fors— s.
(S —s0) (S —s0)
The ‘only if’ part is considerable more difficult, and we will return to a special
case in Chaptdi 4 O

It can now be shown that the only straight line which has contact of order 1 with
a curve at some point is the tangent line at that point, cf. Proplem P.2.18.

Problems
2.2.1 Show, that the vector function

(—e V¥ e V) fort <O
r(it) =14(0,0 fort =0
eV e ¥?  fort >0

is of classC*, and that’(0) = 0.

2.2.2 Show that the vector function
r) = (t%t%), teR

is of classC®, and that’(0) = 0.

I
2.2.3 Prove that a Bézier curve is either constant or piecewise a regular curve.

2.2.4 Prove that a B-spline curve is piecewise a constant or a regular curve.

2.2.5 We say that two vector functions : I; — R",i = 1, 2, of classCk areequivalent
and writer; ~ r, if there exists an allowable change of paramdterl, — 1, of
classCK such that, = ry o f. Show that~ is anequivalence relation.e., that

@r~r.

(b) P ~Ty=1T2~1TI1.
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(C) ri~raAro~rz=ry~rs.
2.2.6 Show that ifr : | — R"is of classC! andr’(t) # Ofor at e | then there exists
ane > 0 such that ;_c 1+ IS injective.

2.2.7 Letr : | — R" be a regular parametrization, andtgt 1. Show that ift;, t, € |
are different and sufficiently close tpthen there is a well defineskcantthrough
r(ty) andr(t;). Show that ift; < t, andt;, t, — tg then the unit vector in the
directionr (t2) — r(t;) converges to the tangent vectqip).

2.2.8 Prove Proposition 2.7, p-143.
2.2.9 Prove[l in Proposition Z.1.0, p-]44.
2.2.10 Prove[2 in Proposition Z10,[p144.

2.2.11 Find the arc length of theelixin Example[Z2, and determine a natural parametri-
zation.

2.2.12 Determine a parametrization of the tangent line to the parabola in Example 2.1 at
an arbitrary point.

2.2.13 Determine a parametrization of the tangent line to the helix in Example 2.2 at an
arbitrary point.

2.2.14 Prove that if the curvature of a regular curve is zero then the curve is a straight line.

de k de de 1 dk di 1 dk
2.2.15 Prove thatoc — © 9k de 1 de gl _ 1 de
Ve G = dds e T @

2.2.16 Prove [Z6), pf48.
2.2.17 Prove [Z17), p[48.

2.2.18 Prove that if a curve has contact of order 1 with a straight line then the line is the
tangent line.

2.2.19 Let aregular curve be given by a parametrizatitn defined on the intervah, b],
let s(t) be the arc length function, lat=t, < t; < --- < t;, = b be a sequence of
parameter values, and p&it= s(t)) andv; = S'(tj) = |r'(t;)].

(a) Show thatthe inverse functidis) satisfies; = t(s) andt’(s) = wj = 1/vj.
(b) Show that there is a unique B-spline functibn [sy, Sn] — [a, b] of degree
3 with knot vector

S0, S0, S0, S0, S15 S15 25 25 - - -5 Sm-1, Sm—1, Sm» Sm, Sm, Sm

such thatf (s) =tj, and f'(s) = wj.

(c) Determine the control points fof (in this situation we consider a map into
R so a control point is just a real number).
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2.3 Plane Curves

We now specialize to curves in the plane, i.e., we consider a regular parametriza-
tionr : | — R2. If tis the tangent vector at some point then tieemal vectoris

the vectom such that(t, n) is a positively oriented orthonormal basis®f, see
Figure[Z.F. Just like the tangent vector, the normal vector is an invariant concept
associated with an oriented curve. It changes sign if the orientation is reversed.

As the curvature vectar = dt/ds and the tan-
gent vectort are orthogonal we see thatand
n are parallel. In other words we hawet+ «n. n

This means that we in the planar case can define

a signed curvature, which we will denote with

the same symbad, hopefully without causing to Figure 2.7: The tangent vector
much confusion. We will in this case denote the .4 the normal vecton of a
previous defined curvature and radius of curvaane curve.

ture with |« | and|p| respectively.

t

Definition 2.18. Theplane curvatureof a regular plane curve is= k - n and the
plane radius curvaturés p = 1/«.

