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12.12 Week 9

12.12.1 Selected results

7.1: χ̂[0,1](γ) =
1

2πiγ (1− e−2πiγ) = e−πiγsinc(γ).

12.12.2 Selected solutions

Exercise 5.15 (i) If f ∈ Cc(R), then f is bounded, i.e., there is a constant
k > 0 such that |f(x)| ≤ k for all x ∈ R. Since f has compact support, we
have that f(x) = 0 outside a certain interval [−a, a]. With this choice of a,
we conclude that |f(x)| ≤ k χ[−a,a](x) for all x ∈ R. It follows that for any
p ∈ [1,∞[,

∫ ∞

−∞

|f(x)|p dx ≤
∫ ∞

−∞

(

k χ[−a,a](x)
)p

dx = kp
∫ a

−a

dx = 2akp < ∞,

i.e., f ∈ Lp(R).

(ii) We first consider p = 1. Look at the function

f(x) :=

{

1 if x ∈ [−1, 1],
1
|x| if x /∈ [−1, 1].

(12.12)

Then f ∈ C0(R). Since

∫ α

1

|f(x)| dx =

∫ α

1

1

x
dx = lnα → ∞ as α → ∞,

we conclude that f /∈ L1(R).
Now consider any p > 1. Then with the function f as in (12.12), the

function g(x) := (f(x))1/p belongs to C0(R), but not to Lp(R). Thus,
C0(R) is not a subspace of Lp(R).

Exercise 7.5: For c > 0,

(FDcf)(γ) =

∫ ∞

−∞

(Dcf)(x)e
−2πixγ dx

=

∫ ∞

−∞

1√
c
f(

x

c
)e−2πixγ dx.
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Using the change of variable y = x/c,

(FDcf)(γ) =

∫ ∞

−∞

1√
c
f(y)e−2πiycγc dy

=
√
c

∫ ∞

−∞

f(y)e−2πiycγ dy

=
√
c(Ff)(cγ)

= (D1/cFf)(γ).


