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12.8.1 Selected results
12.8.2 Selected solutions

Exercise 5.9:

(i) Example 5.2.3 shows that the function f(x) = ﬁX]OJ] (x) belongs to
L'(R). Since

fe%e] 1
1 1
/ |f(x)|2dz:/0 Edzzz[lnx]i_w:oo,

we see that f ¢ L?(R); thus, L*(R) is not contained in L?(R).

(ii) Consider the function f in Example 5.1.2(iii). Since

«
/ —dr=Ina — 0o as a — o0,
1 |7l

we see that f ¢ L'(R). We now show that f € L?(R). First,

« 1 11 1
/ |f(x)|2d$:/—2dac:[—] =1———>1asa— oc;
1 x o |, a

thus,

| i@k =1,

By symmetry,

/ P =1,

— 00

INCRE )P e+ / 11|f(:c)l2dw+ JERE

— 00 — 00

1
2+/ ldr =4 < o0

-1

we conclude that f € L?(R). This shows that L?(R) is not contained in
L'(R).

(iii) The assumption that f has compact support implies that for some
N e N,

supp f C [N, NJ.
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Therefore,

| lwlas - /]jvlf(:c)ldw
/N 1| (2)] da

—N

</J]VV 12dx> - </J]VV |f(x)|2dx> -

vav ([~ |f<w>|2dx)1/2,

which is finite if f € L?(R). So f € L'(R).

IN

Exercise 6.1:(ii) Since f,,(z) = f(z) =1 for z € [1, 2],

1f = £l /O|f(z>—fn<x>|2dz

/ (@) — ful@)P de
0

/ 22" da
0

1

2n+1
— 0 asn — oco.

(iii) The result in (ii) shows that the sequence { [}, consisting of func-
tions in C0, 2] converges to the function f. But f is not continuous, i.e.,
f ¢ C10,2]. Thus, within the space C[0,2] the sequence {fx};2, is not
convergent. This proves that C[0, 2] cannot be a Hilbert space with respect
to the norm considered here.
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Example 12.9.1 In quantum mechanics the momentum operator plays a
key role. For a certain real constant i > 0 (Plancks constant divided by
2m, h ~ 1.05-10734) it has the form

d
P:L*R) — L*(R), Pf := md—f.

T
Since L?(R) contains functions that are not necessarily differentiable (for
example X[o,1]), the operator P is not well defined. And - even if f € L%(R)
is differentiable, it is not clear that the derivative will belong to L?(R). We

will therefore consider the subspace of L?(R) given by

V= {f € L*(R) N Cy(R) ‘ f is differentiable and :lif

X

€ L*(R)}.

Then the operator

P:V = L*R),Pf := ihs—f
X

is well defined. It is clear that P is linear. Note that the assumption
f € Cp(R) is not necessary for this part (but we will need it later in
the example). We will now show that P is unbounded. For this purpose,
consider the functions fx, k € N, given by

B %7%]{2:02, x € [-1/k,1/k],
fr(@) = {ee’”, ¢ [-1/k,1/k].

Direct verification shows that fi € V' (in fact the construction is made to
ensure that fj is differentiable at the points £1/k). Also,
ke k12l 2 €] — 00, 1/K],

fi(x) == —k%z, x € [-1/k,1/k],
—kee FI*l 2 e [1/k, oo,

For symmetry reasons,
[ in@kar = 2 [ p@p
—o00 0
1/k 3 1 2 o
2 / (———k2x2) dx—i—/ (ee™ ™) da
0 2 2 1/k

2 /1/k(2+1k4x4_§k2x2)dx+/00626—2k1d$
0 4 4 2 1/k
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Similarly,

/_ @R de = 2/0 ()P da

1/k 00
= 2 dx—i—/ (kee **)2 dx
1/k
k.

1 1
_ 4 -2
= 2{FgE K5 )

W ot

It follows from these calculations that

0 1/2 5
e = ([ ngerar) =ny2x

In order to show that P is unbounded, we will now relate the quantities
1P fell2 and || fi||2:

5
1P fulls = B2 k= by | S |1 fells = ke Kl file:
3 5 E V99

Since kh % — 00 as k — oo, we conclude that P is unbounded.

Even though the operator P is unbounded, it turns out to have a property
that is similar to the self-adjoint bounded operators we hace considered in
this course. In fact, for any f, g € V, partial integration shows that

(Pf.g) = /W(Pf)(w)md:c:iﬁ /m Y (g de

oo dx

= in([ra@] - [ e dz> .

The first term vanishes because of the assumption f,h € Cy(R). Thus,

ra) = -t [ f@Z@ar= [ f@inge)ds = (1.Pg).

In less stringent literature it is often claimed that P is a self-adjoint
operator because of this, even though it is (as we have seen) not a bounded
operator.

The figure on the next page shows the functions f; and f5. The reader
might wonder where the idea of the above calculation comes from. In order
to understand this, note that for = # 0, the functions g(z) = ee=*%I, are
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differentiable, and

|9 ()] = k gn(2).

Thus, the L?-norm of g is increased by the factor k by the differential
operator% . Since k£ € N is arbitrary this will imply that the operator
P is unbounded. However, this argument is not completely precise yet,
because the functions g are not differentiable at zero! The functions fj
in the example are obtained by modifying gy around x = 0 so it becomes
differentiable everywhere; hereby a rigorous proof is obtained. The two last
figures show the functions ¢g; and gs.
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Key properties of central normed spaces of functions:

(A) - The space
C.R)y={f:R—=>C ‘ f cont. with compact support}.

(i) The assumption of compact support is realistic for applications;

(ii) Unfortunately not all signals are continuous;
(iii) Unfortunately C.(R) is not a Banach space.
(B) - The space
Co(R)={f:R—=C ’ f cont., f(x) — 0 as x — +oo}.
(i) Co(R) is a Banach space.
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(ii) The assumption f(z) — 0 as x — £oo is realistic for applications;

(iii) Unfortunately not all signals are continuous;
(C) - the space L'(R)

(i) LY(R) is a Banach space.
(ii) Contains functions that are not continuous

) L
)

(i) Realistic assumption for applications;

(iv) Unfortunately L!(R) is not a Hilbert space;
)

(v) Unfortunately L!(R) is really a space of equivalence classes.

(D) - the space L?(R)
(i) L%*(R) is a Banach space.
(ii) Contains functions that are not continuous

2(R) is a Hilbert space;

) L
)
(i) Realistic assumption for applications;
(iv) L
)

(v) Unfortunately L?(R) is really a space of equivalence classes.