If the orientation on a curve is reversed then both the tangent vector and the arc
length changes sign, so the derivatitg¢ds = «n is left unchanged and is thus a
property of the curve. On the other ham@¢hanges sign se andp changes sign

too. All in all we have

Proposition 2.19. For a regular plane curve we have thit|, |p|, £ = «n, pn,

and the circle of curvature are invariant concepts associated with the curve. While
t, n, ¥, and p are concepts associated with an oriented curve and changes sign if
the orientation is reversed. We furthermore haveRhenet-Serret equatioier a
plane curve:

at dn

— =«n — = —«t. 2.8

ds = ds “ (2.:8)
Proof. The only thing left to prove is the Frenet-Serret equations and we leave
that as Problern23.7. O

As the normal vector is to the left we easily see that i 0 then the curve turns
left, if « < O then the curve turns right, and thatif= 0 at some point and has
different sign on each side of the point then the curve has an inflection point.

Example 2.4 Consider the circle with radius> 0 given by the parametrization

r(t) = (Xo +r cost, yp +r sint).



52 CHAPTER 2. DIFFERENTIAL GEOMETRY OF CURVES

We easily see that(t) = (—r sint, r cost), and|r’(t)| = r, so the arc length measured
fromt =0iss = fg rdr =rt. l.e.,,t = s/r and we obtain a natural parametrization
bys r(s/r) = (xo +rcods/r), Yo+ r sin(s/r)). The tangent vector is= dr /ds =
(—sin(s/r), cogs/r)) and the normal vector is = (— cogs/r), —sin(s/r)) andxn =
dt/ds = 1/r(— coqs/r), —sin(s/r)) = n/r. From this we see that the curvature is
constantk = 1/r, the radius of curvature ijg = r and the circle of curvature is the circle
itself.

A more geometric way of defining the circle of Xo
curvature at a poirtg on a curve is as the limit ==

" . " . X1 X3
position of a circle through three distinct points
X1, X2, andxs on the curve a1, X2, X3 — Xo,

see Figur¢ 218, and Problém 2]3.1.

It can also be shown that the circle of curvature is

the only circle that has contact of order 2 with the

curve, cf. Problen2.3.2 Figure 2.8: Ifxy, X2, X3 — Xg
Given a natural parametrization it is a simple mataenC — Co.

ter to determine the curvature. It is in general impossible to determine a natural

parametrization, but the following theorem tells how to calculate the curvature
from an arbitrary regular parametrization.

Theorem 2.20.Lett — r(t) = (x(t), y(t)) be a regular parametrization of class
C2. The curvature is then given by

X/ X//
y/ y//
(X2 +y?)

[I'/, r//]

P

3/2°

and the derivative with respect to arc length is

die B |r/‘2[r/, r///] —r. I’//[I'/, r//]
E N |r/‘6

Proof. Let s denotes the arc length of the curve. We then have

dr _dsdr _ ds,
dt  dtds dt’

dr dst_ ds\? dt dst_ ds\? .
—_— = — — —_— = — — ) «kNn.
dt2 ~ dt2 dt ) ds  dt2 dt
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Hence
dr d?r] dst dzstJr ds\ 2 .
dt’ a2 |~ | dt a2 \dt) ©
__ s /ds 2[t {4+ ds\ it n] = dr |
Tt \at) " at ) U T a| ¢
The proof of last part of the theorem is left to the reader. O

As the tangent vector is a unit vector we

can write it ast = (cos¢, sing) where

¢ is an angle determined up to a multiple t = (cosg, sing)
of 27, see Figurg¢ Z219. If the tangent vec- #

tor field is a continuous vector function
u — t(u), then it is not hard to see that ‘ \

it is possible to make a continuous choice

u — ¢(u) of this angle. Such a choice is

unique up to a (constant) multiple ofr2 Figure 2.9: The tangent direction is the
and it has the same degree of differentiangle between the tangent and xhaxis.
bility ast.

Definition 2.21. Letr : | — R? be a regular parametrization of cla8¥. The
tangent directionis a continuous choice gfsuch that(u) = (cos¢ (u), sing(u)).

We immediately have the following results.

Proposition 2.22. The tangent directiorp is a property of an oriented plane
curve, but if the orientation is reversed then— ¢ + m. If « is the curva-
ture thend¢ /ds = «. Furthermore, ifc # 0, then¢ can be used as a parameter
andds/d¢ = p, wherep = 1/« is the radius of curvature.

