268 12. Weekly Notes
12.10 Week 7

12.10.1 Selected solutions
Problem 219:(i) Using Theorem 4.7.2,

Do Hv,Ter)P = [(T7v,en)* = |[T7v]]*.
k=1 k=1

(ii) By Exercise 4.17(ii) we have

T*(T—l)* — (T—lT)* — I* — I,
and similarly (77!)*T* = I. By Definition 2.5.4 this means that T* is
invertible and that (T%)~! = (T~1)*.
(iii) Since v = (T*)~'T*v,
VIl = @)~ vl < [[(T) HIHIT ).
(iv) By the result in (i),

Do v, Ter) P = 1T < |T7]1* |I£11%.
k=1

The upper inequality now follows from Lemma 4.5.2 (ii).
To prove the lower inequality, note that by (iii), followed by an
application of (ii) and Lemma 4.5.2,

|2 1 2 1 2 1 2
||T V|| > ||(T*)_1||2 ||V|| ||(T_1)*||2 ||V|| ||T_1||2 ||V|| :
The result now again follows from (i).
Exercise 4.31: We want to use the result in Exercise 4.25, so we first
show that > r-, crey is convergent if {cx}3, € ¢?(N). The idea is to
show that the sequence {}_;_; cxer}22; is a Cauchy sequence. Given any
m,n € N, n >m,
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Using that {ex}7°, is an orthonormal system, we only get contributions

for j = k, and arrive at
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Since {c;}32, € £2(N) this implies that {>_,_; cxer}o2, is indeed a Cauchy
sequence, and therefore convergent. Now where we know that 21?;1 CLek
is convergent, we can use the result in Exercise 4.25 to repeat the above
calculation with an infinite sum:
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= Q(Z cker, ej) (by Exercise 4.25)
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ckc_]-(ek, e;) (by Exercise 4.25)

$ T T 1

= ZW

Problem 107
(1) Since

o0 o0

D ldne™ = Y7 |do|, Yz €R,

n=—oo n=—oo

the series Y7 |d,| is a convergent majorant series.

s . . s
/ eV dy = / dr = 27,
-7 -7
and for m # n,

T ) T 1 ; "
/ eInT o=ImT Jo. / elw(n—m)dx — [‘7611(”_7")} =0.
. —T Z(n - m) T=—T

(iii) For any m € N, interchanging the order of integration and summation
(you need to justify that this is allowed!), yields that

(ii) For m = n,

/ Z d eznm —imz do — Z / inx 7zm:n do — 27Td

n=—oo n=—oo

(iv) Inserting that f(x) = 377 d,e™® in the result in (iii) yields that

n=—oo

f(z) e ™ dox = 27d,,,

and the desired formula is obtained by a division by 2.



