256 12. Weekly Notes

12.4 Week 4

12.4.1 Selected results
4.21: T*: KQ(N) — KQ(N)a T*(yla Y2,Y3,Y4, - - ) = (2y2a 3ylay3a Ygy - v )

12.4.2 Selected solutions

Exercise 4.18: (i) By definition of the adjoint operator and the rules for
calculation with the inner product,

Tvw) = (o W) = Tow] = )
= ((T*)"v,w).
This holds for all v,w € H. By Lemma 4.4.2, this implies that
Tv=(T")"v
for all v € H, i.e., that T = (T*)".
(ii) By (4.15), we know that
7] < |17l (12.9)

Applying this to the operator T* yields that |[(T*)*|| < ||T*||; However,
by (i) we know that (T*)* = T'; thus, we have shown that ||T|| < [|T*|.
Together with (12.9) this yields the result.

Exercise 4.31: We want to use the result in Exercise 4.25, so we first
show that > p- cyey is convergent if {cx}3, € ¢*(N). The idea is to
show that the sequence {}_;_; cxer}22; is a Cauchy sequence. Given any
m,n € N, n >m,

2 2

n m n
Z Crek — Z Crek = Z Crek
k=1 k=1 k=m+1
n n
= Z Ck€ks Z cje;)
k=m-+1 j=m+1

Yo Y adlene))

k=m+1 j=m+1
Using that {e;}72, is an orthonormal system, we only get contributions
for j =k, and arrive at
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Since {c;}32, € £2(N) this implies that {>_,_; cxer}o2, is indeed a Cauchy
sequence, and therefore convergent. Now where we know that 21?;1 CLek
is convergent, we can use the result in Exercise 4.25 to repeat the above
calculation with an infinite sum:
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Example 12.5.1 Consider the mapping
T (N) = £(N), T{ar}ly = {ze + wpe1 }ily-

From the example in weeklynote2.pdf we know that T is linear and
bounded. Let us calculate the adjoint T, which satisfies that

(T{aeb e {ynditn) = QondiZe, THur L) (12.10)
for all {zx}72, {yr}2, € (*(N). The idea is to “isolate {z}2,,” ie., to

“isolate x1, 9, - :”

(T{zp}rziAvetiz) = e+ zep iz {ye i)

oo

= D (@ +zur1)Tr

k=1
= (z1+22)y1 + (w2 +23)72 + -
= 11 +22(y1 +y2) +w3(yz +ya) + -

Z1 Y1
T2 Y1+ y2

= ({ 3 S Y2 tys p)

By (12.10) this shows that
T*(y1,92,---) = (Y1, 91 + y2,Y2 + Y3, ... ).