Proof. As the tangent direction is a property of an oriented curve the same is true
for the tangent direction. If the orientation is reverdechanges sign and that
corresponds to adding to the tangent direction. On one hand we hatj&lsl =

« n and on the other hand we havedse, sing)/ds = d¢ /ds(— sing, cosg) =
d¢/dsn, so dp/ds = k. If k # O, theng is a monotone function of, so the
inverse function exists and is differentiable with derivatiggdd = 1/ (dd) /ds) =

1/k = p. O

We can now prove that the curvature determines a plane curve uniquely up to a
Euclidean motion, i.e., up to a rotation and a translation. We formulate it as the
following theorem.
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Figure 2.10: A plane curve is locally the graph of function “from” the tangent line “to”
the normal line.

Theorem 2.23.Letx : | — R be a continuous function. Then there exists a
natural parametrizatiom : | — R? of class & such thatx is the curvature of.
Furthermore, the curve is determined uniquely up to a Euclidean motion.

Proof. Assumer is a curve with curvature and tangent directiop. Then
dp/ds = k SOp(S) = ¢o + f;/{(t) dr. The tangent vector is nows) =
(cosp(s), sing(s)) and as d/ds = t we must havex(s) = xo + f;t(r) dr.
Different choices ofpg corresponds to rotations and different choiceggdorre-
sponds to translations. All that remains is to show that the curvaturésaf, but
by construction we have= dr /ds and d/ds = «n which shows that indeed is
the curvature of . O

By inspection of the proof above we realize that the functier ¢(s) determines

the curve up to a translation. The equatipr: ¢ (s) is called anntrinsic equation

of the curve, but the equatioss= s(¢) or dp/ds = « also determine the curve

up to a translation and a Euclidean motion respectively. In fact any equation,
including differential equations, that links the arc length and the tangent direction
is called arintrinsic equationof the curve. In[[T4] the intrinsic equatiors g =

o was instrumental for the design of scroll compressors.

If r is a natural parametrization of a plane curve, and werput r(sy), and
lett, n, andx be the tangent vector, the normal vector, and the curvatusg at
respectively, then the Taylor expansiornrdd second order & is

r(s) =ro+ (s— So)t + %(S—So)an-l-O((S—So)z). (2.9)

This expression is called themanonical formof a plane curve. It follows from
TheorenT2.17 that every plane curve at a point with non vanishing curvature has
second order contact with a unique parabola, cf. Prolplem 2.3.4. We also see that
any plane curve is locally the graph of a function from the tangent line to the
normal line, see Figurie ZJ10, and Problem 2.3.9.



2.3. PLANE CURVES 55

r°(t)

f 1) /
r ()\ \ 0] \r(t)

Figure 2.11: To the left two involutes of a curve and to the right the evolute.

We end this section by stating some propertieswblutesandevolutesall proofs
are left as problems.

Definition 2.24. Letr : | — R? be a regular parametrization of a regular curve
with tangent, arc lengths, and radius of curvature. An involuteof r is a curve
given by

ré(t) =r(t) + (c — s(tH)H(t), (2.10)

for ac € R. Theevoluteof r is the curve given by
r’(t) =r () + p)n(), (2.11)
see Figur¢ 211

Different choices of the constantin (2.10) lead tgparallel curvesand the dis-

tance between the curves is exactly the difference between the two constants, see
Figure[Z.Il and Problein Z.3]11. Furthermore the two constructions are the in-
verse of each other in the sense that the evolute of one of the involutes gives the
original curve back, cf. Problem 2.3]13, while a curve is itself one of the invo-
lutes of its evolute, cf. Problem 2.3]14. An involute to an evolute is parallel to the
original curve and any parallel curve is obtained this way. For other properties of
involutes and evolutes, cf. Problems 2.3 [10-2]3.15.

Problems

2.3.1 Letr : | — R? be a natural parametrization of a regular curve.t.et — R? be
the tangent vector field and assume thiag) # 0. Show that ifs; < s, < s3 are
sufficiently close tay then there is a well defined circle througls,), r(s;), r(ss).
Show that ifs;, s, 3 = S then the centre and radius converges to the centre of
curvature and the absolute value of the radius of curvature respectively.
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2.3.2 Show that ifk(s9) # 0, then the curve has contact of order 2 with the circle of
curvature at the point(sp). Show that the contact with any other circle is of lower
order.

