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12.14 Week 11

12.14.1 Selected solutions

Exercise 8.2: Direct calculation shows that

~ 1— 6—271'1'7
o(y) = W
Thus,
QE(Q )= 1 — e—4miv B (1 + 6—271-1'7) (1 _ 6—27”'7)
7 dmivy B 4miry
o 14e T 1 — e 2™
a 2 27iry
1+e 2™ .
= ——5 o0
Thus, we can take
1 —27i
Ho(y) = 5(1+e7™).
By direct calculation,
T~ 179 i 1 1 .
Hl(’}/) = HO('Y + 1/2)6_27”7 — ... = _5 + 56—27r1y-

Thus, using the notation in Lemma 8.2.8,

Hy(y) = dpe®™™,
where d_1 =1/2,dy = —1/2. So (8.10) yields that

P(x) = 2(d1(2z —1) + dod(21))
= —(¢(27) — ¢(2z - 1)).
Make a draft of this function - it is the Haar wavelet multiplied with (-1).

Exercise 8.6: Direct calculation (or a geometric argument) shows that for
the Haar wavelet 1,

/_Zw:c)d:c:o,

while

/OO xp(x) dx # 0.

oo

By definition, this means that the number of vanishing moments is N = 1.
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Exercise 8.7(iii): First note that for any j, k € Z,

1 if 22 —kel0,1/2], 1 if ze279k,k+1/2],
V(27z— k)= —1 if 2z —ke[1/2,1, ={ -1 if v €29k +1/2,k+1],.
0 if 292 —k¢[0,1] 0 if z¢277[kk+1]
Thus,
die = PP ) =V / F ()PP —kde
277 (k+1/2) o279 (k41)
= / flx)p(a —k )dac:23/ f(x)dm—QJ/ f(z)dx
2-7k 27 (k+1/2)

1 2= k42~ (J+1)) 1 27jk+27j)
= dr — ——— d
2-G+D /z—jk fw)de = 5=gm /2jk+2(j+l) flw)de

1 )
= 3 (average of fover 277k, k +1/2]
— average of f over 27k +1/2,k+1[).

Exercise 8.11: (i) Note that for any k,j € Z, the change of variable
y = x — k shows that

(Tho, Tj0) = / oz — k)p(x — j) dx

- [ W G-me
= <¢a Tj*k ¢> .
By definition, {Tx¢}%2, is an orthonormal system if and only if

a1 itk =g;

By the above calculation, we conclude that this is equivalent with

1 ifk=0;

<¢Tm»{o if k#0.

(ii) The Fourier series for the function ® is

2mik
P ~ E cpe ™,

keZ

where

1
o= [ By = (0.0
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The function ® is constant equal to 1 if and only if the Fourier coefficients
are cg =1, ¢, =0, k #£0, i.e., if and only if

1 ifk=0;

(@ Thd) = {0 if k # 0.

By (i) this is equivalent with {T¢}7°, being an orthonormal system.