2.3.3 Show that ifk (s9) = 0 then the curve has contact of order 2 with the tangent line
at the pointr (s).

2.3.4 Show that ifc (s9) # 0 then the curve has contact of order 2 with a unique parabola.

2.3.5 Lett — r(t) = (x(1), y(t)) be a regular parametrization of cleG3. Show that
the curvature vector is given by

x'(t) X'(t)
y'@®) y')

(X2 + y ©?)

K(t) = k(N = (-y 1), X ).

2.3.6 Find the curvature of the parabola in Examplé 2.1, p. 40 at an arbitrary point.
2.3.7 Prove the Frenet-Serret equations for a plane curvel cf. (28], p. 51.

2.3.8 Show that if a plane regular curve has constant curvature different from zero then
the curve is a circle.

2.3.9 Show that a regular plane curve locally is the graph of a function “from” the tangent
line “to” the normal line, cf. Figur§ Z.10, p.H4.

2.3.10 Letr : | — R? be a natural parametrization of a regular curve and consider the
involute r’(s) = r(s) + (c — s)t(s). Determiner?’. For which values of is
r*’(s) # 0? Determine the tangent vector, the normal vector, and the curvature of
r#, in terms of the corresponding quantitiesrof

2.3.11Letr : | — R? be a natural parametrization of a regular curve. nfeES) =
r(s) + (¢ — s)t(s), i = 1, 2, be two different involutes af. Show that a tangent
line of r is a normal line of both’ andr}, and that; — r§ = (c; — ¢y)n?, where
n* is thecommomormal ofr’ andr}.

2.3.12 Letr : | — R? be a natural parametrization of a regular curve and, let andp
be the tangent vector, the normal vector, and the radius of curvature respectively.
Consider the involute’(s) = r(s) + p(s)n(s). Determine®’. For which values of
sis rb’(s) # 0? Determine the tangent vector, the normal vector, and the curvature
of r’. Show that a normal line afis a tangent line of”.

2.3.13 Show that a curve is the evolute of any one of it's involutes.
2.3.14 Show that the a curve is an involute of it's evolute.

2.3.15 Consider a regular curve with non vanishing curvature ang Ibe the tangent
direction. Consider the intrinsic equatios/d¢ = p(¢) wherep is the radius of
curvature. Show that the radius of curvature for the evolutejsig. What is the
radius of curvature for an involute? Find the intrinsic equation for the evolute and
the involutes.
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2.4 Space Curves

We now consider curves in space. Here we return to the original definition of the
curvature, cf. Definitioml Z.13

Definition 2.25. Lets — r(s) be a natural parametrization of cla@3 of a space
curve. Thenormal planeof the curve at a point(s) is the plane througi(s)
orthogonal to the tangent vector.

If k(s) # 0, then theprincipal normal vectoiis n(s) = k(s)/k(s) = t'(s)/|t'(s)|.
The binormal vectoris b(s) = t(s) x n(s), and thetorsionis 7(s) = —b’'(s) -
n(s). Theosculating planas the plane through(s) orthogonal to the binormal
vector and theectifying planes the plane through(s) orthogonal to the principal
normal vector.

Notice that the two normal vectors only are defined g 0. In this casd, n, b
is a positively oriented orthonormal frame called #renet-Serret framelf the

Figure 2.12: The Frenet-Serret frame at a point of a curve. The normal, osculating, and
rectifying plane is spanned lin, b), (t, n), and(t, b) respectively.

orientation on a curve is reversed then both the tangent vector and the arc length
changes sign, so the derivative/ds = «n is left unchanged and is an invariant
property of the curve, asis, p, andn. On the other hantichanges sign s and

7 change sign too. All in all we have

Proposition 2.26. For a regular space curve we have thatp, k = «n, n, and

the circle of curvature are invariant concepts associated with the curve.tAnd

b, andt are invariant concepts associated with the oriented curve. They change
sign if the orientation is reversed.

Just as for plane curves the circle of curvature at a pgin a space curve can
be defined as the limit of a circle through three distinct poxitsx,, andxs on
the curve axi, X2, X3 — X, see Figur¢ 218. Likewise, the osculating plane at a
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point Xg on a space curve can be defined as the limit position of a plane through
three distinct pointgy, X2, andxs on the curve agj, X2, X3 — Xp.

It can also be shown that the circle of curvature is the only circle that has contact of
order 2 with the curve, and the osculating plane is the only plane that has contact
of order 2 with the curve.

The derivative ot, n, andb are given by thérenet-Serret equation®-12) in the
following theorem.

Theorem 2.27.Let s — r(s) be a natural parametrization of a space curve
with non vanishing curvature(s) # 0, torsion r(s) and Frenet-Serret frame
t(s), n(s), b(s). Then

t'(s) 0 k(s) O t(s)
n'(s) | = | —«(s) 0 7(S) | | n(s) (2.12)
b'(s) 0 —-7(8) O b(s)

Proof. The equatiort’(s) = «(s) n(s) is the equation that defin@asandn. As
t, n, b is an orthonormal frame we have

b= ® - tt+ ® -nn+ bbb

As |b(s)| is constanb’ - b = 0. Similar,t(s) - b(s) = 0 is constant too, so

dt-b) dt db
0= = — .b+t.-— 2.13
ds ds + ds ( )
and we seethdt’ -t = —b -t = —x b - n = 0. The definition ofr tells us that

b’ -n = —1 so all in all we have the equatidi(s) = —1(s) n(s). Finally,

n'(s) = (N'(s) - t(9))t(s) + (n'(s) - n(s))n(s) + (N'(s) - b(s))b(s)
= —(t'(s) - n(9))t(s) + 0n(s) — (b'(s) - n(s))b(s)
= —k(S)t(s) + t(s)b(s). O

Ast’ = «n andb’ = —tn we see that the curvature is a measure for how fast the
tangent line turns aroury and the torsion is a measure for how fast the osculating
plane turns arountd

For practical calculations we need a formula that expresses the curvature, torsion
and Frenet-Serret frame in terms of an arbitrary parametrization, this is the content
of the next theorem.
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Theorem 2.28.Lett+— r(t) = (x(t), y(t), z(t)) be a regular parametrization of
class C. The curvature is then given by

_ ') x r"(t)|

K(t) 3 (2.14)
()]
The torsion is given by
r'), r’ (), r’'(t
T(t) = [ . r’® (2)]. (2.15)
r/(t) x r’(t)]
The binormal vector is given by
r'(t) x r’(t)
b(t) = ———= (2.16)
r/(t) x rt)|
The principal normal vector is given by
n(t) = b(t) x t(t). (2.17)
The derivative of the torsion is
dr B [I‘/, I’//, r(4)]|r/ % r//|2 _ 2[I’/, r//’ r///](r/ % r//) . (I‘/ % r///) (2.18)

dt Ir’ x /4

Proof. Let s denotes the arc length of the curve. We then have

dr _ dsdr _ dst
dt dtds dt’

dr _ s (ds ? dt _ s, (ds .
diz ~ di2  \dt/) ds a2 " \at)

®Br s  d’rdsdt 2d2r ds (ds)3d/c (ds)3 dn

a - ae T a2dtas T aza "t &) @ \a) “as

_@_d_s32t+3d_2rd_s+§3d_/<n+d_s3b
“\ae  \at) ” azdat” " \dt/) ds ac ) T

Hence
3

kb

dr d?r ds\ 3 Cen dr
— X — = N X — | —
at a2 \at/) " it
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which implies [Z.14) and{Z.16). We also have

d_rd_zrd_%_ﬁtﬁ,t+d_sznAt+Bn+§3rb
gt dt2> a3 | T | dt - dt2 at ) at ) ©
ds\° , dr d?r|?
_(E> K27[t, N, b] =

o " a2
which implies [215). Finally,[{Z-17) simply follows from the fact thanh, b is
a positively oriented orthonormal basis and {P.18) follows by differentiation of

(2.15). ]

Just as in the case of a plane curve a designer will often use a curvature plot or a
porcupine plot, see Figufe 2.6 to asses the quality of a curve. And in an automatic
fairing procedure it is again usually the integfa(bllc/ds)2 ds that is minimized,
under some suitable side conditions. One may (and should?) take the torsion into
acount too, but there is no universally accepted way of doing this.

Just as the plane curvature determines a plane curve up to a Euclidean motion, the
curvature and torsion determine a space curve up to a Euclidean motion.

Theorem 2.29.Let | be an interval, letc : | — R be a strictly positive &
function and let : | — R be a @ function. Let furthermoregse |, let xo be a
fixed point ofR3 and lettg, ng, bo be fixed positively oriented orthonormal basis
of R3. Then there exists a unique regular natural parametrization] — R3

of class C such that the curvature is, the torsion ist, r(sp) = Xo, and the
Frenet-Serret framéet, n, b) satisfied(sy) = tg, N(Sy) = Ng, andb(sy) = by.

Proof. The Frenet-Serret equatiorjS(2.12) isreear system of ordinary differ-
ential euations (iR%). It follows that there is unique solutiann, b defined on
all of 1, with t(sg) = tg, N(Sp) = ng, andb(sy) = bg. The sett(s), n(s), b(s)
is a positively oriented orthonormal frame = 59, we want to show that it is
a positively oriented orthonormal frame for alle 1. To that end we define six
functionsf; : | — R by

f1(s) = t(s) - t(s) fa(s) =t(s) - n(s) f3(s) = t(s) - b(s)
f4(s) = n(s) - n(s) f5(s) = n(s) - b(s) fe(S) = b(s) - b(s)
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Ast, n, b is a solution to the Frenet-Serret equatidns (2.12) we have
fil=2-t=2kn-t=2 f
fo=t'-n+t-n""=kn-n—rt-t+tt-b=—-xf1+7vfz+«fs
fa=t-b+t-b'=«kn-b—tt-n=—1fa+«fs
f,=2n-n""=-2kn-t+2tn-b=-2¢ f2+2t fs
fe=n"-b+n.-b'=—-«xt-b+zb-b—tn-n=-«xfz—tfa+7fs
fe=2b-b'=-2tb-n=-2rfg

We see that f1, ..., fg) is a solution to the following linear system of ordinary
differential equations
[ )] [0 2 0 O 0 Of[f1] [ f1(s0) | [1]
f2/ —x 0 T K 0O O fo fo(s0) 0
fl _ [0 -t 0 O k 0 fa fa(sp)| |0
f,l [0 =2 0 0 2= Of]|fq)” fasp) | |1
f5/ 0 0 —« -t 0 = fg f5(s0) 0
| g ] 0 0 0 0 -2t 0f| fe fe(so) | | 1]

We can immediately see that the constant functier (1,0,0,1,0, 1) also is a
solution. By uniqueness we have t&u(s), ..., fs(s)) = (1,0,0,1,0, 1) for
alls e 1,i.e.,t(s), n(s), b(s) is an orthonormal frame for adl € | . Then we have
[t(s), n(s),b(s)] = 1 foralls € | and agt(s), N(S), b(sp)] = 1 continuity
shows that(s), n(s), b(s) is positively oriented for al € 1.

We have in particular thdts) is a unit vector for alk € | so if we put

S
r(s) = xo+/ t(uydu, forsel
%)
thenr : | — RS3is a natural parametrization withs)) = xg. Asr’ = t and
t, n, b is a solution to the Frenet-Serret equatidns {2.12) we see tadz is the
curvature and torsion respectivelyroénd that, n, b is the Frenet-Serret frame.

We have now established the existence,djut the definition of (s) was forced
if r was to solve the problem. O

If r is a natural parametrization of a space curve, and we it r (), and let

t, n, b, x, andt be the tangent vector, the principal normal vector, the binormal
vector, the curvature, and the torsiorsgtrespectively, then the Taylor expansion
of r to third order atg is

r(s) =ro+ (s— st + %(s— S0)%kn

+ :—é(s — 59)3(—«%t +«'n + kTb) + 0((s — %0)°). (2.19)
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X2 X3 X3

N N ’

t X X1t \ \{XZ

Figure 2.13: The projection of a curve into the osculating plane, the rectifying plane, and
the normal plane.

This expression is called tlianonical formof a space curve. In a neighbourhood
of ro the projection into the osculating plane looks like the paralgle %/c xf,

the projection into the rectifying plane looks like the cubi = %K‘L’ xf, and

projection into the normal plane looks like the curx@: %(tz//c) xg, see Fig-
ureZTB.

Problems

2.4.1 Find the curvature, the torsion and the Frenet-Serret frame didlein Exam-
ple[Z:2, p[40.

2.4.2 Show that if a regular space curve has non vanishing curvature and constant torsion
equal to zero then the curve is contained in a plane. Hint: first show that the
binormalb is constant. Then consider the quantity) - b, wherer : | — R3isa
regular parametrization of the curve.

2.4.3 Show that if a regular space curve has constant curvature different from zero and
constant torsion equal to zero then the curve is a circle.

2.4.4 Consider the curve given by the parametrization

(t,t4,0) fort <O
rt) =1(0,0,00 fort=0
(t,0,t% fort>0

Show that this is a regular parametrization of cl@ss Let « be the curvature and
show thatc(t) = 0 if and only ift = 0. Show that the torsion is zero for &lk= 0.

2.4.5 Show that if a regular space curve has constant curvature and torsion, both different
from zero, then the curve is a circular helix, cf. Problem 2.4.1.

2.4.6 Letr : | — R3 be a regular parametrization and assume th@t andr”(t) are
linearly independent. Show that the Gram-Schmidt orthonormalization procedure
of (r'(t), r'(t)) gives(t(t), n(t)).
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2.5 Curves in higher dimensional spaces

63

In this section we introduce the generalization of the Frenet-Serret frame and the
Frenet-Serret equations to higher dimensions.

Theorem 2.30.Letr :

| — R" be a natural parametrization of a regular
curve inR" of class @ with tangent vectok(s). If the first n— 1 derivatives

r'es), r’(s), ..., r™ sy are linearly independent then there exists i normal
vectorsni(s), ..., Nh—1(s) and n— 1 curvaturessy, . .., kn—1 such that; (s) > 0
fori =1,...,n—2andt(s), n1(s), ..., Nnp—1(S) is a positively oriented orthonor-
mal frame that satisfies tHerenet-Serret equations:
[t ] [0 «& O 0 o[ t ]
n& -1 0 o 0 0 ni
n’ 0O —«kx2 O K 0 n
2 . ’ . ’ (2.20)
n:,]_z 0 e 0 —Kn-2 0 Kn—-1 Nh—2
_n;.]_l_ | 0 R 0 0 —Kn—-1 0 | _nn_]__
Furthermore, form=1,...,n—1
spar{r’(s), r’(s), ..., r'™(s)} = spar{t(s), n1(s), ..., Nm(s)} (2.21)

Proof. To ease notation a bit we paoy = t. We now use induction to prove that

fork=1,...,n—2wecanfinthy, ..., ngx andx, ..., kkx such that
1. ng, ..., ng are orthonormal.
2. (Z21) holdsfom=1,..., k.
3. ng=«1ng andny, = —kmNm—-1 + Kmy1Nmerform=1,... k-1

As r’ andr” are linearly independent we have in particular ttat r” # 0. So
we can pukq = |[t'| andny = t'/k1. Then we have

and spafir’, r”} = spar{t, n1}.

Furthermoret is a unit vector sd - n; = 0, i.e.,ng, n1 are orthonormal. This
proves the caske = 1.

Now assume we have proved the statement for saniBy hypothesis 1, a calcu-
lation like (Z.IB), and hypothesis 3 we have that

W {—xk form=k-1
_m. k:

t' = K1N1,

Nm - Ny, = )
K 0 otherwise
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By hypothesis 2 we have that

K K
rk+2) _ Z a\Nm + Z amn’,
m=0 m=0
K K
=Y auMm+ ) 8m(—KmNm-1 + Kmt1Nme1) + &N
m=0 m=0
Asr®+2 ¢ sparr’, ..., r&+D1 we see thatj, ¢ spar{no, ..., ng}. Furthermore
the orthogonal projection af, on sparn, ..., ny} is
K K
D (M- DmNm == > (N - NN = —#k—1Nk—1.
m=0 m=0

If we now putkki1 = |Nj + kk—1Nk—1| thenkiy1 > 0 so we can defina1

o ll

(N} + kk—1Nk—1)/Kkk+1. By construction we hav@,1| = 1 andngis - N =
alm=20,...,k, sono,..., nky1 are orthonormal. We also have thﬁg =
—KkkNk—1 + kk+1Nk+1 by construction. Finally
k+2
sparr’, ..., rk+ 'l = spar{no, ..., Nk, ni} = spar{no, ..., Nk, N1}
This completes the induction.
We have now found, ..., nh_2 and there is a unique unit vectaop_; such
No, ..., Nh—1 is a positively oriented frame. We pat_1 = n;,_, - np_1 and then
we have
n—-1 n—3
o= (N_o-NK)nk = — Z(nn_z M)k + (Nf_5 - Nn—1)Nn—1
k=0 k=0
= —Kkn—-2Nn—2 + kn—1Nn—1
and
n—1 n—1
n,_,= Z(n/n—l )Nk = — Z(nn_l NNk = —Kn—1Nn_2
k=0 k=0

This completes the proof. O
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The proof of Theorem 2.29 generalizes to curveR'frand give us the following
theorem.

Theorem 2.31.Let | be an interval, letfork=1,...,n—2,xx : | — R be

a strictly positiv k-1 function and letcn_1 : | — R be a @ function. Let
furthermore § € 1, let xg be a fixed point oR3 and letto, n10,..., Nn—1,0 be

a fixed positively oriented orthonormal basis®f. Then there exists a unique
natural parametrizatiorr : | — R" of class C' such that the curvatures are
K1, ...,kn—1 and the Frenet-Serret framg@, nq, ..., np_1) satisfiest(sy) = to
andng(sp) = ngkofork=1,...,n—1.

The following theorem tells us how to find the normals and curvatures from an
arbitrary parametrization of a curvelRi'.

Theorem 2.32.Letr : | — R" be a parametrization of class"Gsuch that the
first n— 1 derivatives are linearly independent. The normajs. .., n,_2 can be
found by the Gram-Schmidt orthonormalization procedure.

Step 1:
r/
Vo=1, Np=t=—.
Ir']

Loop: form=1,...,n—2do

m—1 Vin
k=0 |Vm|
Letey, ..., e, be the standard basis R".
Form=1,...,nwe put
n—-2 W
Wm =€n— Y (&m-nk)nk and ifwy # Othen ny_g = 40
k=0 |Wm|
where “+" is used if[no, ..., Nh_2, ém] < 0 otherwise “~" is used.
The curvaturesq, ..., kn—1 are now given by
(m+1)
r ‘n
Kkm=-———", m=1...,n-1 (2.22)
Ir'Vm-1l

Proof. By Problem[Z.5]2 the Gram-Schmidt orthonormalization procedure gives
the firstn — 2 normals. For at least oma we have thang, ..., hp_2, en IS a
basis. For such en no, ..., Nh_2, Wn/|Wm| IS an orthonormal basis sg,_1 =
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+Wm/|Wml|. The sign is determined by the requirement tgt. . ., n,_1 is posi-
tively oriented, i.e., by the requirement thas, ..., n,_1] = 1. So the signis the
same as the sign dfo, ... Nn—1, Wm/|Wml] = [No, ... Nn—1, Wm] /Iwm| which
has the same sign @80, ... Nn—1, Wm] = [No, ... Nn—1, &m].

Form=1,...,n—1we now have
m—2
Vm-1Nm-1 =™ — Z(r(m) - i) Ni
k=0
so differentiation with respect togives
diVm-1l dnm-1
Nm—1 + |[Vm—
ds m—1 | m 1| ds
drm  R=2g(r™M.py) =2 dny
=T e ) g
ds = ds = ds
rmed - B2 g(rM . ny) m-2 dny
_ (m)
= — — Nk — r.ng)—.
Ir/| kg(:) ds k kXZ(:)( k) ds

If we take the inner product withy, then we obtain
FmD
Ir'|
This is the same a§(Z2]22). O

Vm—1lkm =

Problems

2.5.1Letr : | — R" be a natural parametrization of a regular curve of cl@$sand
assume that the derivatives), . .., r"~Y(s) are linearly independent. Show that
if the Gram-Schmidt orthonormalization procedure is useft&®), ... ., r " (s))
then we ge(no(s), ..., Nn_2(9)).

2.5.2 Letr : | — R" be aregular parametrization of cla@%and assume that the deriva-
tivesr'(t), ..., r™ () are linearly independent. Show that the Gram-Smidth or-
thonormalization procedure ¢f'(t), ..., r™2(t)) gives(no(t), ..., Nn_a(t)).

2.5.3 Check that the procedure in Theorém 2.32 ioe= 2 gives the same result as
Theorenmi2220.

2.5.4 Check that the procedure in Theor¢m 2.32 o= 3 gives the same result as
Theoreni228.

2.5.5 What simplifications can be made to the procedure in Thegrem 2.28 if we only
wantky, ..., kn_12, lkn_1l, i.€., if we ignore the sign of, ;.
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